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IRSHAAD AHMED (Lahore) and GEORGI EREMIEV KARADZHOV (Sofia)

Abstract. We prove optimal embeddings of homogeneous Sobolev spaces built over
function spaces in R™ with K-monotone and rearrangement invariant norm into other
rearrangement invariant function spaces. The investigation is based on pointwise and
integral estimates of the rearrangement or the oscillation of the rearrangement of f in
terms of the rearrangement of the derivatives of f.

1. Introduction. Let Ly be the space of all locally integrable functions
fon R" n > 2 with the Lebesgue measure and let f* be the decreasing
rearrangement of f, given by

ff(t) =inf{A>0:pup(X) <t}, t>0,
where fir is the distribution function of f, defined by
pr(A) = {z € R™ : [f(2)] > A}ln,

| - |, denoting Lebesgue n-measure. Define f**(t) := ¢~} Sé f*(s)ds.

Let L be the space of all locally integrable functions g > 0 on (0, c0)
with the Lebesgue measure that are in L! + L> and have g*(co) = 0.

We shall consider rearrangement invariant spaces F, continuously em-
bedded in L!(R™)+ L>(R"), such that the norm || f| g in E is generated by a
norm pg defined on L with values in [0, oo, in the sense that || f||z = pe(f*).
In this way equivalent norms pg give the same space E. We suppose that F
is nontrivial.

We say that the norm pg is K-monotone (cf. [5, Definition 1.16, p. 305]) if

t t
1.1)  \gi(s)ds <\g5(s)ds implies pp(g}) < pr(gs), g1.92 € L.
0 0

Then pg is monotone, i.e. g1 < go implies pr(g1) < pr(g2). If pg is K-
monotone, then ||f||g satisfies the triangle inequality, since (f + g)** <
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2 I. AHMED AND G. E. KARADZHOV

We use the notation a; < ae or as 2 aj for nonnegative functions or
functionals to mean that the quotient a;/ag is bounded; also, a; ~ ag means
that a1 < ag and a1 2 ag, and we then say that a; is equivalent to as.

We say that the norm pg satisfies the Minkowski inequality if

(1.2) pE<Zgj> <> rele). g€l

For example, if F is a rearrangement invariant Banach function space as
in [5], then by the Luxemburg representation theorem, || f||z = pr(f*) for
some norm pp satisfying and . A more general example is given
by the Riesz—Fischer monotone spaces as in [5, p. 305].

Recall the definition of the lower and upper Boyd indices ap and [g.
Let

hg(s) = Sup{pE(g:) ig € L}, gs(t) :=g(t/s),

pe(g*)
be the dilation function generated by pr. Then
log hp(t log hg(t
Qp = sup LE() and (g := inf LE().
o<t<1 logt 1<t<oo logt

If pg is monotone, then the function hg is submultiplicative, increasing,
hg(1) =1,1 < hg(s)hg(1/s), therefore 0 < ag < fg. If pg is K-monotone,
then by interpolation (analogously to [0, p. 148]), we see that hg(s) <
max(1,s). Hence 0 < ap < B < 1.

If B < 1 we have, analogously to [5, p. 150],

(1.3) pe(f*) = pe(f™).
The condition g < 1 is equivalent to (see [0, p. 147])
1
(1.4) \he(1/s)ds < .
0
For example, consider the classical Lorentz spaces A?(w), 1 < ¢ < oo,
with w a positive weight, i.e. a positive function from L; f € A%(w) if

1FlLag, i= pua(f7) < 00, where pu.q(g) i= (1 lg(t)w(t)]7 dt /1) /2. Tn general,
the functional f — ||f|[4s is not a norm. But in many cases we can find
an equivalent norm. Consider the so-called I" spaces, I'Y(w), with the norm
1Fllraqw) = Puwgr(f*), where pugr(g) = (§5 [g" (t)w(t))*dt/t)!/%. The
following condition should be satisfied (otherwise the space will be trivial):
° 1/q

(g min(l,t‘q)[w(t)]th/t) < 0.

0

Then this space is continuously embedded in the sum L' + L*>. Using this
embedding the completeness of the space can be established in a standard
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way. The space E = I'(w) with pg = puwq,r satisfies the conditions (I.1)),
(1.2).

In some cases the Lorentz space E = A%(w), 1 < g < oo, also satisfies
the conditions (L.1)), (L.2). For example, if [w(t)]?/t is not increasing, then
(see [5, p. 72]), the functional p,, 4 is a K-monotone norm. It is easy to check
that this space is continuously embedded in L? 4+ L.

We have the equivalence

(1.5) 1 £l 9wy = 11| o)
in the following cases.
If 1 < g < oo then (L.5) is satisfied if and only if w is such that (see [2])

00 t
(1.6) t7 | s7w(s)]?ds/s < | [w(s)]? ds/s.
t 0
If ¢ = oo then (1.5) is valid if and only if (see [8])
Lt 1 ¢
(1.7) t(S) w(s) ds S W)’ where w(t) := (S)v(s) ds for some v.

