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Abstract. For an integer k > 2, let (F\*),, be the k-Fibonacci sequence which starts
with 0,...,0,1 (k terms) and each term afterwards is the sum of the k preceding terms.
This paper completes a previous work of Marques (2014) which investigated the spacing
between terms of distinct k-Fibonacci sequences.

1. Introduction and preliminary results. For k > 2, we consider the
k-generalized Fibonacci sequence or, for simplicity, the k-Fibonacci sequence
Fk) .= (Fék))nzg,k given by the recurrence

(1.1) F® =F® 4. 4 F®  foralln>2,

with the initial conditions Fﬁk&_z) = ka()k—s) =...= ék) =0 and Fl(k) =1
We shall refer to F,(Lk) as the nth k-Fibonacci number. We note that in fact
each choice of k produces a distinct sequence which is a generalization of
the usual Fibonacci sequence (F},)n>0, obtained for k = 2.

The first direct observation is that the first & 4+ 1 nonzero terms
in F*) are powers of two, namely

(1.2) F¥'=1 and FE® =272 forall2<n<k+1,

while the next term is F,ETQ =92k _1.In fact, Frgk) < 2" 2foralln>k+2
(see [1]). In general, Cooper and Howard [4] proved the following nice for-

mula:

LEMMA 1.1. Fork>2 andn > k+ 2,

[(n+k)/(k+1)] 1
k n—2 n—(k+1)j—2
F#) = on=2 4 > Cpj 2"~ H1I=2,
j=1
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In the above, we used the convention that (‘Z) = 0 if either a < b or one
of a or b is negative, and denote by |x| the greatest integer less than or
equal to z. For example, if k + 2 < n < 2k + 2, then Cooper and Howard’s
formula becomes the identity

(1.3) EW) —9n=2 _(n — ). 2" F3  forall k+2<n<2k+2.

where

In the present paper, we investigate the differences between generalized
Fibonacci numbers, extending and completing the work of D. Marques [§].
Our goal here is to remove some restrictions considered by Marques in his
work. To be more precise, we study the Diophantine equation

(1.4) E® —FO — ¢

in integers m,n, £,k and ¢ with £ > k > 2 and n,m > 2.

Marques [8] obtained the following partial result concerning the solutions
of .

THEOREM 1.2. If (m,n,t k) is a solution of with £ > k > 2,
n>k+2 m>/0+2 and m # n, then max{m,n,l,k} < M for some
effectively computable constant M which can be taken as

M = max{ci, 1.9 x 10166241027 ¢9, 8 x 10246}
where ¢1 := 5log(|c| + 1) + 2 and ¢y := 4log(|c| + 5)/log 2.
For m = n, Marques showed the following result.

THEOREM 1.3. If ¢ = 72773 — 5273 where r and s are integers such
that 0 <r < s, then for all k > 2,

(n,m,0) = (k+s,k+s,k+s—r)

is a solution of (L.4)) with k > s—1. Conversely, if (L.4)) has a solution with
m=n<2k+1, then c =1r2""3 — 52573 for some integers r < s.

We note that the case n = k+ 2 and m = £ 4+ 2 can be included in The-
orem 1.2 whereas Theorem [1.3|only considers the case when max{m,n, ¢} <
2k + 1. Our main aim here is to complete the analysis of the case n = m in
Theorem Furthermore, we treat the other cases involving n, k and m, £.
Our principal results are given in Section [3| in particular in Theorems [3.1
and [3.41

To prove our main results we use lower bounds for linear forms in loga-
rithms (Baker’s theory) and a method developed by Bravo and Luca in
[1, 2], based on the fact that when k is large then the dominant root of the
characteristic polynomial of F(*) is exponentially close to 2. In addition, the
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formula of Cooper and Howard [4] is needed for some important estimates.
We follow the approach and the presentation in [§].

