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INVOLVING THE CRITICAL SOBOLEV EXPONENT
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Abstract. We consider the Neumann problem involving the critical Sobolev exponent
and a nonhomogeneous boundary condition. We establish the existence of two solutions.
We use the method of sub- and supersolutions, a local minimization and the mountain-pass
principle.

1. Introduction. Let 2 C RY be a bounded domain with a smooth
boundary 0f2. We consider the Neumann problem
{ —Au+ = Q(z)u> 1 in £,

ou/dv =¢(x) ondf2, u>0 on (2
where A > 0 is a parameter and 2* = 2N/(N —2), N > 3, is the critical
Sobolev exponent. We assume that Q(x) > 0 on {2, ¢(z) > 0 and ¢(x) # 0
on 02 and moreover @ € C*(£2) and ¢ € C*(912).

In the case where @ = 1 and ¢ = 0, problem (1.1,) has an extensive
literature. We refer to papers [2], [3], [8] and [9], where further references can
be found. In this case solutions of (1.1,) have been obtained as minimizers
of the constrained variational problem

(o(IVul? + Au?) do
weH (2)—{0}  (§, [ul?> dx)?/?"

(L.1))

my =

A suitable multiple of a minimizer u for m) is a solution of (1.1)) and is
called the least energy solution of this problem. The main ingredient in the
proof of the existence of the least energy solution is the inequality my <
S/ 22/N which is valid for every A, provided 2 is smooth and bounded. Here
S is the best Sobolev constant. This inequality allows us to show that every
minimizing sequence for m is relatively compact in H'(§2). These results
have been extended to the case @ # const and ¢ = 0 (see [8] and [9]). In this
situation the existence of least energy solutions depends on the relationship
between the global maximum Q\ = max, .5 Q(z) and Qn = max,cpp Q().
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The authors of these papers studied two cases: (i) Qu < 22/(IN=2) = and
(i) Qu > 22/(N=2)Q,,. In the first case problem (1.1)) has the least energy
solution for every A > 0, provided @y, is achieved at a point x, € 02 with
a positive mean curvature. In case (ii), the least energy solutions exist only
for A € (0,4], A > 0. For A\ > A problem (1.1)) does not have the least
energy solutions.

The main purpose of this paper is to establish an existence result for
problem (1.1y) which involves a nonzero boundary data ¢. We show that the
presence of ¢ # 0 generates the existence of at least two solutions. Results of
this nature are known in the cases where a nonhomogeneous term appears
in the nonlinear equation ([7], [6] and [13]).

Under an additional assumption on ) we establish the existence of a
constant A, > 0 such that for A > A, problem (1.1)) has at least two
solutions, at least one solution for A = A\, and no solution for A < A,. In the
case where A > \, the existence of one solution will be established through
the method of sub- and supersolutions. A second solution will be obtained
via the mountain-pass principle. These existence results are presented in
Sections 2, 3 and 4. In these sections we do not impose any restriction on
[9ll2(82)- In Section 5 we show that if ||@]z2(90) is of order A (as small
as A), then problem (1.1)) has at least two solutions. Section 6 is devoted
to the case A = 0.

In this paper we use standard notations. In a given Banach space X
we denote strong convergence by “—” and weak convergence by “—”. We
recall that a C'-functional @ : X — R on a Banach space X satisfies the
Palais—Smale condition at level ¢ ((PS). condition for short) if each sequence
{zm} such that

(x) ®(x) — ¢ and  (xx) &' (z) — 0 in X*
is relatively compact in X. Finally, any sequence satisfying (x) and () is

called a Palais—Smale sequence at level ¢ (a (PS). sequence for short).
The norms in the Lebesgue spaces L?(f2) will be denoted by || - ||4-

2. Sub- and supersolutions. To construct a supersolution to problem
(1.1,) we need the solution of the problem

—Av+ =0 in {2,
ov/0v = ¢(x) on I12.

This problem has a unique positive solution vy € CL*(£2). Let v; be a
solution of (2.1) with A = 1. We set

Ao = max Q(z)v1(z)* "2+ 1.
TEeSf?

(2.1,)

We then have
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— Avp + Aoy — Q(z)v 1
= —Av; + (Mo — Q(z)vF 2)vy
= —Avy + (mag Q(z)vi(x)? 2+ 1 - Qz)vi(2)? ~)uy
S
> —Avi +v1 =0.

