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Dedicated to the memory of Professor Stanistaw Golgb

Abstract. Solutions of the P. J. Ryan problem as well as investigations of curva-
ture properties of Cartan hypersurfaces and Ricci-pseudosymmetric hypersurfaces lead to
curvature identities holding on every hypersurface M isometrically immersed in a semi-
Riemannian space form. These identities, under some assumptions, give rises to new gen-
eralized Einstein metric conditions on M. We investigate hypersurfaces satisfying such
curvature conditions.

1. Some generalized Einstein metric conditions. In [14, Theorem
3.1] a curvature property of pseudosymmetry type of Einstein manifolds was
found. It was shown that on any semi-Riemannian Einstein manifold (M, g),
n > 4, the following identity holds:

K K

R-C-C-R= m@(!]am = m@(!]ac)-

For precise definitions of the symbols used we refer to Sections 2 and 3 of the
present paper. The above theorem gives rise to a family of curvature con-
ditions of pseudosymmetry type ([14]). In particular, curvature properties
of non-Einstein and non-conformally flat semi-Riemannian manifolds of di-
mension > 4 satisfying at every point the condition: the tensors R-C'—C- R
and Q(g, C) are linearly dependent, were investigated in [14]. This condition
is equivalent on Ue = {z € M | C #0 at =} to

(1) R-C—C-R=1L,Q(g,C),
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where L is some function on Uc. In [14, Theorem 4.1] it was shown that if
(M, g), n >4, is a semi-Riemannian manifold satisfying (1) then on Us NUc
we have R- R = L1Q(g,R) and C'- R = 0, where Ug = {z € M |S — £¢g
#0 at a:}

Curvature properties of semi-Riemannian manifolds satisfying at every
point the condition: the tensors R - C — C' - R and Q(g,R) are linearly
dependent, were investigated in [12]. This condition is equivalent on Ur =
{xEM’R—ﬁG#Oa‘Gx} to

(2) R-C—-C-R=1LQ(g, R),

where Ly is some function on Ug. In [12, Theorem 4.2] it was shown that if
(M,g), n >4, is a semi-Riemannian manifold satisfying (2) then R- R =0
on Us NUc.

The study of semi-Riemannian manifolds satisfying at every point the
condition: the tensors R-C' —C'- R and Q(S, R) are linearly dependent, was
initiated in [22]. This condition is equivalent on Us ={x € M | Q(S,R) # 0
at z} to

(3) R-C—-C-R=L3Q(S,R),

where L3 is some function on Us. In [22] it was shown that if (M, g), n > 4,
is a Ricci-semisymmetric (R - S = 0) semi-Riemannian manifold satisfying
(3) then at every point of Us NUc C M at which L3 does not vanish we
have

1
(4) R-C-C-R=—=Q(5R).

In Section 5 we consider hypersurfaces of semi-Euclidean spaces E?*! with
signature (s,n 4+ 1 —s), n > 4, satisfying (4).

We can also investigate semi-Riemannian manifolds satisfying at every
point the condition: the tensors R-C —C'- R and Q(.S, C) are linearly depen-
dent. This condition is equivalent on Uy = {x € M | Q(S,C) # 0 at =} to

(5) R-C—C-R=LQ(5,0),

where L, is some function on Uy. In this paper we present results on hyper-
surfaces of E"*1 n > 4, satisfying (5). Semi-Riemannian manifolds satisfy-
ing (5) will be investigated in subsequent papers.

(1)—(5) as well as other conditions of this kind are called generalized
FEinstein metric conditions ([12], [14]) and also curvature conditions of pseu-
dosymmetry type. Recently, a review of results on semi-Riemannian mani-
folds satisfying such conditions was given in [3] (see also [6] and [24]).

Let M be a hypersurface in a semi-Riemannian space of constant cur-
vature Nt (c) with signature (s,n + 1 — s), n > 4. We denote by Uy the
set of all points of M at which the tensor H? is not a linear combination of
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the metric tensor g and the second fundamental tensor H of M. It is known
that Uy C Us NUc.

Let now M be a hypersurface in a semi-Euclidean space E?T! n > 4.
The following results pertain to (4).

THEOREM 1.1. Let M be a Ricci-semisymmetric hypersurface in E?H,
n > 4.

