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Abstract. We first establish a geometric Paley—Wiener theorem for the Dunkl trans-
form in the crystallographic case. Next we obtain an optimal bound for the L? — L norm
of Dunkl translations in dimension 1. Finally, we describe more precisely the support of
the distribution associated to Dunkl translations in higher dimension.

1. Introduction. Dunkl theory generalizes classical Fourier analysis
on RV, Tt started twenty years ago with Dunkl’s seminal work [5] and was
further developed by several mathematicians. See for instance the surveys
[14] 6] and the references cited therein.

In this setting, the Paley—Wiener theorem is known to hold for balls
centered at the origin. In [8], a Paley~Wiener theorem was conjectured for
convex neighborhoods of the origin, which are invariant under the underlying
reflection group, and was partially proved. Our first result in Section [3] is
a proof of this conjecture in the crystallographic case, following the third
approach in [§].

Generalized translations were introduced in [I3] and further studied in
[18] 15, [17]. Apart from their abstract definition, we lack precise information,
in particular about their integral representation

(ref) W) = | f(2) dray(2),
RN

which was conjectured in [I3] and established in few cases, for instance in
dimension N = 1 or when f is radial. Our second result in Section 4] is an
optimal bound for the integral
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in dimension N = 1, improving upon earlier results in [12, [I7]. Our bound
depends on the multiplicity & > 0 and tends from below to /2 as k — +o0.
Our third result in Section [5| deals with the support of the distribution 7, ,
in higher dimension, which we determine rather precisely in the crystallo-
graphic case.

2. Background. In this section, we recall some notations and results
in Dunkl theory; for more details we refer to the articles [5] [7] and surveys
[14] 6).

Let G C O(RY) be a finite reflection group associated to a reduced root
system R, and k : R — [0,+00) a G-invariant function (called multiplicity
function). Let Rt be a positive root subsystem, I'y the corresponding open
positive chamber, Iy its closure, I+ = Y acrt Rya the dual cone, and
denote by x the intersection point of any orbit G.z in RN with I'.

The Dunkl operators Ty on RY are the following k-deformations of the
directional derivatives O by difference operators:

f(x) = f(0a- )

(o, )

Tef(x) = Ocf(x) + Y k(a)(a,€)

a€Rt

)

where

denotes the reflection with respect to the hyperplane orthogonal to «.. The
Dunkl operators are skewsymmetric with respect to the measure w(x)dx
with density

w@) = T Haoa)e),

aERT
The operators 0¢ and T¢ are intertwined by a Laplace-type operator
(1) Vi) = | fy) dus(y)
RN

associated to a family of compactly supported probability measures
{pz | = € RN}, Specifically, ju, is supported in the convex hull

C* = co(G.x).
For every A € CV, the simultaneous eigenfunction problem

Tef = (\Ef VEeRY
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has a unique solution f(x) = F(A,x) such that F(\,0) = 1, which is given
by
(2) E\z) =V(EM) (@) = | eM du,(y) Vo eRY,

RN
Furthermore, A\ — E()\,x) extends to a holomorphic function on C and
the following estimate holds:

|E(\, z)| < fBeNez)yy e eV, ve e RY.

In dimension N = 1, these functions can be expressed in terms of Bessel
functions. Specifically,

. Ar
E\ ) = jr_172(Az) + m]k+1/2()\$),

where

gu(2) = (v + 1)+§ =t <Z>2n

nzon!F(u—l—n—i—l) 2

are normalized Bessel functions.
The Dunkl transform is defined on L'(RY,w(z)dx) by

DIE) = - | F@)B(-i€ 2yu() dr,
RN
where
c= S e_mz/Qw(x) dx.
RN

We list some known properties of this transform:

(i) The Dunkl transform is a topological automorphism of the Schwartz
space S(RY).
(ii) (Plancherel Theorem) The Dunkl transform extends to an isometric
automorphism of L?(RN, w(z)dz).
(iii) (Inversion formula) For every f € S(RY), and more generally for
every f € LY (RN, w(z)dx) such that Df € L' (RN, w(£)d§), we have

f(z) =D*f(—zx) VaeRY.

(iv) (Paley-Wiener theorem) The Dunkl transform is a linear isomor-
phism between the space of smooth functions f on RY with supp f
C B(0, R) and the space of entire functions h on C" such that

(3) sup (1+ |¢)Me BEMmEl |h(¢)| < +00 VM € N.
£eCN
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3. A geometric Paley—Wiener theorem. In this section, we prove
a geometric version of the Paley—Wiener theorem, which was looked for
in [8, [I8, @], under the assumption that G is crystallographic. The proof
consists merely in resuming the third approach in [8] and applying it to the
convex sets considered in [1, 2] Bl 4] instead of the convex sets considered
n [10]. Recall that the second family consists of the convex hulls

C4 = co(G.A)
of G-orbits G.A in R, while the first family consists of the polar sets
Cr={zeRY | (x,9.4) <1VgecG}.