Hence @ = vy is a supersolution for (1.1,,). Since u = 0 is a subsolution for
(1.1y,), there exists a minimal solution uy, of (1.1,,) satisfying

u<uy, <u on 2

Let
S = {\; (1.1,) has a positive solution}

If A > Ao, then u), is a supersolution to (1.1,). Indeed, we have

{ —Auy, + Auy, > —Auy, + Aouy, = Q(az)uiz_l in (2,
Juy,/Ov = ¢(z) on Of2.
As before, since uw = 0 is a subsolution, there exists a minimal solution wu)
satisfying

u<uy<uU=1uy,-

This argument shows that (Ao, 00) C S. We set

(2.1) Ay = inf A.
AES

Repeating the above argument we show that for every A > A, problem (1.1,)
has a solution. If uy > 0 is a solution of (1.1y), then

S Auy dr — S o(x)dS; = S Q(z)u? ~tdx.
Q le; Q
This yields A > 0 and consequently A, > 0.

Let A > A, and let uy be a positive solution of (1.1y). We now consider
the variational problem

(2.2) = mf{ [(V0? + A0?) das v € HY(02),
(0]
(2F—-1) S Q(z)u? ~*v?dx = 1}.
9}

PROPOSITION 2.1. If A > A, then the constant uy defined by (2.2) sat-
isfies uy > 1. Moreover, problem (2.2) has a minimizer Vy which is the first
eigenfunction of the problem

{ —Av+ A = py(2F — l)Q(x)ui*_% in §2,

(2.3)
ov/ov =0 on 012.
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Proof. Since the functional v — §, Q(fv)ui’ﬂ*zv2 dz is completely contin-
uous on H'(2), the existence of a minimizer easily follows. We show that
px > 1. Let A > )\ and let uy and uy be the corresponding minimal solutions
of (1.15) and (1.1)), respectively. It follows from the construction of {uy}
that uy > ux > 0. We then have

(24) = Aup — ux) + Auy — uy)
> —A(uy — uy) + Auy — Aug = Q(w)(ui*_l —uZh

A
= Q(a)[(ux +uy —uz)® T =]
= (2" = D)Q(z)ud ~*(uy — uy)
+ %(2* —1)(2" = 2)Q(z)[ux + O(uy — ux)]Q**S(uA — “X)Q
> (2" = DQ(x)ud 2 (uy — ug)

for some 0 < 6 < 1. Let V5 be the first eigenfunction of problem (2.3) with

A = ). Since 3
5(2@ —uy) =0 ondf2,

testing (2.4) with Vi and integrating by parts gives
| (up — up) (—AVE + XVy) dz > (27 = 1) | Q) > (uy — uy) V da.

A
0Q 1)
Hence
(2 = 1) | Q) (uy — up)uzVyde > (2 — 1) | Qa2 ~2(uy — ux) Vi da
2 2

and the assertion follows. =
Let Q« = min, 5 Q(x).
LEMMA 2.2. Let uy be a solution of problem (1.1y) for some X\ > 0. Then

ANH2)/4 5 (N+2)/4 JpQ)ul ' de+ 22 [y é(x) S,

SQ Q(x)dx
Proof. Integrating (1.1,) we get
(2.5) A S uydr = S Q(z)ul ~tdx + S o(x) dSy.
2 N on

It then follows from the Young inequality that
A S uy dr < AQ; 1 S Q(x)uy dx

9} 0
2*—2 21 Z-1 1 21
< 2*_1)\2 =2, SQ(z)dx+ 51 SQ(J:)U)\ dx.

0 0
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This combined with (2.5) gives

2% — 2 L2 2% —2 21 2ol
<
2*_1§Q(x) dz + | o(x)dSy < 5 R
(0] o2 2

and the result easily follows. =
COROLLARY 2.3. If

N(N+2)/4 < o(N+2)/4 $o0 @(x)dS.
S e T

then problem (1.1)) has no solution. Consequently, A« > 0, where A\, is the
constant defined by (2.1).

In Proposition 2.4 below, we derive an estimate for ||uy|/ g1 in terms of
the parameter A and norms of vy.

PROPOSITION 2.4. Solutions of (1.15) for 0 < A < 1 satisfy the estimate
lunlFn < Z(vilFn + lorll3e + (1= Mer[5 + (1= A)N?)
and for A\ > 1 we have
luxlFn < Ls
for some constants L > 0 and Ly > 0 independent of .
Proof. Let uy be a solution of (1.1,) and v; be a solution of (2.11). We

set v = u) — v1. Then v satisfies
(2.6) {_AU”: Qx)(v+v)* '+ (1 =N (v+wv) in,
' Ov/Ov =0 on 0f2.