(i) ([13, Lemma 3.1]) On Uy C M we have H® = tr(H)H? + \H and
1 1
© RC-CR= 508 - (A ) Qo)

n—2 n—2 n—1

where \ is some function on Ug.
(ii) ([15, Theorem 5.1]) In addition, if M is a quasi-Einstein hypersur-
face then on Ug, (6) reduces to (4).

Curvature properties of Ricci-pseudosymmetric hypersurfaces in semi-
Riemannian spaces of constant curvature N?*1(c), n > 4, were investigated
in [4], [8], [9], [18] and [19], among others. From Proposition 3.2 and Theo-
rem 3.1 of [4] it follows that for every Ricci-pseudosymmetric hypersurface
M in N Y(c), n > 4, on the set Uy C M we have

T
7 R-S=—— ,9),
7) T Q.9
where 7 is the scalar curvature of the ambient space. In [21] a curvature
characterization of pseudosymmetry type of Ricci-pseudosymmetric hyper-
surfaces M in N?*1(c), n > 4, was found. Namely, we have

THEOREM 1.2 ([21, Proposition 5.1(iii) and Theorem 6.1]). Let M be a
hypersurface in N (c), n > 4. OnUy C M, (7) is equivalent to

(n—2)7 (n—3)7
) SR T g 459

Cartan hypersurfaces are Ricci-pseudosymmetric ([18], [19]). In [8] fur-
ther curvature properties of pseudosymmetry type for Cartan hypersurfaces
of dimension > 6 were found.

8) R-C=Q(S,R)—

THEOREM 1.3 ([8, Theorem 4.3]). On every Cartan hypersurface M in
Sntl(c), n = 6,12 or 24, we have: (7), (8),

- n—3 B (n—3)T
B (n—3)7
1 2T
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In Section 3 we consider an extension of the standard Kulkarni-Nomizu
product EAF of two (0, 2)-tensors E and F. Namely, we define the Kulkarni—
Nomizu product Q(E,T) of a (0,2)-tensor £ and a (0, k)-tensor T', k > 2
(see [8]). We present some properties of this product. We use these properties
to prove (see Theorem 3.1) that on any hypersurface M in N?*1(c), n > 4,
the following identities hold:

(10 R-C=qs.1) - U200
s QUSIG) + s g A QU A),
~n—3 (n®> —3n+3)r
(1) C-R= 258 R) — 5 Qla
(n—3)7

1
T GG 5 HARL A,

(n—1)7
(n—2)n(n+1)

+$(9AQ(H,A)—HAQ(9,A))7

(12) R-C—C-R:ﬁQ(S,R)—F Qg,R)

where 7, g and H are the scalar curvature of N?*1(c), the metric tensor of
M and the second fundamental tensor of M, respectively. The (0, 2)-tensor
A is defined by

(13) A=H —t(H)H? + =8

H.

n—1
We mention that from Theorem 5.1 of [15] it follows that A vanishes on
the subset Uy of any quasi-Einstein Ricci-semisymmetric hypersurface M
in E**! n > 4. In Section 5 we prove that (4) holds on the subset Uy of a
hypersurface M in E?*! n > 4, if and only if A = 0 on Uy. We also present
examples of hypersurfaces with nonzero A.

From Proposition 5.2 of [21] it follows that if on the subset Uy of a
hypersurface M in N**!(c), n > 4, we have

(14) > (R-C)(X1, X2, X3, X4, X,Y) =0,
(X1,X2), (X3,X4), (X,Y)
then

A= <A+6—”>H+gg,
n—1

(15) o= % (tr(A) _ ()\ + ’3’“1> tr(H)),

n —

on Ug, where A is some function on Uy . In Section 4 we prove (see Propo-
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sition 4.1) that the following conditions: (14),

(16) > (R-C—C-R)(X1,Xs, X3, Xy;X,Y) =0,
(X1,X2),(X3,X4), (X,)Y)
(17) Z (C-R)(X1, X2, X3, X4; X,Y) =0
(X1,X2),(X3,X4), (X,)Y)
are equivalent on any semi-Riemannian manifold of dimension > 4. Thus on

the subset Uy of a hypersurface M in N'**1(c), n > 4, each of the condition
(14), (16), (17) implies (15) on Uy (see Theorem 4.1).

