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ON SUMS OF BINOMIAL COEFFICIENTS MODULO p?

ZHI-WEI SUN (Nanjing)

Abstract. Let p be an odd prime and let a be a positive integer. In this paper we
investigate the sum > ' (hp(;_l) (Qkk)/mk mod p?, where h and m are p-adic integers

with m #Z 0 (mod p). For example, we show that if h Z 0 (mod p) and p® > 3, then

() = (=) )) s

where (-) denotes the Jacobi symbol. Here is another remarkable congruence: If p* > 3
then

p?—1

() (= (5) e

k=0

1. Introduction. Let p > 3 be a prime. In 1828 Gauss (cf. [BEW,
(9.0.1)]) proved that if p =1 (mod 4) and p = 2% + 3? with z = 1 (mod 4)
and y =0 (mod 2) then

(1) =22 ot

In 1862 J. Wolstenholme [W] established the classical congruence

1/2p 2p —1 3

= = =1 .

2(p> <p—1> mod )
In 1895 F. Morley [M] showed that

<( p-1 ) = (—1)(p_1)/24p_1 (mod p?).

p—1)/2
Since
2k
<('Z>)k = <_2=/2> = ((p _kl)/2> (mod p) forall k=0,1,...,p—1,
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it is apparent that

pzl <2:> i} (p—igﬂ (@ _k1)/2>(_4)k _ (—3)e-D/2 = <‘;’> (mod p),

k=0 k=0

where (-) denotes the Jacobi symbol. In 2006, H. Pan and Z. W. Sun [PS]
derived the congruence

p—1
2k —d
Z(k—i—d) = (pg) (mod p) ford=0,...,p

k=0

from a sophisticated combinatorial identity. Later Sun and R. Tauraso [ST2]

proved further that
p*—1
2\ _ (p" 2
> ()= (5) oo

k=0
for any @ € Z* = {1,2,...}. Moreover, Sun and Tauraso determined
Zz;é (%f)/mk mod p via the identity
-1

3 (%F)a - > (7 )it =2

k=0 k=0
(cf. [STT), (2.1)]), where
up(x) =0, wi(x)=1, and upt1(z) = zup(z) — up—1(x) (n=1,2,...).

Now we need to introduce Lucas sequences.
Let A, B € Z. The Lucas sequences u, = un(A,B) (n € N={0,1,...})
and v, = v,(A, B) (n € N) are defined by

w =0, w; =1, and wupy1 = Au, — Bup—1 (n=1,2,...)
and

v=2, vp=A4, and v,y =Av, —Bv,—1 (n=1,2,...).
The characteristic equation 2 — Az + B = 0 has two roots

A+VA A—VA
=——— and f=——,
2 2
where A = A% — 4B. Tt is well known that for any n € N we have
_ kon-1-k _ J (@ =B")/(a=p) i A#QO,
Up = Z (6% B - {nan—l — n(A/2)TL—1 if A= 07

o

0<k<n

and also v, = o™ + ™. If p is a prime then

vp=0of 4+ P = (a+ pB)P = AP = A (mod p).
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It is also known that
A
up = (p) (mod p) and Uy (2) = 0 (mod p)

for any prime p not dividing 2B. (See, e.g., [S10, Lemma 2.3|.) The reader
may consult [S06] for connections between Lucas sequences and quadratic
fields. If A =a+ 1 and B = a for some integer a # 0,1 (mod p) where p is
an odd prime, then A = (a — 1)? and

up—(;) _ Up-1 1 ab~1 -1

p p a-1 p
In the paper [S10] the author proved that for any odd prime p and integer
m # 0 (mod p) we have

p—1 (Qk)
k) _ m(m — 4) 2

See also [SSZ] and [S11a] for related results on p-adic valuations.

For a sequence {an}n>0 of complex numbers, its dual sequence is given
by {a} }n>0, where

" /n
an=>_ <k>(—1)kak (n=0,1,...).
k=0

It is well known that (a})* = a, for all n € N (see [GKP), (5.48)], and also
[S03]). Let p be an odd prime and let m be an integer not divisible by p.
Clearly

p—1 p—1 k(2k) p—1 (Qk)
k) — k

> (7 ) eortel =3 e oap)
k=0 k=0
since (7.') = (=1)* (mod p) for all k = 0,1,...,p — 1. As St (25 /m*
mod p? has been determined, it is natural to seek for the determination of
Zi;é (pgl) (%f)/(—m)k mod p?, which is the main goal of this paper.