First we consider the case 0 < A < 1. By the maximum principle v > 0
on 2. Testing (2.6) with v we get

V(Vol? +0?) de = | Q(z) (v +v1)* wde + (1= A) | (v + v1)v da.
2 0 19
Since 0 < A < 1, it follows from Proposition 2.1 that

(2*-1) S Q(az)ui*_%Q dx

02
< S Qz)(v+v1)> tvdr+ (1 -\ S(v +vy)vde
02 9]
= S Q(z)(v+v1)* 2?dr + S Q(z)(v +v1)¥ "2y dx
2 2
+(1-X) S(v + v1)vdx.

n
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Thus
27 2 -2 | Q@) (v+uv)” P de
2
< S Q(x)(v+v1)? 2vvrdz + (1 — \) S(U +v1)vde
9] 2
< Q@ w+v)” Mvrde+ (1= N [(v+v)vde
2 2

< 9% 2 S Q(x)v? ~luy dz + 222 X Q(z)v? dx
2 2

+@=-M{?de+ (1 - [vvde
(0] 2

< 9% 2 S Q(x)v? ~luy dz + 222 X Q(z)v? dx
2 2
2

+2(1 =) [P de+ (1= | vf da.
0 Q
Using the Young inequality we get for € > 0,
(2.8) S Q(x)v* tuydr < e S Q(x)v? dx + C(e) S Q(x)v¥ dx,
Q Q Q
(29 201-A) [vPde <e|v¥ de+ Ci(e)(1 - 1)/,
Q Q

for some constants C'(¢) > 0 and C1(e) > 0. Letting Qv = max_ 5 Q(x) we
deduce from (2.7)—-(2.9) that

(2" =2)Q. — 27 2Que —¢) [ v dz < (27 2+ C(e)) | Qan} do
9] 9]
+Ci(e) (1= N2+ (1= ) [ o} da,

2

Choosing € > 0 small enough we derive from this the estimate

(2.10) S v? dr < C{ S v dr+ (1 -2/ 4 (1)) S v? d:c}.

N 9] 02
We now use (2.10) to estimate [|v]|3,; in terms of A and v1. We have

S(\VU\Q + v de = S Q(z)(v +v1)¥ tvdr + (1 -\ S v? da
17 17 17

+(1—)\)Svlvdm
n
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<92 S Q(a:)v2* dr + 2% 2 S Q(m)v%*_lv dx
17, 2

+2(1=N) [ v?de+ (1-N) | vide

0 2
<2773(2% 1) S Q(z)v? dx +2¥ 73(2* - 1) S Qz)vf dx
2 o
+2(1 -2 [ de + (1) | o? da.
I?) (7

The last estimate combined with (2.9) and (2.10) gives

S(|Vv|2 + 0¥ dx < Oy [ S v} dz + (1 - N) S v¥de + (1 — )\)2*/(2*_2)},
n 02 n
where C; > 0 is of the same nature as C' in (2.10). Since ||uy|| g1 < ||v| g1 +
llvi|lz1 the result in the case 0 < A < 1 readily follows. If A > 1, then
uy < up on {2, where u; is a minimal solution of problem (1.1;). Thus
S(‘VUA‘Q +u3)de < S(|Vu>\|2 + M3 dx = S Q(x)u3 dx + S d(x)uy dSy
Q Q Q Q
< Qu | vi" do + | d(x)uy dS.,
Q Q
and the result follows. =
PROPOSITION 2.5. Problem (1.1)«) has a solution.

