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EQUIVARIANT K-THEORY OF FLAG VARIETIES REVISITED
AND RELATED RESULTS

BY

V. UMA (Chennai)

Abstract. We obtain several several results on the multiplicative structure constants
of the T-equivariant Grothendieck ring K1 (G/B) of the flag variety G/B. We do this by
lifting the classes of the structure sheaves of Schubert varieties in K7 (G/B) to R(T) ®
R(T), where R(T) denotes the representation ring of the torus 7. We further apply our
results to describe the multiplicative structure constants of K (X)g where X denotes the
wonderful compactification of the adjoint group of G, in terms of the structure constants
of Schubert varieties in the Grothendieck ring of G/B.

1. Introduction. Let G be a semisimple simply connected algebraic
group over an algebraically closed field k. Let B be a Borel subgroup and
T C B be a maximal torus.

In this article we construct explicit lifts of the classes of the structure
sheaves of the Schubert basis in K7(G/B) to the ring R(T')®zR(T). For this,
we apply techniques similar to those developed by Marlin [16], by exploiting
the properties of Demazure operators ([7]).

Using these lifts we also give new methods to describe the multiplicative
structure of K7(G/B). More precisely, in §2 and §3, we give closed formulas
for multiplicative structure constants and also recover some known results
on these constants in this setting.

This was inspired by the results of Hiller [11, Chapter IV] who constructs
a basis for Sym(X*(7)) as a Sym(X*(T))" -module by lifting the fundamen-
tal classes of the Schubert varieties to the cohomology ring H*(G/B). He
further uses this basis to develop an algebraic approach to Schubert calculus
in H*(G/B).

Let X denote the wonderful compactification of the semisimple adjoint
group Goq = G/Z(G). Recall that in the main result of [20], the images in
K(G/B) under ck of the Steinberg basis of R(T) as an R(G)-module are
used to describe the multiplicative structure of the Grothendieck ring K (X)
of X. Moreover, in that paper the multiplicative structure constants of K (X)
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as a K(G/B)-algebra involve the images of the structure constants of the
Steinberg basis, which do not have known direct geometric or representation-
theoretic interpretations (see [20, Theorems 3.8 and 3.12]).

In §4 we show that the above constructed lifts of the Schubert basis
in K(G/B) to R(T) form a basis of R(T"), over R(G)p, where p denotes
the kernel of the augmentation map R(G) — Z. These are a new set of
bases for R(T), as an R(G)py-module different from the basis obtained by
localization from that defined by Steinberg in [I8]. We then reformulate the
results [20, §3] using these bases instead of the Steinberg bases. Using this
reformulation, in the main result of this paper (Theorem we prove that
K(X)g is a free K(G/B)-module generated by the classes of the structure
sheaves of Schubert varieties in all K(G/P)g, where P O B is a parabolic
subgroup. In particular, we express the multiplicative structure constants
of K(X)g as a K(G/B)-algebra in terms of the structure constants of the
classes of the structure sheaves of Schubert varieties in the Grothendieck
ring of flag varieties.

Thus, although we seem to lose some information by going to rational
coefficients, we do obtain better interpretations of the basis and the multi-
plicative structure of the K (X)g by relating it to the Schubert calculus in
the Grothendieck ring of flag varieties.

1.1. Notations and conventions. As in the introduction, let G be
a simply connected semisimple algebraic group over an algebraically closed
field k, let B be a Borel subgroup of G and let 7' C B be a maximal torus.
Let A = X*(T) denote the weight lattice. Let ¢ denote the root system and
A the set of simple roots relative to B. Let W = N(T') /T be the Weyl group
of the root system @. Let B~ = wgBwg be the opposite Borel subgroup to
B where wq is the unique maximal element of the Bruhat order on W. Let
p = %Z acaot @ Let w, denote the fundamental weight corresponding to
the simple root « € A.

For w € W, let X,, denote the Schubert variety which is the closure of
the Schubert cell BwB/B in G/B and let X" denote the opposite Schubert
variety which is the closure of the opposite Schubert cell B~wB/B in G/B.
Thus we have X% = woXygw-

Let v,w € W. Recall that the Bruhat order is the order on W defined
by: v < w if and only if X, C X,,. Further, X" N X, is nonempty if and
only if v = w; then XV N X, is a variety called the Richardson variety
and denoted by X! . Moreover, X7 has two kinds of boundaries, namely
(0Xy)" := (0Xy)NXY and (0X")y := (0XV)NXy,. Here 0Xy = Uy < Xur
is the boundary of the Schubert variety X, and 0X" = (J,_, X v is the
boundary of the opposite Schubert variety X¥. Thus we have (0X,)" =
U <w Xy and (0XY)w = Uyy XV (see [, Prop. 1.3.2 and §4.2]).
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For X any smooth G-variety, let Kg(X) denote the Grothendieck ring
of G-equivariant coherent sheaves (or equivalently, vector bundles) on X.
We have the canonical forgetful homomorphism K¢ (X) — K7 (X). In par-
ticular, R(G) := Kg(pt) is the Grothendieck ring of k-representations of G.
Since G is simply connected, we can identify R(G) = Z[A]" via restric-
tion to 7T'. Furthermore, the structure morphism X — k induces a canonical
R(G)-module structure on Kg(X). Also, K(X) denotes the Grothendieck
ring of coherent sheaves on X and we have the canonical forgetful homo-
morphism Kq(X) — K(X).

For w € W, let [Ox, |1 (resp. [Oxw]|r) denote the class of the structure
sheaf of the Schubert variety (resp. opposite Schubert variety) in K7(G/B).
Further, note that we have the identification [Oxw|r = wo - [Ox,,,]Jr in
K7(G/B). Recall from [13] that the Schubert classes {[Oxw|r}wew form a
basis of K7(G/B) as an R(T)-module.

For A € A, let L(\) := (Cy x G)/B, where B acts diagonally, and the
B-action on the one-dimensional vector space C, is given by the surjection
B — T followed by A. Then L()) is a T-linearized line bundle on G/B
associated to A. Let £* denote the class of £()\) in K7(G/B). Further, we
shall denote by e* the class of the trivial bundle in K7(G/B) with T-action
given by A.

