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BLOW-UP OF SOLUTIONS FOR THE KIRCHHOFF EQUATION
OF q-LAPLACIAN TYPE WITH NONLINEAR DISSIPATION

BY

ABBES BENAISSA (Sidi Bel Abbes) and SALIM A. MESSAOUDI (Dhahran)

Abstract. We establish the blow-up of solutions to the Kirchhoff equation of ¢-
Laplacian type with a nonlinear dissipative term

(Jut |~ 2ur)e — M(|AY?u))3) Au + [ut|Pur = [ufPu, z € 2, t>0.

1. Introduction. We consider the initial boundary value problem
(IBVP) for the nonlinear Kirchhoff equation of g-Laplacian type

(el 2ue)e = M| A ?u3) Au + fuel P = JulPu, @€ 2, ¢>0,
(P) u(z,t) =0, xe€0df2, t>0,

u(z,0) =up(z), w(x,0)=ui(x), =€,
where

Au = @ div(e® ™ |V,ul1V,u), | AY?u)? = | )|V, ul? da,

19
p>—-1,08>—-1,¢g>1and ! > 1 are constants, M : Ry — Ry is a
continuous function and {2 C R" is a bounded domain with boundary I" so
that the divergence theorem can be applied.

When M = 1, & = 0 and ¢ = [ = 2, for the case of no dissipation
(i.e. (P) without the term |u;|®us), it is well known that the source term
|u|Pu is responsible for finite blow-up (global nonexistence) of solutions with
negative initial energy (see [3], [14], [18], [19]). The interaction between the
damping term and the source has been first considered by Levine [18], [19];
for the case with linear dissipation of the form 7u; (7 > 0), he showed that
solutions with negative initial energy blow up in finite time. In [10] Georgiev
and Todorova extended Levine’s result to the case of nonlinear damping of
the form |ug|®u;. This result was generalized to an abstract setup by Levine
and Serrin [20], Levine and Park [21] and Vitillaro [23]. In [17] Messaoudi
extended the result of Levine to the situation where @ # 0.

When @ = 0 and M is not a constant function, in the case ¢ = [ = 2,
the equation without the damping and source terms is often called the wave
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equation of Kirchhoff type; it has been introduced by Kirchhoff [15] in order
to study the nonlinear vibrations of an elastic string (in the case | = 2 and
q # 2, the equation is called the Kirchhoff equation of q-Laplacian type) and
the existence of local and global solutions in Sobolev and Gevrey classes was
investigated by many authors (see [7], [8], [16], [6], [22], [13], [9], [11], [12]
and [4]).

In [2] Bainov and Minchev studied the blowing up of solutions of the
initial boundary value problem for the Kirchhoff equation with source and
without damping term. Unfortunately this method does not seem to be
applicable (also when [ # 2, ¢ = 2 and without damping term; [ =2, g = 2
and linear damping) to the case of more general nonlinear terms.

In the present paper, we investigate the blowing up of solutions of the
initial-boundary value problem for the Kirchhoff equation of g-Laplacian
type. We shall show that, for suitably chosen initial data, any classical so-
lution blows up in finite time.

We will then extend to the problem (P) the argument introduced in [10]
to prove blow-up of solutions of a wave equation with nonlinear damping
and source terms. We also extend the results of our previous paper [5], where
q = | = 2 and the dissipative term is linear.

2. Main result. In order to state our main result, we make the following
hypotheses:

(1) M e C(R4,Ry) and mM(s) > sM(s) for all s > 0, where M(s) =
[ M(k)dk, m > 1,

(2) E(0) = =1 S e?@ |y |' da + 1 M( S e?@) |V u)? dx)
Ly q Q
L S e?@ |ug|P+? da < 0,
p+29
(3) p>max{l,5,gqm —2} and [B>1-2(l>1).

THEOREM 2.1. Assume that (1)—(3) hold. Then for any initial data sat-
isfying (uo, u1) € Wol’q(Q) x LY($2), the solution of (P) blows up in finite time.

Proof. We set

-1 1 —
(4) E(t) = =1 S e?@uy|! da + = M< S eqj(w)]vzu|qd:v)
! 9] q 02
1
R S e?@) |u|P+2 dz.
Ptz

By multiplying the equation of (P) by e®®u,(z,t) and integrating over 2,
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we get
(5) E'(t) = — | @ |uy| 772 da.
Q
Then it follows from (5) and (2) that
(6) E(t) < E(0) <0,
and hence
(7) u(t) 20 and  M( ||V ufdr) > 0.