Proof. Let A\, — A" and A\, > A\* for each n. By Proposition 2.4 the
sequence {uy,} of the corresponding solutions is bounded in H!(£2). It is
routine to show that up to a subsequence uy, — u in H(£2) and u is a
solution of problem (1.1y+). m

3. Second solution. Let u) be a minimal solution of (1.1)). To find
the second solution we consider the problem

{ —Av+ = Q(2)[(v+uy) Tt —wd T in 02,
Oov/ov=0 ondf2, v>0 on {2

where A > \,. If v is a solution of (3.1y), then Uy = u) + v is a solution of
(1.1)). A solution of (3.1,) will be found as a critical point of the functional

(3.1,)

2*

Ta(v) = % (4902 + 22) do — = [ Q@) (ur +v*)? da
2 2

1 * *
t o S Q(z)u} dz + S Q(z)u vt dx.
2 N

PROPOSITION 3.1. Let A > \.. There exist constants o« > 0 and o > 0
such that Jy(v) > a for v € HY(2) with ||v]|z = o.
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Proof. We write Jy in the form

(3.1)  Ja(v) = % (V0P + 22 dz — 2L [ Qayud —2(0*)? da
02 2
— S S Q()[(un + )2 7 —ud Tt — (2F — D)} %s]dsda.
20

Since for every € > 0 there exists C; > 0 such that

(un+ )% T —ud 7 (2 — D)l s <eud Es 4 Ot

we get
Jr(v) > % S[|Vv|2 + 2% — (2° = 1D)Q(2)ul (v da
2
3 *_ (’U+)2*
- !S)Q(m) [5 u?\ 2wt 2+ . o } dz.

Hence by Proposition 2.1 we have

1 2 _1—¢ C. ,
Jr(v) > 5 (1 — m) ;}(]VUP + )\1)2) do — o éQ(x)(qﬁ‘)? dx.

We choose 0 < € < 2*—1. An application of the Sobolev inequality completes
the proof. =

LEMMA 3.2. Let {u,} C HY($2) be a Palais-Smale sequence for Jy.
Then {up} is bounded in H'(12).

Proof. We compute

(3:2)  Ja(um) — 5 (Ja(tm), um)

1 * *
+ o S Q(z)u3 dx + S Q(az)ui gt de —
2 02 2
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Q(x)(uy + uh)* do — S Q) (uy + uh)* “tuy d

1
2
S Q(z)u3 tu, — S Q(x)u3 dx + S Q(z)ul ~tuf da
Q 17 2
S
2
SQ )(uy + ) *dac—%XQ(x)(u,\—Fu;;)Q*_luAdx
2 2
+ % S Q(z)u? ~tuf dx + S Q(x)u? da.
2 2

2*
By the Young inequality given § > 0 we choose C'(§) > 0 so that

33) [ Q@) (ux+uh) uxda
(0]

<6\ Q@) (ux +uh)? do + C(0) | Q(z)u3 da.
2 (9]

Taking § > 0 small enough and using the fact that {u,,} is a (PS). sequence
we derive from (3.1) and (3.3) that
(3.4) | Q@) (un + um)? do < Cy + Collum|

02

for every m > 1. On the other hand, we have

1
Ix(um) — §<J§\(Um)aum>
_ 1 S (| Vs |* + M) S ) (uy + uh)? "N, — uf —wy) da
N2 Q
1 1 B
+2—*XQ( Jui da+ | Q(x)u} lurﬁdx—ng(a:)ui Ly dae
Q Q Q
1 1
= = V(IVum? + M) do — = § Q@) (ux + uf)* urda
N 9
Q Q
1 +\2"-1, — 1 2%
Q
1
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1 1 X
N" |Vum’2+)\u )da: ? SQ U)\+UTJ;L)2 71U)\d.’17
0 19
1 x 1
+ o S Q(z)ul dx + (1 — §> S Q(x)u ?\ Lt dr dx
9]
1 x
S(|Vum]2 + A\uy,) dx — > S Q) (uy + uh)* "Ly da.
[0 0
From this we deduce, using the Young inequality, that
(3.5) |3 < Cs § Q) (un +1u)* d + Calluml| 1 + Cs.

Q
The assertion follows from (3.3) and (3.5). =

To proceed further we set

Qm = max Q(z).

€S2
We recall that Qur is defined by Qn = max, 5 Q(z). By S we denote the
best Sobolev constant, that is,
SRN |Vu|? dx
1 )
weD12(®N) {0} (g [uf*" dz)?/*
where DU2(RY) is the Sobolev space defined by D'2(RY) = {u; Vu €
L*(RN), u € L? (RN)}. The best Sobolev constant is achieved by
CN
Ulx) =

O NN =2+
where ¢y > 0 is a constant depending on N. The function U, called an
instanton, satisfies the equation

—AU =U%"1 inRV,

We have §,n [VU[2dz = {on U do = SN/2. For future use we introduce
the notation

S =

Uey = 5(N2)/2U(%>, yeRY, e>0.