Let ¢k : Z[A] = R(T) — Kr(G/B) denote the characteristic homomor-
phism which sends e* € R(T) to £* € K7(G/B).

Let % denote the canonical involution in K7(G/B) defined by duality of
a T-vector bundle. This is compatible with the involution in R(T") defined
by e} = eA. In particular, xcL (e*) = [(C_, x G)/B] € Kr(G/B).

If Y D Z are closed T-stable subvarieties of a T-variety X, then Oy (—Z2)
denotes the ideal sheaf of Z in Y. Thus, viewed as an element of K7 (X),
[Oy(—2)] = [Oy] — [Oz]. Moreover, if F is a T-equivariant coherent sheaf
on Y then F(—Z2) will denote F ® Oy (—Z2).

Recall that Demazure has defined the operators L,,, w € W, on Z[A]
with the following properties:

LyLyy = Ly if [(ww') = l(w) + (w'),

(1.1) L,L, =L, if I(s) =1, i.e. s = s4 for some o € A,
LSa(f)zfl__Sz(f) for a € A and f € R(T)

(see [7, Theorem 2, pp. 86-87]). In particular, Ls, (and hence L,,) is an

R(T)W-linear operator on R(T). Also, for a simple reflection s € W we
have

(1.2) Lo Ly = {st if I(sw) = l(w) + 1,

L, ifl(sw)=1(w)—1.
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Moreover, for any w’ € W, there exists a unique v(w,w’) € W such that
(1.3) Loy L1y = Lofua)

(see [T, §5.6]).
For each proper T-variety Y and each T-equivariant coherent sheaf F
on Y, we define

(1.4) X" (Y, [F]) = m([F))

where 7 : Y — pt is the unique map to a point. Observe that

(1.5) X'V [F]) = > (=1)* Char(H*(Y, F)) € R(T)
k

where Char(H*(Y,F)) € R(T) is the character of the finite-dimensional
T-module

H*(Y,F) = H"(G/B,0y @ F).
Further, x* : K7(Y) — R(T) is an R(T)-linear map. In particular, let F
be a T-equivariant coherent sheaf on G/B. Then we define the equivariant
Euler—Poincaré characteristic as

(1.6) X (X i ())) = e - Ly (eX77).
Moreover, if € : R(T') — Z denotes the canonical augmentation, then
(1.7) X(Xu, £(N)) = €Ly (e*7)

where x(-, ) denotes the ordinary Euler—Poincaré characteristic (see [7, The-
orem 2(b) and Cor. 1, pp. 86-87]).

In [13], Kostant and Kumar define an R(T')-module basis (7%)yew for
K7(G/B) which satisfies

(1.8) X (X1, #7%) = Sy

(see [13, p. 591, Prop. 3.39]). Let

(1.9) ox“:= || B wB/B,
veW, v>w

(1.10) £ = [Oxu (~OX )]

Recall from [9, Prop. 2.1] that {{" }wew is an R(T')-basis for K7(G/B) dual
to the Schubert basis {[Ox, |1 }wew under the pairing

(1.11) (u,v) :== xT(G/B,u-v) for all u,v € Kp(G/B).
Further, it is shown in [9, Prop. 2.2] that
(1.12) o = v

where 7% is the Kostant—Kumar basis.
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We further have the following relation between the Graham—-Kumar basis
and the opposite Schubert basis of K7 (G/B) (see [9]):

(1.13) [Oxulr =Y &

w=w’

For I C A, let Wy be the subgroup of W generated by {s, : @ € I}.
Further, let W/ denote the minimal length coset representatives of W/W7.
Let P = P; D B denote the corresponding standard parabolic subgroup. In
particular, for w € W, we have the Schubert variety X (resp. the opposite
Schubert variety X}5) which is the closure of the Bruhat cell BwP/P (resp.
opposite Bruhat cell B-wP/P) in the partial flag variety G/P.

It is well known that {[Oxp|r},ewr is an R(T')-basis of K7(G/P), and
so is {[Oxw]r}ewr. Further, in [9, §2], Graham and Kumar define the
elements

(1.14) §p = [Oxp (—0Xp)]r

which form an R(T')-basis {{p},ewr for Kp(G/P) dual to the Schubert
basis {[Oxp]r},cwr under the pairing

(1.15) {[Oxrlr.€p) = X" (G/P, Oxpaxy (=X, NOXp)).

Note that (1.15) is a generalization of (|1.11)) to G/P.
Let K(G/B) denote the Grothendieck ring of coherent sheaves on G/B.

Further,
¢k : Z[A] = R(T) = K¢(G/B) — K(G/B)

denote the characteristic homomorphism. Recall that in [7], Demazure has
established the existence of a basis (ay)wew for the Z-module K (G/B) such
that

(1.16) cx(e) =D x(Xu, L(N)) s,
weWw

where x(-, ) denotes the Euler—Poincaré characteristic.
Recall that we have the following relation between the Demazure basis
and Schubert basis (see [4, Prop. 4.3.2]):

(1.17) [Oxv] =D aw.

w=w’
Let
(1.18) f: Kr(G/B) — K(G/B)
denote the forgetful homomorphism. Then we have
f([Oxw]r) = [Oxw])
and f(£Y) = ay (see [13, Prop. 3.39]).
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2. Equivariant K-theory of flag varieties

2.1. Lifting of Schubert basis to R(7) ® R(T). In this section we
construct explicit lifts of classes of structure sheaves of Schubert varieties in
K7(G/B) to the ring R(T) ® R(T'). These will be used later to describe the
multiplicative structure of K7 (G/B).

We mention here that tensor products are considered over 7. unless oth-
erwise specified.

