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GALOIS COVERINGS AND SPLITTING PROPERTIES OF
THE IDEAL GENERATED BY HALFLINES

BY

PIOTR DOWBOR (Torut)

Abstract. Given a locally bounded k-category R and a group G C Auty(R) acting
freely on R we study the properties of the ideal generated by a class of indecomposable
locally finite-dimensional modules called halflines (Theorem 3.3). They are applied to
prove that under certain circumstances the Galois covering reduction to stabilizers, for
the Galois covering F': R — R/@, is strictly full (Theorems 1.5 and 4.2).

Introduction. The Galois coverings technique is one of the most effi-

cient tools of the modern representation theory, used successfully in solu-
tion of many important theoretical and classification problems. Originally
invented for studying algebras of finite representation type [23, 17, 3, 19], the
covering method was adopted for the representation infinite case [13, 12, 14]
(see e.g. [30, 31, 32, 18] for applications), and also for matrix problems
[25, 26, 28, 16, 11].
_ The fundamental and still unsolved problem concerning a Galois covering
A — A of an algebra A is if the representation type of the algebra A is
determined by the representation type of its cover A; in particular we do
not know if A is tame provided so is A.

There are two different approaches to this problem. The first, stated in
[13, 12, 14] and developed in [4, 5, 8] (where the concept of direct Galois
covering reduction to stabilizers was introduced) relies on a description of
the structure of the category of all indecomposable A-modules that cannot
be obtained “directly” from indecomposables over A. This is done in terms
of some group representation categories (the groups involved are usually
infinite). The second approach bases on a reduction of the original problem
to the analogous one for special classes of BOCS’s and using methods specific
to matrix problems (see [15]).

The first approach depends strongly on a splitting property of the Jacob-
son radical (viewed as a representation of certain group) between A-modules
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of some special form (see 1.4, [8, Theorem A]). This property is usually a
consequence of the description of nonisomorphisms between G-atoms (see
1.3), where /T/ G is a locally bounded category corresponding to A. Some-
times it can be expressed in terms of factorization through modules from
some fixed class (see the example of the ideal Pu of Mod R generated by
finite-dimensional modules in [6, Theorem A| and [8, Theorem B]).

One of the main results of this paper, the Main Theorem of 1.5, is a
development of [8, Theorem B]. It is obtained by a detailed analysis of
splitting properties (with respect to injectivity) of the ideal generated by
the class of locally finite-dimensional modules called halflines (see Definition
3.1 and Theorem 3.3). It seems to us that the halflines form a class much
more suitable and natural with respect to that kind of properties than the
finite-dimensional modules; this is especially visible when one compares the
proofs of the corresponding facts (in the case of halflines they are much
simpler and better reflect the general intuitions concerning the injectivity
concept).

The paper is organized as follows. In Section 1 we recall basic notions
used in the paper and the general context of the problems considered. We
also formulate the main result of the paper, Main Theorem 1.5. In Sec-
tion 2, properties of special homomorphism spaces consisting of all mor-
phisms whose supports are halflines are studied. Section 3 is devoted to
the properties of the ideal generated by the class of indecomposable locally
finite-dimensional modules consisting of all halflines; our main results there
are Theorem 3.3 and Proposition 3.4. In Section 4, by applying results of
the previous sections, we prove Theorem 1.5 and we state its specialization
(Theorem 4.2).

1. Preliminaries and the result. Before we formulate our main re-
sults, we recall from [5, 8|, for the convenience of the reader, the basic
notions and we sketch more precisely the situation we are dealing with in
this paper. For basic information concerning representation theory of alge-
bras (resp. rings and modules, and notions of the theory of categories) we
refer to [2, 24, 27| (resp. [1], [21]).

1.1. Let k be a field and R be a locally bounded k-category, i.e. all objects
of R have local endomorphism rings, different objects are nonisomorphic,
and both sums »  p dimy, R(z,y) and > p dimy, R(y, ) are finite for each
x € R. By an R-module we mean a contravariant k-linear functor from R to
the category of k-vector spaces. An R-module M is locally finite-dimensional
(resp. finite-dimensional) if dimy M (x) is finite for each = € R (resp. the di-
mension dimy M = pdimg M(x) of M is finite). We denote by MOD R
the category of all R-modules, and by Mod R (resp. mod R) the full sub-
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category formed by all locally finite-dimensional (resp. finite-dimensional)
R-modules. By the support of an object M in MOD R we mean the full sub-
category supp M of R formed by the set {x € R: M(z) #0}. If f: M — N
is a homomorphism of R-modules then supp(Im f) is called simply the sup-
port of f and briefly denoted by supp f. We denote by Jr the Jacobson
radical of the category Mod R (see [22]).

For any k-algebra A we denote by MOD A (resp. mod A) the category
of all (resp. all finite-dimensional) right A-modules.

1.2. Let G be a group of k-linear automorphisms of R acting freely
on the set ob R of all objects of R. Then G acts on the category MOD R
by translations 9(—), which assign to each M in MOD R the R-module
IM = M o g~ ! and to each f : M — N in MOD R the R-homomorphism
9f : IM — 9N given by the family (f(g_l(ac))) of k-linear maps. Given M
in MOD R the subgroup

Gy ={9eG:'M ~ M}

of G is called the stabilizer of M. We do not assume here that G acts freely on
the set of isoclasses of indecomposable finite-dimensional R-modules (briefly
(ind R)/~), i.e. that G = {idgr} for every indecomposable M in mod R.

We consider the orbit category R = R/G, which is again a locally
bounded k-category (see [17]), and we study the module category mod R
in terms of the category Mod R. The tool we have at our disposal is a pair
of functors

zER

F
MOD R — MODR,

where F, : MOD R — MOD R is the “pull-up” functor associated with the
canonical Galois covering functor F : R — R, assigning to each X in MOD R
the R-module X o F', and the “push-down” functor F : MOD R — MOD R
is the left adjoint to Fy.

The classical results from [17] state that if G acts freely on (ind R)/~
then F induces an embedding of the set ((ind R)/~)/G of G-orbits into
(ind R)/~.