For weights satisfying Sg w(s)ds/s < w(t), the condition 1) with ¢ =1
is equivalent to

o0
w(s) (t)

1.8 d < —=
(1.8) | asts
Indeed, (1.8)) implies ([1.6)) with ¢ = 1 by integration and Fubini’s theorem.
Conversely, 1) follows from || with ¢ =1 if Sg w(s)ds/s < w(t).

Note also that if £ = I'(w) and pg = py,q,r, then (L.5) is equivalent to
Be < 1 (see [5, p. 150]).

Let C§° be the space of all infinitely differentiable functions f on R"
with compact support and let |D¥ f| := > laj=k D f|. Let

My ={f € L'+ L™ :|DIf[*(00) = 0,0 < j <k, pp(ID"f[*) < oo}

DEFINITION 1.1. The generalized homogeneous Sobolev norm is the func-
tional || f|| kg := pr(|D¥f|*), defined on My, k < n.

The main goal of this paper is to prove optimal embeddings of w*E into
rearrangement invariant function spaces G with a norm || f|l¢ =~ pa(f™),
where pg is a monotone norm. Observe that we have two well known limiting
embeddings: wFL! «— AY(t'=F/") and wkA'(t¥/") — L. For this reason
we shall suppose that the domain space E and the target space G satisfy
E «— L' + A'(t*/™) and G — A'(t'~*/") + L. In particular, ag > 0 and
f € w”E implies {° uF/™| DF £ (u) du/u < co. Tt is convenient to introduce
the following classes of norms:
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e Ny consists of all norms pg that are K-monotone, rearrangement
invariant and O < 1;
e Ny consists of all norms pg that are K-monotone, rearrangement
invariant, satisfy the Minkowski inequality and ag > (k—2)/n, g <1;
e Ngo consists of all norms pg that are K-monotone, rearrangement
invariant, satisfy the Minkowski inequality and ag > (k—2)/n, fp=1;
e N, is a shorter notation for any of the above classes;
e NV, consists of all norms pg that are monotone;
e N, consists of all norms pg that are monotone, satisfy the Minkowski
inequality and g < 1 — k/n.
DEFINITION 1.2. We say that the couple pg € Ny, pa € N; (or E,G) is
admissible if the following a priori estimate is valid:
(1.9) pa(f*) S pe(DMfIY), € My,
If £ and G are Banach spaces, then allows us to define the Sobolev
space w*E as the closure of C§°; then we have the continuous embedding
wrbE — G. If is true, then pg (resp. E) is called the domain norm
(resp. domain space), and pg (resp. G) is called the target norm (resp. target
space). We shall reserve the letter E for the domain space and pg for the

domain norm, while the letter G will be reserved for the target space and
pq for the target norm.

For example, by Theorem or below, the couple E = I'(tF/™w),
G = A}(v), 1 < ¢ < 0, is admissible if v is related to w by the Muckenhoupt
condition [25]:

(1.10) (§ [v(s)]qu/s>l/q (Ogo[w(s)}—f ds/s)m <1 1gelfr=1.

We denote by Af(v) the closure of C§° in the corresponding norm.
Now we recall the definition of optimal norms (see for example [13]).

DEFINITION 1.3. Given the domain norm pg € Ny, the optimal target
norm, denoted by pg(g), is the strongest target norm in Ny, i.e.

(1.11) rc(9") S ram)(9), g€L,
for any target norm pg € Ny such that the couple pg, pg is admissible.

DEFINITION 1.4. Given the target norm pg € Ny, the optimal domain
norm, denoted by pg(q), is the weakest domain norm in Ny, i.e.

(1.12) pe@)(9”) S pe(g"), g€ L,
for any domain norm pg € Ny such that the couple pg, pg is admissible.

DEFINITION 1.5. The admissible couple pg € Ny, pg € Ny is said to be
optimal if pp = pp(q) and pc = pa(k)-
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The optimal norms are uniquely determined up to equivalence, while the
corresponding optimal Banach spaces are unique.

We give a characterization of all admissible couples, optimal target
norms, optimal domain norms, and optimal couples. It is convenient to con-
sider the subcritical and critical cases separately.

DEFINITION 1.6. The subcritical case is defined by the condition
1
(1.13) Ss_k/”_lhE(s) ds < oo, or equivalently k/n < apg.
0

For example, if £ = LP, 1 < p < oo, then we get the classical homoge-
neous Sobolev space w’; and the condition 1} means that k£ < n/p.

In the subcritical case we prove that the optimal target norm satisfies
pae)(g) =~ pe(t=*/"g(t)), g € L. Moreover, the couple PE, Pc(E) s opti-
mal. For example, if £ = I''(w), ag > k/n, 1 < ¢ < oo, then G(E) =
A& (t7F/™p), and this couple is optimal (see Theorem below).