LEMMA 2.1. The canonical homomorphism
V:R(T)® R(T) - Kr(G/B)

that sends an element Y 1 a; @ b; in R(T) ® R(T) to Y. a; - ck(b;) in
K7(G/B) is surjective with kernel the ideal

I=(c®l-1®c:cecR(T)")
in R(T) @ R(T).
Proof. We recall from [I7, Prop. 4.1] that the map
(2.1) R(T) ®@p(a) Ka(G/B) = R(T) @pryw R(T) = K(G/B)

defined via a ® b + a - ¢k (b) is an isomorphism. Moreover, by definition
of R(T) @pryw R(T), there is a canonical surjective homomorphism 1 :
R(T) ® R(T) — R(T) ®p(ryw R(T) with kernel precisely Z. Now, ¥ is the
homomorphism obtained by composing v with the isomorphism given by
(2-1). It follows that ¥ is surjective with kernel Z. (See also [10, Theorem
1.2)). =

DEFINITION 2.2. By defining L, (a ® b) := a ® L,(b) and extending it
by linearity, we can define the Demazure operator L,, on R(T) ® R(T) as
an R(T) ® 1-linear operator.

We now prove a preliminary lemma which will be applied in the main
proposition.

LEMMA 2.3. Let v(w,w') be as in (1.3). Then
(2.2) v(w,w') =wy & w=w.

Proof. Let l(w) = r and w, := w™lwy. Let w' = s} -+ s} be a reduced
expression for w’. Hence

(2.3) Lus - L1,

Now, by (1.2) we see that
(2.4) Ly --- LSZ « Ly, = LSQI"'S'-

= Ly L, = Ly - Ly - Lu,.

i, W
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for some subsequence (sj ,...,s; )of (s},...,s}). Now, (1.3, (2.3) and (2.4)

imply that
(2.5) v(w,w') = s, - 8w

Since wy = w - wy, it follows that v(w,w') = wy implies
(26) w = 321 .. 8/

im*
Hence w < w' (see [4, Cor. 2.2.2]).
For the converse, we need to show:

CLAM. If w 2w then Ly Ly~1y, = Luy,-

Proof of Claim. Note that when [(w) = 0 then w = 1. Thus by (1.2) we
have

(2.7) Lur Ly-1py = Luy Ly = L.
Also, when [(w") — l(w) = 0 then w = w'. Again by (1.2)) we have
(2.8) LuLu-twg = LwLw, = Luy.

We shall now prove the claim by induction on I(w) and I(w') — l(w).
Let s} --- s}, be a reduced expression of w' and let w = s] - s;

Im
we can write

(2.9) Lo Ly,

. Now,

Ly g

= LyLy L,

fr— ! DY /
where v = s} -+ -8, _;.

CAsE (i). If i(sjwy) = l(w,) — 1 then by (1.2)) we have
(2.10) LuLy Ly 1y = LoLu, = LuLy,

Ty -
Moreover, I(s,wy) = l(w,)—1 is equivalent to I(ws},) = [(w)+1. This further
implies that i, < k— 1. Hence w < v. Now, since [(v) — l(w) < l(w) — l(w),
the claim follows by induction on I(w') — I(w).

Caskg (ii). If I(sjw,) = l(wy) + 1 then again by (1.2) we have

(2.11) LyLy Lyt = Lo Ly, = LoLus )~ tuy-

Note that I(sjw,) = l(w,) + 1 implies I(ws}) = I(w) — 1. Since w =< v/,
this further implies that ws} < w’ (see [12}, Proposition, p. 119]). Moreover,
since {(ws)) < l(w), we further see that ws) < v. The claim now follows by
induction on [(w). =

PROPOSITION 2.4. In R(T)® R(T) there exists an element uy such that
(2.12) V(L1 (wo0) - (1 ®€”)) = [Oxw]r.

Indeed, we may take ug = vo(1®e™P) where vy is such that ¥(vy) = [Oxwolr.
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Proof. By (1.8)) and (1.12)), we have the following identity in Kr(G/B):

(2.13) ekt = D x (Xu, £(N)E".
weW

Moreover, combining (1.6)) and ( - yields

(2.14) c%(eA) =) e Ly(ehP)Ev.
weW

By ([1.13)), it follows in particular that £*° = [Oxwo|r = wo - [Ox,]7-
Now, since ¥ is surjective by Lemma there exists an element vg such
that ¥ (vg) = £"°. More precisely, if

n
(2.15) v= a® b,
i=1
then using (|2 we have
(2.16) Zaz ck(b Z Z a; - €’ - Ly (b - e P)Ev.
i=1 weW
Hence
n
(2.17) W(vo) = Y Y ai-e - Ly(bi- e )EW =",
weW 1=1
Therefore
n
(2.18) Zai e’ Ly(bi-e™?) = dyug-
i=1
Let
(2.19) up =19 (1®e™’).

CLAIM. wuyg is the required element in R(T) ® R(T') that satisfies (2.12]).
Proof of Claim. Note that if vy is as in (2.15]) then

(2.20) uy = Zai Qe P b;.
Now, by (2.20) and Def. [2 n it follows that
(2.21) Lyt (20) - (1 @ €P) = Zaz®e w-tug (€77 bi).

Hence by ([2.14) and we have
(2.22) W(Ly1yy(u0) - (1@ ef)) = Y Zep ;- Lt L1, (b - €7P)EY

w' eW i=1
Now the claim follows by (1.13)), (2.18)), (2.22)) and Lemma .
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LEMMA 2.5. If w € W! and r € R(T), then

(2.23) €+ Ly-1y, (€ " 1) € R(T)
Proof. We first note that
(2.24 557 Lyt (€77 1)) = €7 - 5Ly (€77 1)),
Thus for j € I, the condition
(2.25) sj(ef - Lyy—14, (€77 1)) = €’ - L1, (7" - 1)
is equivalent to
(2:26) 55 (L (€7 1)) = €99 Loy (€77 7).

Further, note that
(2.27) 5j(Lyy-14y(€ 7 -7)) = Lyy—14y (e P -1) = (1 =€) - “Lg; Ly, “1y (€77 T).
Let w; := wwy. Then
(2.28) I(sjw1) = I(sjw wo) = L(wo) — I(s;w ™).
Now, if w € W, then for every j € I we have l(ws;) = l(w) + 1, which is
equivalent to I(s;w™!) = l(w™!) + 1. By this implies that
(2.29) I(sjwy) = lwo) — (H(w™ ) + 1) = (wp) — H(w™ ) — 1
= l(w twg) — 1 = I(wy) — 1.