2. Preliminaries. Throughout this paper all manifolds are assumed to
be connected paracompact of class C*°. Let (M, g) be an n-dimensional,
n > 3, semi-Riemannian manifold. We denote by V, R, C, S and k the
Levi-Civita connection, the Riemann—Christoffel curvature tensor, the Weyl
conformal curvature tensor, the Ricci tensor and the scalar curvature of
(M, g), respectively. The Ricci operator S is defined by ¢(SX,Y) = S(X,Y),
where X,Y € Z(M), =Z(M) being the Lie algebra of vector fields on M.
We define the endomorphisms X A4 Y, R(X,Y) and C(X,Y) of Z(M) by
(XAaY)Z =AY, Z2)X - A(X,2)Y, R(X,Y)Z = [Vx,Vy|Z = Vixy|Z
and

1
C(X,Y)Z =R(X,Y)Z — m(X/\gSY+SX/\gY— ﬁX/\g Y)Z,

where X,Y,Z € Z(M) and A is a symmetric (0,2)-tensor. Now the
Riemann—Christoffel curvature tensor R, the Weyl conformal curvature
tensor C' and the (0,4)-tensor G of (M, g) are defined by

R(X17 X27 X37 X4) = g(R(X17 XQ)X:’)? X4)7
C(X1, Xo, X3, X4) = g(C(X1, X2) X3, Xu),
G(X1, X2, X3, X4) = g((X1 Ay X2) X3, X4),
where X, Y, Z, X1, Xo,... € Z(M). Let B(X,Y) be a skew-symmetric endo-
morphism of Z(M) and let B be the (0, 4)-tensor associated with B(X,Y") by
(18) B(X1, X2, X3, X4) = g(B(X1, X2) X3, X4).
B is said to be a generalized curvature tensor if
B(X1, X2, X3, X4) + B(Xa, X3, X1, X4) + B(X3, X1, X2, Xy) =0,
B(X1, X, X3, X4) = B(X3, X4, X1, Xo).
Clearly, R, C and G are generalized curvature tensors.
Let B(X,Y) be a skew-symmetric endomorphism of =(M) and let B
be the tensor defined by (18). We extend the endomorphism B(X,Y) to a

derivation B(X,Y)- of the algebra of tensor fields on M, assuming that it
commutes with contractions and B(X,Y)- f = 0 for any smooth function
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on M. Now for a (0, k)-tensor field T, k > 1, we can define the (0, k + 2)-
tensor B - T by

(B T)(Xl’anaX7Y) = (B(X¢Y) ’ T)(le ooy Xiy X, Y)
= —T(BX,Y)X1, X0, ., Xp) — oo = T(X1, ..., X1, B(X,Y) Xp).

In addition, if A is a symmetric (0, 2)-tensor then we define the (0, k + 2)-
tensor Q(A,T) by

QAT)(X1, ... X X,Y) = (X AaY - T)(X1,..., Xp5 X, Y)
= —T((X AaY)X1, Xo, ., X3) — . = T(X1,. ., Xio1, (X A4 Y)XR).

In particular, in this manner, we obtain the (0, 6)-tensors B-B and Q(A, B).
Setting in the above formulas B=R orC, T =R, Cor S, A=gor S, we
get the tensors R-R, R-C,C-R, R-S,C-S, Q(g,R), Q(S,R), Q(g,C)
and Q(g, 5).

Let M, n = dim M > 3, be a connected hypersurface isometrically im-
mersed in a semi-Riemannian manifold (N, g?V). We denote by g the metric
tensor of M induced from ¢”~. Further, we denote by V and V¥ the Levi-
Civita connections corresponding to ¢ and g?¥, respectively. Let & be a local
unit normal vector field on M in N and let ¢ = gV (¢,£) = £1. We can
write the Gauss formula and the Weingarten formula of (M, g) in (N, g™V)
in the forms V%Y = VxY +eH(X,Y)¢ and Vx& = —AX, respectively,
where X,Y are vector fields tangent to M, H is the second fundamen-
tal tensor of (M,g) in (N, g"), A is the shape operator and H*(X,Y) =
g(A*X Y), k> 1, H' = H and A' = A. We denote by R and RV the
Riemann-Christoffel curvature tensors of (M, g) and (N, g"), respectively.
The Gauss equation of (M,g) in (N,g") has the form R(Xy,...,X4) =
RN(Xy,...,X4)+5 (HAH)(X1,...,X4), where X1,..., X4 are vector fields
tangent to M.