Let H be a subgroup of the stabilizer G of a given M in MOD R. By
an R-action of H on M we mean a family

p=(pg: M — g_lM)geH
of R-homomorphisms such that p. = idys, where e = idp is the unit of H,
and gfIMQQ gy = Hgog, for all gi,g2 € H (see [17]). Observe that if H is
a free group then M admits an R-action of H (see [4, Lemma 4.1]). We
denote by Mod R the category of pairs (M, 1), where M is a locally finite-

dimensional R-module and p an R-action of H on M. For any M = (M, p)
and N = (N,v) in Mod? R the space HomZ% (M, N') of morphisms from M
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to N in Mod® R consists of all f € Homg(M, N) such that 971f pg =Vg- f
for every g € H. Note that Hom% (M, N) is the set of H-invariant elements in
Homp(M, N) with respect to the action Hompg(u,v) : H x Homg(M, N) —
Homp(M, N) given by (g, f) — hl/ggf,ug_1 for g€ H, f € Homg(M,N),
and that J (M, N) forms an H-invariant subspace in Homp (M, N). We de-
note by .71? the ideal Homg N Jr of the category Mod” R.

A useful interpretation of mod R is the category ModfG R consisting of
pairs (M, ;) in Mod® R such that supp M is contained in the union of a
finite number of G-orbits in R (see [4, 17]). The functor F, associating with
any X in mod R the R-module F,X endowed with the trivial R-action of G
yields an equivalence

mod(R) ~ Mod{ R.

We denote by T5 the ideal F;7HJE) which constitutes an essential class
of morphisms in mod R. It is clear that 7z is contained in the Jacobson
radical Jz, but usually we have 75 # Jg.

1.3. An important role in understanding the nature of objects from
ModfG R, or equivalently from mod R, is played by a class of indecompos-
able locally finite-dimensional R-modules called G-atoms. Following [4], an
indecomposable B in Mod R (with local endomorphism ring) is called a
G-atom if supp B is contained in the union of a finite number of G g-orbits
in R.

Denote by A a fixed set of representatives of isoclasses of all G-atoms,
by A, a fixed set of representatives of G-orbits of the induced action of G
on A, and by A the set of all B € A such that Endg(B)/J(Endg(B)) ~ k.
Given a subset U C A we set U, = “U N A, (resp. U = “U N A), where U
is the union of all orbits of elements from I/ in A. For any B € A, denote
by Sp a fixed set of representatives of left cosets of Gp in GG, containing the
unit e of G.

It is well known that the set of isoclasses of R-modules M in Mod R such
that Gy = G and supp M/G is finite, is in bijective correspondence with
the set (N4°)q of all sequences n = (np)pea, of natural numbers such that
almost all np are zero. This correspondence is given by n — M,,, where

= @ (D r5™)

BeA, g€SB

(see [8, Corollary 2.4]). In consequence, mod R is equivalent via F, to the
full subcategory of Mod{ R formed by all pairs (M, 1), where n € (N4°),
and p is an arbitrary R-action of G on M,,. Therefore to any X in mod R one
can attach the finite set dss(X), called the direct summand support of X,
consisting of all B € A, such that np is nonzero, where F¢ X ~ M,,.
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This suggests restricting the investigation of mod R to some of its parts.
For any U C A, one can study the full subcategory mody R of mod R
consisting of all X in mod R such that dss(X) C U.

The set A splits naturally into the disjoint union A = Af U A, where
A (resp. A™) is the subset of all finite (dimensional) (resp. infinite (dimen-
sional)) G-atoms. It is well known that if G acts freely on (ind R)/~ then
the above splitting induces the splitting

() mod R = mOd_AfR\/mOd_Aoo R

in the sense explained below (see [12, Lemma] and [14, 2.3]).

Let C be a Krull-Schmidt category and Cy, C1, Co full subcategories of
C which are closed under direct sums, direct summands and isomorphisms.
The notation C = C; V Co means that the set of indecomposable objects
in C splits into the disjoint union of the indecomposables in C; and in Cs.
We denote by [Cp] the ideal of all morphisms in C which factor through an
object from Cy. For any ideal 7 in the category C the restriction of Z to Cy
is denoted by Z¢,.

1.4. The splitting as in (%) occurs in other, more general situations,
when we replace mod 4¢ R by the category mody R, for some special classes
U C A,, also contained in A°.

Let B be a periodic G-atom B and vg an R-action of Gg on B. Then
(B,vp) is in ModfGB R and F)\B has the structure of a kG p-R-bimodule,
which is finitely generated free as a left kG p-module, where kGp is the
group algebra of Gp over k (see [14, 3.6] for the precise definition of this
structure). Consequently, it induces two functors

P8 = — RkGp F\B : modkGpg — mOdBR
and
¥P = (Hp(B, Fo(-))"! : mod R — mod kG,

where Hp = Hompg /Jr (see [4, 2.3 and 2.4]).

Now we recall the concept of Galois covering reduction to stabilizers,
introduced in [5] and developed in [8].

Let U = (U, v) be a pair where U C P, is a subset of periodic G-atoms
and v = (vB)pey a fixed selection of R-actions of Gp on B. We denote by

@ : J] modkGp — mod R
Beu
the functor defined by the family (#”)pey, and by

7" mod R — H mod kG g
Beu
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the functor induced by the family (¥?)pcy, where @8 and WP are defined
by the pairs (B,vp) (note that Im¥Y C []z., modkGp). Then the pair
(@4 WM of functors
q')Z/{
H mod kGg — mod R
BeUu v

is called the Galois covering reduction to stabilizers (briefly, GCS-reduction)
with respect to U (in fact with respect to (vg)pew). It is used to describe (in
suitable situations) the category mod R in terms of the module categories
of the stabilizer group algebras.

It is proved in [5, Theorem 2.2] that for any family 2/ C P, the functor
U . [[peymodkGp — mod R is a right quasi-inverse for ¥ : mod R —
[1 ey mod kG g (therefore faithful) and is a representation embedding in the
sense of [29] (i.e. yields an injection of the set of isoclasses of indecomposables
in ][] peyy mod kG g into the set of isoclasses of indecomposables in mod R).

Note that ¥ induces a functor

v mod R/[mod 4,\yy R] — H mod kGp
Beu

(ker¥¥ C [moda,\y R] by [8, Proposition 6.1]), and that ¥ induces a
faithful representation embedding functor

M. H mod kG g — mod R/[mod 4.\ R],
Beu

which is a right quasi-inverse for ¥¥.