In the critical case, i.e. k/n = ap < 1, we use real interpolation similarly
o [10], but in a simpler way, and consider the domain norms

(1.14) p(9) = pu ((t""b(t)g™ (1)),

where py is a K-monotone norm on (0, 0o) satisfying , and hj, means the
rearrangement of h with respect to the Haar measure on (0, 00), du := dt/t,
hir(t) == t—1 SE hy,(s) ds. In this case the optimal target norm pg(p) is

(1.15) pae)(9) = pu((cg)y’)-
Here b and ¢ belong to a large class of Muckenhoupt slowly varying weights
(see Theorem below).

Recall that w is slowly varying on (1, 00) (in the sense of Karamata) if for
all € > 0 the function t°w(t) is equivalent to a nondecreasing function, and
the function t~w(t) is equivalent to a nonincreasing function. By symmetry,
we say that w is slowly varying on (0, 1) if the function t — w(1/t) is slowly
varying on (1, 00). Finally, w is slowly varying if it is slowly varying on (0, 1)
and (1,00).

For example, if px(g) := (§; [9(t)]4 dt)t/9, 1< g<oo, then Bg=1/g<]1,
and

® 1 ° 1

p(g) = (§1E"b(t)g" (1) (5)] ds) " (§1%/mb(t)g” (1)) /1) "

0 0
Hence E = A%(tF/"b(t)) and G(E) = Al(c).

The problem of optimal embeddings for inhomogeneous Sobolev spaces
has been treated in several papers by somewhat different methods. In [14],
[13], [17], [20], [24], [21], [15] the case of bounded domains is considered—and
in [9], the case of second order Sobolev spaces. A different method, based
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on the theory of capacities, is applied in [16], [23]. The case of homogeneous
Sobolev spaces is treated in [22] in the class of rearrangement invariant
Banach function spaces as in [5]. Our domain spaces are more general. In
particular, we do not use the Fatou property and duality arguments. The
construction of the optimal target space in the subcritical case is rather
simple and gives an optimal couple (see Theorem below). In the critical
case we construct a large class of domain spaces for which the corresponding
optimal target space is found. In [22] the optimal target set is not linear (see
also Theorem below). The main results in a slightly different form are
announced in [IJ.

2. Pointwise estimates for the rearrangement

LeMMA 2.1 ([12]). For k=1 and k =2,
(2.1) FE) = @2t S DR, f € COF,
where |DF f| = 2 lal=k DS

When n =1, k = 1 the estimate is equivalent to one given in [18]
Lemma 5]. For k =1 it was proved in [3] using another method.

Proof. Let t > 0 and let B; be the ball in R™ with centre 0, radius h and
measure 2t. Let u € R", |u| < h. Let A, f(x) := f(z 4+ u) — f(z). Then

[f (@) < |Auf (@) + |f (2 +u)l,

and, integrating with respect to u over By,

2t
2/()] < | 1Auf @) du+ | £*(5) ds
Bz 0

Now integrate with respect to x over a subset S of R” with Lebesgue n-
measure ¢ and take the supremum over all such sets S. This gives (see [3, p.
53, Proposition 2.3.3])

(2:2) 2L (1) — 0] < | (Auf)™ (1) du.
Bt
To estimate the right-hand side of this, we note that
1 n 1
of
(A f)(x)] = S %(ersu)ujds §S|Vf(:v+su)||u]ds.
0j=1 " 0

Integrate with respect to x over a subset F of R"™ with Lebesgue measure ¢
and take the supremum over all such subsets E. Then by [5, p. 53, Propo-
sition 2.3.3],
1
(D)) < IV Olul ds = [V £ O]l
0
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Hence

PR = 20 < o VIV (O)lul du < 879 (),

Bt

w‘,_.

as required.
To cover the case k = 2 we use A2 f(z) := f(z +2u) — 2f (z +u) + f(x),
whence

[f(@)] < %Iﬁi flz—u)l+5 Hf(erU)l + 1 f(z = w)ll.

Integration with respect to u over B; gives

2t
| 1A2f (2 — w)l du+ | £(s) ds.
By 0

N | =

2t[f ()| <
Hence taking the norm f** we have

(2.3) 267 (t) — f7(21)] < S (ALF)™(t) du.

By

DO \

On the other hand,

11, n
(AL ()] < SS sl (x4 s1u + squ)ugu| dsy ds
u 8x8 1 2 i Uyj 1 29
00 'i,j=1

whence (A2 £)**(t) < |D?f|**(t). Now (2.1)) for & = 2 follows from (?2.3). m
LEMMA 2.2. If f € C§° then

o0

(2.4) £ S | d Dk ()

t

d7u
-
and

(2.5)  Of(t) = £ — £1 (1) S| uETDm DR 1 ()

t

du
"
Proof. In [22] the weaker estimate
(Sf**(t) 5 tl/n S u(k—l)/n|Dkf|**(u)
t
is proved using ) for £ =1 and induction.