Before proceeding further it may be mentioned that the characteristic
polynomial of F*) namely

k—1

Up(x)=aF —ab 1 - —x—1,

is irreducible in Q[z] and has just one zero real outside the unit circle.
Throughout this paper, « := a(k) denotes that single zero. The other roots
are strictly inside the unit circle, so a(k) is a Pisot number of degree k.
Moreover, it is also known that a(k) is between 2(1 — 27%) and 2 (see
[0, Lemma 2.3] or [1I, Lemma 3.6]). To simplify notation, we shall omit
the dependence of a on k.

We now consider the function fx(z) = (z —1)/(2+4 (k+ 1)(x — 2)) for
an integer k > 2 and = > 2(1 — 27%). It is easy to see that the inequalities
(1.5) 1/2 < fu(a) <3/4 and |fp(a®)| <1, 2<i<k,
hold, where a := a1, ... o) are all the zeros of ¥;(x). So, by computing
norms from Q(«) to Q, for example, we see that the number fi(«) is not an
algebraic integer.

With the above notation, Dresden and Du [5] showed that

k
w6  FP =3 fu@)a® and |F® — fi(@)a" | < 1/2
=1

foralln > 1 and k > 2.
In addition, Bravo and Luca [2] proved that
(1.7) a" 2 < F,(lk) <a" ! foralln>1andk > 2.
The ((’3})servations in and lead us to call a the dominant zero
f W),
’ It was also proved in [2] that if we write
o 1=2""145 and fi(a)= fu(2)+n, wherel<r <282
then |§] < 27/2%/2, |n| < 2k/2F and
or=1  orp.  9r+lp
/2 + ok + STER
Furthermore, if k& > 10, then 2k /2 4 4k /23%/2 < 1/2%/2 thus
or
ok/2"
To conclude this section, we briefly present the concept of Sidon sets

which will be used later. The history of Sidon sets began in 1932, when
Sidon [10], motivated by considerations of Fourier analysis, asked how large

|fr(a)a’™t =272 <

(1.8) | fe(@)a™t =272 <
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a set A of integers from {1, ..., N} can be if it has the property that all sums
a+bwith a,b € A, a < b, are distinct. Sets of integers with this property are
now called Sidon sets, By sets, or Bs[1] sets. Since an equivalent condition
is that the differences are all distinct, we see that A is a Sidon set if all the
nonzero differences a — a’ (a,a’ € A) are distinct.

Similarly, a sequence of positive integers is called a Sidon sequence if the
pairwise sums of its members are all different. We also say that the elements
form a difference-set. As an example, it is a straightforward exercise to check
that all powers of two form an infinite Sidon sequence.

2. Linear forms in logarithms. In order to prove our main results, we
need to use a Baker type lower bound for a nonzero linear form in logarithms
of algebraic numbers. Such a bound was given by Matveev [9]. We begin by
recalling some basic notions from algebraic number theory.

Let 1 be an algebraic number of degree d with minimal primitive poly-
nomial over the integers

d
aofL‘d + (Lll’d_l + -+ aqg = ag H(ZL‘ — n(i)),
i=1

where the leading coefficient ag is positive and the n()’s are the conjugates
of n. Then

d
1 .
— (%)
h(n) pi <log ap + ;1 log max{|n‘"|, 1})

is called the logarithmic height of n. In particular, if n = p/q is a rational
number with ged(p, ¢) = 1 and ¢ > 0, then h(n) = log max{|p|, ¢}.

We let K = Q(c). Knowing that Q(a) = Q(fr(a)) and |fx(a)| <1
foralli =1,...,k and k > 2, we obtain h(a) = (loga)/k and h(fi(a)) =
(log ap)/k, where ag is the leading coefficient of the minimal primitive poly-
nomial of fi(a) over the integers. Define

k
gi(@) = [[(r fu(@®) € Qla] and N =Ngjp(2+(k+1)(a—2)) €Z

i=1
We conclude that Ngg(x) € Z[x] vanishes at fx(a). Thus, a¢ divides |[N].
But, for £ > 2,

k
W= |TT@+ (B + D@D = 2))| = (k+1)*
=1

k
IIQ_Aﬁf_am
e AU

2 2k+1kk _ (k‘—l— 1)k+1 .
(2 — = 2k Kk
’“( k+1>‘ K1 <

= (k+1)F
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Hence, we will use the inequalities
(2.1) h(a) <0.7/k and h(fi(a)) <2logk for all k > 2.
Matveev [9] proved the following deep theorem.