Following [5, 8], the GCS-reduction (&Y, ¥¥) with respect to U is said
to be full provided 4 and ¥¥ induce

(a) a splitting mod R = mody RV mod( 4,\u) R,
(b) a bijection between the sets of isoclasses of indecomposable objects
in the categories [ [z, mod kGp and mody R.

The GCS-reduction (&Y, ¥H) with respect to U is called strictly full [8]
provided the pair (¥, ¥Y) yields an equivalence of categories.

The possibility and efficiency of applying GCS-reduction with respect
to a fixed set of G-atoms U usually depends on the splitting properties of
G-atoms from U.

Let B be a periodic G-atom together with an R-action vp of Gg on B.
Following [8] we say that B = (B,vp) splits (resp. splits properly) an
object M = (M, ) in Mod” R provided both embeddings Jr(B, M) C
Hompg(B, M) and Jr(M, B) C Hompg(B, M) are splittable (resp. splittable,
proper) monomorphisms in MOD (kG )P (see 1.2 for the definition of the
G p-action defining the kG p-module structure).
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The general result [8, Theorem A] concerning GCS-reductions asserts
the following:

Let R be a locally bounded k-category and G C Autg(R) be a group of
k-linear automorphisms acting freely on ob R. Suppose that U C P, is a
family of G-atoms together with a selection (vp)peu of R-actions of G on
B such that each (B,vg) splits Mod¥ R, for B € U. Then the GCS-reduction
(1, W) with respect to U is full.

1.5. As usual, we denote by A! the set of all G-atoms B € A (in fact
infinite G-atoms) such that Gp is an infinite cyclic group, and by AY the
subset of all B € A* such that Gp has an infinite cyclic subgroup of finite
index. Observe that A' C P and that for any B € A! the group algebra kGp
is isomorphic to the Laurent polynomial algebra k[T, T~!]. It is shown in [7]
that A coincides with A' provided R is a representation-tame category
over an algebraically closed field and the group G is torsion-free. Moreover,
A = A" provided G is torsion-free (see [9, Corollary 6.3]).

Following [8] for any B € A'! we denote by A'(B) (resp. A'(B)) the set
of all B’ € A! (resp. B’ € A") satisfying the following conditions:

(a) supp B’ C supp B,
(b) GprNGp # {e},
(¢) supp B’ Nsupp B # 0.

Here for any subcategory L of R, L denotes the full subcategory of R con-
sisting of all y € R such that R(x,y) or R(y,x) is nonzero for some x € L
(see [13]). Note that if (b) and (c¢) hold then supp B’ N supp B is infinite
since so is Gg N Gpr.

We recall from [8, proof of Proposition 6.3] that for a given B € A! only
G-atoms from A' (B) are important when R-modules containing B in their
direct summand support are considered. Moreover, the splitting properties
of G-atoms B € A! often depend on the properties of the homomorphism
spaces between B and G-atoms B’ € .Al/(B), which are expressed in terms
of factorization through direct sums of R-modules which belong to a fixed
class (see [8]). In [8] the class of finite-dimensional modules is considered; in
the present paper we consider a larger class of indecomposable R-modules
called halflines.

An R-module M in Ind R is called a halfline provided there exists a
torsion-free element h € GG and a finite full subcategory D of R such that
supp M C U, en A" D (see 3.1 and 2.1 for the precise definitions).

We are interested in the properties of the ideal generated by halflines,
especially in some injectivity property (see Theorem 3.3). One of our main
results is the following theorem, which is a generalization of [8, Theorem B].
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MAIN THEOREM. Let R be a locally bounded k-category, G C Auty(R)
be a group of k-linear automorphisms acting freely on ob R, and U be a
subset of AL together with a selection {vg}pey of R-actions of Gp on B.
Assume that for any B € U and B’ € .All(B) each R-nonisomorphism
f: B — B (resp. f: B — B) factors through a direct sum of halflines.
Then the Galois covering reduction (4, W) to stabilizers with respect to
U is strictly full and the functors 4 : [Ipey modkGp — mod R and ¥¥ :
mod R — [[p,modkGp defined by the families (9P)pey and (¥P) ey
induce the following equivalence:

[ mod k[T, 77"] ~ mod R/[mod 4\ R] ~ mody R/[mod 4 Rl,,q, -
Beu
In particular, the functors ® and WY induce:

(i) a splitting mod R = mody RV mod 4.\ R,
(ii) a bijection between the sets of isoclasses of indecomposables in
mody R and in [[ gy mod k[T, T71).

In case the group G acts freely on (ind R)/~ the above equivalence has the
form

]_[ mod k[T, T~'] ~ mod R,

Beu -

where mod R is defined below.

Suppose the group G acts freely on (ind R)/~. We denote by mod; R the
full subcategory of mod R consisting of the R-modules of the first kind, i.e.
those of the form F)(M) for some M in mod R (see [14, 4, 5]). We denote
by mod R the factor category mod R/[mod; R]. For any subset & C A we

denote by mod ;R the image of mody R in the factor category mod R.

2. Injectivity of the modules H* and H~

2.1. The full subcategory L of R is called a generalized line if there
exists a torsion-free element h € G and a finite full subcategory D of R such
that L C (J,,cz M D and the intersection L N h™D is nontrivial, for every
n € Z. We then say that L is an H-line, where H = {h" : n € Z}.

The subcategory L is called a generalized halfline (briefly, a halfline) if
there exists a torsion-free element h € G and a finite full subcategory D
of R such that L C [J,,cy A" D. We then say that L is an H'-halfline, where
H' = {h™ : n € N}. The halfline L is called proper if L N\ h™D is nontrivial
for almost all n € N.

REMARK. L is a proper halfline if and only if there exists h and D as
above such that L C (J,,cy A" D and LNA"D is nontrivial for all n € N (take
D" = Up<nen, V"D, where L N A" D is nontrivial for all n > no).
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LEMMA. (a) Let L be a subcategory of R, H an infinite cyclic group with
a fixed generator h € G, and H,, the subgroup generated by h™ for
m € N\ {0}. Then L is an H-line if and only if L is an Hy,-line.