We prove by induction for & > 2. (If k = 1 or k = 2, then it follows
from Fn"st we note that since £ f**(t) = (f*(t) — f**( ))t~1, we have

(26) Fe) = Lo o

t

du
u
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and also df**(t) < f**(¢t) — f**(2t). Using (2.1)) and (2.6) we can write

d du

. 00
5f** t2/n S 5‘D2f’** ) 5 g t2/n S ul/n‘D?)f’**(u) )
t

t
i.e. (2.5) for £ = 3. By induction and (2.6, we have

o

u

ds du
t2/n (k—2)/n Dk ok .
5 =2 D (5) 42

t u

Using also (2.1) for k£ =1, we get

5f*>k(t) 5 t2/n S u(k—Q)/n S Sl/n|Dk+1f|**(S) @ dj
S u
¢ u

and applying Fubini’s theorem, we obtain the desired estimate (2.5 where
k is replaced by k + 1. Finally, from (2.5) and (2.6) again using Fubini’s
theorem, we derive (2.4]). m

The results of Lemmas 2.1] and 2.2] are sufficient in order to cover the
case fg < 1. The limiting case B = 1 is more difficult. Then we shall use,
instead of , the sharper estimate below, proved in [22] for k =1
and in [9] for k = 2.

3. Optimal Sobolev embeddings

3.1. Admissible couples. Here we give a characterization of all ad-
missible couples pp € Ny, pg € Ny. Similar results are proved in [22] if F is
a rearrangement invariant space as in [5].

THEOREM 3.1 (Case pg € Ngo, pc € Ni). The couple pp € Ngp,
pGa € Ny is admissible if and only if

(3.1) rc(Tg) S pel9), g€ M,

where

(3.2) Ty(t) := S sPmg(s)ds/s, t>0.
¢

and

M :={g € L:t"g(t) is increasing for some m > 0 and Tg(t) < oo}.

Proof. Evidently, (1.9) follows from ([2.4)) and (3.1]). Now we prove that
(1.9) implies (3.1). The proof given below is valid without the restriction
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Br < 1. Moreover, we can replace the class M by My = {g € L : g decreasing
and T'g(t) < oo}. To this end we choose the test function in the form
T du
(3.3) F) = | gyl /ul) .
0
where g € M and @ > 0 is a smooth function with compact support such
that ¥ (|z]) = 1 if || < ¢ and the constant ¢ is chosen so that the ball
B; = {z : |z| < ct'/"} has volume t. Then v (|z/ul) > 1 if € B; and
u > t1/™. In particular

T d T d
B4 0= ] ke = [ ubrg() = Tg(e)
t1/n t

Since for a certain continuous function ¢ with compact support in (0, co),

D°f(@)| < § gtuparful) 2 = § gl /s))pls) . ol = k> 1,
0 0

we have, by the monotonicity condition on g,
D" f(x)| S g(Cla[™).
Therefore,
(3.5) pe(ID*f1*) S pelg™) = pE(9)-
Thus, if (1.9)) is given, then (3.4) and (3.5)) imply (3.1)). =
In the case fg = 1 we require more properties of the domain norm pg.

THEOREM 3.2 (Case pg € Ng2, pg € Ni). The couple pg € Ng2, pa € Ny
is admissible if and only if the condition (3.1)) is satisfied for all g € M.

A similar result is proved in [22] under the condition k£ < 14+nag, n > 1,
if F is a rearrangement invariant Banach function space as in [5].

Proof. We only need to prove sufficiency. We start with the following
estimate, proved in [22] for k = 1:

t t
(3.6) | s7*/msf*(s)ds S \IDMfI*(s)ds,  f € CF.
0 0
If K =2 and n > 2 this estimate is also valid. It follows from
t t
(3.7) V("2 (= £ ()" (w) du S\ [D?fI*(s)ds, n>2,
0 0

which is proved in [9]. Indeed, let g(t) := t=2/" Sg u(—f*(u)) du. Since g(t) =
t1=2/75 f**(t) we find, using also (2.1)), that g(0) = 0. Now we can integrate
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by parts:
t t t
S ST (s) ds = S g(s)ds/s = —ng(t)/2 + ns 172 (— £ (s)) ds/2,
0 0 0

thus (3.6) for k = 2 follows.
Since ap > 0, inequalities (3.6)) for £k =1 or k = 2 imply

(3.8) pe(t™*"5 (1)) < pu(ID"f[).
Indeed, the argument is similar to [22, proof of Lemma 2]. Introduce the
Hardy operators

t o]

Va(s)ds,  Qq(t) = | g(s)ds/s,

0 t
which commute. Then (3.6) gives
t t

(3.9) | Qs™maf=(s))ds <\ QUDFfI"(s)) ds,

0 0
whence by K-monotonicity of pg,

(3.10) p(QE"5 (1)) S pr(QUD* f17)).
We need the estimate
(3.11)  pe("Qg(t) S pe(g(t) ifap>a 0<a<l, geM.

The proof is standard: we just have to use the fact that pp satisfies ,
the monotonicity properties of g € M and the fact that ag > a is equivalent
to {35 *hp(s) ds/s < oo (cf. [5]).