THEOREM 2.1 (Matveev’s theorem). Let K be a number field of degree D
over Q, v1,...,7 be positive real numbers of K, and by,...,bs be rational
integers. Set

A::fyll’l'-"yft—l and B > max{|bi|,...,|b¢|}.

Let A; > max{Dh(v;),|log~i|,0.16} be real numbers for i =1,...,t. Then,
assuming that A # 0, we have

|A] > exp(—1.4 x 30" x t*% x D*(1 4+ log D)(1 + log B)A; - -+ Ay).

3. Main results. First of all, we point out that the case ¢ = 0 was
studied by Bravo-Luca in [3] and independently by Marques [7]. From now
on, we assume that (n,m, ¢, k) is a solution of with¢ > k>2 n,m,> 2
and ¢ # 0. We begin by considering the case when n < k+1and m < /+1,
where by , F,(Lk) and Fr(rf) are powers of two. Then it follows from
that

1/2 < |1 — 27 In=ml| = 4)¢| jgmaxinm},

Hence, max{n,m} < 3+ 2log |c|. Even more, for fixed ¢ and k, the equation
2n=2 _ 9m=2 — ¢ has a unique solution since the powers of two form an
infinite Sidon sequence, as mentioned in Section

3.1. The case n > k+ 2 and m > ¢ + 2. Here, we set § = a({) and
use equation (|1.4]) and the results of Dresden—Du ([1.6)), to get

(3.1) |fi(@)a™ "t — fo(B)B™ | < || + 1.
The left-hand side above is nonzero (see [3, p. 2125]). Dividing the above
expression by the term involving ¢ := max{n, m}, we get

flc(@)8 (n—1) p—e(m—1) 2(|e[ +1)

3.2 afm 5 e(m —1 < 2=

52 (%5 =

with some e € {1} and ¢ := «(2) = (v/5+1)/2. In fact, e = 1 if § = n and
e = —1 if 6 = m. In the right-hand side of (3.2) we shall use a linear form
in ¢t := 3 logarithms:

1= fi(@)/fe(B), i=a, y3:=0.

We take by := ¢, by := ¢(n — 1) and bg := —(m — 1). The field Q(«, )
containing all these numbers has degree D < kf. Further, in the notation of
Theorem we can take the following parameters: A; := 4¢?logl, Ay =
A3 :=0.7 and B = §—1. Applying Theorem we find that |711)1 732733 —1]
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exceeds
exp(—1.4 x 309 x 3%5 x £*(1 + 2log £)(1 + log(d — 1)) x (4¢*1og £)(0.7£)?).
The absolute value of the number under the exponential is

< 2.25 x 1023 (log £)? log(6 — 1),

where we have used the fact that 1+ 2log/¢ < 4log/¢ and 1 + log(d — 1)
< 2log(d — 1) for £ > 2 and § — 1 > 3. Comparing this with (3.2]), we get

d—1 _ 2.25 log(2(]c| + 1))
log(6 —1) ~logo log(d — 1) log ¢’
However, if § > £ := (|¢| +5)% > 1+ (2(]¢| 4+ 1))/1°8% | then

1
og(2(cl +1) _ |
log(é — 1) log ¢

(3.3) x 101208 (log £)? +

Thus,
0—1
log(d — 1)

From this, and using the fact that the inequality xz/logz < A implies
xr < 2Alog A whenever A > 3 (see [1, p. 74]), we have

(3.4) § < 4.8 x 1018 (1og 0)3.
We now need to upper bound ¢ polynomially in terms of k.
CASE 1: £ < max{240,¢y}. Then
§ < M := max{m,n, £, k} < max{8.7 x 10%, 4.8 x 1045 (log 93} := Hy.

< 4.7 x 10"28(log £)2.