(b) Let L be a subcategory of R, H = {h™ : n € N} for some torsion-free
element h € G, and H], = {h™™ :n € N} for m € N\ {0}. Then L
is an H'-halfline (resp. a proper H'-halfline) if and only if L is an
H] -line (resp. a proper H] -halfline).

(¢) Let L' be a halfline (resp. proper halfline) and L be an H-line,
where H is an infinite cyclic group with a fized torsion-free gen-
erator h € G. Suppose that L N L' is infinite. Then L' is an H'-
halfline (resp. a proper H'-halfline), where H' = {h™ : n € N} or
H ={h ™ :n € N}

Proof. (a) Assume that L is contained in the H-line |J, o, h"D (with
finite D) such that ™D N L is nontrivial for all n € Z. Then setting D’ =
Uo<nem A"D we have L C |, A" D" (= U,,ez " D) and L N A" D' is
clearly nontrivial for all n € N, so L is an H,,-line.

Suppose now that L is an Hp,-line contained in the Hp,-line (J,,c, A" D
(with finite D) such that LNA™™ D is nontrivial for every n € N. Then setting
again D' = (Jy<pem W'D we clearly have L C |J,c, h"D" and h"D' N L is
nontrivial for every n € N (mZN{n,...,n+m—1} # 0!), so L is an H-line.

(b) The proof is analogous to that of (a).

(c) Assume that L is contained in the H-line Ly = |J,,o, A" D and L' is
contained in the halfline |J,,cy /"D’ (h,h" and D, D" are as in the defini-
tion). Denote by Ly the Ha-line |J,,c, A" D', where Hj is the infinite cyclic
group generated by h’, and set H; = H. By assumption L N Lo is infinite;
consequently, by [4, Lemma 3.6], Hy = H; N Hy is nontrivial. Since Hy is
an infinite cyclic group with a generator hg, there exist m, m’ € Z such that
ho = k™ = (R')™ . Now the assertion follows easily from (b). =

2.2. Let M, N be a pair of modules in Mod R. Set L = supp M Nsupp N.
Assume that the intersection of the stabilizers Gy NGy contains an infinite
cyclic group H such that L is contained in a finite number of H-orbits in R
(in fact L).

Fix a pair of R-actions: p of H on M and v of H on N (always exist
since H is a free group). Then the k-vector space H = Hompg(M, N) can
be regarded as a left kH-module with the structure defined by the action
Hompg(p, v), which is given by the mapping (h, f) — "y, -"f - up—1 for h € H
and f € Hompg(M, N).

Fix a generator h of the group H and denote by H™' (resp. H™) the
subsemigroup {h" : n € N} (resp. {h™" : n € N}).

Denote by H™ (resp. H™) the subset of H formed by all f € H such
that supp f is an HT-halfline (resp. H -halfline). It is easily seen that
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both H* and H~ are K H-submodules of H. We can also regard H* as
a kH"-submodule and H~ as a kH -submodule of H, where kH' = k[h]
(= B,en kh") and kH™ = k[h '] (= @,,cy kh™") are two different copies
of the polynomial algebra in one variable over k contained in the algebra
kH. We denote by k[[h]] and k[[h~1]] the corresponding formal power series
algebras.

THEOREM. The kH-modules H™ and H™ are injective.

The proof of this theorem (see 2.4) needs some preparation.

2.3. Recall from [6] that for R-modules M; and My in MOD R a family
(fi)ier of homomorphisms in Hompg (M, Ms) is said to be summable if for
each x € R and m € Mi(x), fi(z)(m) = 0 for almost all i € I (if M; is in
Mod R, this is equivalent to the condition that for each x € R, fi(x) = 0
for almost all 4 € I). In this case the well defined R-homomorphism f =
Yoicr fi : My — My, given by f(x)(m) = >.c; fi(x)(m) for any € R and
m € Mi(x), is called the sum of the family (f;)icr.

A subspace W of Hompg (M, Ms) is called summably closed if the sum
of any summable family (f;);c; of R-homomorphisms in W belongs to W.
An ideal 7 of a full subcategory C of MOD R is said to be summably closed
if the subspace Z(My, M3) of Hompg(M;, M) is summably closed for each
pair M7, M5 of R-modules in C.

Let M and N be as in 2.2. We denote by Hy the set of all f € H
such that {h" f},en is summable in H. For any f € H; and a formal se-
ries a = ) cyanh™ € k[[h]], where a,, € k for n € N, we denote by a - f

the sum ) an(R"f) in H ({an(h" f)}nen is summable in ). This yields
a map
(%) R[[R]] % My — H.

Analogously, we denote by H_ the set of all f € H such that {A™" f},en is
summable in H, and for any f € H_ and a = >, cyanh ™™ € k[[h!]] we
denote by a - f the sum ) _a,(h~"f) in H. This furnishes a map

(%) k[T x Ho — H.
LEMMA.

(i) (a) Hy is a kH-submodule (resp. kH ™ -submodule) of H.
(b) Hx+ is a k[[h]]-module (via the map (x)).
(c) If W C Hy is a summably closed subspace (in H) which is
a kH™ -submodule of H then W is a k[[h]]-submodule of H .
(d) H* is a k[[h]]-submodule of H, in fact HT = H.
(i) (a') H_ is a kH-submodule (resp. kH~-submodule) of H.
(b') H_ is a k[[h~]]-module (via the map (**)).
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() If W C H™ is a summably closed subspace (in H) which is
a kH_-submodule of H then W is a k[[h~1]]-submodule of H_.
(d") H™ is a k[[h=Y]]-submodule of H.y, in fact H™ = H_.

Proof. We only prove (i); the proof of (ii) is completely analogous.

(a) Fix f in H4. For any = € R there exists the smallest natural number
ng = ng(f) such that (h"f)(z) = f(h™"x) = 0 for all n > n,. Then for
any p € Z and n € N, (W"(hPf))(z) = (h"Pf)(z) = 0if n+p > ng.
Consequently, for p € Z, the family (A" (hPf))nen is summable (ng,(h?f) =
ng — p if ny > p, and ng,(h?f) = 0, otherwise).