Let the equations 2" = z"(y*) be the local parametric expression of
(M, g) in (N, g"), where y* and 2" are the local coordinates of M and N,
respectively, and h,i,j,k € {1,...,n} and p,r,t,u € {1,...,n+1}. Now the
Gauss equation yields

(19) Rpije = R BY B BiB}! + e(Hp Hj — HyjHip),

priu

where B,” = 0z"/ oy*, R,{\gtu, Ry and Hpy are the local components of
the tensors RV, R and H, respectively. If M is a hypersurface in N**!(c),
n > 4, then (19) becomes

.
n(n+1)
where 7 is the scalar curvature of the ambient space and Gy are the local
components of the tensor G. Contracting (20) with g% and ¢g*", respectively,

(20) Ryiji = e(HppHij — HpjHyy,) + Ghijk
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we obtain ( 0
21 — e(tr(H)Hyy — H?) + 2 — 2T
(21) Spr = e(tr(H)Hpy, — Hpy) + 1)
and

(n—1)7

k= e((tr(H))? — tr(H?)) + n+1’

respectively, where tr(H) = ¢"* Hyy, tr(H?) = gth,%k and Sy, are the local
components of the Ricci tensor S of M. Using (21) and Theorem 4.1 of
[17] we can deduce that Uy C Us NUc C M. It is known that at every
point of a hypersurface M in N?*1(c), n > 4, the following condition of
pseudosymmetry type holds ([6, Section 5.5], [17]): the tensors R-R—Q(S, R)
and Q(g,C) are linearly dependent. Precisely, on M we have

(=27
i+ )Q( 9,0).

Evidently, if the ambient space is E?*! then (22) reduces to R- R = Q(S, R).

(22) R-R—Q(S,R) =

3. The basic identities. For symmetric (0,2)-tensors £ and F we
define their Kulkarni-Nomizu product E A F' by

(BN F)(X1, X2, X3,Xy) = E(X1, X4)F (X2, X3) + E(X3, X3)F(X1, X4)
— BE(X1,X3)F (X2, X4) — E(X2, X4)F (X1, X3).
The tensor E' A F' is also a generalized curvature tensor. For a symmetric

(0,2)-tensor E we define the (0,4)-tensor E by E = 1 E A E. In particular,

=G = %g A g. We note that the Weyl tensor C' can be represented in the
form

1 K

We also have (see e.g. [9, Section 3|)

LEMMA 3.1. Let E be a symmetric (0,2)-tensor at a point x of a semi-
Riemannian manifold (M, g), n > 3.

(i) ([2, Lemma 2.2]) If

(25) E=ag+pu®u, o fcRuecT,M,
then at x we have
(26) E?=aE+ 089, a,peR.

(ii) ([20, Lemma 3.1]) Let Ug be the set of all points of M at which E
is not proportional to g. If, at some x € Ug,

(27) EANE =209 \NE+28G, «a,0eR,
then at x we have (25) with o = —f.
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According to [8], for a symmetric (0,2)-tensor E and a (0, k)-tensor T,
k > 2, we define their Kulkarni-Nomizu product £ AT by

(E AN T)(Xl,Xg, X3, X4;Ys, ..., Yk)
= E(Xl) X4)T(X27 X37 Yé) SERE) Yk’) + E(X27 X3)T(X17 X4) Y37 v 7Y]€)
- E(Xla X3)T(X27X47 }/3’ s 7Yl€) - E(X27X4)T(X1)X3a }/37 LR Yk‘)
Using the above definitions we can prove the following

LEMMA 3.2 ([21]). Let Eq, Ey and F be symmetric (0,2)-tensors at a
point x of a semi-Riemannian manifold (M,g), n > 3. Then at x we have

Ei A Q(EQ,F) + Es A Q(EI,F) = —Q(F, Eq /\Eg).
If E = Ey = E5 then ([8])

As an immediate consequence of (24) and (28) we have
(29) EAQ(E,F)=Q(E,ENF).

By making use of (15), Propositions 5.1 and 5.2 of [21] imply
PROPOSITION 3.1. Let M be a hypersurface in N*1(c), n > 4.