We set
SN/2 SN/2
o = min(QNQgiV 2727 N2/ 2)
PROPOSITION 3.3. Let A > A.. Suppose that
(3.6) In(tm) — ¢ < Seo,
(3.7) J(um) — 0 in H1().

Then up to a subsequence u, — v # 0 and v is a solution of problem (3.1)).
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Proof. By Lemma 3.2, {u,,} is bounded in H'(£2). Hence we may assume
that u, — vin H'(£2), uy, — w in LI(£2) for each 2 < ¢ < 2* and uy,(z) —
v(z) a.e. on §2. Testing J} (up,) — 0 with u,, we get

VIV l? + Auy,)?) do = o(1),

[0
Therefore we may assume that u,, > 0 on 2. We now show that v # 0.
Arguing by contradiction assume that v = 0. By the P. L. Lions [12] concen-
tration-compactness principle there exist sequences of points {z;} C RN and
numbers {v;}, {¢;} C (0,00) such that

| ? 2 Zl/jézj and  |[Vu,|? > Z'u’jé‘”j
J J

in M, where M is a space of measures. Moreover,
2/2*

S < itz e and SO < ifas €00
j > My J 92/N A .

Testing (3.7) with u,,¢s, where ¢5, § > 0, is a family of functions concen-
trating at x; as 0 — 0, we deduce that p; <Q(x;)v; for every j. If v; >0 and
x;j € (2, then v; >SN/2/Q( N2 and if 2; €982, then v; > SN2 /2Q(x;)N/2.
By the Brems—Lleb lemma we have

1

Ia(tm) — §<J//\(um), U
= % | Q@) (un + um)* do — % § Q@) (ur + um)? " tup da
§2 2]
+ 5§ Q@ de L | Qi M dr + o(1)

2 2
1 1
N Z Q(zj)vj + N Z Q(xj)v; +o(1)
jE@.Q mje.Q

SN/2
Y Z Q2 Hol):

If Qm > 22/(N_2)Qm7 then letting m — oo we derive that ¢ > SN/Q/NQﬁ*Q/{

and if Qu < 2ZW-2Q.,, then ¢ > SN/2/2NQI(111V_2)/2. In both cases we
obtain a contradiction. m

4. Main result. In order to apply the mountain-pass theorem we set

— inf max J
¢ = Il jmey A0 ®),
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where
I'={yeC([0,1], H(£2)); 7(0),7(1) = to}
and the constant ¢, is chosen so large that Jy(tt,) < 0 for ¢t > 1. It follows

from Proposition 3.1 that ¢ > 0.
We need the following relations for U, with y € 012 (see [1] or [14]):

SQ(‘VU&?J‘Q + )\Ugay) d.’E
(§, U2 da)>/*
5/22/N _ ANH(y)glog% +anyde+O(e) +o(Xe) if N =3,
S/22/N — ANH (y)e + ayAe? log % + O(g%log %)
+ o(\e?log %) if N =4,
§/22N — AnH(y)e + anAe® + O(e?) + o(Ae?)  if N > 5,

where H(y) denotes the mean curvature of 92 at y.
It is known that

4.2 c<ct = inf sup Jy(tu).
4.2) N u€H(2),u#0 tzg A (fu)

(4.1)

THEOREM 4.1. Suppose that Qn > 22 N=2)Q,, and that at some point
y € 002 with H(y) > 0 we have

(4.3) Q) = Qy)| = o(|z —y[)  forx close toy.
Then problem (3.1)) has a solution for every A > 0.

Proof. Tt follows from (4.2) that
1 (SQ(|VU€,y|2 + )‘Ug,y) dx)Nﬂ

<c' <=
SO SNT (LU dn) DR

Thus (4.1) and (4.3) yield
SN/2
N

for £ > 0 sufficiently small. By Proposition 3.3 problem (3.1,) has a solu-
tion. m

c <

COROLLARY 4.2. Under the assumptions of Theorem 4.1 there exists
A* > 0 such that problem (1.1)) has at least two solutions for A > \*.