This further implies by that
(2.30) Ls, Ly, = Ls; Ly = Ly, -
Now by substituting (2.30) in , we see that when w € WY, the condi-
tion and hence (2.25) hold for all j € I. This proves that if w € W/
then e - Lyy—1,,(e” 1) € R(T)"V1. u

PROPOSITION 2.6. Let ug be as in Proposition 2.4 Then

Lyt (1) - (1®e€”) € R(T) @ R if we W

Proof. This follows immediately from and Lemma n

NOTATION 2.7. In the following sections we let ug = Z? 1a;@e P-b; €
R(T) ® R(T) be as in Prop. [2.4] (See §5 about this choice.)

2.2. Structure constants of Schubert basis in K7 (G/B). In this
section we determine a closed formula for the multiplicative structure con-
stants of the basis {[Oxw|r}wew in Kr(G/B) in terms of the above ele-
ments a;, bj. We remark here that in [9], these structure constants as well
as those of the dual basis have been studied in detail with regard to the
positivity conjectures, viz., of [9, Conjectures 3.1 and 3.10]. The author is
currently working to find more direct interconnections between the results
in this section and those in [9].
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LEMMA 2.8. Forx,y,z € W, let

(2.31)  Ci, = > (-1

w=z
Z ;- aj - € Lyy(Ly—140(bi - €77) » L1, (bj - €77) - €”)
1<i,j<n
where vg =Y 1" 1 a; ®b; € R(T)@ R(T) is such that ¥(vy) = [Oxwolr. Then
in Kp(G/B) we have
(2.32) [Ox=1r[Oxv]r = > C;, [Ox:=]r fora,y e W.
zeW

Proof. Recall from [9, Lemma 4.2] that the basis {{"}y,ew can be ex-
pressed in terms of the Schubert basis {[Oxv]r}vew in K7(G/B) as follows:
(2.33) &= (=) W0xu]p.

v=w

Note that (2.33]) is equivalent to (1.13)) via Mdbius inversion (see [4, Remark
4.3.3]). Now, using Lemmam 2.1] and substituting (2.33)) in (2.14) we get

(2.34) => > W . el Ly(b-e ) Oxw]r
weW veW,v=w
fora®@be R(T)® R(T).
Moreover, by ,

(2.35)  Ly-1y,(u0) - (1®€P) - L1y, (uo) - (1® €”)
Z @i aj @ e Ly, (e b)- Ly, (77 - bj).

1<i,j<n
Further, by Prop.
(2.36) V(L —14 (uo) - (1 ®ef)- Lquo (up) - (1 ® ep)) = [Ox=|7[Oxv]r

for T y € W. Then by ({2.36) and ( we get (2.32), where C;,y is asin
30 »

2.3. A Chevalley formula in K7(G/B). The following lemma gives
a “Chevalley formula” in K7(G/B), which determines the coefficients when
the product [£T(A\)]7[Ox=]r is expressed in terms of the Schubert basis
{[OX”]T TV E W}

LEMMA 2.9. For A € X*(T) and x,y € W let

(237) :/E\,y = Z (_1)l(y)fl(w) Z e - a - Lw(e/\ ’ Lx*1w0 (bz ' eip))
=1

weW, w=y
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where vog =Y i~ a; @b; € R(T) ® R(T) is such that ¥(vy) = [Oxwolr. Then
in Kr(G/B) we have

(2.38) LT N]r - [Ox=]r = > Q2 [Ox]r.

yeW
Proof. Note that

(2.39) T(1eed) =cked) = [L£T\)]r.
By and Prop. it follows that
(2.40) W (Lip—14 (w ) (1ee)- (1oeh) = [Oxr - [LT (V)7

for x G W and )\ e X* Thus we see that - follows immediately
from and 1 40)), where Q) .y s given by (2 "

2.3.1. C’ompamson with known Chevalley formulas

LEMMA 2.10. Let z,y € W and w = woz, v = woy. We then have the
following interpretation of (2.37)):

(2.41) Q2 = wo - X" (X3, L7 (wo(N)(—(0X")w))

whenever x <Xy, and Q;\y = 0 otherwise (see [3, Lemma 1]). In particular,
when wo(X) € X*(T') is dominant we have

(2.42) Q;y = wp - Char HY(X2, LT (wo(\)(—(0X")w))
whenever x =y, and Q;\y = 0 otherwise.

Proof Let &y = [OXy( 0Xy)]. Then &, is dual to [Ox=] under the
pairing . Now, (2.38)) implies that
(243) @, = <[£T( e - [0, &) = X7 (X5, [£7 () (-9,
whenever x < y, and Q:;\,y = 0 otherwise. The second equality above follows

because the intersections X, N X* and X* N 0X, are transversal (see [4,
Lemma 4.1.2]).
If w = woz and v = wyy, we can write (2.43)) as

(2.44) Q2 = X (X3 L7 (M) (= (0 X))

= x" (wo - X3, L7 (V) (~wo - (0X")w))

= wo - X" (X35, LT (wo (X)) (—(0X "))
whenever v < w, and QA = 0 otherwise. (Note that x < y is equivalent to
v = w.) In particular, When wo(A) € X*(T) is dominant, by [5, Prop.1, p. 9]
it follows that

X (X, L7 (wo(A) (—(0X ")) = Char H (X, LT (wo(A)) (= (0X")w)).

Hence the lemma. =



162 V. UMA

REMARK 2.11. Let w = wox and v = wpy. Then (2.38]) can be rewritten
as

(2.45) (LT (woN)7 - [Ox, 7 = Z wo(Q},)[Ox, )1

v=w

where Q;}’y is as in l) Hence substituting l in 1 , we derive the

“Chevalley formula” as in [15] and [I4]. In particular, note that wo(Q“°2 ., .,)

WowW,wWov
is the same as Cj,, of [I5] where it is interpreted as S e ™) where the
sum runs over all L-S paths 7 of shape A ending in v and starting with
an element smaller than or equal to w. Here we briefly recall that an L-S
path 7 of shape A on X (7) is a pair of sequences m = (7,a) of Weyl group
elements and rational numbers, where 7 is of the form 7 = (7y,...,7,) such
that 7 > 7 and 71 > --+ > 7 in the Bruhat order on W. We call 7, = i(n)

the 4nitial element of m and 7. = e(7) the end element of 7 (see [I5, §3]).