Let p be an odd prime. When p = 3 (mod 4), the author [S11b] noted
that

(%)
k

8k

¥
L

=0 (mod p)
k=0
and conjectured further that

p—1 _ 2k\ 2
Z <p & 1> ((—k8))’f =0 (mod p?).
k=0

In [S11b, (1.11)] it was shown that Zz;é (pgl) (215)3/(—64)’C =0 (mod p?)
if p > 3 and p = 3 (mod 4). Inspired by these, we are led to think that it
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is really worth studying Zi;é (pgl) (Qkk)/(—m)k mod p? (with m a p-adic

integer not divisible by p), which might behave better than Zi;é (2:) JmF
mod p? in some cases.

We shall state our main results in the next section and provide some
lemmas in Section 3. Section 4 is devoted to the proofs of our theorems.

2. The main results. For a prime p we use Z, to denote the ring of
p-adic integers; if h € Z, and h # 0 (mod p) then we denote the quotient
(hP=t —1)/p € Z, by gp(h) and call it a Fermat quotient. For m,n € N, the
Kronecker symbol d,,, means 1 or 0 according as m = n or not.

Now we state our main results and give some corollaries.

THEOREM 2.1. Let p be an odd prime and let a € Z*. Let h be a p-adic
integer with h # 0 (mod p), and (2h # 1 (mod p) or p* > 3). Then

(I E) (L)
(Y (-2 0))

COROLLARY 2.1. Let p be an odd prime and let a € Z*. Then

Pl 4 2k
(2.2) Z (p k: 1) ((’;))k (=1)P*=D/29p=1 (1n0d p?).

k=0

Proof. Simply apply Theorem 2.1 with h =1. u
REMARK 2.1. Let m € Z and n € Z'. Later we will show that

e S ()t
_ L(n_zl%m (n ; 1) <n - ]1 - k) (m — 2)n-1-2,

k=0

Thus, for any prime p > 3, by applying Morley’s congruence (cf. [M], [C]
and [P])

(i) = 0020 tmoa )

we get

p—1 p—1 (2k>

> (1) e = 00 o
k=0

which is a refinement of (2.2) in the case a = 1.
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COROLLARY 2.2. Let p > 3 be a prime and let a € . Then

(2.4) pil <2pak_ 1) <2:> (—1)F = (7?)(2 -3771 1) (mod p?)

k=0
and
p?—1 ay 2k
e 3 (T = ()0 @+ @) moa )
k=0
Proof. Just put h = 2 and h = —1 in (2.1) and note that (%) =

k—1
(_1)k:(x+k ) .
COROLLARY 2.3. Let p be an odd prime and let a € Z+. Then
p*—1
2p% + k\ [ 2k p° _
(2.6) > < " )(k >(—1)k = <5>(3—2-5p 1 (mod p?).
k=0
Proof. Simply apply (2.1) with h = —2. =
Our next result is more general than Theorem 2.1.

THEOREM 2.2. Let p be an odd prime and let m € Z with ptfm. Set
A=m(m —4) and let h € Zy,. Then

(2.7) Z_(hp _1) (z))k

k=0

= <pa_1> <1 — h;n>up_(§)(m —2,1)+ <pAa> (14 h((m—4)P~t —1))
B {h(m—4) (mod p?) if p* =3 and 3|m — 1,

0 (mod p?) otherwise.

In particular, if hm = 2 (mod p) then
p—1 2k
hp* —1 ( k )
e (")

)(1 + h((m —4)P"1 = 1))

+{m—4 (mod p?) if p* =3 and 3|m — 1,
0 (mod p?) otherwise.

