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Abstract. We study H'-LP boundedness of certain multiplier transforms associated
to the special Hermite operator.

1. Introduction and main results. Consider on C" the 2n linear
differential operators
0 n 1_ = 0 1
Y2 7 =
J 82’]' 27 J afj 2
They generate a nilpotent Lie algebra isomorphic to the Heisenberg Lie
algebra of dimension 2n + 1. This algebra plays for the twisted convolution
(see definition below) on C™ a role analogous to that of the Lie algebra of
left invariant vector fields on a Lie group.
Consider the operator L defined by

zj, Jj=1,...,n.

n
L=—3 Z;(ijj +7Z;7;).
]:

An easy calculation shows that L can be written in the form

1 u %) 9]
L= At ipp o <x}__ }_).
z+4“ ]2; Jayj yjaxj
The above operator L is called the special Hermite operator. We remark that
this operator is closely related to the sub-Laplacian on the Heisenberg group,
H™ = C" x R. If £ denotes the sub-Laplacian on H™, then L(e®f(z)) =
e Lf(z). For this reason L is also called the twisted Laplacian.

The aim of this paper is to prove certain multiplier theorems for L on C™.
Eigenfunction expansion associated to L is given by the so-called special
Hermite expansion which has received considerable attention in the recent
years. Let Lj(t) be the Laguerre polynomials of the type o > —1, defined
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by

plod

LY () = (1) (ett+), 1> 0.

k! dtk
Then for a function f in L?(C"), its special Hermite expansion is given by
o0
f(z)=@m)™ ) f % or(2)
k=0

where ¢k (z) are the Laguerre functions defined by szl(%|z|2)e_i‘zl2 and
the twisted convolution of two functions f and g on C” is defined by

Fxg(z) = fz—w)g(w)e2™ duw.
(CTL
The spectral projections of L are given by the operators f — f X ¢ and we
have L(f x @) = (2k +n)(f x o). The above series converges in L? and
the following holds:

15 = @m) ™" D I1f * enll3.
k=0

We also mention that the twisted convolution satisfies the interesting prop-
erty

1 % glla < [ fll2llgll2-

For other properties of the twisted convolution and its relation to the convo-
lution on the Heisenberg group we refer the reader to the monographs [10]
and [11].

Given a bounded function m on the set N of natural numbers one can
define an operator m(L) by

o
m(L)f(z) = (2m) 7" Y m(2k +n)f x @(2).

k=0
Such operators are always bounded on L?. However some smoothness as-
sumptions on m are needed to ensure the boundedness of m(L) on LP
for p # 2. Using Littlewood—Paley—Stein theory the following theorem was
proved by Thangavelu (see [10]). For a function m on N let A m(k) =
m(k + 1) — m(k) and define higher powers of A inductively.

THEOREM 1.1. Let m be a bounded function on N which satisfies
AL m(k)| < C(1+ k)™

forl =0,1,...,n4+ 1 or n+ 2, when n is odd or even respectively. Then
m(L) is bounded on LP(C™) for 1 < p < oo.
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Note that the conditions on the multiplier m are similar to Hormander’s
condition for the Fourier multipliers. See also [2] and [14]. For other prop-
erties of the special Hermite expansions we refer to the monograph [10].

We are interested in the boundedness of certain multiplier operators
from the twisted Hardy space H!(C") to LP(C"). The space H!(C") was
introduced and studied in [3]. Let ¢ be a C*°-function on C™ with compact
support such that ¢ = 1 in a neighborhood of zero. Define

Ri(2) = g ¥ () = i v(e)

for j = 1,...,n. Then H! is defined as the set of all f € L' for which R; x f
and R X f are in L! for all j. The norm on H' is given by

1f {1 = NI £1x +Z 1R > fll + Z 1R < fll1-
Jj=1 Jj=1
Basic properties such as atomic decomposition and boundedness of singular
integral operators etc. were studied in [3]. The space H! can also be defined
as the subspace of L!(C") containing all functions f for which the maximal
function

f*(z) = suple " f(2)]

t>0

is in L1(C™). Atomic decomposition can be stated as follows. Any f in H!

can be written as -
2) = Z Ak fr(2)

with C1[[fllr < gy [Ae] < CQHfHHl where the atoms fj satisfy the
following:

(i) fx is supported in a cube Q(zg,7r) centered at zp with half-side
e < 2\/7_1',
(i) [l felloo < (2rk) %",

(iii) § fi(w)e 21m%% doy = 0.