REMARK 2.12. We refer the reader to [15] and [14] for more details on the
representation-theoretic interpretation of the Chevalley formula using Stan-
dard Monomial Theory. The reader is also referred to [10] for the Chevalley
formula in K7(G/B) given in terms of the combinatorics of the Littelmann
path model, using the affine nil Hecke algebra. See also [2I] for recent results
on the Chevalley formula in equivariant K-theory of flag varieties using the
Bott—Samelson resolution.

2.4. Structure constants of the Schubert basis in K7(G/P). In
this section we determine a closed formula for the multiplicative structure
constants of the Schubert basis {[Oxw|r},ewr of K7(G/P), again in terms
of a;, bz

Let u! be the Mobius function of the induced Bruhat ordering on W,
Then (see [8, Theorem 1.2])

—)HH@W) f [y w I~y w
(2.46) ,ul(v,w):{( DA f v, w] VW = [v,w],

0 otherwise,
where for v < w, [v,w] :={ue W :v<u =< w}.

LEMMA 2.13. For z,y,z € W, let

(247) Di,:= > pl(w,z2)

weW! w=z
: Z e’ - ai - aj - Lu(Ly140(bi - €77) - Ly—1,,,(bj - €77) - €”).
1<i,j<n

Then in K1(G/P) we have

(2.48) [OXII:,]T[OX}J,]T = Z D;,y[ong]T forx,y € wl.

zeW!
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Proof. Let m: G/B — G/P be the canonical projection. Then
(2.49) W*([Oxg]T) = [OXW]T for w € WI,

where 7* : K7(G/P) — Kr(G/B) is the induced morphism.
For any v € W/ we also have (see [0, Lemma 3.4])

(2.50) T =Y

ueWr

Furthermore, for w,v € W, we shall identify the elements £% and [O%]7 in
K7 (G/P) with their images in K7(G/B) under the injective morphism 7*.
Further, it follows from that for r € R(T)"7 and a € I,
r-e P —pr.erta

(2.51) Ls (r-e )= T =r-e”’.

This implies that for any (w’,v) € W; x W' we have

(2.52) Ly (r-e )= LyLy(r-e?)= Ly(r-e?).
Now, by , and (2.51)) it follows that for any r € R(T)"7,
(2.53) ck(r) = Z el Ly(r-e ?)-&p.
veWwl!
Further, by Prop. and we have
(2.54) W (L1, (w0) - (1 = €”)) = [Oxu]r.
By Lemma [2.5]

Lytyy(€” b)) e? € RT)Y  for1<i<n

whenever w € W1,

Now, from (2.22)), (2.50) and substituting L,,-1,,(e™*) - b; - e for r in
(2.52)) we get

(255)  [Oxplr =¥ (Ly-1y,(u0) - (1©€”))
= Z Z el -a; - Lv(walwo(e_p . bl))f}é
veWwl i=1

Let v(w,w") € W be such that Ly () = Ly - Lyy-14,- Then by (2.18)),
n

(2.56) D¢ i Lyquury (€77 - bi) = Sufunur) g
=1

Further, by Lemma (2.55)) can be rewritten as
(2.57) Oxplr = V(Lo 1y (w0) - (1@ ) = > &

veW! w=v
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Further, via Mdbius inversion, (2.57)) is equivalent to
_ I
(2.58) &= Y w(v,w)Oxslr

wew!
where p! (v, w) is as defined in .
Now, substituting in and using Lemma we get
(2.59) U(tr)= Z ! (v, w) el - Ly(r-e ?)[Oxulr
wew!
for t @ r € R(T) ® R(T)"1. Since by Props. [2.4] and [2.6| we have
[Oxp] = ¥(Ly-14, (o) - (1@ €”)),
implies that
(2.60)  (Ly-1y(uo) - (1@ €”) - L1y, (uo) - (1 ® €”)) = [Oxz]r[Oxy]r
for z,y € W1,

Thus by (2.35)), (2.59) and (2.60) we get (2 , where D7 is as in .

Hence the lemma n

REMARK 2.14. Note that Lemma is a generalization of Lemma
to partial flag varieties.

3. Analogous results in ordinary K-theory. In this section we con-
struct explicit lifts of structure sheaves of the Schubert varieties in K (G/B)
to 1 ® R(T'). Indeed, the forgetful homomorphism f : R(T) ®@ giryw R(T) =
K1(G/B) — K(G/B) lifts to a map f : R(T) ® R(T) — R(T) given by
et @ et i el B

Let vg be as in 1' and up = (1 ® e ) - vy. Further, let v, := f(vo)
and u} := f(up). Then

(3.1) vh = Ze(ai) - by,

(3.2)

“M
C'b
b
O“

The following proposition descrlbes explicit lifts of [Oxw] € K(G/B) to
R(T).

PROPOSITION 3.1. Let v, uj, € R(T) be as in (3.1)) and (3.2)) respectively.
Then ck (v)) = [Oxwo] and
(3'3) CK(walwo( ) p) [OX“’]

Proof. Recall that f([Oxw]r) = [Oxw] (see (L.18))). Moreover, by Prop.
Lpy—14 (20) - (1 ® €P) lifts [Oxw]r to R(T ) R(T). Now, ([2.21)) implies
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that _
f(Lw—lwo (UO)) = Lw—lwo (u,0)
Thus by a simple diagram chase it follows that the image L,,—1,, (ug) - €” of
L1450 (10) - (1 ® €”) under £ lifts [Oxw] to R(T). =
PROPOSITION 3.2. We have Ly,-1,,(u)) - e? € R(T)"T if w € W,
Proof. Apply Lemma for r = vf). =

We now state the results in the ordinary K-ring analogous to Lemmas
Since the proofs follow the same lines as the proofs of the
above mentioned lemmas, we avoid the repetition here.