COROLLARY 2.4. Let p be an odd prime and let a € ZT. If p* > 3, then

(2.9) pai (pak 1> <2:> (—1)F = 30! (g) (mod p?).

k=0
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If p # 3, then

w0 B () i

Proof. Just apply (2.7) with h = 1 and m € {1,3} and note that
(_1)n71un(1’ 1) = un(_la 1) = (%) forn e N. =

COROLLARY 2.5. Let p # 2,5 be a prime and let a € Z*. Then

(2.11) P“z—:l <p“k— 1> <2:> = <p5“> (5P~ — 3Fp_(g)) (mod p?)

k=0
and
p*—1 2k
pa_l ( ) _ pa
(2.12) kzo < i >(_’g)k = (5>(1 —3F,_(z)) (mod p?),

where {Fy, >0 is the well-known Fibonacci sequence defined by
Fhb=0, Fi=1, and F,;1=F,+F,1 (n=12...).
Proof. Observe that
(1)t (=3,1) = un(3,1) = Fop, = Fp Ly,

where L, = v,(1,—1). By [SS, Corollary 1] (or the proof of Corollary 1.3
of [STT)), if p # 2,5 then L, (») = 2(2) (mod p?). In view of this, if we
apply (2.7) with h =1 and m € {—1,5} then we obtain the desired result. =

To conclude this section we raise four conjectures based on our compu-
tation via Mathematica.

CONJECTURE 2.1. Let p be an odd prime and let h be an integer with
h=(p+1)/2 (mod p). If p* > 3 with a € Z", then

k=0
Also, for anyn € 7T,

i:z_é <hnk— 1) <2kk)(_h/2)k

CONJECTURE 2.2. Let p be an odd prime.
(i) If p=1 (mod 8), then

Z (2:) ”i <2k) keun( 2)1) _ 0 (mod 12).

k=0 =0
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If p=7 (mod 8), then

k=0
(ii) If p=1 (mod 12), then

p—1 2

Z(k‘) i =0 (mod p?).
k=0

If p=11 (mod 12), then

5 (L) () =

Recall that any prime p = 1,3 (mod 8) can be uniquely written as z2+2y?
with z,y € ZT, and any prime p = 1 (mod 3) can be uniquely written in
the form 22 + 3y? with z,y € Z*. (See, e.g., [Cd, p. 7].) The following two
conjectures are related to Conjecture 2.2 and look more difficult.

CONJECTURE 2.3. Let p be a prime with p = 1,3 (mod 8). Write p =
2?2 + 2y* with x,y € Z so that x = 1 (mod 4), and y = 1 (mod 4) if p = 3
(mod 8). Then

126\ 2 ku (2,-1) p =
,§0<k)f—s>k =3 g (el s

and

Z( ) w:4x—§(modp2).

If p=1 (mod 8), then

1

~1
4p 2w (2 _ pz: 2 ko (2, —1)
‘ 32"C 32k

k= =0

(1)<p—1>/s+(m—1>/4(19 _

2 d p?
20 ot )

and we can determine x mod p*> via the congruence

~ 1)@=/ L 1ok N2 (K 4 1) (2, —1
(—1yevy = SV )2 <k> ( )32";( ) (mod p?).

k=0
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If p=3 (mod 8), then

p—1 2 _
Z (215) W (—1)P=3)/8+(==1)/4 <27; — 2x> (mod p?),

0

2k kak(Z, -1) (p—3)/8+(z—1)/4 b 2
<k> —CaF (-1) 2<x+x> (mod p°),

26\ 2 kug(2,—1) 152 2K\ 2kop(2,—1) )
O<k> 32k :2;()(14) sor = v (mod pY),

2k uk(27 _1) p 2
D=9y — .
Z<k> o Y= gy @od )
k=0
CONJECTURE 2.4. Let p > 3 be a prime.

(i) If p=1 (mod 12) and p = 22 +3y? with z,y € Z and z = 1 (mod 4),
then

p—1 2 p—1 2
_ 2k\ “vg(4,1) 2k\ “vg(4,1) D
(p—1)/4 k% _ k _ _p 2.
1) kgo<k) = E <kz> Ik =4z - (mod p*);

k=0

| =
=

p

(]

“ﬁw
’_‘O

k

@II

also we can determine x mod p* by

p—1 2

2k k4 2)vg(4,1 _

Z < . ) —( ikk( ) = (71)(” D/4 4y (mod p?)

k=0
as well as
p—1

—Dog(4,1) _ 2

(i) If p =7 (mod 12) and p = 2> +3y? with z,y € Z and y = 1 (mod 4),
then

I
—

p

ug(4,1) [ 2k 2: P 9
G (F) =2 & moa i)