We shall make use of this atomic decomposition in the proofs.

We start with a Hardy-Littlewood—Sobolev result for L. In [12] it was
established that L™ is bounded from LP(C™) to L1(C"™) provided %— % =2,
0<a<nandl<p,q < oco. We are interested in the end point result. We
have the following theorem.

THEOREM 1.2. The operator L™ is bounded from H'(C") to L(C"),

1§q§ooprom'ded1—é:g.

n

To prove Theorem 1.2, we shall first prove that L™™ is bounded from
H! to L, and L, for f real, is bounded from H! to itself. Then we
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apply Stein’s analytic interpolation [8] to the family L~%. The proof of the
interpolation theorem for the usual Hardy space H', by Fefferman and Stein
[1], can be modified to deal with the present situation. The sharp maximal
function has to be replaced by the twisted sharp maximal function

Fi(z) = sup = | | f(w) — foer™*®| dw

IQ!
where fQ = ﬁ SQ f(w)e_%lmz'w dw. Here @ is a cube centered at z. In order

to complete the proof of the analytic interpolation theorem we need the fact
that

Cillfll < W7 llp < Call £llp-

This has already been proved in Phong—Stein [5]. Theorem 1.2 will be proved
in the second section.

In the third section we prove an H!-LP multiplier theorem for L. This
result is analogous to that of Nilsson [4] on R™ for Fourier multipliers. In [4]
Nilsson establishes the following. Let S; = {2771 < [¢| < 271}

THEOREM 1.3. Assume that m € C*(R"™ — {0}) and

n3(2 q)

§ Y 127 Dam(g)? dg < , jez,
S |o|<k
where k is the least integer > n‘— — —} and 1 < q < 2. Then the convolution

by K = m maps H'(R™) to LI(R™).
Before we state our result we note that the above theorem easily extends
to g > 2 as well. This can be seen as follows. Assume that m satisﬁes the

above for some ¢ > 2. Then the function m(§) = m(§ )\§|2n 7 2 Where q is
the conjugate exponent of ¢, satisfies the multiplier conditions in Theorem
1.3 with ¢ replaced by ¢’. Hence the operator with multiplier m is bounded
from H' to L?. As m(£) = m(€)|¢]” 2(7-3) the result follows from the
above theorem and the Hardy—Littlewood—Sobolev theorem.

Our result for the operator L is the following. Let Ay stand for the
difference operator defined above and Al = AZJF_ Al

THEOREM 1.4. Let m be a bounded function defined on N which satisfies
AL m(k)] < C(1+ k)~ EHG2)
1

forl =0,1,..., M, where M is the least even integer > Zn‘— — 5|- Then
m(L) is bounded from HY(C™) to LI(C™).

As in Theorem 1.3, in view of the Hardy-Littlewood—Sobolev theorem
for L it is enough to prove Theorem 1.4 for ¢ < 2. We also remark that for
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q = 2 the assumptions on the derivatives of m are not needed (see Theorem
3.4 in [12]).

To motivate our next theorem consider the following Hardy—Littlewood
inequalities for the Fourier transform (see [6] for a proof):

(i) Sgo | F(@)P|2]" 0D da < S, |f(2)|P da for 1 < p <2,
(i) $gu [f@)P < C Sy |f (@) Pl2]"@=2) da for p > 2,
(iif) §gu |f(@)llz]~" dz < C|[fll s

We can rewrite the above inequalities in the following way. Consider the
fractional powers of the Laplacian defined as follows:

(=2)7 ) @) = |27 f(2).
If we let T(a)f = (—A)~%f, then the above inequalities take the following
11

form witha:n‘g -5

KT ()} lp < Cllfll,  for1<p<2,
1£llp < CI{T () f} I, for p > 2,
I{T (@) f}" 11 < Ol f e

Such inequalities have been proved in [13] when —A is replaced by the
Hermite operator. We can ask the same questions for the special Hermite
operator. Let us define the operators T;(«) given by

o
Ty(a)f(2) = (2m) 7" Y (2k + n) """ £ oy (2).
k=0
Note that when ¢ = 7/2, we have T f = i"FsL~*f where Fs is the
symplectic Fourier transform defined by
Fsf(z)=2"" S f(w)e_%lmz'm dw.
Cn
To see this, observe that Fsf(z) = 27"f x 1(z) where 1 is the constant

function 1. Since F; commutes with L and Fypp = (—1)*pp (see [11]) we

have
o

FsL™f(2) = €'z Z(2kz +n) " CRT £ op(2).
k=0
For the operators T;(«) we prove the following.

