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INFINITELY MANY POSITIVE SOLUTIONS FOR
THE NEUMANN PROBLEM INVOLVING THE p-LAPLACIAN

BY

GIOVANNI ANELLO and GIUSEPPE CORDARO (Messina)

Abstract. We present two results on existence of infinitely many positive solutions
to the Neumann problem

—Apu 4+ M) |uP "2 = pf(z,u) in £,

Ou/dv =0 on 912,
where 2 ¢ RY is a bounded open set with sufficiently smooth boundary 0f2, v is the
outer unit normal vector to 862, p > 1, pp > 0, A € L°°(£2) with essinf, e A\(z) > 0 and

f: 2 xR — Ris a Carathéodory function. Our results ensure the existence of a sequence
of nonzero and nonnegative weak solutions to the above problem.

1. Introduction. In this paper, we consider the problem

P) { —Apu + XN@)|ulP~?u = pf(z,u) in 2,
g ou/ov =0 on 012,

where 2 C RY is a bounded open set with sufficiently smooth bound-
ary 02, v is the outer unit normal vector to 92, p > 1, A, is the p-
Laplacian operator, that is, Ayu = div(|Vu[P=2Vu), u > 0, A € L>(R)
with essinfeo A(z) > 0 and f : 2 x R — R is a Carathéodory function.
We are interested in the existence of a sequence of nonzero and nonnegative
weak solutions of (P,) in W1P(£2). The space WP ({2) is endowed with the
norm

1/p
Iul| = (g @) ul? da + | |[Vul? dm)
Q 2

equivalent to the usual one.

A weak solution of (P,,) is any u € WHP(£2) such that

S M) Ju(z) [P~ 2u(z)v(z) dz + S |Vu(z) P2 Vu(z)Vo(z) da

2 2

| fau(@)o(a)dz = 0

for each v € WHP(2). 2
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To obtain our multiplicity results, we employ the same methods that
allowed us to find infinitely many small positive solution for the analogous
Dirichlet problem [2]. We follow the general approach applied by Ricceri
in [10], that is, to look for solutions to problem (P,) as local minima of the
underlying energy functional.

While for the Dirichlet problem the existence of infinitely many solutions
has been widely studied (see for instance [2, 3, 4, 6-9, 12]), actually, the
only paper that deals with the existence of infinitely many solutions to the
Neumann problem is [11]. There Ricceri applies the variational principle
of [10].

For the reader’s convenience, we quote below his result about the exis-
tence of a sequence of small weak solutions.

THEOREM. A ([11, Theorem 2]). Let f,g : R — R be two continuous
functions with supgcp Sgg(t) dt <0, let a, 3 € LY(2) with min{a(x), B(x)}
>0 a.e in 2, let X € L®(2) with essinfyco AN(x) > 0, and let p > N.
Moreover, assume that there are sequences {r,} in Ry with lim,_,or, =0
and {&,} in R such that, for each n € N,

&n
(1) o 2@ ) § (0 dt e <
p (0] 0
and
&n ¢
(1.2) \fyat=sup |\ f(t)at,
0 €[ <e(pra)t/?
where

e ww Supe ()| |
wewrz(2)\(o} (S [Ve(@)P de + §o M@)[u(@) [P dz)/P

Finally, assume that

13) limsup 2@ /(0 dt + 1 By da o) dt [ Na)do
§-0 19 D
Then the problem
(P) { —Apu + M) |uP2u = o) f(u) + B(z)g(u) in 2,
Ju/ov =0 on 992,
admits a sequence of nonzero weak solutions which strongly converges to zero
in WHP($2).

From (1.1) it follows |€,| < ¢(prn)'/P. In Remark 2 of [11], Ricceri asked
if the conclusion of Theorem A would hold when, instead of (1.1) and (1.2),
it is supposed that there is a sequence {b,} in R, convergent to zero, such
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that for each n € N,

£n ¢
\ ftydt = sup | f(t)dt
0 ‘glgbno

for some &, with |£,] < by.
In Section 4, we show that the answer is positive when ¢(¢) = 0 but
the sequence {&,} is in R4 and (1.3) is replaced by the following stronger

condition:
3
lim sup §oa(x)da§y f(t)dt . $oA(x)dx
£~>O+ gp p

Under our assumptions, the weak solutions are almost everywhere non-
negative in (2.