5. Existence of solutions for small boundary data. Lemma 2.2
(see also Corollary 2.3) provides the estimate of \* in terms of {,, ¢ dS,.
For A < A* problem (1.1)) does not have a solution for a given ¢. In this
section we establish the existence of a solution of problem (1.1,) for every
A > 0if {,, ¢dS, is small. Obviously, the size of {,, ¢ dS, will depend on \.
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Let

() = = § (19l + Au?) d — 2i | QE@)lul? dx— | ug(z)ds
2 02 o002

l\3|'—‘

for u € H'(£2) be a variational functional corresponding to problem (1.1,).
In what follows we shall use the Sobolev inequality

(S Juf*” dx)Q/z* < G\ (IVul® + u?) da
2 N

for u € H'(£2), where Cs > 0 is a constant. Letting Cs(\) = Cs for A > 1
and C5(A) = Cs/\ for 0 < A < 1, we can write this inequality in the form

(] 1 dx)2/2* < O [ (I Vuf? + 2?) da.
(% kP

PROPOSITION 5.1. Given 0 < A\ < oo there ezists a constant o1 = p1(\)
such that for a boundary data ¢ satisfying ||¢||290) < 01 problem (1.1y)
has a solution. (If A > 1 the choice of o1 can be made independent of \.)

Proof. A solution will be found as a local minimizer of . We commence
by estimating I from below:

*/ *
I(u) = %S(’Vu|2+>\u)d:r—c<)\2 : M<S(|Vu|2+)\u2)dx)2/2
2
1/2 1/2
—K(\ ¢%ds, (IVul® +u?)dz) ",
(§ a5) (3 )

where K > 0 is the best constant for the embedding of H'(£2) into L?(9£2),
that is,

K = inf{ S(|Vu\2 +u?) dx; u € HY(R), S u?dS, = 1}.
n o2

Letting [ull3 = §,(|Vu|? + Mu?) dz we can write this estimate as

Cy \)27/2 «
IA(U)Z||U||A<||U’>\— GO oz - <A>||¢HL2<89>),

where K(\) = K for A > 1 and K()\) = K/ for 0 < A < 1. First we choose
0 > 0 such that

w

CS(A)Q*/Q
2*
If ”d’HL?(aQ) < o/K(\) = g1, then

(5.1) In(u) > ¢*/4  for |lullx = o.

0o— Quo* ' > "o

W
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Testing I (u) with a constant function v = ¢t we get

[0 %
I\(t) |—2|t2 - o \Q@)dz —t | ¢(x)dS. <0
n o
for sufficiently small ¢. Therefore
(5.2) c1 = inf I,\(u) < 0.

l[ullx=e
It follows from (5.1), (5.2) and the Ekeland variational principle that there
exists a minimizing sequence {u,,} satisfying
L(um) — ¢ and  I5(um) — 0 in HH(92).
It is clear that {u,,} is bounded in H'(£2). Thus we may assume that w,, — u
in HY(£2), upm — win LP(R2) for 2 < p < 2* and u,, — a a.e. on 2. Moreover,

u is a solution of (1.1y). We now observe that |ul[y < o and I\(u) > c;.
Since (I} (u),u) = 0, we see that

1 1 1
Q Q
The weak lower semicontinuity of §, [Vu|? dz yields
11 y 1
5 o S(]Vu\ + \u”) dr — 1—2—* SqﬁudSmScl
2 Q
and consequently I(u) =c;. m

To prove the existence of a second solution we use the method of Sec-
tion 3. In what follows we assume that the boundary data ¢ satisfies

0
(5.3) 19l z2(80) < 01 = m

This condition on ¢ guarantees the existence of a local minimizer vy of the
functional I. As in Section 3 we consider the problem

—Av+ v =Q(z)[(v+ U}\)2*—1 - vi*_l] in {2,
ov/ov = 0.

If problem (5.3)) has a solution w, then w+w) is a solution of problem (1.1,).
Let I(v) be a variational functional corresponding to problem (5.3)). We
now consider the variational problem

(5.35)

(5.4) = inf{ S(|V’U|2 + M?) dx; v € HY (),
N
(2* —2) S Q(x)v?\*_lv2 dz = 1}.

]
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PROPOSITION 5.2. Problem (5.4) has a minimizer wy which is the first
etgenfunction of the eigenvalue problem

{ —Av 4+ =[x (2° — 1)Q(z)v v in R,
ov/ov =0 on 0f2.

Proof. As in the proof of Proposition 2.1 we obtain the existence of a
minimizer wy. To show that iy > 1 we take A < A = A, where )\ is chosen

so that
0 0

Hence I, and I5 have local minimizers vy and vy, respectively. Let z) and
zy be the minimal solutions of (1.1) satisfying 0 < z) < vy and 2y < vy
Repeating estimates (2.2) with uy and uy replaced by z) and zy we derive
that gy > 1. =

This allows us to show that the variational functional JN,\ for problem
(5.3x) has a mountain-pass geometry. It is also easy to see that Proposi-
tion 3.3 continues to hold for the functional jA for every A > 0.