LEMMA 3.3. Forx,y,z € W, let

(34) = S OO (L () Ty () - €2).
w=z
Then in K(G/B) we have
(3.5) [Ox=][Oxy] = Z caylOx=]  forz,y e W.
zeW
LEMMA 3.4. For A € X*(T) and x,y € W let
(3.6) @y = D (1L (€ Lomrg (up).
w3y
Then in K(G/B) we have
(3.7) [LM)[Ox=] = > a2, [Oxv].
yeW

LEMMA 3.5. For x,y,z € W, let

(3.8) : Z,u 2, W) €Ly (Ly—140 (Ug) - Ly-14, (g) - €°).
w=z
Then in K(G/P) we have
(3.9) [Oxs][Oxy) = > d;,[Ox;]  forz,y e W'
zeW!

4. K-ring of the wonderful compactification

4.1. Some preliminaries. Let a1, ..., a, be an ordering of the set A of
simple roots and w1, ...,w, denote the corresponding fundamental weights
for the root system of (G,T'). Since G is simply connected, the fundamental
weights form a basis for X*(T') and hence for every A € A, e* € R(T) is a
Laurent monomial in the elements e¥i, 1 < i <.

In [I8 Theorem 2.2] Steinberg has defined a basis

(4.1) {fo:vew’}
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of R(T)W1 as a free R(G)-module of rank |IW7|. We recall here this definition:
For v € W let

Py = H e € R(T).

v lay <0

e Y ooy,

zeWr (’U)\W[

Then

where W;(v) denotes the stabilizer of v~1p, in W7.

Let cx : R(T)"" — K(G/Pr) denote the restriction of the characteristic
homomorphism (see [16, §8]). Let I(G) := {a —€(a) : a € R(G)} denote the
augmentation ideal. Then it is known that cx is a surjective ring homomor-
phism and

(4.2) ker(cg) = I(G) - R(T)"7.

Let 7y := L1, (u0) -€” € R(T)"1 for v € W for every I C A. Then by
Lemma cx(ry) = [OX}U)I] for every v € W'. Let A\r := cx ([[,c;(1—€7%))
for I C A.

Further, recall that R(T)"" = Z[A]"T and R(G) = R(T)V = Z[A]V.

Note that p := I(G) is a prime ideal in R(G) and let R(G), denote the
corresponding localization. Observe that the augmentation extends to

(4.3) R(G)p, = Q

with kernel the maximal ideal p - R(G)y. Further, the characteristic homo-
morphism extends to

(4.4) it R(T))" — K(G/Pr)g
with kernel p - R(T)KV’.

LEMMA 4.1. The elements {r, : v € W'} form a basis of R(T)L/VI as an
R(G)y-module.

Proof. Recall that R(T )ZV 'is a finitely generated R(G)p-module. More-
over, {ck(r,) = [Oxv] : v € W!} is a basis of K(G/Pr)g as an
R(G)y/p - R(G)p ~ Q-vector space. Now, by the Nakayama lemma (see [2|
Prop. 2.8]), {r, : v € W!} spans R(T)L/VI as an R(G),-module. Furthermore,
since R(T)EVI is free over R(G), of rank |W!|, it follows that {r, : v € W1}
is a basis of R(T)ZVI as an R(G)p-module. u

We now fix some notations (see also [20, p. 378]).
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Note that J C I implies that WA\ C WA\ Let

(4.5) cl=wa\\ | w2V,
JCI
(4.6) R(T); = €D R(T)y - 1o,
veC!

where R(T ) = R(G),.

LEMMA 4.2. We have the following direct sum decompositions of
R(T)W-modules:

(4.7) 7), 2 = P R(T)
JCI
(4.8) ), = (YR WA”) @ R(T);,
JCI
for I C A.

Proof. By , WAV = Lscr C”. Hence Lemma implies that
(4.9) 7), " =D P R
JCI veC’
Using (4.6)), the proof is now exactly as that of [20, Lemma 1.10]. u
In R(T'), we have

(410) Ty * Tyl = Z Z aqlf,v’ CTw

JCIUI weC’

for certain elements a¥,, € R(G), = R(T),, for all v € C*, v/ € C!" and
weC/, JCIUT.
Finally, let
K(G/B)g, == €P Q- [Ox+].
veC!
Then
K(G/B)g = P K(G/B)1.

IcA

4.2. Main Theorem. Let X := G,q denote the wonderful compactifi-
cation of the semisimple adjoint group Gaq = G/Z(G), where Z(G) denotes
the center of G, constructed by De Concini and Procesi [6].

Note that Kgxg(X) is an R := R(G) ® R(G)-module. Let

S := R(G) ® R(G),.
Then the forgetful homomorphism extends to
(4.11) f: KGXg(X) ®RS—>K(X)Q.
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THEOREM 4.3. The ring Kgxg(X) ®r S has the following direct sum
decomposition as an S-module:

(112)  Kaxo(X)orS = @ [[0 ™) - R(T) & R(T),.
ICAael

Further, the above direct sum is a free R(T) @ R(G)y-module of rank |W|
with basis

{H(l — ey @r,:ve ! and I C A},
acl

where C1 is as defined in and {ry} is as defined above. Moreover, we
can identify the component R(T)®1 C R(T)®@R(G)y in the above direct sum
with, the subring of Kaxa(X) generated by Pict*%(X). (We refer to [19] for
a sitmilar description of the equivariant cohomology ring of the wonderful
compactification.)

Proof. Recall from [20, Lemma 3.2] the inclusions
(4.13) R(T)® R(G) C Kgxa(X) C R(T) @ R(T)
where Kgxq(X) consists of all elements f(u,v) € R(T) ® R(T') that satisfy
(4.14) (1, 80) f(u,v) = f(u,v) (mod (1 —e*™)) for every a € A.

Now, since 1 ® R(G), is a flat 1 ® R(G)-module, we see that S is flat as an
R-module. This implies from (4.13]) that

R(T)® R(G)®r S C Kaxa(X)®r S CR(T)® R(T) ®r S.
Further, Kgxg(X) ®g S consists of all elements
f(u,v) € R(T) @ R(T) ®r S
that satisfy
(1,50) f(u,v) = f(u,v) (mod (1 —e*™))  for every a € A.