2. Unbounded sequence of solutions. In this section, we establish
the existence of p* > 0 such that for any p > p* problem (P,) admits an
unbounded sequence of nonzero and nonnegative weak solutions.

Throughout this section, we assume that when 1 < p < N, there exist
a €Ry and g >p—1, w1thq<w1fp<]\f such that

(2.1) |f(z, )] < a(l+[t]7)
for a.e. x € 2 and t € R. In the case p > N, we assume that for every r > 0,
(22) sup | f (-, t)] € L' (2).

[t|<r

THEOREM 2.1. Suppose that the function f satisfies the following con-
ditions:
(i) f(z,0) >0 for a.e. x € (2.

(ii) There exist two sequences {&,},{&L} in R with lim, 1o &, = +00
such that 0 < &, <&, and

&n t
S f(xz,s)ds = sup Sf(:n, s)ds
0 t€lén &l g

for each n € N and a.e. x € (2.
(iii) One has

)dsd
SSO x,s) s:r:>0

I
P i
Set
Mz) dx p
wr= —SQ (z) lim inf ¢

P t—-+oo SQS fz,s)dsdx
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Then, for every u > p*, problem (P,) admits an unbounded sequence {u,}
of nonnegative weak solutions.

Proof. Define
flz,t) ift>0,
g(z,t) = {

f(z,0) ift<O0.
Consider the problem
{ —Apu + M) |uP~2u = pg(x,u) in 2,

P
(Pug) ou/ov =0 on 012.

The weak solutions of (P, 4) are the critical points of the functional

1 u(z)

B, (u) = p—u<§2)\(as)|upda:+§z|Vu]pd:c) - é( (g) gz, 1) dt) dz

in WP(£2). Owing to (2.1) and the compact embedding of WP(£2) into
LITY(0), &, is well defined, weakly sequentially lower semicontinuous and
Gateaux differentiable in W1P(§2).

Fix n € N. We set
E,={ucW():0<u(x) <& ae in 2}, a,= igf@w

Following the arguments used in [2], we can prove that there exists u,, € E,
such that

D, (un) = an.

Moreover, u,(x) € [0,&,] a.e. in £2.
Define h : R — R as follows:

§ny >,
h(t) =41, 0<t< fm
0, t<0,

and consider the continuous superposition operator T : W1P(2) — E,,,
Tu(z) = h(u(z)) (x€ 2).

We put v* = Tu, and X = {x € 2 : uy(z) € [0,&,]}. For a.e. z € X, one
has &, < un(x) < ¢, hence

un () v* ()
S gz, t)dt < S g(x,t)dt
0 0

and |Vv*| = 0. We have
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[o* 1P — [lunll” = § A@) ([0 — [un?) dz + § (VP — [Vun|") da

Q Q
= | A@)(& — (un — | IVun | da
X X
< - X)\ §npdm—S|Vv*—Vun|pdx
X X
S)\ v — up|P dz— S Vo™ = Vu, |P doe = —||v* — up|P.
02 02
Hence
Bu(v") = Bulttn) = — (o |P = [lunI?) - 5(5 gwtdﬁd
pi A

v*(x)

1 *
L i i(igmtﬁﬁ

S

n(x)

< = o =
pi
Since v* € E,, it follows that @, (v*) — @,(uy,) > 0. Then [[v* — uy|[P =0
which entails that u,(z) = v*(z) € [0,&,] a.e. in £2.

Now we prove that u, is a local minimum of ®,. Let u € W?(£2) and
put X = {z € 2 : u(x) € [0,£,]}. In case p > N, owing to the compact
embedding of W1P(£2) into C°(£2) and the fact that u,(x) € [0,&,] for each
x € £2, it follows that u(x) < &, for all x € (2, provided that u is chosen in
a suitable neighbourhood of u,,.

By definition of the operator T', one has ST (@) g(x,t)dt =0forz € 2\ X.