(b) We have to show that for any fixed a = > _yan,h" € k[[h]] and
f € Hy the element a - f belongs to H4 (i.e. (h™(a - f))men is summable).
We start by observing that under the notation introduced above for any
p € Z and x € R,

ny+p ifng+p>0,
Mthrz = {0 otherwise,
since (R" f)(hPz) = f(hP~"z) = (W"Pf)(x) for every n € N, and (A" P f)(x)
=0 if n —p > ng. For any m € N, the family (A™" f),en is summable (see
proof of (a)); therefore h"(a - f) is well defined and we have

K™ (a- f) = Z an (K™t f)
neN
since for any = € R,

(X a )y = > ah (")

neN 0<n<ny —m,
= Z anf(h~" "x) = Z an ("™ f)(z)
0<n<nz—m 0<n<n!,

(by previous remarks nj-m, = ng —m = nl, where nl, = ng(h™f)). Con-
sequently, (h"™(a - f))(z) = 0 for all m > n, (then (h™*"f)(x) = 0), the
family (h™(a- f))men is summable (ny(a- f) < n,) and a- f belongs to H .

(c) Follows easily from (b).

(d) To show H* C Hy fix f € H* with supp f C U,,cy P D, where D is
a finite subcategory of L. Then there exists ng € N such that DN Ah"D = ()
for every n > ng (R is locally bounded and H acts freely on R). Therefore
for any fixed p € N, "D N h"D = () for all n > ng + p. Consequently,
(R f)wep = 0 for every m > ng + p, since supp h™f C h™(supp f) C
Unen 2" D C Upsngsp M D- Hence, (A f)men is summable and f € H..
It is clear that supp(a- f) C U, ey ™D for every a € E[[h]], and therefore H*
is a k[[h]]-submodule of H .

To prove the last assertion (H4 C H™T) fix f € H4 and a (finite) set L,
of representatives of H-orbits in L. For any x € L, we denote by z’ the
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object ' = h™™x of L, where n, = n,(f) is as in the proof of (a). Then
ng = 0 by the definition, and f(h~"2') = (h"f)(2’) = 0 for all n € N.
Consequently, supp f C |,y A" D, where D is a finite full subcategory of L
formed by the set {2’ : 2z € Lo}, and so f € H". =

REMARK. H™ (resp. H™) is not necessarily summably closed since for
any f € H with supp f finite (equivalently, f € H* N H~) the family
(R f)nen (contained in H7T) is summably closed but > _(h7"f) €
HE\H

2.4. Denote by k[t] the polynomial algebra in one variable ¢ over k,
by k[t,t~!] the Laurent polynomial algebra and by k[[t]] the corresponding
power series algebra. Since k[t] can be naturally treated as a canonical sub-
algebra of k[t,t™1] (resp. of k[[t]]), each module M over k[t,t~1] (resp. k[[t]])
can be regarded as a module over k[t].

LEMMA. Let W be a k[[t]]-module such that t- : W — W is a k-
isomorphism. Then W is injective as a module over k[t], as well as over
k[t,t1.

Proof. First observe that by the assumptions W can indeed be regarded
as a k[t,t~!]-module. Moreover, both k[t] and k[t,t~!] are principal ideal
domains, so they are factorial. Therefore to prove the injectivity of W it
suffices to show that W is divisible, that is, rW = W for any irreducible
r € k[t] (vesp. r € k[t,t71]). It is well known that irreducible elements in
k[t,t~1] are, up to invertibles (multiplicities of powers of ¢), polynomials (in
k[t]) with nonzero constant term. Consequently, in the case of k[t,t ] we
can assume that the irreducible elements r € k[t,¢+~!] belong to k[t] and are
invertible as elements of k[[t]]; hence, the required equality W = W holds
automatically since W is a k[[t]]-module. Similarly, in the case of k[t], any
irreducible element r € k[t] is, up to an invertible (now a nonzero scalar),
either equal to t or invertible in k[[t]]. Now, by the assumption and the
argument as above we again obtain W =W. =

Proof of Theorem 2.2. To show that the k H-module H™ is injective ob-
serve that by Lemma 2.3, H is a k[[h]]-module which satisfies the assump-
tion of Lemma 2.4. Consequently, H™T is injective as kH ™ and kH-module.
The proof for H™ is analogous. =

2.5. The following fact plays an essential role in further considerations
and allows us to understand better the structure of lines.

LEMMA (cf. [6, Lemma 2.4]). Let L be a full subcategory of a locally
bounded k-category R, and H be an infinite cyclic group of k-linear auto-
morphisms of R acting freely on R, with a fized generator h € H. Assume
that H stabilizes L (i.e. gL = L for all g € H) and L is contained in the
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union of a finite number of H-orbits in R (consequently, L is a line). Then
for any finite subcategory D of L there exist full subcategories D°, DT and
D~ of R and a trisection

L=D vD’vD*
of the category L satisfying the following conditions:

(a) D° is a finite subcategory containing D and intersecting nontrivially
each H-orbit in L,

(b) Dt and D~ are orthogonal,

(c) DT is a proper H-halfline in R contained in |J, oy k" DY,

(d) D~ is a proper H™ -halfline in R contained in | J, oy h~"DY,

(e) h”(DOUD+) C Dt forn >0,

(f) (DU D) C D~ forn> 0.

Proof. Fix any full subcategory L, of L formed by a fixed set of rep-
resentatives of H-orbits in L. Then L = J,,c; h" Lo so L is a line. We set
D' = DUL,. Then clearly L = (J,,c; h"D’. Since R is locally bounded there
exists ng € N such that D" and h"* D’ are pairwise orthogonal for any m > ny.
Now it is easily seen that setting D = {Jo_,,p, K™ D', DT = U, <, K™D’
and D™ = |J,,<o A" D’, we obtain the required trisection and conditions
(a)—(f) are satisfied. m

REMARK. If L is a connected line then DY can also be chosen connected.

3. Properties of the ideal generated by halflines

3.1. An R-module M in Ind R is called a halfline (resp. proper halfline)
if supp M is a halfline (resp. proper halfline).

Now we prove the following property of halflines (rather natural from
the intuitive point of view).

LEMMA. Let the R-module M be a halfline. Then either M is in ind R
or M is a proper halfline.

SUBLEMMA. Let L be a full subcategory of R, and Lg, L1, Lo be three
full nontrivial subcategories of L. Suppose that L admits a trisection L =
L1V LoV Ly such that L1 and Lo are orthogonal. If M is in Ind R with
supp M C L and supp M N Ly is trivial then exactly one of the inclusions
supp M C Lo or supp M C Li holds.