(i) R-S:Q(A,H)—FmQ(g,S) on M.
(ii) If, in addition, M is a Ricci-pseudosymmetric manifold then (7)
holds on Uy .
(ili) On M,

30 R-C=QSR)- 5 0n QA

T 1
+ n(n+1) (n -2 QS.G) = (n=2) Q(g,0)>-

(iv) In particular, if M is a Ricci-pseudosymmetric hypersurface in BV,
n >4, then R-C = Q(S,R) on Upy.

(v) Let M be a hypersurface in E?H1 n > 4, satisfying (14). Then on
U we have (15) and

f 1
s == H .C = - OwH
R-§=-LQWH), R-C=Q(s.R) - Lo QU0

where X is some function on Uy and p = tr(H) tr(H?) — tr(H3) + A tr(H).

THEOREM 3.1. The identities (10)—(12) hold on every hypersurface M in
N™Y(c), n > 4. In particular, on every hypersurface M in E*t1 n > 4, we
have

(31) R~C’—C-R:%Q(S,R)

n % (9 A QUH, A) — H A Q(g, A)).
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Proof. Applying the relations (23) and (24) in (30) we get (10) easily.
From (20), by transvection with H. lh = ¢""H,,, we obtain

2 2 T
Hy Ry = e(HijHjy, — HipHpj) + n(nt 1) (9ij Hix — gixHij),

which implies

(32) R-H=e¢Q(H,H?) + Q(g, H).

n(n+1)
Further, from (20) we also get
1
R-ty(anse 6)
n—2

n—1

g K T
:EH—mg/\S+ <(n_2)(n—1)_‘_Tl(n‘i‘l)>G7

which, by making use of (21) and (23), turns into
(33) C=cl+ LQ g A (H? — tr(H)H)
n—

1 K T
— G.
+ n—2 <n -1 n+ 1)
(33), by suitable transvection and application of (13) and the definitions of
R-T and Q(E,T), leads to

. n—3 2 €
T
“ iy Qe
But (34), in view of (32), yields (see Theorem 3.4 of [2])
B n—3 . £ _ (2n—3)’r
C-H=——R-H+—Q(g4) CEEICES) Q(g, H).

Using this, (20), (22) and (28) we find
(n—3)e
n—2

1
—  H A) —
+ 5 HAQ(g, 4)

- (7;__32)8 (R-H)+ ﬁ HAQ(g, A)
(2n — 3)er _
~ =2t Q@)

n—3

1
= n_Q(R‘R)‘i‘mH/\Q(QvA)—

(35) C-R=cHA(C-H)=

HA(R-H)

(2n — 3)eT
(n—2)n(n+1)

HAQ(g,H)
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~n-—3 (=3
- QS R) n(n+1)

2
(2n —3)7
— R).
=2+ 1) Q0 B
From this, by making use of (23) and (24), we get (11). Further, (35) together
with (30) yields

1
Q<97 C) + mH A Q(g7‘4)

1 T
R-C=C-R= =5 Q(8,R) - -5 Q9.0)
+ 5 (9 AQ(H, A) — H A Q(g, A))
4 T Q(S, Q) + (@n = 3)7 Q(g, R).

(n—=2)n(n+1) (n—2)n(n+1)
Applying now (23) and (24) we get (12). Finally, we note that (31) is an
immediate consequence of (12). Our theorem is thus proved.

THEOREM 3.2. Let M be a hypersurface in N t(c), n > 4. If (15) is
satisfied on Uy C M then on this set we have

(n—1)7
(n—=2)n(n+1)

(3) R-C-C-R=—-QSR)+ Q. R)

+ <QQ<H,G)—6<A+ = )Q(g,m).

n—2 n—1

Proof. This is a consequence of Theorem 3.1 and (20) and (28).

4. Some curvature conditions. Let (M, g) be covered by a system of
charts {W; xk} We denote by gij, Rhijis Sijs Ghijk = 9nk9ij — 9hjgik and

K
(37) hijk h]k+(n_2)(n_1) hijk
1
E— (9nkSij — gnjSik + 9ijShk — Gik:Shyj)

the local components of the tensors g, R, S, G and C, respectively. Further,
we denote by Sfj = SiTSjT and Sij = ¢’"S;, the local components of the
tensor S? defined by S%(X,Y) = S(SX,Y), and of the Ricci operator S,
respectively. Let (R-C)pijrim and (C- R)pijkim denote the local components
of R-C and C - R, respectively. We have