Suppose x € X. Then Su(f(

p < N and u(z) > &, we exploit (2.1), where without loss of generality we
can suppose that ¢ > p — 1, and so
u(z) u(x) u(x)
| gtyat= | gz, tydt < | a1 +1t9)dt
Tu(x) én én

= a(u(e) = &) + —

x)g(x t)dt < 0 whenever u(z) < &,. In case

((u(@))T*t = &ith).
Define "
O aup MEE) (T )
¢, (€ —&n)at!
It follows that for a.e. x € 2,

u(z)
S g(x,t)dt < Clu(z) — Tu(z)|T™!
Tu(zx)
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and so
S ( S g(z,t) dt) dr < Cy* Y |lu — Tul/?H,
2 Tu(z)

where we have put

(§g, |ulat? dx)/(a+1)
Y= sup £
weWLP(2)\{0} (]
which is finite because of the embedding theorem.
Then, since
lull? = | TullP = § M@)(Jul” = [Tul?) dz + § (V] = |V(Tu)]?) de
[0 [0
= | M) |ul? da
{z€X :u(x)<0}
+ | M) ((u(x))? = &) da + | |Vul’ do
{zeX u(x)>0} X
S AMz)|u — Tul? dz
{z€X :u(x)<0}
+ | M) (u(z) — &u)P do + | |[Vu — VTul? do
{zeX u(x)>0} X
= [lu—Twul]”,

)

Y

we have
B,(0) = 0,(Tw) = = (ulp = |1Tel?) = § (| s(o.0)t) da

2 Tu(z)
1
> — ||lu — TullP — g(x,t)dt) dx
pp _§Z<Tus(:c) >

1
> — |ju— Tull? — Oy |u — Tu 7.
ph

From Tu € E,, it follows that ¢,(Tu) > @,(u,). Thus, we have
1
Pp(u) > Pp(un) + [lu — Tu||p(— — Oy |y — TquJrlp).
pp

Since T' is continuous, u, = Tu,, ¢+ 1 —p > 0 and
lu = Tull < [lu = un|| + [Jun — Tul| = [Ju = up|| + [ Tun — Tl

there exists 8 > 0 such that for every u € WP(§2) with ||u — u,| < 3, one
has ||u—Tu||977P < 1/(2up Cy7H1). Consequently, if ||u—u,|| < 3, it turns
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out that 1
Du(u) > Pp(un) + Sont |u—=Tul]” > P, (un).

Fix p > p*. Then

1 1 x,s)ds dx
— < —— limsup SQ SO
pr SoAz)dr oo tp
Now, we prove that, for this u, one has liminf,,_, o o, = —00.

Let L € R be such that
1 )dsd
—<L<7hms.upxﬂs0 z,8) ds dz
L foAz)dr oo tP

Then there exists a sequence {tx} of positive numbers, diverging to +oo,
which satisfies

SQS (x,s)dsdx
tp
k

> L S Az) dx

N
for every k € N. We can choose a subsequence {&;, } such that &, > .
Thus the constant function ¢, belongs to E,,. This implies that for every
k €N,

tg
1
L S Pu(ty) = — 1t S Sxfxsdsdac

PR 5 20

» 1
<tk8)\(:c)d:£ — — L),
0 DH
hence limy_, o ap, = —o0. At this point, we can prove that the sequence

of local minima u,, must be unbounded. In fact, if it were bounded, there
would be a subsequence, denoted by {u,, } again, weakly convergent to some
u € W1P(£2). Then we have the contradiction

&, (u) < liminf &, (up,) = —oo,
k——+o0

and the assertion is completely proved. =

3. Maany small solutions. In this section, we consider the existence of
infinitely many arbitrarily small positive solution to problem (P,). In this
case we only require that p > 1. Since the proof is based on arguments
similar to those used to prove Theorem 2.1, some details are omitted.

THEOREM 3.1. Suppose that the function f satisfies the following con-
ditions:

(i") f(z,0) =0 for a.e. x € £2.

(i) There exists t > 0 such that

sup [f(-,t)] € L™=(£2).
tel0,t]
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(iii") There exist two sequences {&n}, {€),} in R, with lim, &, = 0,
such that 0 < &, < &, and

&n t
§ﬂws :m%ﬂngf

for everyn € N and a.e. x € (2.
(iv') One has
)dsd
o So x,s)ds o

lim sup

t—0t P
Set
Az)d p
w= M lim inf t .
p t—=0t § S f(z,s)dsdz

Then, for every p > p*, problem (P,) admits a sequence {u,} of almost
everywhere positive weak solutions strongly convergent to zero such that
limy, 400 SUP Uy, = 0.