We are now in a position to formulate the following existence result:

THEOREM 5.3. Suppose that ¢ satisfies (5.3).

Q) If Qu < 22WN=2Q., and at some point y € 9N the function Q
satisfies condition (4.3) of Theorem 4.1, then problem (5.3)) has a
solution. B

(ii) If Qn > 22/N=2Q,,, then there exists a A\ > 0 such that problem

(5.3)) has a solution for A < .

The proof of part (i) is identical to that of Theorem 4.1. To establish
part (ii) we observe that Ss = SN/Q/NQ&V_Q)/Q. Testing I, with a constant
function u© = 1, we see that the mountain-pass level is below S, if A is small.

6. Case A = 0. If A = 0, then problem (1.1p) cannot have a solution.
Indeed, integrating equation (1.1p) we get

— | ¢(2)dS; = | Q(z)u* ' da,
on 2

which is impossible. Therefore we assume throughout this section that
(Q)  Q changes sign on 2 and {, Q(x) dz < 0.

Since 0 is the first eigenvalue of the linear part of equation (1.1,) with
the Neumann boundary conditions, it is convenient to decompose H'(§2) =
R @V, where the space V consists of functions v satisfying {, v(z) dz = 0.
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Having this decomposition we define an equivalent norm in H'(£2) by
lull} =2 + | [Vo[* da.
9]

LEMMA 6.1. Suppose that Q(z) satisfies (Q). Then there exists a con-
stant n > 0 such that for each t € R and v € V' the inequality

1/2
(§ 190 dz) ™ < it
2

implies

| Q@)+ o@) de < 1§ Qe da.
n

9]

For the proof we refer to [4].

PROPOSITION 6.2. Suppose that Q(z) satisfies (Q). Then there exist
constants 3 >0, 3o > 0 and o > 0 such that

(6.1) I(u) > 3 for|lullv =¢ and [|¢]1290) < Bo.
Proof. We write

L(u) = % { 1Vul? dz 2i | Q@)lul® dz — | ug(z) ds.

02 02 o9
=To(u) = | ug(z)dS,.
o8

We now consider two cases: (i) ||[Vvll2 < nlt| and (ii) ||[Voll2 > nlt|. If
[Vullz < nlt| and ||[Vo|]3 4+ 2 = 02, then 2 > 0?/(1 +n?). It then follows
from Lemma 6.1 that

,
Qe+ o) dr < - | Q) de =~ o,

2 02
where a = —1 {, Q(x) dz > 0. Hence we have
2 2*

7 | ag
Io(u) > o> —.
( ) 9% 2*(1+772)2 /2

In case (ii) we have || Vu||y < ||Voll2(14-1/5?)/2. Thus applying the Sobolev
inequality we get

| Q@)|u

2

2 dr < CillullF < Ci(1+ 1/ 2| VollF

for some constant C; > 0. Hence

= 1 * *
Lo(u) > Sl|IVol3 = C1(1+1/7%)* 2| Vo3 .
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Taking |[Vv|2 < ¢ small enough we deduce from the above inequality the
estimate

- 1
Lo(w) > 2 w3
On the other hand, if ||ul|y = o, then o < (||[Vvl|2/1)(1 + n?)'/2. Hence
2 2
7 n-e
I, > —.
2 5+m

Taking
2*

1 = min e ae
A1 +77) 22 (L4222 )
we obtain the following estimate for ||ully = o:

Io(u) > B1 — Col|@||2a0)llullv = B1 — C20l|d]| L2502

for some constant Cy > 0. We now choose ||@||z2(s5) so that

This gives the desired estimate for I,(u) with § = 81/2 and B, = 51/2C20. =

Testing I,(u) with a constant function w = ¢, with ¢ sufficiently small,
we get I,(t) < 0. Hence

co = inf Iy(u) <O0.
lullv<e

Repeating the argument used in the proof of Proposition 5.1 we obtain

PROPOSITION 6.3. Suppose that (Q) holds. Then there exists a constant
Bo > 0 such that for ¢ satisfying |9||1200) < Bo problem (1.19) admits a
solution which is a local minimizer of Io(u).
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