From now on, we work under the assumption § > Hj, and so we must
be in the following case:

CASE 2: £ > max{240,fy}. Then m < § < 4.8 x 10™¢3(log £)® < 2¢/2.
Using Bravo—Luca’s argument ([1.8) and (3.1]), we conclude that

n—lo—(m— e[ +5
(3.5) | fr(a)a” 12 (m=2) 1] < 20/2 "
Since f(a) is not an algebraic integer, A := fy(a)a” 12-(m=2) _ 1 is

nonzero. We apply again Matveev’s Theorem to bound the left-hand
side of from below. Here, we take t := 3, 1 := fr(«), v2 :== a, 73 :=2;
hence K := Q(«) and so D := k. Also, we take by := 1, by := n — 1 and
b3 == —(m — 2).
Here one can take A; := 2klogk, Ao = A3 := 0.7 and B = §. Applying
Theorem we deduce from that
le] + 5

exp(—8.5 x 101 &3 (log k) log §) < |A] < T
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By inequality (3.4), we conclude that logé < 561log¢. Thus,
1 2 2log(|c| +5)
4. 10833 (log k _
log ¢ = Tog Toga (477 x 107K (log )%) + log 21og ¢
Keeping in mind £ > £y > (|c| + 5)%/1°82 we deduce that
2log(|c| +5)/(log2log?) < 1.
So, from the above we find that

(3.6) 0 < 1.4 x 103 (log k)3.
In addition, combining inequalities (3.4) and ({3.6]), we finally arrive at
(3.7) § < 1.3 x 10M9k* (log k).

CASE 3: k < max{1670, ko} with ko := 3log(2|c| + 18). Then
§ < M < max{9.2 x 10%*,1.3 x 10"%%2* (log k)*"} := H].
We now assume that § > Hp, and therefore we are in the following case:
CASE 4: k > max{1670, ko}. Here,
5 < 1.3 x 109k (log k)?7 < 2049% < 9k/2 < 9t/2,

Using the Bravo-Luca argument ([1.8)) once more, we infer that

n— m—
272 - < el 1
Dividing both sides of the above inequality by 2°, we obtain
le] +9

11 —27In=ml| <

ok/2 -~
CASE 5: n # m. In this case, the absolute value of the left-hand side of
the above expression is > 1/2, so
k < 2log(2|c| + 18)/log 2 < ko,
which is impossible.
We record what we have just proved.

THEOREM 3.1. Let ¢ # 0 be an integer. If (m,n,l, k) is a solution of
the Diophantine equation F,gk) — 755) =cwithn>k+2, m>0+2,{>k
and n # m, then

M :=max{m,n,{,k} < Hy :=max{9.2 x 10*¥,1.3 x 1019k24(log k¢)*"}.

To deal with the case n = m, we will use the following results:

LEMMA 3.2. If r < 2%, then

k—
F®) = or= 2<1+ ST Lk, r))

where ¢ = ((k,r) is a real number such that |¢| < 4r?/22k+2,
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Proof. From Cooper and Howard’s formula of Lemma [I.T], we get
[(r+k)/(k+1)|—1

Crl 2rJ
¢l < > TS <Y
2(k+1)j = 2(k+1)j (5 — 2)!

j*2

k+1 2 2
Z T‘/2 + ‘7 < 2T er/2k+1.
22k+2 j _ 2 22k+2

7j>2

Further, since r < 28 we have e"/2""" < ¢1/2 < 2. Thus, || < 4r2/22++2, a
LEMMA 3.3. The sequence T = (t2%);>1 is an infinite Sidon sequence.

Proof. We can assume that
(3.8) 2% — y2¥ = a2 — b2

for some positive integers z,y,a,b with z > y, a > b and = > a. Then
b < a < z. Note that, if y < a, then it is easy to see that x —y > 2
and z — a > 1. We now observe that expression can be written as
2% — a2% = y2¢Y — b2°. Dividing the above equality by x2* and taking
absolute value, we obtain

a/z

2(2—(1

But this is a contradiction because the left-hand side is > 1/2 while the right-
hand side is < 1/2. If, on the contrary, a < y, then x —y > 1 and x —a > 2.
Here, a similar argument applied to the expression 2% — y2¢¥ = a2 — b2°
also gives an absurdity. Thus, it remains to deal with the case when y = a.
Here the equality

y/r  bjx 2
2Ty 9z—b < 2z—y’

(3.9) 1

227 4 b2° = a2% 4 y2¥ = 2!
obtained from (3.8]) is impossible for z > a+ 1. »

CASE 6: n = m. Since £ > k, we have ¢ < 0. Here, we distinguish the
cases kK +2 <n<2k+2andn>2k-+2.