02
We then define the function
G(t) = S e?@ | 2upu da
0
with
G'(t) = | PO Jug|" + ullue"?ur)e] da.
2
By using the equation of (P), we arrive at
®) Gt = |l do + | PO fur*? dz — | e ujuy|Pu; do
9] 2 9]

— M(}Ze(‘b(x) |Vau(z,t)]? dx) éeé(x) \Veu(z,t)|?dz

Y

S eP@ |y | da: + S e?@ P2 dg — S e?@ g Puy da
Q Q Q

- m]\7_f< S e?@ |V u(x, )| d:c)
2
and by (4) we obtain

9) G'(t) > <1 + w> S e?@ |y |' da: — gmE(t)

19

2 —

L prz—gm | e?@urt? do — | e ufuy| uy d
p+2
0 2
2 —
_H() 4 L Eam V e?@u? de — | " @ufuy|Puy da
2(p+2) Q
where
-1

(10) H(t) = — qmE(t) + <1 " %) ) "l de

Q
pr2-qm X e?@ P2 dg.,
2(p+2)
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We observe that
(11) ‘ S eP@ iy Puy da

2
< (e B2y | T e Pl g0 < Bulle®/ CTuy | 515 1€ Tl
4 +1.@ (P+2)/(B+2) ) ®/( (p+2)/(B+2)—1
= et Gl et e T A
with

-8
B, = < [ e d:n) G
2

Since it follows from (4) that
2
e/ P+ D215 > (p+2)(-E(t) = —E(1),
we have
(12) e/ Dy > (= B(0) P > (= E(0)/ P+,
and from the Young inequality
2 2
Bulle® 2[5 7 Dl 157

< p+1 (671 By )AL/ (5+2)) 2/ (B+2)y, H5+2 4+ eit? || e®/ P +2) HP+2
T B+2 ! 427 B2 Pt

for any € > 0. Therefore (11) takes the form
(13) | § P ululPup da| < (7 B) DO (1)) Dy | 312
Q
+ T B(0) e u

with « =1/(8+2) —1/(p+ 2) > 0 since p > (. Thus, by choosing
b + 2— qm «@
= e

2(p+2)
n (13), we easily see, from (9), that
(14) G'(t) > {H(t) — mo(—E(t)) ||/ P2, | 573}

with

o= p—i”;i?m B (—E(0)) .
Now, we define

(15) L(t) = (=Et)' ™ + (1 — a)mg ' G(t),

where v = 1/(8+2) — 1/(p+2). Then differentiation of (15), using (5)
and (14), yields
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(16)  L'(t) = (1 = a)(=E())"*(=E'(t)) + (1 — )mgy ' G'(t)
= (1= a)(=E(®)|e”/ P u| 513 + (1 — a)mg "G (1)
> (1- a)mo H(t).

Moreover, since H(t) > gm(—E(t)) > 0 and E(t) < E(0), we obtain

L'(t) > (1 — a)gmmy *(—E(0)) > 0,

and consequently there exists a tg > 0 such that

(17) L(t) > L(tp) >0 for t > to,

where we can take tg = 0 if

(18)  L(0) = (—E(0)"* + (1 — a)mg " | e®@jug [ TPugug dz > 0.
2
Next we estimate

G e e e e TR

Q
< By|e® )/l |11 | @ P2y,
where o
pia
By = ( S @) dx) )
7
Therefore

L(1)1/0) < 92/~ B(r)

)+ (mg G5/}
< 20/0-{(-E ( )
/

+ (Bamg e by [ | e PRy ||, )/ (7)Y
[—1
< 9o/(1-a) - d(x)/1 l
<2 {qm( E(t)) + =) 1€ g I
1 -l _ . _la
+ M(Bzmollle‘ﬁ( @2y, 0) O )}

where we have used the Young inequality in the last step. Moreover, since

1o <Pt2 (I<B+2) and (=E(0)) /2P 2y |y > 1,

we have, from (9),
-1
I(1—a)

1—-la —I\l/(1-lo —(1—7l )| D(x 2 +2
+ o) (32m0 )/( )(—E(O)) -1+ ||e (=)/(p+ )U||Z+2

(19) L)V < 2‘”/(1_‘1){qm(—E(t)) + 1€ |

S mlH(t)

where
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=2 {4
20+ 2)(p+2—qm)”! % (Bgmgl)’/“la)(—E(O))‘“‘m)}.
Thus, a combination of (16) and (19) leads to
(20) L'(t) > (1 — a)(momy) " L(t)Y/ (1=,
A simple integration of (20) over (tg,t) then yields
(21) L(t) = {L(to) /1= — a(moma) ! (t — to)} U7/

for some t > tg. As L(tp) > 0, (21) shows that L becomes infinite in a time
Tnax < To = mom () L(to) /17 4 ¢,
COROLLARY 2.1. Under the assumptions of Theorem 2.1, suppose that
L(0) = (~BO)'" 4+ (1 — a)ymy* S e?@ w1 [ “2ugug da > 0.
19,

Then the lifespan T of the solution satisfies T < momy(a)~ L(0)~/(1=),
where o, mg and mq are positive constants as above.

REMARK 2.1. 1. We may replace |ug|%us by a(x)|us|®us, where a € L% (£2)
satisfies a(z) > ag > 0.

2. The same method works as well for a system of the form

{ (el ~2ug)e = M(|AY 03 + | BY?0]3) Au + a1 () fugl Pue = pa [ulPu,

(ol 2ve)e = M(||AY2ul[3 + || B20[|3) Bv + az(@)|vi] v, = palv[Po,

where

Au = e div(e D |V,ul1?V,u), (|4l = | PPV ,u)? da,

19

Bu = ¢™¥@ div(e?@|V,0|!2V,0), ||BY?0]? = S @)V ,0|7 da,

with g1 > 0, a1(xz) > Ay > 0, puo > 0 and az(z) > Ay > 0 where \; and Ao
are two positive constants (we can take o = ag =0 or pg > 0 and ag = 0).
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