From we get since ap > 0 implies the boundedness of @,
while the monotonicity of t0 f**(t), @ and pg give the needed estimate from
below.

By induction, we will now prove (3.8) for all k& > 2, provided ag >
(k —2)/n. Let hy(t) = t=F/m5 f(t). If (3.8) is true for some j > 2 with

ag > (j —2)/n, then by and ,
pe(hir) S pet™ U=V D? FI(1) = pe(t= U= D/mQ(S|D? £ (1)),
and if (j —1)/n < ag then by (3.11)),
pe(t™UDQEID? f1 (1)) S pr(t™ YD/ D2 f1 (1) S pr(IDTT ).
Hence
p(hjt1) S pe(ID7Hf1),  ap>(j - 1)/n.
Thus (3.8) is proved. Finally, since f** = Thy, hy(t) = t /"5 f**(t), we get
from (3.1)) and (3.8) the estimate (1.9)). m
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3.2. Optimal norms. Here we give a characterization of the optimal
domain and optimal target norms. Before constructing an optimal target
norm, it is convenient first to prove an embedding in a target set that is
rearrangement invariant but may not be a linear space [4], [19], [3]. We put
for brevity Ng3 := Ng1UNg2 and let Ny 3 be the subset of IV; consisting of
all norms satisfying the Minkowski inequality.

DEFINITION 3.3. For a given domain norm pr € Ng3, we define a re-

arrangement invariant target set Gg (not necessarily a linear space) by the
condition

(3.12)  pay(f*) <oo, where pay(g) = pe(t" (g7 (1) — g (1))
THEOREM 3.4. If pg € Ng3, then

(3.13) pap(f*) S pe(DFFIY).

This embedding is proved in [22] under the condition k < 1+nag, n > 1,
if £ is a rearrangement invariant Banach function space as in [5].

Proof. Let first fg < 1. Then the relation (3.13) for K = 1 or k = 2
follows immediately from (2.1f). If £ > 2, from Lemma we derive

o0
pGi(f*) < PE <t(2k)/" | w27 DF fI=* (u) du)
U
t
Since (k — 2)/n < ag, we can apply (3.11]) and (1.3]), which gives (3.13]). If
Be =1, then (3.13)) coincides with (3.8)). =

We can define an optimal target norm by using Theorem Namely,

we have to take the linear and rearrangement invariant hull of the func-
tional pg,, .

DEFINITION 3.5. By definition, the linear and rearrangement invariant
hull is the norm

(3.14) pilg) =1inf Y pagly;), g €L,

where the infimum is taken with respect to all finite sums: g** < >° g;*.

PROPOSITION 3.6. If pp € Ngg3, then p; is a K-monotone and rear-
rangement invariant norm, the couple pg, p; ts admissible and p; is optimal,
i.e. pI R PG(E)-

Proof. The first two properties follow directly from the definition of py,
while admissibility is a consequence of . To prove that p; is an optimal
target norm, let pg € N be such that the couple pg, pg is admissible. Then

by the results of the previous subsection we have pe(Tg) < pr(g) for all
g € M. On the other hand, (2.6|) gives

(3.15) FEE) = Thi(t),  hi(u) := w6 £ (u).
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Hence
pc(f™) S pe(he) = pag ().
If f** < Zg}“* as in the definition of p;, then

pa(F*) <Y palgi™) S pap(9i),

therefore, taking the infimum, we get pg(f*) < pi(f*). This finishes the
proof. m

We can define an equivalent norm by using the results of the previous
subsection, which will be useful below.

PROPOSITION 3.7. If pp € Ng3 then the monotone norm
(3.16) p(g) :==inf{pg(h) : g <Th,h e M}
is equivalent to the norm py, i.e. p(g*) ~ pi(g*) for all g € L. Thus p is
an optimal target norm, i.e. p = pgp) and agE) > ap —k/n, Bar) <
Be — k/n. In addition,
(3.17) E < L'+ A'(t*™)  implies G(E) — A (#'%/™) 4 1>

Proof. Let g** <} g;*. We can write

g;"=Thj, hj:= t_k/ncsg;-‘*,

hence
g"<g*<Th, h=) h;

This means that p(¢*) < pr(h) < > pr(hj) = > pa,(g;) and taking the
infimum we conclude that p(g*) < p;(g) = pi(g*).

For the reverse, if g* < Th then using the fact that the couple pg, p; is
admissible, we have p;(¢*) < pi(Th) < pr(h). Hence, taking the infimum we
obtain pi(g*) < p(g*).

To prove let f € G(E). Then f* < Th, h € M and using also
we get |, t=k/m 2 (t) dt < pp(h). It remains to take the infimum with
respect to h and use the equivalence (see for example [0])

1
£/ £ (8 dt 2 L ooy e
0
If pg € N¢1 we can construct an optimal domain norm in the class Ng .