Turning back to our problem, we recall that Marques proved (Theo-
rem that if has a solution with £k + 2 < m = n < 2k + 2, then
c =123 — 52573 for some positive integers r < s. Even more, m < 20 + 2
because k < . So, from Lemma (see also (L.3)), we get

FW®) —9n=2 _(p — f)2nk=3 and F¥) =272 _ (n — )2" 3,
Hence, the Diophantine equation (1.4} becomes
(n _ €)2”_€_3 _ (n _ k‘)2”_k_3 — r2r—3 _ 523—37

and, in view of Lemma we obtain n — ¢ = r and n — k = s. Thus,
in this case (k+ 2 < n < 2k + 2), equation (1.4) has no solutions when
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c# 12" 3 — 52573 while all the solutions are given by
(n,m, 0, k)= (k+sk+sk+s—rk) fork>s—2,

when ¢ = 72773 — 52573,
Suppose now that n > 2k + 2. We first consider £ = k + 1 without any
restriction on ¢ < 0. By Lemma [3.3] we can write

_ kE—n _ k:—l—l—n
k) _ on—2 k+1) _ on—2

with ¢1 # 0, [¢1] < 4n?/228%2 and |(s| < n?/22F+2. Substituting these values
in (1.4) and rearranging some terms, we get
2" =k +1) — o = 2" (G - Q).

Dividing by 2" *~4(n — k 4+ 1) > 0 (because n > 2k + 2), and taking into
account n < 2¥/2 and n — k + 1 > k + 4, we obtain, after some elementary
algebra,

(3.10) 1 < i
' m—k=d(n —k+1)]  k+4
On the other hand, by using the facts that n—k+1 > k+4 > 3log(2|c|+18)

and 2"7F > (2|c| + 18)31°82 which hold because
n—k>k+2> 3log(2|c| + 18),

we get

|c] || 16
n—k=4(p — k4 1) 2|e| + 18 ) \ 3(2]c| + 18)310g2=110g(2|c| + 18)
16
<
3 - 20310821 10g 20

With this data and (3.10), we arrive at 0.929837 < 8/(k + 4), which is
impossible because k& > 1670.

We now deal with the case when n > 2k 4+ 2 and ¢ > k + 2. By using
Lemma |3.3| once again, we write

< 0.0701633.

k—n {—n

k) _ on—2 0) _ on—2

F®) =2 (1+W+§1) and F(0) =2 <1+2€H+<2>,

with ¢1 # 0 and || < 4n?/2%+2 for i = 1,2. So, (1.4)) can be rewritten as
((n— k)2n—k=3 _ (n — 2)2”_5_3) — || = 2"7%(¢ — &),

Dividing through by (n — k)27 %3 — (n — £)2"~¢=3 > 0 (because £ > k),
and taking absolute values, we get

4

|c\ )
3 % 20.002k’

(TL _ k)2n7k73 _ (’I’L _ €)2n7€f3

(3.11) ’1 -
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where we have used
-/
(3.12) (n—Fk)2" k3 —(n—0)2" 3 = (n— k)2n k3 (1 - ”kQ’f—f)
n —
> (3/4)(n — k)2" 3,
as well as the facts that n? < 2999% and n — k > 4. On the other hand, the
absolute value of the left-hand side of (3.11)) is nonzero. In addition, we saw
that 2% > (2|c| + 18)31°82 since n — k > k+ 2 > 3log(2|c| + 18). From the
above, we can lower bound the absolute value in (3.11]). Indeed,
2 _ 2
(n—k)2n=F=3 — (n —£)2n=t=3 = 3(n — k)2n—k
25 25
< < .
181log(2|c| + 18)(2|¢| + 18)3l0e2=1 = 18]og(20)203 108 2—1

Thus,
B |
(TL _ k)2n7k73 _ (n _ 6)2717(73
which, combined with (3.11]), gives 20-092% < 4/(3x0.97). So, k < 500, which

is a contradiction.