Proof. Follows immediately from the fact that the support of any in-
decomposable R-module forms a connected subcategory of R (apply for
example [13, Lemma 2]). m

Proof of Lemma. Let M be an infinite-dimensional halfline (in Ind R)
such that S = supp M is contained in the halfline L™ = Unpen "D, where h
and D are as in the definition. Without loss of generality we can assume
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that DN S is nontrivial; fix x € DNS. Set L = J,,c; " D. Then there exists
a trisection L = D~V DV Dt as in Lemma 2.5 (in particular D C DY).
Let ng be the smallest m € N such that h™D® C LT (it exists, see the
construction of DY in the proof of Lemma 2.5). Then clearly h™D" C L*
for all m > ng (as hL™ C LT). Moreover, h™ D~ contains z for almost all
m > ng, and consequently LT admits a splitting

Lt = ("D NnL")vA™Dv kDT
into three nontrivial subcategories (note that z € h™D~NL*, hmD°NLT =
h™D° and Dt C |, en "DV, so K™D C Unsne h"DY C L*). Then for
any m as above, S cannot be contained in A D~ N L™ since the latter is
finite, while S is an infinite subcategory of L™. Hence by the Sublemma,
SN A™DY is nontrivial since € A™D~ N S. Consequently, M is a proper

halfline (S C U,en 2D C U,en R D? and SNA™ DY is nontrivial for almost
all m >ngp). m

COROLLARY. Let M in Mod R be such that supp M is contained in a
halfline. Then each term of a decomposition of M into a direct sum of in-
decomposables is either in ind R or a proper halfline.

3.2. For any M and N in MOD R we define the subspace
(%) Half(M,N) C Hompg(M, N)

to consist of all R-homomorphisms f : M — N having a factorization
through a direct sum of halflines in Ind R. It is easily seen that the subspaces
(x) define a two-sided ideal

(xx) Half(-,—) € Hompg(:, —)

of the category MOD R.

The following property of the restriction Halfj,q g of the ideal Half to
Mod R is essential for further considerations.

LEMMA. Let M, N in Mod R be as in 2.2. Then Half(M,N) consists
of all homomorphisms f : M — N factorizing through a locally finite-
dimensional module Z = @,.; Z; such that each Z; is an (indecomposable)
halfline with supp Z; contained in the line L = supp M N supp N.

Proof. Fix any f € Half(M, N) and a factorization
M Pz LN
el
of f, where f’ (resp. f”) is given by the family (f/ : M — Z;)icr (resp.
(f!": Z; = N);er) of R-homomorphisms and each Z;, i € I, is a halfline.
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For every i € I, we set Z; = Im f;, where f; = f!" f/. Then f also has

the factorization B B
M@z, 5w,
i€l

where_f’ is given by (fi : M — Im f;);er and " by (Im f; < N);es. Note
that Z = @,c; Zi is a locally finite-dimensional R-module since all f; :
M — Z;,iel, are surjective and M is locally finite-dimensional. Now we
decompose each Z; int_o indecomposables, Z; = el Zij. TEus f factorizes
through €D, ¢/, Zi ;- Moreover, by Lemma 2.1(c), each Z; ; is a halfline
with supp Ziyj C L, because supp Ziyj C supp Z; and supp ZJ CsuppZ; C
L.w

REMARK. If L' is a halfline contained in the H-line L (H is a cyclic
group with a fixed generator h) then L’ is an H™- or H -halfline.

3.3. Let M and N be as in 2.2, together with fixed R-actions p and v
of H on M and N, respectively. Define H' = Half(M,N) C H (=
Homp(M, N)). Observe that H' is a kH-submodule of H.

THEOREM. H' is an injective kH-module.

Proof. We show that H' = H™ + H~, which implies the assertion. Note
that HT™ +H~ is divisible since both H™ and H ™~ are injective (see Theorem
2.2), so divisible; therefore it is injective (kH is a principal ideal domain).

Observe first that H™ C H’ since by Corollary 3.1 for any f € H’
each term of a decomposition of Im f = @,.; Z; into a direct sum of inde-
composable R-submodules (Im f belongs to Mod R) is a halfline (supp f is
a halfline). By analogous reasons H~ C H’, and consequently H*+H~ C H'.

To prove the inverse inclusion, let f € H' have a factorization

ML Pz LN,
1€l
where f’ (resp. f”) is given by the family (f/ : M — Z;)ier (vesp. (f': Z; —
N)ier) of R-homomorphisms and each Z;, i € I, is an (indecomposable)
halfline. Then by Lemma 3.2 we can assume that Z = @,.; Z; is locally
finite-dimensional and each Z; is a halfline (by Lemma 3.1, either a finite-
dimensional module or a proper halfline) with supp Z; C L. Now we fix
a trisection L = D~V D%V D7 satisfying the assertions of Lemma 2.5. Then
by Sublemma 3.1, the set I splits into the disjoint union

I=1"Ulyult,
where In = {i € [ :suppZ; N D° # 0}, IT = {i € [ : suppZ; C D"}, and
I~ ={i el :suppZ; C D™ }. Observe that Iy is finite since Z is a locally
finite-dimensional R-module and DY is a finite subcategory.
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Denote by I (resp. I, ) the set of all i € Iy such that supp Z; is a
proper H-halfline (resp. H-halfline), and set I{ = Iy \ (I;7 U I;) (note
that I) = {i € Ip : dimy Z; < co}). Then f = 3_,; fi can be represented in

the form
f= > f+ > L+ f
icI+uly icly Uly il

(note that (f;)ies is summable!). Observe that the first sum is in H™ since
fi € HY for all i € I (I is finite) and supp > ier+ fi € DY, which is an
H™*-halfline. Analogously one shows that the second sum is in H~. It is also
easily seen that Zielg fi € HT N'H~; consequently, fE HT +H . m

3.4. We need one more result on the behaviour of the ideal Half with
respect to the property of summable closedness.

PROPOSITION. Let M and N be as in 2.2. Then for any decomposition
N = @,cr Nt (= [l,er Nt) into a direct sum of R-submodules the induced
injections

(%) Half(M,N) — [ [ Half(M,Ny)
teT

and

(%) Half(N, M) — | [ Half(N;, M)
teT

are k-isomorphisms.