THEOREM 1.5. When a = 2n}%—% , 1 < p < o0, the operators Ty(«) are
bounded on LP(C™). When p = 1 and o = n the operator Ty(«) is bounded
from H' into L.

We note that the above theorem gives the Hardy—Littlewood inequalities
for the operator L. Theorem 1.5 has another application to the solutions of
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the Schrodinger equation. Let u(z,t) denote the solution to the initial value
problem

i0wu(z,t) = Lu(z,t), u(z,0)= f(2).

The solution to this problem has the expansion

= > (),

k=0
As in the Euclidean case it is not possible to have an inequality of the form

[u( D)l < CONfllp  for p# 2.

Indeed, u(z,t) is nothing but a fractional power of the symplectic Fourier
transform defined earlier and we know that no fractional power of the Fourier
transform is bounded on LP, for p # 2. Therefore, following Sjostrand [7] we

define the Riesz means for the solution
T

Gr(a)f(z) = ar | (r = )" u(z, 1) dt.
0
Using the Hardy—Littlewood inequalities for L we can prove the following

COROLLARY 1.6. If oo > Qn}——l , r(a) are bounded

on LP(C"). When p =1 and a = n, G, («a) is bounded from H" into L .

2. Hardy—Littlewood—Sobolev theorem for L. In this section we
prove Theorem 1.2. We start with a simple lemma.

LEMMA 2.1. Let K be a kernel such that both K(z) and |z|K(z) are in
LY(C™). Then the map f +— K x f is bounded from H' to itself.

Proof. Let Kf = K x f. Let R; and _Rj stand for the operators f —
Rj x f and f +— R; x f respectively, which were defined in the introduction.
Since K maps L!(C") to L!(C") it is enough to show that the commutators

[K,R;] and [K,R;] map L' to L! (see [3]). Now the estimate
Ry x K(2) = K x Ry(2)] < [|Rj(z = w)| [K (w)| [e2"™=T — e~ 41m=7] gy
< {IR;(z = w)| | K (w)| |1 = ™7 | dw
< JIR;(z = w)| |z = w] |K (w)| [w] dw

shows that [K,R;] is twisted convolution with an L' kernel and hence
bounded on L'(C"). A similar estimate holds for [K, R;]. This finishes the
proof.

Next we proceed to prove that L*? is bounded on H!. We shall make use
of the following result proved in [3].
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THEOREM 2.2. Let K be a function with compact support such that
| 1K(z—w)— K(2)]dz < 4,
|2]>2|w]

and assume either | K x flla < B||fll2 or |[K(€)| < B. Then Kf = K x f is
a bounded operator from H' into itself.

We mention that the above two results hold for the operators f — fx K
as well.

THEOREM 2.3. The operator L'S for 3 € R is bounded from H' to itself.
Note that L# = m(L) where m(t) = t*#. Let ¢ be a C*> function on R
such that supp ¢ C (1,2) and >0 $(27t) = 1 for every t > 1. Let m;(t) =

#(277t)m(t). Then we have m(L) = 729m;(L). Let kj(z) be the kernel of
m;(L). Then
oo
ki(z) = (2m) ") m;(2k + n)gx(2).
k=0
We first obtain estimates for the kernels £; away from the origin. We need the

following proposition. Let A_ denote the backward finite difference operator
defined by

A_p(k) = (k) — (k- 1)
and let D stand for the operator Dy(k) = —(kA_A (k) + nA_y(k)).
PROPOSITION 2.4. If My(z) = 12, (k)pr(z) then

rz 2 My(2) ZDw = Mpy(2).

Proof. See Lemma 2.4.2 in [10].

PROPOSITION 2.5. Let a(z) be a C function such that o = 1 in a
neighborhood of the origin. Then there exists a § > 0 such that

V10— a(2)kj(2)dz < €27, | []2](1 — a(2))k;(2)| dz < C27%

cn cn
with C' independent of j.