THEOREM 3.8. Let pg € N1 be rearrangement invariant. Then the
couple pg(a), pa, where ppc)(9) = pc(T'g™), is optimal in the class Ng 1,
Ni1. The norm in the optimal domain space E(G) is given by ||fl| g =
pc(Tf).

Proof. The norm pp(g) is K-monotone, rearrangement invariant, sat-
isfies the Minkowski inequality and its upper Boyd index is smaller than
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k/n + Ba < 1, while its lower Boyd index is greater than k/n. Hence
PE(G) € Ngi. In particular, pp)(9) = pc(Tg*). If pE, pc is an admis-
sible couple, then pg(Tg*) < pr(g*). Therefore pg)(9*) < pr(g*). This
proves the optimality of the domain norm pgg) in Ny 1.

It remains to check that pg is an optimal target norm. To this end

we need to prove that p(¢*) < pa(g*), where p is defined by (3.16)). Since
g** = Th with h(t) = t%/"6g**(t) € M, we can write
p(g%) < pr(e)(h) = pa(Th™).

Since h* < Qh, we have h** = Ph* < QPh, therefore Th** < TQ(Ph) <
T(Ph). Also T(Ph) ~ Th + t*/"Ph and Ph < h**. Therefore,

p(g") < pc(Th) + pe(t™"h*).

Consider the norm h +— pg(tk/”h**(t)). It is K-monotone and its upper
Boyd index is k/n + fg < 1, hence

p(g") S pa(Th) + pa(t*/"h* (¢)).
Since h(t) < t~*/"g**(t) we have h*(t) < t~%/"g** thus pg(t*™h*(t)) <
pc(g™). Therefore

The proof is complete. u
Now we give some examples.

ExAMPLE 3.9. Consider the space G = Aj(v) and let Bg < 1 — k/n.
This is true in the particular case when v is slowly varying, since then
aa = Bg = 0. Using Theorem [3.8] we can construct the optimal couple E, G,
where pg(9) = pa(Tg™) = {”t"/™w(t)g™ (t) dt/t and w(t) = ng(s) ds/s.
Hence E = AY(tF/mw) = I''(t*/"w). Also ap = Bg = k/n if v is slowly
varying.

ExXAMPLE 3.10. If G = Cj consists of all bounded functions such that
f*(00) =0 and pg(g) = g*(0) = g™*(0). Then ag = e =0 and pp(e)(9) ~
§o th/mg (t) dt/t, i.e. E = AY(t*/™) = I} (t*/") and the couple E, G is opti-
mal.

EXAMPLE 3.11. Let G = AP (v) with S < 1 —k/n and let

o0
pr(g) =supv(t) | /"™ (s) ds/s.
t

Then by Theorem the couple E, G is optimal and Bg < 1. In particular,
this is true if v is slowly varying since then ag = B¢ = 0 and ap = B =
k/n < 1.
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ExaMPLE 3.12. Let G be as in the previous example. Since

[e.o]

SR
v(t) w(s) s’

it follows that the couple Ey = I'™(t*/"w), G = A3°(v) is admissible. Let w
be slowly varying. In order to prove that pg is optimal, take any g € L, and
define h from t*/™w(t)h(t) = Supg< <t v(5)g*(s). Then t/rw(t)h(t) < palg),
therefore t*/"w(t)h*(t) < palg), whence pg, (k) < pa(g). On the other hand
T 1
Th(t) =\ sup v(s)g*(s du/u > sup v(s)g*(s)— > g*().
(0= ] 2up, (615" () g o> s (815" (5) 5 2 07

pr(g) < supt*/ w(t)g™ (t),

Hence p(¢9*) < pg,(h) S pa(g), therefore pg is optimal. But the couple
PE,, PG is not optimal. Indeed, suppose otherwise, i.e. pgp ~ pg,. Then
pc(Tg) Z pr,(g) for all nonnegative and decreasing g. To contradict this
inequality, we choose w(t) = (1 —logt)® if 0 < ¢t < 1 and w(t) = (1 +logt)?
for t > 1. Then v(t) ~ 1 for 0 < t < 1/2. Let h(t) = t*/"g(t) = (1 — logt) 2
if 0 <t < 1. Then Tg = 1 for 0 < t < 1/2. Since w(t)h(t) = 1 — logt,
v(t)Tg(t) ~ 1 for 0 <t < 1/2, we get a contradiction.

3.3. Subcritical case. Here we suppose that k/n < apg.

THEOREM 3.13. Let pg € Ng3. Then we define an optimal target norm
pa(E) by

(3.18) pae)(9) = pe(t*"g).
Moreover, the couple pg, pg(g) is optimal and Bogp) = Be — k/n, agr) =
ag —k/n.

Proof. Optimality of the target norm (3.18]) is known [22] for rearrange-

ment invariant Banach function spaces as in [5]. According to our previous
results, the couple pg, pg(g) is admissible if

PE <t*k/” S sy (s) ds/s> Spelg), g€ M.
t

But this follows from (3.11)) since k/n < «ap. Further, let pg, pg be an
admissible couple. Then, as before,

pc(9*) < palg™) = pa(T(t"69")) S pu(t™/ g™ (1)).