Fig. 1. The sets C* and C, for the root system A; x A;

Fig. 2. The sets C** and C, for the root system B

Before stating the geometric Paley—Wiener theorem, let us make some
remarks about the sets C4 and Cy. Firstly, they are convex, closed, G-
invariant and the following inclusion holds:

c c |APCy.
Secondly, we may always assume that A = A belongs to the closed positive
chamber Iy and, in this case, we have
CANTy =T, N(A-TF), CyNT;={zeTy|(Az)<1}

Thirdly, on one hand, every G-invariant convex subset in R is a union of
sets C' while, on the other hand, every G-invariant closed convex subset in
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RY is an intersection of sets C4. For instance,

B(o,R)= |J ¢c*'= (| Ca

|A|=R |A|=R—1

Fourthly, we shall say that A € I', is admissible if the following equivalent
conditions are satisfied:

(i) A has nonzero projections in each irreducible component of (RY, R),
(ii) C* is a neighborhood of the origin,
(iii) Cy is bounded.

In this case, we may consider the gauge

xa(§) = max(z, €) = min{r € [0, +00) | £ € rC}

on RV,

THEOREM 3.1. Assume that A € T, is admissible. Then the Dunkl
transform is a linear isomorphism between the space of smooth functions
f on RN with supp f € C4 and the space of entire functions h on CN such
that

(4) sup (1+ |)MeXamO|p(¢)| < 400 VM €N,
£eCN

Proof. Following [§], this theorem is first proved in the trigonometric
case, which explains the restriction to crystallographic groups, and next
obtained in the rational case by passing to the limit. The proof in the
trigonometric case is similar to the proof of the Paley—Wiener Theorem
in [I0, 1], and actually to the initial proof of Helgason for the spherical
Fourier transform on symmetric spaces of the noncompact type. This was
already observed in [16] and will be developed below for the reader’s conve-
nience. The limiting procedure is described thoroughly in [8] and needs no
further explanation.

Thus assume that h is an entire function on CV satisfying and, by
resuming the proof of [I0, Theorem 8.6(2)], let us show that its inverse
Cherednik transform

(5) f(@) = const- | MEE(i€, 2)w(€) de
RN
vanishes outside Cj. Firstly, one may restrict by G-equivariance to x =

go-Z4, where x4 € I'y ~Cy and go denotes the longest element in GG, which
interchanges the chambers Iy and —I'y. Secondly, by expanding

{ H (<da£> - ka)}E(g,l') = Z Z c(—g.E)Eq(g7g.g)e<9-§+9+q,a¢)

a€Rt geG qeQ™
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becomes

= const - Z det g Z fa.q( elotasz)

geG qeQt

where

6)  Jogle) = | hlg &) Bylg,i6)e’ {H L ) *’”}dg

RN a€Rt )

Thirdly, one shows that all expressions @ vanish, by shifting the contour
of integration from RN to RN + itgg.A with ¢t > 0, which produces an
exponential factor e~ with ¢ = (A, z,) — 1 > 0, and by letting ¢t — +0co. =

Since every G-invariant convex compact neighborhood of the origin in
RY is the intersection of admissible sets C4, Theorem generalizes as
follows.

COROLLARY 3.2 (Geometric Paley—~Wiener Theorem). Let C be a G-
invariant convexr compact neighborhood of the origin in RN and x(§) =
maxgec(z, &) the dual gauge. Then the Dunkl transform is a linear iso-
morphism between the space CZ?(IR{N) of smooth functions f on RN with
supp f C C and the space HX((CN) of entire functions h on CN such that

sup (1+ |¢)Me XM |p(g)| < +00 VM € N.
£eCN

REMARK 3.3. Notice that the Dunkl transform D always maps C¥ (RY)
into HX((CN ) and that the assumption that G is crystallographic is only used
to prove that D is onto.

4. LP bounds for generalized translations in dimension 1. Dunkl
translations are defined on S(RY) by

()W) =+ | DAE Blig, 0)Blig,y)w(€) s Va,y € RY.