Proof. A repeated application of Proposition 2.4 gives

(31202) ki (2) = D DNy (2k + n)on(2).
k=0
Hence .
()] < CL21 72N 37 DV mj(2k + n)n(2)|
k=0
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Note that the function m(t) = ¢ satisfies the estimates |mU)(t)| < C|t|~7
for every j. So |[DNm;(2k + n)| < Cn(2k + n)~Y where Cy depends only
on N. Hence using the Cauchy—Schwarz inequality and the orthogonality of
¢k (see [10]) we have

1
fla-akEld<en( 3 @40V ed3)’
cr 21 —1<2k+4n<23+1

where Cly depends only on N. Since |¢|3 < Ck™! (see [10]), choosing
N large enough we prove the first estimate in the proposition. The other
estimate can also be proved similarly.

This takes care of the part at infinity. To deal with the local part we look
at the operators L1 for 0 < e < 1. Let p; and K. stand for the kernels
of the operators e ** and L=¢1% respectively. Then

(21) pt Ze 2k+n ) _ (47T)7H(Sinht)7neii|z|2 cotht

Using the the identity

(o]
I'(e — zﬁ § ¢
we have
1 i~ 1
K —C te—l—zﬂ —%|z|? cotht ¢ h#)~" dt.
(2) Te—id) §) e (sinht)

An easy computation shows that
|a(2)K:(2)] < Clz| 7", [V(aK:)(2)] < Clz| 72
with C independent of 0 < € < 1. These estimates imply that
| (@Ko (z — w) - (aK.)(2)|d= < A,

|2[>2]w]
with A independent of e.

Now we can complete the proof of Theorem 2.3. Let K(z) stand for
the kernel of the operator L*’. From Proposition 2.5 it follows that both
(1—a(2))K(z) and |2|(1—a(z))K(z) are in L' and so the operator f — f x
(1—a)K is bounded from H! to H! by Lemma 2.1. Note that the operators
f — f x K. are all bounded on L?(C"), uniformly in ¢ > 0. Proceeding as
in Proposition 2.5 we can easily show that the kernels (1 — a(z))K.(z) are
in L'(C") with norms uniformly bounded in 0 < & < 1. Hence it follows
that the operators f ~— f x aK. are all bounded on L?(C") uniformly in
0 < e < 1. Now using the above observations and Theorem 2.2 we see that
the operators f — f x akK,. are all bounded from H' to itself uniformly
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in 0 < ¢ < 1. Letting ¢ — 0 we have the boundedness of the operator
f— f x aK. Putting together we get Theorem 2.3.

LEMMA 2.6. The operator L~™ is bounded from H*(C") into L>°(C").

Proof. The operator L™" is given by twisted convolution with the kernel
K(z) = (2m) " Y120 (2k + n) "¢k (z) so that
L7f(z) = f x K(2).
We shall show that all the atoms are mapped into a fixed ball in L*°. Since
this operator commutes with twisted translations we can assume that atoms

are supported in a cube centered at the origin. So let f be such an atom.
Then we have:

(i) supp f C Q(0,7) with r < 24/7,
(i) [|flloo < (2r)7%",
(iii) {f=0.
We need to show that |> (2k +n)™"f x ¢i(z)| < C. We consider two
cases. First assume that |z| < 2r. Now

@2) | X kT @<l Y @k +n e
2k+n>r—2 2k+n>r—2

Using the fact that ¢’s are orthogonal, ||px||3 < C(2k +n)""t and || f|l2 <
Cr~", we see that the sum in (2.2) is bounded by a constant. Now, as the
mean value of f is 0, we can write

(2.3) fxen(z) = | fw)lpp(z —w) - on(2)]e 2T gy
(Cn
+on(2) | Flw)[e 35T 1] dw.
Cn

Writing ¢(t) = pr(z — tw) we see that
r(z —w) — pr(2)] = lg(1) — g(0)| = g/(5)] for some 0 < ¢ < 1

n
<lwl )
=0

Using the formula (see [9])

d n— n
SLN ) =~ ()

I
—(z—t .
9, (z w)‘

and the estimate

sup Ly (t)e ™' < C/(2k +n)"
t>0

we see that
lok(z —w) — pr(2)] < C(2k +n)"|z — tw| |w|  for some 0 <t < 1
< COr*(2k +n)"  as|z| < 2r.
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So the first term in (2.3) is bounded by Cr?(2k +n)™. Since |e~ glmzo -1/ <
2| lw| < Cr? and |pr(2)| < C(2k +n)" 1, we get the same estimate for the
second term. Hence for |z| < 2r we have |f x o (2)| < Cr?(2k 4+ n)", which
shows that > op ., «.—2(2k + 1) 7" f X ¢y (2) is bounded by a constant. This
finishes the case when |z| < 2r.