Proof. 1t suffices to prove that one of the maps is a k-isomorphism.
Indeed, we have the duality

(=)* : Mod R — Mod R°.

Moreover, for any X, Y in Mod R as in 2.2 the space Half(X,Y’) consists
of all R-homomorphisms f : X — Y which factorize through a locally
finite-dimensional module Z = @,.; Z; such that all Z; are halflines (see
Lemma 3.2). Finally, (—)* preserves halflines and direct sums which are
locally finite-dimensional.

We prove that (*) is a k-isomorphism. Let f; € Half (M, Nt), t € T. We
can regard each f; as a map in Hompg (M, N) (via the canonical embedding
Ny C N); then (fi)ier is a summable family in Homp(M, N), in fact in
Half(M,N). To prove our claim it suffices to show that f = >, fi €
Half(M, N). We fix a trisection L = D~V D°V Dt as in Lemma 2.5,
where D is an arbitrary selection of representatives of H-orbits in L. Note
that f factors through @, . Im f; which is a locally finite-dimensional sub-
module N (each Im f; is a submodule of N;). There exists a finite subset
To C T such that (Im f;)po = 0 for all t € 7" = T'\ Ty. Consequently, by
Sublemma 3.1, Im f; admits a (unique) decomposition Im f; = N;” & N,
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such that supp Nf C D7 and supp N; C D~ (decompose Im f; into a di-
rect sum of indecomposables in Ind R; then N;", resp. N, , is the direct sum
of all summands in the decomposition whose support is contained in DT,
resp. D™). The decomposition Im f; = Nt+ @ N, , t €T, induces two stan-
dard maps f;", f7 : M — N such that f; = f;” + f;". Note that (f;")ier
(resp. (f; )ter) is a summable family since so is (f;)ier and ft+|D+ = ft|p+

ft+|D0LJD* =0 (resp. fﬁpf = ftp-» ft7|D0uD+ = 0). Moreover,
Nh=Y >
teT’ teT” teT”

Recall that Half(M,N) = H* +H~ (the proof of Theorem 2.2) and there-
fore for any t € Tp, f; has a decomposition f; = f;" + f;, where f," € HT
and f; € H~. Consequently, (f;")ier and (f; )ier are summable families
with sums f* =3, fimand f~ = > et fi > and we have

=1+
since

DR DA DN AR A e B P A Y

teTHUT teT" teT” teTy teT teT
Moreover, fT belongs to H'™ since so do f;7, t €Ty, and > ,cq fi
(supp Y_seqv fi € DT); analogously, f~ belongs to H ™~ since so do f; ,t €Ty,
and ), fy (supp ), fy € D7). In conclusion, f € Hafl(M, N) and
the proof is complete. =

COROLLARY. Let M and N be as above. Then for any decompositions
M=@,cq Mg, N =@,cr Nt (= [L1er Ni) the induced injective map

Half (M, N) — [ ] Half (M, Ny)
seSteT
is a k-linear isomorphism.
Proof. Since by the proposition the standard map induces a k-isomor-

phism Half (M, N) ~ [[,er Half(M, Ny) it suffices to show that the stan-
dard injection induces isomorphisms

(+), Half (M, Ny) ~ | [ Half (M;, Ny)
seS
forallt € T. For any t € T, set N/ = N, = @t'eT\{t} N¢. Then applying the

above proposition and the standard isomorphism we have

Half(M,N) ~ [ [ Half (M, N) ~ [ [ Half (Ms, Ny) @ [ [ Half (M, N)).

seS seS seS
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Composing the above isomorphism with
Half (M, N;) ® Half (M, N}) ~ Half (M, N)

and next looking at components we obtain the required isomorphism (x);
forevery t €T. m

4. Proof of the main result and some specialization

4.1. Proof of Main Theorem. We proceed analogously to the proof of 8,
Theorem B|. First we show that under the assumptions of the theorem, for a
G-atom B € A! and a fixed R-action vp of G on B, (B, vg) splits properly
(see Introduction) every (M, ) € Mod“? R such that B is a direct summand
of M (in Mod R), provided Jgr(B,B’) = Half(B,B’) and Jr(B',B) =
Half (B', B) for every B’ € A" (B). This follows by repeating the arguments
from the proof of [8, Proposition 6.3], where injectivity of the kG g-modules
Jr(B, M) and Jr(M, B) is proved (G p is an infinite cyclic group). We just
need to replace the ideal Pu in that proof by Half, and references to [6,
Theorem A] by references to Theorem 3.3 and Proposition 3.4. In this way
we conclude that the GCS-reduction (¢, ¥¥) with respect to U is full (see
Introduction).

To prove the main assertion of the theorem, the equivalence

[ mod k[T, 77'] ~ mod R/[mod 4.\ B ~ mody B/[mod 4 Rl,oq,
Beu

(in particular, that the GCS-reduction (®“,¥¥) is strictly full), we again
apply the arguments from [8, 6.3]. Since the inclusion

[mod 4 R] C [mod 4,\y R C ker U

is obvious (cf. [8, 6.3(d)]), we only have to show the inverse inclusion

Imodu R - [mOd.Af R]modu R

(cf. [8, 6.3(e)]; recall that by [8, Proposition 6.1}, (ker y‘/“)moduﬁ =Tinody B
and ker¥¥(X,Y) = Homz(X,Y) if X or Y is not in mody R). To show
this inclusion fix any f € Z(X’, X), where X and X' are indecomposables in
mody R (X ~ #BV, X' ~ &8V’ for some B, B’ € U and indecomposables
V, V" in mod kGg). To prove that f € [mod 4 R] we proceed as in [8, 6.3] to
show that f (in fact, its composition with some R-isomorphism u) factors
through the R-module Homyg, (F\B*“2, Cp«(FoX')™1), where Cp(FoX')
is as in [8, 4.4 and 5.1]. Note that since the kG p-module JP(F,X') =
Jr(FeX', B) is injective, the finitely generated kG p-module Cp+(FoX') is
free (Cp+(FoX')* ~ Jr(FoX',B), see [8, 5.4]). Consequently, f factors
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through F,B™ for some m € N, and a slight modification of [4, Lemma
4.4] yields f € [mod 4 R|. m

4.2. Now we formulate an immediate consequence of the main result.
We need some notation from [8].

For any subset U C P, and n € N we denote by U (n) the set of all B € U
such that the rank of the free kG g-module F)\B is n.