RN
They have an explicit integral representation [I12] in dimension N = 1:
(T f) () = f(2) dyoy(2),
R

where

v(z,y,2)|2|*k dz  if z,y € R,
(7) dVzy(2) = § doy(2) if z =0,

dd.(2) ify=0,



DUNKL ANALYSIS 305

is a signed measure such that {3 dv,,(z) = 1. Specifically,

’y(x,y, Z) = dU({L‘, Y, Z)p(’x‘7 ‘9’7 ‘z‘)]lfm,\y\ (‘Z‘) Vm, Y,z € R*a

where
g I'k+1/2)
= VAT
24?2 24?22 2242y
—1_
o(z,9,2) 2xy 22y + 2xz
_ (z+z+y)(z J;;y; y)(z—z+y) Vr.y.z € R,
B Gy o Gl (VR L
Y (2abc)2k—1
(20%¢ 4 2a2c? 4 2a°b? — a* — b* — )P
= abe) % Va,b,c > 0,

and I, denotes the interval [|a — b|,a + b]. Notice the symmetries
fY(y? x? Z)?
(8) ’Y(LB,y,Z) = ’Y(—IE7 -Y, _Z))
’7(_27 Y, _:E) = 7($7 —Z, _y)
PROPOSITION 4.1. The following inequality holds, for every x,y € R:

{I'(k+1/2)}?
(k+1/0T(k+3/4)

©) | dvea(2)] < Ak = V2 7
R

Actually there is equality if © =y € R*. Moreover Ay S5V2 as k — +oo.

REMARK 4.2. This result improves earlier bounds obtained in [12] and
[17], which were respectively 4 and 3.

Proof. Let x,y € R*.
CASE 1: 2y < 0. Then |[|z| — |y|| = |z + y| and |z| + |y| = |z — y|, hence

sty (@—y?—2
z —2zy

O-(xayuz)]ll\z\,\y\ﬂzn = ll\z\y\y\(‘zD

and 7, are positive. Thus

[ drey(2)] = | dreg(z) = 1.
R R
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CASE 2: zy > 0. By symmetry, we may reduce to 0 < x < y. Then

0 +o00
VIdvay () = § ldwy(2)l + | ldrey(2)]
R —00 0
y+z k-1
ZQdS x+y(z e +2my> (a:2+y2+2:ny—22> 2k g,
o 2xyz 2xyz 2xyz

After performing the change of variables z = /22 + y2 — 2xy cos f and set-
ting y = sx, we get

I'k+1/2) T (1 —cosf)sin?*~1g
10 de =—— 1+ de.
(10) ﬂS{| Yoy (2)] VrI'(k) ( 8)§) V1+ 52 —2scosf
Denote by F(s) the right hand side of (10)). Since
™ in2k+1 g
Fis) = LEHL2) o d6

/rl(k) S)(S)(1—&92—23(:050)3/2

is nonpositive, F'(s) is a decreasing function on [1,+00), which reaches its
maximum at s = 1. Let us compute it:

A, =F() = WS(l—COSQ)k 121 + cos0)F ' sin 0 do
0
o I'(k+1/2) n k—1/2(1 _ k-1
NG §)t (1—t)*tat
I'(k+1/2) {I(k+1/2)}?
t e ar B 2R =2 e s

G I'k+1/2) I'(k+1/2)
- T ID(k+1/4) I'(k+3/4)
after performing the change of variables ¢t = (1 — cos 6)/2 and using standard
properties of the beta and gamma functions.
Finally, let us show that Ay = V2 as k — +o0o. Write
G(k+1/4) I'(u+1/4)
Ay =V2 ———= h =——" .
k \[G(k:—i—l/Q)’ where G(u) ) Yu >0
Since the logarithmic derivative I'"/I" is a strictly increasing analytic func-
tion on (0,400), the logarithmic derivative
G'(u) _ I'"(u+1/4) I'(u)
Gu) T'(u+1/4) (v

is positive. Hence G is strictly increasing and Aj;, < v/2. On the other hand,
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using Stirling’s formula
I'(u) ~ V21w Y2e™  as u — 400,
we get G(k +1/4) ~ G(k + 1/2), hence Ay — V2 as k — +00. =

As a first consequence, we obtain the L' — L' operator norm of Dunkl
translations in dimension N = 1.

COROLLARY 4.3. Let x € R*. Then 71, is a bounded operator on
LR, |z|**dx), with ||T4|| g1 p1 = Ag.

Proof. The inequality || 7,11 11 < Ay, follows from (9], together with (8)),
and it remains to prove the reverse inequality. By symmetry, we may assume
that > 0. Since

A= Tim [ |y (z, 9, 2) |2 dz.
v

for every 0 < & < A there exists 0 < 1 < x such that, for every y €
[m‘_n7$‘FWL

(1) [y 2)| 2P dz > Ay - <.
R
Let f be a nonnegative measurable function on R such that

supp f C [~x —n,—z+n] and ||f|z = f(2)]z[*dz = 1.

R
Since
{v(w,y,Z) >0 Vy<0,Vz<0,
Y(z,y,2) <0 Yy >0,Vz <0,
we have
(m=HWl = | f@ I,y 2)| |2 dz.
—a—n

Hence, using and , we find that

7 flloe = § I H) W)l 1y dy
R

= § {2 ) P dy} )P e

—z—n R

is bounded from below by Ay — e. Consequently, ||7;||p1_z1 > Ar — e and
we conclude by letting € — 0. =

Let us next compute the L? — L? operator norm of Dunkl translations.