When |z| > 2r we use the formula

L™= b ogot"—le—tL dt.
I'(n) 3

Hence the kernel K of L™ can be written as

_ _) S =1 § :67(2k+n)t¢k(2) dt
n
0

:

[o.¢]
| ¢! (sinht) ™" e~ 1l cotht gy
0

Since sinht ~ e’ and cotht ~ 1 for ¢ large, it is easy to see that the integral
from 1 to oo defines a bounded function So it is enough to consider the

twisted convolution of f with K;(z) = So t"L(sinht)™" e alzeotht gt Qince
the mean value of f is 0 we have

| x K1 (2)] < {[f(w)[K1(z — w) — K1(2)]] dw
+ 1K ()] § | (w) ™55 — 1] du.

Hence it is enough to show that K (z —w) — K1(z) and Kl(z)[e—%lmz,w 1
are both bounded for |z| > 2r. Now
1
|K1(Z _ ,w) _ K1(2)| — ‘ Stn—l(sinht)—n(e—i\z—wpCotht _ e—i\chotht)
0

which is bounded by
1 1
CS |z — sw| |w] (St"fl(sinht)*"e*ilzfs“"ZCOtht cothtdt) ds.
0 0

Since sinht ~ t and cotht ~ ¢! for t near 0 we have

1 1
(2 = w) = Ki(2)] < [z = sl w] ([ %
0

0

1 \zfsw|2
1 7 ) ds

S |z — sw||w|

IN

C ds

|z — swl?
0

<C (as|z| >2r and |w| < 7).



MULTIPLIERS FOR THE TWISTED LAPLACIAN 199

As for the other term,

z]

t|z| |w|dt

Ky (2)e73 =0 — 1) < [+ 1emd

2|2
t

— ({2 <% e 7 )yw| dt < Cr <2Cy/7.

Note that the functions of the form Zj\[: 0 ¢jaj, where a; are atoms, form
a dense subset of H!. Since these functions are in L? the operator L™"
is well defined on them and they are mapped boundedly into L by the
above estimates. Hence it follows that this operator has a unique bounded
extension to the whole of H!. This finishes the proof of Lemma 2.6.

Now the proof of Theorem 1.2 is easy to complete. We consider the
analytic family of operators defined by T, f(z) = L™ f(z) for —n < Rea <
0. It can be checked that they form an admissible family of analytic operators
in the sense of Stein [8]. When Rea = 0 we see that T, : H! — H! is
bounded, by Theorem 2.3. When Rea = —n we see that L™% is bounded
from H! to L>°, by Theorem 2.3 and Lemma 2.6. Applying Stein’s analytic
interpolation theorem we finish the proof.

3. H!-LP multipliers for L. In this section we prove Theorem 1.4. The
proof of the case ¢ = 2 is contained in [12].

Assume that m satisfies the estimate |m(k)] < C(1 + k)~ 2. We need to
show that m(L) is bounded from H! to L?. Let f be an atom supported in
a cube centered at the origin; we need to prove that

oo

S @k +n) 7 f x eld < C.

k=0
This has been established in [12] (see Theorem 3.4). This inequality also
follows from Theorem 1.2, for ¢ = 2 and a = 5. The case ¢ = 1 has been
considered in [14].