> 0.97,

We record what we have just proved.

THEOREM 3.4. Let ¢ < 0 be an integer and consider the Diophantine
equation FT(Lk)—F#f) =cwithn >k+2 m>0+2, 0 >k+1 >
max{1670,3log(2|c| + 18)} and n = m. If k+2 <n < 2k + 2, then there
are infinitely many solutions of the above equation given by

(m,n, k)= (k+s,k+s,k+s—rk) fork>s—2.

If, on the contrary, n > 2k + 2, then the equation has no solutions.

3.2. The cases when either n <k+1land m>/¢+2,0or n>k+2
and m < ¢+ 1. We note that if n < k+1 and m > ¢+ 2, then n < m.
Here, by using similar arguments to those in Subsection [3.1] we obtain an
upper bound for m = max{m,n, ¢, k}, namely

m < max{8.8 x 10*4,5.4 x 10'° log*(2|c| + 4)(loglog(2|c| + 4) + 2)3}.
On the other hand, for n > k4 2 and m < £ 4 1, we distinguish the cases
n # m and n = m with ¢ = 52572 and ¢ # s2°73, respectively, where s > 2 is
an integer. Indeed, after using linear forms in logarithms, we conclude that

§ < 7.7 x 1083k (log k)3,
If k¥ < max{170, k1 } with k; := 3log(2|c| + 10), then
§ < max{8.8 x 10%*,7.7 x 103k} (log k1)?} := H3.
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We next deal with § > H3 and obtain & > max{170,k;}. So, n < J < 2k/2
Considering n # m and taking into account ([1.8)), we get

le| +5
ok/2 7
which leads to the contradiction k& < kj. Now, when n = m, we use (|1.3))
and argue as before to deduce that, if k +2 < n < 2k + 2, then ¢ = —s2573
for a positive integer s. In addition, the solutions of ([1.4]) are given by
(n,m,k)=(k+s,k+s,k) fork>s—2andl{>k+s—1.

For n > 2k + 2 and ¢ = —s2°73, (.4) has no solutions. Indeed, in view of
Lemma [3.2] and some calculations, we get

1 s \¢
—< 1= 2—|n—k—s|
< (%)

_ 4n2on—2 2
~ (n — k)2nth-1 —

In the above, we have used max{n — k,s} > n —k and n < 2k/2 Thus,
n — k < 4, which is not the case.

Finally, for n > k + 2 and ¢ # —s2°73, we use a similar argument to
that used in to get an upper bound on k£ which contradicts £ >
max{170, k1 }.

1o 11— 27 In=ml) <
5 <

4n22n—2
max{n —k, 8}2ma.x{n—k,s}+2k—1

<

4. On differences between k-Fibonacci numbers: Final remark.
Consider the equation F,(Lk) - Félk ) = ¢ and suppose that it has two integer
solutions. That is, suppose that n > m and u > v are positive integers such
that

(4.1) FW®) — pk) — = plk) _ (k)

Assume that ¢ > 0, since the case ¢ < 0 can be handled in the same way.
Note that there is no loss of generality in assuming that n > wu. Hence,
n > max{u, m} + 1.

If w # m, then min{u, m} < max{u,m} — 1, so that

EW® 4 pk) = ) 4 k) < &) + ¥ < % < F®),

m max{u,m}—1 max{u,m} max{u,m}+1 —

which is a contradiction. Hence, u = m and so becomes Egk) + F1Sk)
=9 Fu(k). We now use inequalities to deduce that n = v+ 1 or u + 2.
But n # u 4+ 2 because Fz(al-?2 > 2F1Ek). Now, if n = u + 1, then we recall
the identity Fqﬁi)l = 2F£k) — Féli)k, which holds for all © > 2, to conclude
that ") = qui)k. and that (n,m) = (u+ 1,u) are the only other solutions
to if and only if u — v = k.
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