Here we use the fact that if f(u,v) € S, then (1,s4)f(u,v) = f(u,v) for
every a € A. The theorem now follows by using Lemma above, and re-
placing the Steinberg basis { f, },cyr by the canonical lifting of the Schubert
basis {7y },ep 1, in the proof of Theorem 3.8 of [20]. =

THEOREM 4.4. The subring of K(X) generated by the classes of line
bundles is isomorphic to K(G/B). Moreover, K(X) is a free module of
rank |W| over K(G/B). More explicitly, let

Y =1®[0xv] € K(G/B) ® K(G/B)q.r
for v e C! for every I C A. Then

K(X)g~ @ K(G/B) - .
veW
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Further, the above isomorphism is a ring isomorphism, where the product of
any two basis elements v, and v, is defined as follows:

Yo+ Vol = Z Z (A1 - /\(IUI’)\J ‘ Cﬁv') “Yw
JCIUI weC/

where ¢, € Zi are as defined in l)

Proof. Since ck(ry) = [Oxv] for v € Wl and I C A, the image under cx
of the element a;’,, € R(G), defined in (4.10) is nothing but the structure
constant ¢, € Z defined in . The proof now follows exactly that of
[20, Theorem 3.12, p. 403]. =

REMARK 4.5. Note that Theorem is a restatement of [20), Theorem
3.12], obtained by replacing the Steinberg basis {f,},cpr by the lift of the
Schubert basis {ry},cyr. In [20, Theorem 3.12], the multiplicative struc-
ture of the ordinary K-ring of the wonderful group compactifications was
described in terms of the structure constants of the image of the Steinberg
basis { f, },enr under cx. These structure constants do not have any known
relations to geometry or representation theory.

Whereas now we see that the multiplicative structure constants of the
basis v, = 1 ® [Ox»] of K(X)g as K(G/B)-module are determined explic-
itly in terms of the multiplicative structure constants of the Schubert basis
¢k (ry) described above in Prop. These structure constants have been
described in §2 and §3 above, and are also known to have nice geometric
and representation-theoretic interpretations (see for example [3] and [15]).

5. Appendix

5.1. An explicit lift of [Oxwo]r to R(T) ® R(T). Let {e’*}yew be
the basis defined by Steinberg of R(T) as an R(T)"-module, where

oo T )
acA, w(a)<0

for w € W (see [18]). Then by [16, lemme 4 and prop. 3] we see that the
matrix M = (Lyy (eP*))ywew with entries in R(T') is invertible. Thus there
exists a unique vector (ay )ypew such that

(5.1) D aw - Ly (€)= €77 - Sup g
weW
for every w’ € W. Now, defining b, := e’ we see that the element

vy = Zaw®bw

weWw
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in R(T')®R(T') satisfies (2.18). Thus we have a canonical choice of an element

(5.2) u =2y (l@e” Z Ay ® ePv

in R(T)® R(T) which satisfies Prop. [2.4] We now illustrate the computation
of ug =3 e w ® by in R(T) @ R(T ) for the case when G is of type As.

ExAMPLE 5.1. When G is of type Ay, we have A = {«, [} and w,
and wg are the fundamental weights dual to a and [ respectively. Further,
W = {1, Sa, 58, 5058, S85a, SaSaSa}, Where s, and sg are the simple reflec-
tions corresponding to « and S satisfying the braid relation (sa35)3 = 1.
Moreover, p = wq + wg. In this case the Steinberg basis elements are

ePl =1,
ePe =g
ep55 — ewafwg
eps"‘sﬁ — ¢ Wa
epSBSa — e W8

epSO‘SBSO‘ — e—wa —UJ[;

Furthermore, the matrix (L, (eP™)) is

1 eWB Wa (oWa—Wg p~Wa W5 ~Wa—Wg
0 e¥s Wa _pe7Wa TWa 0 e WaTwp
0 —e @ gWamws 0 e ¥ egWeaws
G4) 0 0 —e® 0 0 e
0 —e s 0 0 e Wamws
0 0 0 0 e Wamws

where the rows correspond respectively to L, (eP*) for w’ € W for the above
ordering. We can now solve the system (5.1]) to get

a; = —e WoTws
—w
as, =€ %,
—w
Asg = € 7,
(5.5) T
Sasg —
—wg+w
Asgsq — — pre

Asos550 = 1.



EQUIVARIANT K-THEORY OF FLAG VARIETIES 171

Hence from (5.2)) we get

(56) U() — 1 ® efwafwg _ e*wa*wB ® 1 + e*wa ® ew@fwa _ ewﬁfwa ® e*OJoz

5.2. Examples for computations of structure constants. We now
illustrate the computations in Lemmas [2.8 and [2.9] respectively by the fol-
lowing examples, when G is of type As. We follow the notations of Example

Bl

EXAMPLE 5.2. Let ug = Y, cyp aw ® €P* € R(T) ® R(T) be the lift of
[Oxwo]r as in (5.6). Further, let x = s4, y = 453, and

ty" = Lagsa (b €°) - Loy (bur - €77) - € = Ly, (7) - Ly, (") - €.

Then by (2.31), the multiplicative structure constants of [Oy]r - [Oy]r in
K7(G/B) are obtained recursively as follows:

1 P qwaw’
Cry = E A Gy - €7 - 10"
/

Cry *Zaw'aw/-ep-L (tww) c!