So we assume that 1 < ¢ < 2. We closely follow the method in [4]. As
in the previous section it is enough to prove that atoms are mapped into a
ball. Let a be an atom in H' supported in Q(0,r). Let K be the kernel of
m(L). We decompose m using the partition of unity used in Theorem 2.3 so
that m = > 222, m; with m; supported in [2971 27+, Let K; be the kernel
of the operator m;(L) so that

Kj(z) = (2m)" Y m;(2k + n)pw(2).
Note that
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113 =D lmj(2k + )l k13
<C Z (1 +k)fn+2n(§—§)kn71 < 022nj(%f%)'
20—1<2k+4n<20+1

Using Proposition 2.4, proceeding as in the proof of Theorem 2.3 and using
the assumption on m we have

[ 10+ 212K (o) Pdz < 0220 37 (14 k)" 220Gt
cr 2k+n~27
< 092 —3)
if 21 < M where M is the least even integer > 2n(% — %) The above estimate

implies

(§1E, s

(CTL
2 M ) 2 2\~ L £
< (V1K PO+ 2122V ) ([ (4202750 d2) ™ <
cn cn
In the same way we have
1 , , 2-g
| 1K()0d2)" < 2””%*%)( | (427222 az) ”
|z|>2r |z|>2r
< C(Q%T) 2n<22r;q>_M,
which shows that if [w| < r then
i1y : | 2C2=q)
(3.1) ( 1Kz - w)emsmeo —Kj(z)|qdz>q <O@br) 2w M,

|z|>2r
We need another estimate on the kernel. Write

3.2) Kj(z— w)e_%lmz'ﬁ’ — Kj(2)

[

(3.3) ( 15z = w)e s — k() dz) .

Slw\<

As %Lz_l(t) = —L}_,(t) we see that it is enough to estimate the L¢ norms

n

D

i=1

OK;

82’]'

; urz\Kjuq)-
q
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of Bi(z) and Bs(z) (we suppress the dependence on j) where

Bu(z) = [wl |2| [K;(=)],  Ba(2) = lwl 2] | > mj(2k + n)gh_y (2)].
Here ¢} (z) = LZ(%]Z\Q)e_%MQ.
First we take care of By. Note that

§ 1Ba(2)? dz = fuwl? § |=2] 2 my(2k + n)s (2)
cn cn

_ c\wﬂogo ‘ 3" mj(2k + n)goz_l(s)rs%“ ds
0

2
‘dz

< Cluf* 3 mj(2h + ) 2"
(as ¢} are orthogonal w.r.t. s*"T!ds and ||¢}||3 < Ck™; see [10])

< C’\w[2 Z kfn+2n(%f%)kn

k~2J
< O(29r2)229 ),
j 21 1

Hence ||Bz|l2 < 0(2%7")2”](5_5). Now we can repeat the method used to
estimate the kernels K; above, as Proposition 2.4 is true with ¢}, replaced

by ¢i. We only have to replace n by n + 1 in the definition of the operator
D there (see [10]). Thus we have

1
( { \Bg(z)lqdz)q < 25
Cn
To estimate By we will use Weyl transform. Let us recall some basic facts
about the Weyl transform.
Let 7(z) be the unitary operator defined on L?(R") as follows:

7(2)p(€) = TN o(E 4 y), 2=z +iy.

Then the Weyl transform is defined as the integrated representation of 7 (z).
That is, if f is in L(C™) the Weyl transform W (f) of f is defined to be the
operator
W(f) =\ f(2)r(2) dz.
(C’I’L

Note that W (f) is a bounded operator on L?(R™) and ||W (f)|| < ||f|l1. We
also have the Plancherel theorem which states that if f is in L2(C"), then
W(f) is a Hilbert—Schmidt operator and

W (H)llus = call F2-
We refer the reader to [10] for details.
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We proceed with the estimation of B1. Note that it is enough to estimate
the L9 norm of |w|z|Kj(z)| for I = 1,...,n. As in the other case we will
start with the L? norm. If Aj = % + z; and A; = —a%j + z; then for a

function f on C™ we have (see [10])
W(af) =W(HA — A W ().
Hence by the Plancherel theorem for the Weyl transform
(3-4) jw? {21 (2)* dz = |w[* W (Kj)Af = AfW (K)) |-

To compute the Hilbert—Schmidt norm we use the Hermite basis. Let {®(z) :
a € N"} be the orthonormal basis of normalized Hermite functions for
L?(R™). Let Py be the projection defined on L?(R") as follows:

Peg= Y (9, Pa)®0 for g € L*(R").
|| =k
Here |a| = a1 + ... + ayp. Then it is well known that
(2m) "W (pg) = Py
We also have the relations
Wby = (200)280 oy, AfBo = {2(0r + 1)} 2B e,
We refer the reader to the monograph [10] for details. Using the above it is

easy to see that (3.4) is bounded by |w|?* " klm;(2k + n)|?k™~1, which in

. 201 1
turn, by the assumption on m, is bounded by (217’2)22_7”(575). Proceeding

as in the previous case we conclude that ||By|, < C22r. Putting together

all the estimates we have
1

(3.5) ( gyK@—ma@m@—K@wf
|z[>2r . . -
< C’Zmin(Q%r, (2%r)2n(5_5)_M) <C.
We just need one more inequality to complete the proof. If ¢ is an atom
in H! supported in Q(0,r) we need to prove that
(3.6) S @k +n) D o x gl < O

for 1 < ¢ < 2 with C independent of a. We start with the case ¢ = 1. We
get

> lla x gill3 = llall3 < Cr=?,
which is the required estimate. When ¢ = 2 we need to show that
D 2k +n)ax g3 < C,

which has already been proved. Hence we obtain (3.6) from interpolation.
Now we can finish the proof of Theorem 1.4 as in [4]. We omit the details.
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Note that an application of Theorem 1.4 to the multiplier m(k) = k=¢
gives a different proof of Theorem 1.2 for ¢ < oo, though the ¢ = co case
and Theorem 2.3 do not follow from this.

4. Hardy—-Littlewood inequalities. In this section we prove Theo-
rem 1.5. Consider the operator T;(«) which is defined by

o0

Ti()f(z) = Y (2k +n) " CHHi £ gy (2),
k=0
The operator T;(«) has the following kernel:

K'(z) = ) (2k + n) @il (2),

which can be written as
o

S ALK (2, M) dA
0
where we have set

K* Z )\ Z e—(2k+n) (A= zt) ( )
In view of (2.1), a simple calculation shows that
K7 (2, )\) = c(sinh(\ — it)) e At(z:0) g1 Be(2:A)
where

At(z )\)

sinh 2\ 2
B A) =
4 cosh 2\ — cos 2t =1 i(2,4)
We also note that

|sinh(\ — it)|? = ¢(sinh? A + sin?t) = cosh 2\ — cos 2t.

1 sin 2t 122
- z
4 cosh 2\ — cos 2t

Observe that, in view of Stein’s analytic interpolation theorem, it is
enough to prove Theorem 1.5 for & = n. So we choose o« = n. It is easy to
check that the integral

oo
| APT1KG (2, 0)
1
defines an L' kernel. Assuming ¢ < 1 consider the integral
1
VAR (2, M) d
t
Note that sinh? X + sin2t ~ )\2, because t < A. So the modulus of the above
integral is bounded by a constant times
‘ El
fArIATe 5 dA
0
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for some § > 0, which is easily seen to be integrable on C™. So we can very
well assume that T;(«) is given by the kernel

t

VALK (2, M) d

0
A simple calculation shows that the above is not integrable unless sint = 0.
We shall denote T;(n) by 1. To prove that T} is bounded from H! to L! we
only need to show the following.

PROPOSITION 4.1. There exists a constant C' such that \|T;f(z)|dz < C
whenever f is an atom.

In proving this we closely follow [5] and [13]. We will make use of the
following estimates on the kernel. Let K;(z, \) = {sinh(\ — it)} e~ A1),

LEMMA 4.2. There exists a constant C' such that
t
P Rz, Ve P EN ax| < ez,
0
n—1 a

AL K (2, M)ePEN da| < oz 72
8Zj

)\nith(Z,)\) 8ieiBt(Z,)\) d\ S O’Z‘*2n+1?

j

|

O e o O

t
A K (2 DA PN an| < 02722,
0

Proof. Recall that we are assuming 0 < t < 1 and A < t. Then sinh? X\ +
sin?t ~ t2. So
t 1 R
‘ A1 (2, A)et BN d)\‘ < ofar e ml  ay < oz,
0 0

which proves the first estimate. Now (%J_Kt(z, A) brings in a factor of sinh 2,

which accounts for an extra |z|~!. Here we are using the fact that sinh 2\ ~ \
for A near the origin. The other estimates can be proved similarly.

Once the above estimates are established we may follow the method
in [13] to complete the proof of Proposition 4.1 and hence of Theorem 1.5.
As the proof is very similar we omit the details. Corollary 1.6 can be obtained
with the help of Theorem 1.5 in a routine fashion as in [13].
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