LEMMA 4.4. Letx € R. Then 7, is a bounded operator on L*(R, |z|**dx),
with ||Tz|| 22 = 1.
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Proof. The proof is straightforward, via the Plancherel formula, and gen-
eralizes to higher dimensions. On one hand, the inequality ||7z|| 22 <1
follows from the estimate |E (i€, )| < 1. On the other hand, let

fo(x) = 12 f (ex)
be a rescaled normalized function in L*(R, |z|**dz). Then
[fellz = [1fllze =1
while
e fellze = VIEGE, @) e D (7€) ¢ dg

|E(ie&, x)|* |Df(€)]?[€]** d¢

e H —

tends to

[ IDF()PIel* de = [1£132 = 1

R
as € — 0. This concludes the proof of the lemma.

Eventually, Corollary and Lemma [£.4] imply the following result, by
interpolation and duality.
COROLLARY 4.5. Let v € R and 1 < p < oo. Then 7, is a bounded
operator on LP(R, |z|**dz), with ||74||1r -1 < Ai'l/p_l/Ql.
REMARK 4.6. In the product case, where G = Zév acts on RV, we have
2|1/p—1/2|N
el rre < Ak‘ /p—1/2]

for every z € RY and 1 < p < oo.

5. A support theorem for generalized translations. As mentioned
in the introduction, we lack information about Dunkl translations in general.
In this section, we locate more precisely the support of the distribution

Ve, 1) = (2£)(),
which is known [I8] to be contained in the closed ball of radius |z| + |y|.
THEOREM 5.1.
(i) The distribution v, is supported in the spherical shell
{2 € RY||Ja] = Iyl] < |2] < [z] + Iy}
(ii) If G is crystallographic, then the support of vy, is contained in
{zeRY |2y Sy +ys, 24 = ys + 9024 and 24 = 24 + go.ys }-

Here < denotes the partial order on RN associated to the cone '+ :
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a<b o b—aclt,

and go is the longest element in G, which interchanges the chambers I'y
and —1I7;.

Fig. 3. Support of 7;,, for the root system A; x A;

< .

| r+vy .

N

Fig. 4. Support of 7,4 for the root system B,

Proof. Let h € C3°(RY) be an auxiliary radial function such that
S h(z)w(x)dx =1
RN
and supp h C — co(G.u), where u € Iy is a unit vector. For every £ > 0 and
z,y,z € RV, set
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1e(5,9,2) = 5 | Dh(eE) B, 2) (€, y) Bi(~i€, 2)u(€) de.
RN

Firstly, according to and ,
§ — Dh(e€) E(ig, ©) E(i€, y)
is an entire function on CV satisfying
(12)  [Dh(e€) (i€, z)E(i€,y)| < Car(1 + [¢]) "M e~ ool tusten) mo)),
Secondly,

(e £) = 2 | DFE) BlE 2)Blig, y)w(€) dg

RN

—lim ~ | Dh(e€) DS () E(i€, 2) E(i€, y)u(€) e

e—=0 ¢
RN

= lim | f(2)1(2,y, 2)w(e) dz,
RN

i.e. the distribution v, is the weak limit of the measures v.(z, y, z)w(z) dz.
Thirdly, notice the symmetries

75 (y7 z, 2)7
(13) Ve(T,y,2) = § 1e(9.2,9.y,9.2) Vg€ GU{-Id},
’78(_'27 Y, —CL') = 76(337 —Z, _y)

If G is crystallogaphic, we use Corollary (actually the third version
of the Paley—Wiener theorem in [§]), and deduce from that the function
z — ve(x,y, z) is supported in

co{G.(x4 +y4 +eu)} = co(G.x) + co(G.y) + € co(G.u).
Equivalently,
Ye(w,y,2) 20 = z4 < x4 +yy +eu.
Using the symmetries , we see that v-(z,y, z) # 0 implies also
{ —90-T+ =< —go-2+ T Y+ +eu, le. zy > T4+ Go.y+ +€go-u,
—00-Y+ < —Go-2+ + x4+ +cu, ie. zy > go.x4+ + Y+ + €go-u.
The conclusion of Theorem [5.1] in the crystallographic case is obtained by
letting € — 0.

If G is not crystallographic, we can only use the spherical Paley—Wiener
theorem and we deduce this way that ~.(z,y, z) # 0 implies

2| < la| + [yl +e,
| < z[ + |yl + ¢,
ly| < lz| + 2] + ¢,
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hence

2] = [yl] =& < 2] < Jal + [yl +e.

We conclude again by letting € — 0. =
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