(38)  (R-Cnijkim =9"° (CrijkRshim + Chrjk Rsitm + Chirk Rsjim + Chijr Rskim ),
(39) (C-R)nijrim =9"° (RrijkCshim + Rirjk Csitm + Ruirk Csjim + Rhijr Cskim ),
respectively. Applying (37) in (38) and (39) we get
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(40) (R Cnijrim = (R R)nijkim
1
b (95§ Vakim + Vinim) + ghk(Vijim + Viiim)

— 9ik (Vijim + Vinim) — 90 Vikim + Viitm),
1
(41)  (C: R)nijiim = (R - R)nijiim — — Q(S, R)hijkim
K
+ CENCE)] Q(9; R)nijkim
1
n—2
+ 9j1Vimkni — 9jmVikhi — 9kt Vinjhi + Gkm Vijhi),
(42) Vinijk = S Rsijk,
where (R - R)nijrim, Q(S; R)nijrim, Q9 R)nijrim and Q(g, C)nijrim are the

local components of the respective tensors. Using (40) and (41) we obtain
([13, Section 2])

(43) (n—=2)(R-C—=C - R)pijrim = Q(S, R)hijrim
K
n—1
+ 9imVinjk + 951Vimkni — 9imVikhi — 9kt Vimjni + Gkm Vijhi
— 9§ (Vikim + Vinim) — 9nk(Vigim + Vjitm)
+ 9it (Vijim + Vinim) + 9rj (Vikim + Viiim)-

(91 Vimijk — 9hmViigk — 9itVinhjr + 9im Vinjk

Q(9, R)hijkim + 90 Vimijk — 9hm Viijk — 9it Vinhijk

LEMMA 4.1 ([5, Lemma 1.1(iii)]). Let B be a generalized curvature ten-
sor on a semi-Riemannian manifold (M,g), n > 3. The tensor Q(g,B)

vanishes at a point x € M if and only if B = (;{’fgn G at x.

LEMMA 4.2 (cf. [10, Lemma 3.4]). Let (M, g), n > 3, be a semi-Rieman-
nian manifold. Let E be a nonzero symmetric (0,2)-tensor at a point x € M
and let B be a generalized curvature tensor such that Q(E,B) = 0 at x.
Moreover, let Y be a vector at x such that the scalar o = a(Y') is nonzero,
where a is the covector defined by a(X) = E(X,Y), X € T,M. Then at x
we have two possibilities:

(i) the tensor E is of rank one (precisely, E = %a ®a), or

(ii) the tensor E — %a ® a is nonzero and B= 3 EANE, v € R.
Using the above lemma and Lemmas 3.1 and 3.2 we can prove

LEMMA 4.3. Let (M, g), n > 3, be a semi-Riemannian manifold. Let E
be a nonzero symmetric (0,2)-tensor at a point x € M. If at © we have
QF —ag,gNE) =0, a €R, then (26) holds at z.
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Let Q(E, B)hijkim be the local components of Q(E,B). We have ([5,
Lemma 1.1(i)])

]
(44) Q(E, B)nijkim + Q(E, B) jrimni + Q(E, B)imnijr = 0.

On M we also have the well known Walker identity
(45) (R R)nijiim + (R - R)jkimni + (R - R)imhijre = 0.

PROPOSITION 4.1. Let (M, g), n > 4, be a semi-Riemannian manifold.
The equalities (14), (16) and (17) are equivalent on M.

Proof. We set
1

n—2
— 9it (Vigim + Vinim) — 9ni Vikim + Viiim)
+ 91t (Vinjni + Vimni) + 9jm(Vini + Vini)
= Jkm (Vitni + Vini) — 9t (Vimni + Vinkni)
+ 9mn (Viijk + Viiie) + 91i(Vinnjk + Vamie)
— 9mi(Vinjk + Vaige) — 9ih(Vinijie + Vimjk))

where Vj,;j, are defined by (42). Symmetrizing (41) with respect to the pairs
(h,i), (4,k) and (I,m) and applying (44) and (45) we obtain

(C - R)nijkim + (C* R) jkimni + (C* R)imhijk = Prijkim-
In the same way, using (40), we have
(R - Onijrim + (R - C)jgimni + (R - Cimnijk = —Phijkim-
From the last two relations we get
(R-C —=C - Rpijrim + (R-C = C - R)jpimni
+(R-C —=C - R)imnijk = —2 Phijkim.-

Prijkim = ((9i5 Vakim + Virim) + 9k (Vijim + Viim)

Now our assertion is obvious.
Proposition 5.2 of [21] and Proposition 4.1 yield

THEOREM 4.1. If on the subset Uy in a hypersurface M of N"T1(c),
n > 4, one of the conditions (14), (16) or (17) is satisfied then (15) holds
on Ug.