T,y
w,w’

/
s P ww 1
7?/ - Z - Gy - €7+ Ly <tw7y ) —C; T,y

(5.7) oo = Zaw.aw,.eP.Lsm(tM) Css, — Caly — Ca s

Coye = Zaw-awwep-Lsﬁsa(t“’w) Cse — Cay — Ch .,

s,ﬁgsa ww' SaSg SBSa
E aw Ay - € Lscxsﬁsa (t z,y ) - Cx,y - Cﬁ”vy

s 58 1
- Cx?y - CZ,?J - Cx,y

Now, from 1) it follows that tfr”,’;"/ = 0 when w = 1,3,5453, 535q Or
w' =1, s854. Further, we have

SaySa w SaSgSasSa _ _wg—w
t az} o = _¢ [5’ z,y —=e B a,
Sa,Sp SaSgSa,Sp —wa
(5.8) tey =1, T,y = —e ,
. Sa,Sasp SaSgSa;Sasg —Wa
t'r7y = _1’ €,y =e€ ’
SasSaSpSa —w SaSpSa;SaSpSa _  —wa—wg.
tz.y =—e “F z,y =e
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L
(5.9) e p
LLsa (tsﬁsﬁ) :07
Sa (tsa,sas ) B 0 L S
L 8 7 ( >
Sa ) B x :
( T ,SaS 0 : | :
Y BSa 7 - ) :
)=0 L x7yﬁsa75ﬁ -
(5 L, ’ (tacr P - a7
10) (t;a7sa Ls (Sa Y ;SasSg (& Wa
L 4 ) _ - a\"T ;ﬁsa s ) - |
sB( 50,58 e wstw ’ SaSgSa -
L. (5 vy )= a - 7
L B( xa;l;sasﬁ 0’ ) L e_wa—w
o ) = L |
(t % : O S (ts SBSa ’
BSa , L | :
L )=—e" I sal ;“;/3% s T
(5.11) sass(tay CH s Saspsa )= |
Ls ascy 0‘) = Lsg( Sas’y o |
L ass ( S99y = —e Wa oy PoesanE® )=
SQSB( SasS ) =0 ) ‘1) )
Lsas ( Saagy aS/i) B ) Lsas ( Sas =e —w
ﬁ x7yjsasﬁsa _ 0’ L 8 x,yﬂsa,sa B8
) - 3,155( 50888 ) =0
(5.12 L, ; Lsqss( ot - |
12) B5a (t3esa L s \lay BSasSa -
LS Y ) e Sasﬁ( Sasps Sﬂ) ’
L gsa (tsa, ) 0, T,y @ Sasps "
Sp : _ : :
Lsﬂs Sas( x?fasg) 0, Sﬁsa( ;asma ) — g Wa—w
a(t e _ 0 LS 87y ,Sar B8
L Bsﬂ) ; I s5a (tay aSgSass )T
= - |
(5.13) 80838 (t5 0, L Sﬂsa( f&?;ﬁso"s . |
1o S sa B ’
Lsas * (,lys ): i O‘(a:ysﬂsas ; ):
) ; (tsa,sﬁ) 0, I 7 ’ asﬁsa> 0,
as _ |
LSQS ﬁsa( icfz;sasﬁ 07 SasSps (tsas e_wa—w
. (tsmsas . L a BSasSa 2
Bsa) ) L Sasﬂsa( 2y ) _
(5 el . =0 a8 B w,yﬁSMSB .
.14) Qg , L BSa (t W ) _
eP g, — SaS s o 07
- Q @ ewﬁ— Bsa( W 6)
el . sq sy = Wa z,y o .
ep o B—l, "‘)_ )
Qg SaSp = ep -Q _ e_wa_w
a asa _€2w5— SaS B
- . eP . gSa " @
s ) e Fsasps -
eﬂ * Qs s o asﬁ =e”
a BSa " @ y
o ; 5058 — — 2
SaSgSa -
e’.

NOW W
subs o 1 c ge
titu
tin
) t

1 .

' '
g t

(5.15)

C%

y=0

Ce |
w=0

CSaSﬁ
=1—¢°
)

055sa
=0,

cyh
T,y — 0, CS
xasﬁs
Y :
—1-
(1—e™)
= eia
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REMARK 5.3. In particular, note that
(_1)l(x)+l(y)+l(sa35) . Csaysﬁ —e 1

)

(_l)l(x)+l(y)+l(sa55sa) ) C;nySBsa _ (e—a _ 1) +1.

This verifies [9, Conjecture 3.10] (conjecture of Griffeth-Ram) for this ex-
ample. We refer the reader to [10} §5] for the computation of multiplicative
structure constants in rank 2 cases using different methods, and a proof of
the positivity conjecture in [1].

EXAMPLE 5.4. Let x = wp = 54535, and A = p. Let ug be the lift of
[Oxwo]r as in . In particular, we note that e* - L1, (by - €7°) = by.
Then the Chevalley structure constants of [Ox=]r - [LT(p)]r are obtained
recursively as follows:

0 _
b1= g e’ - ay - by,

weW
[ — E : p. . —0F
T,8a €" Ay LSa (bw) z,’
weW
P — E ( p. . —0F
Qx,55 - € Gy LSB (bw) z,1°
weW
P — E P.g. . —_OF P p
(516) Qz,sa35 - e -y LSaS,B (bw) x,5¢  ¥x,83  wx,l
weW
P _ E P.g. . —_ 0P P p
Qx,sgsa - € - Gy LS,BSa (bw) .50  ¥x,58  Yx,l»
weW
12 _ E o . —_ 0P _ 0P _ P
T,5a888a e Aoy LSaSﬁSa (bw) T,5058 T,588 Z,S8q
weW
Qa: 58 :Jc 1
Now, since b, = e’™Pv_ from it follows that
w
blze", bsass = €7,
2w w,
(5.17) bs, = e™5, bspse = €77,
2w
b55 =e, bso‘sfgsOé =1
Hence by substituting (5.5 and ( in we get
P P —
Qx,l - O’ T,8a88 07
- 0 —
Z,Sa O Qm,SBSQ - 07
— P _ ,—2p
x »SB O Q:p,sa85sa =€ .

REMARK 5.5. It was recently brought to the notice of the author that
some results in this article coincide with or follow from results in the paper
by Kostant and Kumar [13]. We wish to mention that these results have been
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independently proved during the course of this work using slightly different
techniques. We give here the exact cross references for the benefit of the
reader. Our Lemma 2.1 is essentially [13, Theorem 4.4]. Also, Prop. 2.5
follows essentially from [13, Lemma 4.12], and Lemma 2.9 is the analogue of
[13, Prop. 2.25] where the structure constants are determined with respect
to the dual of the structure sheaf basis.
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