Now consider the norm g — pE(t_k/”g**). Since its upper Boyd index
equals Og — k/n, it follows that this index is smaller than one, hence the
above gives pa(g*) < pe(t~F/mg*(t)) = pc(e)(g”). This proves the optimality
of the target norm .
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Finally, the couple pg, pg(g) is optimal, since for any admissible couple
PF, pa(E), we have pg(g)(T'g) < pr(g) for all g € My. Then

pr(9) Z pam) (t*"9) ~ pi(g). =
Consider some examples.

EXAMPLE 3.14. The couple E = A9(tw), G = AJ(t'~*/"w), where 1 <
q < 00, k < m, t97Hw(t)]? is nonincreasing and such that k/n < ag, is
optimal. Indeed, pg := ptw,q is K-monotone. It remains to apply Theorem
[3-13] In particular, this is true if ¢ = 1 and in addition w is slowly varying,
since then ag = O = 1.

EXAMPLE 3.15. The couple E = I'(w), G = Al(t7%/"w), where k/n
< ap and Bg < 1, is optimal.

EXAMPLE 3.16. Consider the I" space £ = I'Y(tw), where k <n, 1 <gq
< oo, w is a slowly varying weight and pg := piy g r. In this case ap =
Br =1 and Theorem [3.13] shows that

0 1/q
patey(a) = (|l gt o) 5 )
0

hence the space G(F) is smaller than I (t!=F/"w).

If the target norm is from the class Ny o := {pg € N1 : ag > 0}, then
we can simplify the formula for the optimal domain norm constructed in
Theorem

THEOREM 3.17. Let pg € Ni2 be rearrangement invariant and define
the norm pg by

(3.19) pe(g) = pa(t"g™ (t)).
Then the couple pg, pg is optimal in the class Ng1, Nia.
Proof. According to Theorem [3.§ we only have to prove that
pa(t*/"g™) = pa(Tg™), g€ L
This follows from Tg(t) > t*/"g(t) for all g € M and from
pa(Tg) S pa(t"g(t)), g€ M, provided ag >0
(see (3.11))). m

3.4. Critical case. Here we are going to use real interpolation for
normed spaces, similarly to [I1], [10]. First we recall some basic definitions.
Let (Ag, A1) be a couple of normed spaces (see [6], [7]) and let

K(tvf):K(t>f7A07A1): inf [|’fOHA0+tHf1||A1]> feAO"i'Ala
f=fot+h1
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be the K-functional of Peetre (see [6]). By definition, the K -interpolation
space Ag = (Ao, A1)s has the norm

1fllag = 1K@ Hllg

where @ is a normed function space with a monotone norm on (0, co0) with
the Lebesgue measure and such that min{1,¢} € ¢. Then (see [7])

AgNA; — Agp — A + Aq.
Now we construct the needed couples of Muckenhoupt weights. Suppose

(3.20) b is nondecreasing, slowly varying on (0, co) with b(t?) ~ b(t)

and
(3.21) (1 +1logt)~17°b(t), t > 1, is increasing for some € > 0.
Let
b(t)
22 t) = ————.
(3:22) A = T og ]
Then
Tl 1
2 ——ds/s S —, t>0.
(3.23) | 0 s/sNC(t), >0
t
Indeed, if 0 < t < 1 we can write

OSO 1 du_i 1 du (1+logu)~'"° du

2 0(u) u o Jb(u) u § b(u)(1+logu)=1—¢ u '

Using the monotonicity properties (3.20)), (3.21) and ¢(¢) <1 for 0 <t < 1,
we get (3.23). The case t > 1 is analogous, but simpler.

THEOREM 3.18. Let H be a rearrangement invariant space on (0, 00)
with the Lebesque measure, with a K-monotone rearrangement invariant
norm pyg that satisfies the Minkowski inequality, and let By < 1. Let b, ¢ be

given by (3.20)—(3.22)). Let pr be defined by

(3.24) pe(g) = pr(t*"b(t)g™ (1), k<n,
set
(3.25) F = (Li;Li)o)H(l/t%

and suppose H(1/t) has the norm ||g||gr(1/¢) := pu(g(t)/t). Then the optimal
target norm is given by

(3.26) ra(e)(9) = pr(gc).
Moreover, E — L' + Al(tk/”) and G(E) — Al(tlfk/n) + Lo,

Proof. We denote by L% (v), 1 <r < 0o, v a positive weight, the weighted
Lebesgue space on (0, 00) with the Haar measure du = dt/t and norm
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o0

, 1/r
lgllzz = (o) ate) .
0
We write L] when v = 1.
Let L} be the weighted Lebesgue space on (0,00) with the Lebesgue

measure and norm
oo

lalzg = (§ Lot ar)”"

0

Then the operator T defined by (3.2]) is bounded in the following couple of
spaces:

(3.27) T:LXt*™b(t)) — Ly® and T : LE(t*/™b(t)) — L,

where b, ¢ are given by (3.20)), , since they satisfy (3.23]).
Define F' by (3.25). It is well known ([6]) that

(3.28) pr(9) = pr(9,") = pr(9,),
where g;*(t) = t1 Sg g,,(s)ds. The equivalence in 1j is true because
B < 1.
By interpolation,
(3.29) T:E — Gy,
where
(3:30) B := (LLEY"0(t)), L0 s, Gri= (L5 L) -
Denote the norm in E; by p; and let pp(g) = p1(g**). We have

(3.31) pi(9) = pr(t*"b(t)g™ (1)) = pu (" b(£)g™ (1))).
Hence pg is rearrangement invariant, K-monotone norm with both Boyd

indices equal to k/n < 1 (here we are using the fact that b is slowly varying).
Therefore

(3.32) pe(g) = pr(t*/"b(t)g* (1)) ~ pu ((t"/"b()g" ();7)-
Since pp satisfies the Minkowski inequality, so does pg. Now we prove the
property

1 o)
(3.33) | n@)ydt+ | /" h(t)dt < pp(h),  he M,
0 1

which implies the embedding E < L'+ A (t*/™). To prove (3.33)), we notice
that

Li(tk/nb) It —I—Ll(tk/n_l), Li)o(tk/nb) It + Ll(tk/n_l),
whence using pgp(h) = p1(h**) 2 p1(h) for h € My and (3.30) we get (3.33).
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Now we characterize the space G;. Since (see [0])
K(t,g; Ly®, L®) = tK(1/t, g; L, Ly®) = tsup |g(s)| min(c(s), b(s) /1),

we get the formula
(3.34) pci(9) = prlhy),  hy(u) := sup|g(s)| min(c(s), b(s)/u).

Also, since Ly°® — Lg° it follows that hg(u) ~ sup|g(s)|c(s) if 0 < u < 1.
Let

(3.35) Hy(t) == hg(1+ |logt]|), 0<t<oo.
Then (Hy);,(t) < hy(t/2), hence by (3.28) and (3.34),
(3.36) pr(Hy) < pei(9)-

Note that Hy 2 gc, hence, if we define the norm pg(g) := pr(gc), we get
the relation

(3.37) pc(T9) < pci(Tg) S pelg), g€ M.

Since g < 1 Theorem shows that the couple pg, pg is admissible.
Now we want to prove that pg is an optimal target norm. It is sufficient
to see that

(3.38) pc(g) = p(g), g€ L, g decreasing,

where p is defined by ; and since the norm p is optimal, we need only
prove that p(g9) < pal(g), g € L, g decreasing. To this end first for any
such g we construct an h € M such that ¢ < Th and pg(h) < palg).
Let tF/mb(t )h1 t) = g1(t), where g1(t) = g**(t?/e)c(t?) for 0 < t < 1 and
g1(t) = g (\/t/e)e(v/t) if t > 1. Note that hy ~ hj. Then pg(hi) ~
pr(t*/"b(t)hi(t)) ~ pr(ge) = palg). On the other hand, for 0 < ¢ < 1,

\/t; C 52
Thi(0) > | o(s?/e) 3 dsfs > a01A() 2 o(0),
A(t) \/SEC(SQ)d/ ~\/Sﬁld/ > 1
b(s) A p 1+ |log s A

Similarly, for £ > 1 we obtain
et?

Thi(t) = | 9(v/s/e)7—

>
) 1+1 ds/swg(t).

Thus Thy 2 g and pg(h1) = pc(g), therefore we can find h ~ hy with the
required properties. Then by the definition of p we get p(9) < pa(9).

Finally, from and Proposition [3.7 the embedding G(E) —
AR/ 4 L follows n
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, E = I9(tk/7b(t)), where b

EXAMPLE 3.19. Let G = Aq(c ,1<g<oo
) S (1+ |logt|)e(t) and

is slowly varying on (0, 00), b(t?) ~ b(t), (

(§ [c(s)]qczs/s)l/q(g [b(s)]" ds/s)l/r <1, 1g+1/r=1.
0 t

Then the couple F, G is admissible and using the same argument as above,
we see that G is an optimal target space. In particular, we can take b(t) = 1,
0<t<1andb(t)=(1+logt)?, t>1. Thenc(t)=(1—-1logt)™,0<t<1
and c(t) = 1+ logt, t > 1. But we cannot take b(t) = 1 for all ¢ > 0.
This means that the Lebesgue space L™* is not allowed as a domain. It is
not embedded in L' 4+ A (t*/). This contrasts with the well known limiting
embedding

fr(@) dt k k
L D n/k g o (02
(Fe) T §<r Oy e )
where (2 is a bounded domain in R" (see [16]). Of course, by Theorem
(see also [22]) we have the optimal embedding in the rearrangement invariant
nonlinear set:

S(éf**(t))"/k I < S(\Dkf\ ()" dt.

0 0
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