THEOREM (cf. [8, Theorem 6.3]). Let R be a locally bounded k-category
over an algebraically closed field, and G C Autg(R) be a torsion free group
of k-linear automorphisms of R acting freely on R such that R is a finite
category. Assume R satisfies the following conditions:

(i) A® = AL
(ii) jR(Bl, BQ) = Half (Bl, BQ) (T@Sp. jR(BQ, Bl) = ’Half (BQ, Bl) fOT
all By € Al and By € AY(By).

Then the functors ®4o and WA induce an equivalence

H mod k[T, T~'] ~ mod R,
Be Al

and R is tame if and only if R is tame and all sets AL(n), n € N, are finite.

Proof. Note that A" = A' (see [9, Corollary 6.3]) and A = A (see
[10, Proposition 7.5]). Then the assertions follow directly from the Main
Theorem by applying [14, Lemma 2.2] and [13, Lemma 3, Proposition 2. =

REMARK. (!) Assume that R is tame (this is always the case if R is
tame, see [13, Proposition 2]). Then (i) of Theorem 4.2 automatically holds
under the assumptions preceding (i) (see [9, Main Theorem]).

REFERENCES

[1] F.W. Anderson and K. R. Fuller, Rings and Categories of Modules, Grad. Texts in
Math. 13, Springer, 1992.

[2] M. Auslander, I. Reiten and S. Smalg, Representation Theory of Artin Algebras,
Cambridge Stud. Adv. Math. 36, Cambridge Univ. Press, 1995.

[3] K. Bongartz and P. Gabriel, Covering spaces in representation theory, Invent. Math.
65 (1982), 331-378.

[4] P. Dowbor, On modules of the second kind for Galois coverings, Fund. Math. 149
(1996), 31-54.

[5] —, Galois covering reduction to stabilizers, Bull. Polish Acad. Sci. Math. 44 (1996),
341-352.

[6] —, The pure projective ideal of a module category, Colloq. Math. 71 (1996), 203-214.



256

P. DOWBOR

[17]
[18]
[19]

[20]
21]

22]
23]

24]
[25]

[26]

[27]
28]
[29]
[30]

31]

P. Dowbor, On stabilizers of G-atoms of representation-tame categories, Bull. Polish
Acad. Sci. Math. 46 (1998), 304-315.

—, Properties of G-atoms and full Galois covering reduction to stabilizers, Colloq.
Math. 83 (2000) 231-265.

—, Stabilizer conjecture for representation-tame Galois coverings of algebras, J.
Algebra 239 (2001), 112-149.

—, Non-orbicular modules for Galois coverings, Colloq. Math. 89 (2001), 241-310.
P. Dowbor and S. Kasjan, Galois covering technique and non-simply connected
posets of polynomial growth, J. Pure Appl. Algebra 147 (2000), 1-24.

P. Dowbor, H. Lenzing and A. Skowroniski, Galois coverings of algebras by locally
support-finite categories, in: Lecture Notes in Math. 1177, Springer, 1986, 91-93.
P. Dowbor and A. Skowroniski, On Galois coverings of tame algebras, Arch. Math.
(Basel) 44 (1985), 522-529.

—, —, Galois coverings of representation-infinite algebras, Comment. Math. Helv.
62 (1987), 311-337.

Yu. A. Drozd and S. A. Ovsienko, Coverings of tame boxes, preprint, Max-Planck
Institute, Bonn, 2000.

Yu. A. Drozd, S. A. Ovsienko and B. Yu. Furcin, Categorical constructions in rep-
resentation theory, in: Algebraic Structures and their Applications, University of
Kiev, Kiev UMK VO, 1988, 43-73 (in Russian).

P. Gabriel, The universal cover of a representation-finite algebra, in: Lecture Notes
in Math. 903, Springer, 1982, 68—-105.

C. Geiss and J. A. de la Pena, An interesting family of algebras, Arch. Math. (Basel)
60 (1993), 25-35.

E. L. Green, Group-graded algebras and the zero relation problem, in: Lecture Notes
in Math. 903, Springer, 1982, 106-115.

Ch. U. Jensen and H. Lenzing, Model Theoretic Algebra, Gordon & Breach, 1989.
S. Mac Lane, Categories for the Working Mathematician, Grad. Texts in Math. 5,
Springer, 1971.

B. Mitchell, Rings with several objects, Adv. Math. 8 (1972), 1-162.

Ch. Riedtmann, Algebren, Darstellungskocher, Uberlagerungen und zurick, Com-
ment. Math. Helv. 55 (1980), 199-224.

C. M. Ringel, Tame Algebras and Integral Quadratic Forms, Lecture Notes in Math.
1099, Springer, 1984.

D. Simson, Socle reduction and socle projective modules, J. Algebra 108 (1986),
18-68.

—, Representations of bounded stratified posets, coverings and socle projective mod-
ules, in: Topics in Algebra, Banach Center Publ. 26, PWN, Warszawa, 1990, 499-
533.

—, Linear Representations of Partially Ordered Sets and Vector Space Categories,
Algebra Logic Appl. 4, Gordon & Breach, 1992.

—, Right peak algebras of two-separate stratified posets, their Galois coverings and
socle projective modules, Comm. Algebra 20 (1992), 3541-3591.

—, On representation types of module categories and orders, Bull. Polish Acad. Sci.
Math. 41 (1993), 77-93.

A. Skowrotiski, Selfinjective algebras of polynomial growth, Math. Ann. 285 (1989)
177-193.

—, Criteria for polynomial growth of algebras, Bull. Polish Acad. Sci. Math. 42
(1994), 173-183.



GALOIS COVERINGS AND SPLITTING PROPERTIES 257

[32] A. Skowrorniski, Tame algebras with strongly simply connected Galois coverings, Col-
log. Math. 72 (1997), 335-351.

Faculty of Mathematics and Computer Science
Nicolaus Copernicus University

Chopina 12/18

87-100 Torun, Poland

E-mail: dowbor@mat.uni.torun.pl

Received 1 June 2004;
revised 2 September 2004 (4464)