Using (44), (45), Proposition 4.1 and Theorem 4.1 we immediately get

COROLLARY 4.1. If on the subset Uy in a hypersurface M of N 1(c),
n > 4, one of the tensors R-C, C-R or R-C' — R-C is a linear combination
of R-R and of a finite sum of tensors of the form Q(E,B), where E is
a symmetric (0,2)-tensor and B a generalized curvature tensor, then (15)
holds on Up .
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THEOREM 4.2. Let M be a hypersurface in N*1(c), n > 4. If at every
point of M the following two tensors are linearly dependent:
(i) R-C—-C-R and Q(g,C), or
(i) R-C—-C-R and Q(g,R), or
(iii) R-C —C-R and Q(S, R), or
(iv) R-C—C-R and Q(S,C),
then (15) and (36) hold on Uy C M.

Proof. In case (i), resp. (ii), on Uy C M we have (1), resp. (2). Now, in
view of Corollary 4.1, (15) holds on Uy
Consider case (iii) and let € Uy. Assume that Q(S, R) vanishes at .

Then (22) becomes R - R = —T(:(l;i)f) Q(g,C), whence R-S = 0. Thus

(n—2)r
m@(% C).

Applying Corollary 4.1 we get (15). Clearly, if Q(S, R) is nonzero at a point
x then = € Uy. Thus (3) holds at z. Now Corollary 4.1 again implies (15).

Finally, consider case (iv) and let x € Ugy. If Q(S, C) is nonzero at x then
(5) holds at « and Corollary 4.1 implies (15). Assume now that Q(S,C) =0
at . In view of Theorem 3.1 of [11], we get R- R = -3 Q(g, R). This yields
R-S = -5 Q(g,5). Using (23) and (29) we find

1

1

— nil (Q(g,R)—ﬁgAQ(Q,SO

— nil (Q(Q,R)—ﬁQ(g,gASO

:nil (Q@,R)—%MS)

:nil (Q(g,R)—%g/\S—i—%G) :ﬁQ(Q,C)-

Now, in view of Corollary 4.1, we obtain (15) on Uy. Finally, from Theo-
rem 3.2 it follows that (36) holds on Uy . This completes the proof.

PROPOSITION 4.2. Let (M,g), n > 4, be a semi-Riemannian manifold.
If at a point x € Us NUc its curvature tensor R is of the form

(46) R=0¢S+upugANS+nG, ¢,pum€R,

then at x we have ) ( 0 .
n—1u— K

4 O—-C.-R—_—

(47 R-C—-C-R n_2Q(S,R)—I—( = 2) +n—1

N p((n — 1);Zn—_1)2)—¢(n —1)gn Q(S.G),

> Q(g, R)
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(48) R-C—C~R=(—(u—ni2>+ni1>Q(gaR)

el ite) s

Proof. As shown in [12], (46) implies

(6%
(49)  Viije = (o + 1) (SmkSij — SmjSik) + <f + 77) (Smk8ij — Smjgik)

+ B(gmiSij — 9mjSik) + bu Gmijk

¢
where o = ¢ — 1+ (n — 2)p, f = pk + (n — 1)n and
(50) Res=-2(4(n- o 1g) -v) @)

Substituting (49) and (50) into (43) we get

(51) (n-2)(R-C~C-R)=Q(S.R) ~ ——Qg. R)

T (a4 1) Q,5) - (%‘ n 77> Q(5.0)

_(n—2)(g<u— 5) —n)gAQ(gvs)-

But (46) implies

— 1 n 1 "

S)=— R) — — S)=— R)+ = Q(S,G).
(52)  Q(9,5) = £ Qlg, B) = 7 Qg, g 1 5) = £ Qlg, B) + £ Q(5, C)
Substituting (52) and the identity g A Q(g,S) = —Q(S, G) (see (28)) into
(51), we get (47). Using now (24), (46) and (52) we obtain

Q(S,R) = Q(S, ¢S + pg A S +nG)

= pQ(S,9 A S) +1Q(S,G)

= —uQ(g,5) +nQ(S,G)
2
= L0, R) - £ Q(8,6) +1Q(8,6)

s s
_n o
_ ¢Q(9,R)+<n ¢)Q<S,G>.