Proof. We choose ¢ € ] -1, w[ if p < N. In the other cases it

is enough to choose ¢ > p — 1. From (ii’), it follows that there exists a > 0
such that for every 0 <t <t and a.e. x € {2, one has

[f(z,0)] < a.

Without loss of generality, we suppose that &, < t for every n € N. Let
> p*. Then we define g : 2 x R — R as follows:

flz,t) ift>t,
g(x,t) = flx,t) f0<t<7,

0 ift <0.
Hence, for a.e. x € {2 and t € R,
(3.1) l9(z,1)] < a.
Now, we consider the problem
P { —Apu + M) |uP~2u = pg(r,u) in 2,

o ou/dv =0 on 012.
The weak solutions of (P, 4) are the critical points of the functional
1 u(z)
(32)  Bulw) = ul? ~ {( | gw.0dt)de  (we W' (@),
pp 00

Owing to (3.1) and the compact embedding of WLP(02) into LITL(§2) (resp.
into CY(2) if p > N), ®,, is well defined, weakly sequentially lower semicon-
tinuous and Gateaux differentiable in WP (42).
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Taking into account (3.1) and condition (iii’) and using the same methods
applied in the proof of Theorem 2.1, one can prove that for every n € N,
®,, admits a local minimum wu, that belongs to E, = {u € WHP(02) :
0 < wu(x) <&} More precisely, every u, assumes its values in the interval
[0, &,] except for a null measure subset of (2.

For every n € N and u € E,, one has

Bu(w) > —am(Q)E,.
Then, since —am(£2)&], < @, (uy,) < 0, it follows that
lim @ = 0.
w2 Pultin) =0

From u,, € E,, it follows that

Junll? = pe(§(§ gty dt) do + @u(wn)) < plam(2)8, + By(un)).
2 0

Hence limy, o0 §, [Vun|P dz = 0.
To obtain the conclusion, it is enough to prove that such local minima
are pairwise distinct. We exploit the fact that for every n € N,

D, (un) = ulenbfn D, (u).
Fix n € N. Since

t
1 1 ,8)dsd
— < ———— limsup oo F(. ) ds x’
by SQ)‘(:C) dz o+ tp

there exists a sequence of positive numbers ¢ \, 0 such that for every k € N,

ti
LU st 1
7% PR o

Then there exists k& € N such that t;. < &,. Hence, the constant function
on {2, v(x) = tz, belongs to £, and this implies that
qu(un) < dju(”)-
Moreover, we have
t,
SQ SO’“ f(z,s)dsdz _ _i.
Al ph
Hence, @, (uy) < 0. It is easily seen that since @, (uy) < 0 for every n € N,
there exists a subsequence of {u,} with pairwise distinct elements. =

REMARK 3.1. Condition (ii’) of Theorem 3.1 can be weakened when
p > N. In that case, (ii’) can be replaced by the following assumption: There
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exists t > 0 such that for 0 <t <t and a.e. x € {2,

|f(z, 1) < afz),

with o € L1(§2) almost everywhere nonnegative in (2.

4. Comparison with existing results. This section is dedicated to
the question asked by Ricceri and recalled in the first section.

THEOREM 4.1. Let f : R — R be a continuous function, o € L' (§2) with
a(x) >0 a.e. in 2, and p > N. Assume that there are sequences {b,} and
{&} in Ry with &, < b, and limy,_,o by, = 0 such that for each n € N,

&n 13
(4.1) | f&ydt = sup | f(r)de.
0 1€1<bn g

Moreover, assume that

(4.2) lim sup §oo(r)de Sg f(t) dt - o Ax) dz
: o & PR

Then the problem
{ —Apu + M) |ulP~2u = a(z) f(u) in £,
Ju/ov =0 on 012,

admits a sequence of weak solutions, a.e. positive in {2, which strongly con-
verges to zero in WhP((2).

Proof. By (4.1) it follows that f(&,) = 0 for each n € N, and so f(0) =0
because of the continuity of f. Hence, taking into account Remark 3.1, the
statement follows by Theorem 3.1. m
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