Thus, in view of the above equality, (47) takes the form (48). This completes
the proof.
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REMARK 4.1. (i) (cf. [12, Proposition 4.2]) Under the assumptions of the
above proposition, if additionally p(u — ﬁ) = n¢ at x, then at this point

we have
1 1 K
R-C-C-R= <g<"’_n_2> +n_1>Q(g,R)-

(ii) An example of a warped product manifold satisfying (46) is given
in [23].

5. Hypersurfaces with H? = tr(H)H? — -2% H. Let M be a hyper-

surface in a semi-Riemannian space of constant curvature N**1(c), n > 4.
We now present examples of hypersurfaces satisfying (15).

EXAMPLE 5.1. (i) From Theorem 5.1 of [15] it follows that on the subset
Uy of a quasi-Einstein hypersurface M in E?*! n >4, R-S = 0 if and only
if A = 0. Evidently, the last relation can be written on Uy in the form (15),
where A = — £ Examples of such hypersurfaces are given in [1] and [7].

(ii) ([7, Example 4.3]) Let M be a hypersurface in a Euclidean space
E"*! n > 4, having three principal curvatures: 0, v/ and —,/y with mul-

nt2p nP and 32, respectively, where n —p = 3,6,12 or 24,

tiplicities —5=, =

p > 1, and 7 is a positive function on M. The hypersurface M is a non-
quasi-Einstein Ricci-semisymmetric manifold. Moreover, if n —p = 6,12 or
24 then M is a non-semisymmetric manifold. It is easy to check that on M

we have:

tr(H)=0, S=-H? K:_M’
H? = tr(H)H? + vH = __ oy
2(n —p)
Now the relation H = AH, where \ = —%, yields (15).

(iii) Let M be the Cartan hypersurface of dimension n = 6,12 or 24. It
is known that on M the following relations hold (see e.g. [8, Section 4]):

3T (n—3)7
53) H)=—"——H, tr(H)=0 =’ =1.
(53) n(n+1) "’ (H) =0, x ntl
Applying (53) to (13) we obtain A = (A + ﬁ)H and A = % In
2
addition, using the above relations we find A = % H. Substituting

this into (12) and using (28) we find (9) easily.

(iv) Examples of hypersurfaces in N?*1(c), n > 4, satisfying an equation
of the form A = aH + (3¢9, where a and ( are some functions on M, will be
given in [16].
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THEOREM 5.1. Let M be a hypersurface in N (¢), n > 4. On Uy C M
the condition A = 0 is equivalent to

(n—1)1
(n—2)n(n+1)
Proof. Clearly, A =0, by (12), implies (54). Now assume that (54) holds

on Ug. Then (12) reduces to gAQ(H, A) — HAQ(g, A) = 0, which in virtue
of (15) and (29) can be written in the form

(54) R.C—C-R:5Q<S,R)+ Q(g, R).

09 NQ(H.9) (A i ) H AQ(g, H)

1

=—09N\Q(g, H)+ <A+ %)HAQ(H,Q)

ER
=—0Q(9,9 N H) + <A+ m)Q(H,g/\H) =0.
Thus we have

(55) Q((A—F%)H—QQ,gAH):O.

Let z € Uy. We prove that A = ()\ + n€f1)H — og vanishes at z. First we
assert that

(56) p—

=0.

n—1

Suppose not; then we can write (55) in the form Q(H —ag, gANH) =0, a € R.
Applying Lemmas 3.2 and 4.2 we deduce that z € M — Uy, a contradiction.
Thus we have (56), and (55) now reduces to pQ(g,g A H) = 0. Supposing
that o # 0 we get Q(g9,9 A H) = 0 and, by (28), Q(H,G) = 0. Applying
Lemmas 3.1 and 4.2 we deduce that x € M — Uy, a contradiction. So we
have o = 0 and A = 0. Our theorem is thus proved.

COROLLARY 5.1. Let M be a hypersurface in ETY n > 4. The condi-
tions A =0 and (4) are equivalent on Uy C M.
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