< —1)=d/ (12y - p) (mod p?),
y
0

26\ % kv (4, 1 8
< . ) 164(;6) = (—1)PtD/A (20y - yp> (mod p?),

11
= O

T 0
|
- o

(
4
(

up(4,1) _ (=)@ 4y — L) (0d p?)
k 3y ’
1
=

(]

4

2%
k
26\ 2 v (4
k

[

p—1

k=0
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and also

1 1

p

> ()

_ “hug(4,1) _ 11 (26 2 kug(4,1)
— S 64 T4k 64F

k 0
(—1) /4 2 (2k>2(k+7)uk(4,1)

Eol

5 B 1 (mod p2).
k=0

3. Some lemmas. Recall that the harmonic numbers Hy (n € N) are
defined by Hy, = > 1<, 1/k. The reader may consult [S12a] and [S12b] for
some fundamental congruences involving harmonic numbers.

LEMMA 3.1. Let p be an odd prime and let a € Z*. Let m € Z with
ptm. If p|m — 4 then

p*—1 palek <2k

(3.1)

k k

- > = 204,1 (mod p).

k=1
If m # 4 (mod p), then

on S (E) = (") S e

Proof. Forkzl,...,(p —1)/2, we have
o - k
((p kl)/2) ((p 1)/2 H (p*—1)/2—j+1

¥/ (=0 (1/2 o Y2l

_H< 23_1>El(m0dp).

If ke{(p*+1)/2,...,p* — 1}, then 2k — p® € {1,...,k — 1} and hence

(1)) =) ()

with the help of Lucas’ congruence (cf. [Stl p. 44]). So, for any k =
0,...,p%* — 1 we have

(3.3) (2:> = (4)k<(pa _]{:1)/2> (mod p).
Thaerefore )
Z o lHk <2k> _ (pgl)/z ((p“—]{71)/2>(—4/m)’“(p“—11{,€) (mod ).

(Note that p* 1 Hj, = Z§:1 p*1/j € Z, for every k=1,...,p* — 1.)
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For each k € N clearly

1 1
H, = ijfldng 2 dx
0<j<k 0 0 0<j<k
1 1
1—aF 1—(1—t)"
= | T de = | (t " at.
o 7 0
Thus
=1 41
— (k:) =p® (mod p)
k=1
where

pi—1)

I
1
g)

(1—4/m)®*=D/2 _ (1 — (1 — t)4/m)@"~D/2
t

dt

S e A YO AR T AN
B Pt k m m/) t
1

0
(p*—-1)/2 (pa _ 1)/2 4k (—1)/2—k
= 2o p ) g m—4) :
k=1
If m =4 (mod p), then
1 pa—l

pt iy = — 4 -1)/2 = 2041 (mod p)

m@* =172 (pa —1)/2
and hence (3.1) holds.

Now assume that m # 4 (mod p). In view of (3.3),

a1 (m(m—4))F -0/ pl (- 1)k a—1
v =

mp*—1 p
=1
= _ m(m — 4) a—1pa71 (2kk) mo
= (") 2wy ot ?)
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for any n € Z with pfn. If p®~'{k then p®~!/k =0 (mod p). Therefore
p°=1 2k p=1  (2p*7Yj p—1 (2j

a—1 (%) a—1 (p“*j) _ (J) (

. a—i1. — —_ mod p)

in view of the Lucas congruence. =

LEMMA 3.2 (Sun [SI0]). Let p be an odd prime and let a € Z". Let m
be any integer not divisible by p and set A = m(m — 4). Then

kZ(m = (5)+ (521 )i m—2.1) (mod 57,

pa—l

LEMMA 3.3 (Sun and Tauraso [ST1, Theorem 1.2]). Let p be any prime
and let m be an integer not divisible by p. Then

—_

p—1 2k — olm. —m
—Z (i) = m? = vp(m, ) (mod p).
k=1

[\

kmk 1 D

LEMMA 3.4. Letp be an odd prime and let m € Z with A = m(m—4) #Z 0
(mod p). Then

2 vp(m —4,4—m) — (m —4)?
m—4 P
m <A> Up_(ay(m—2,1)

p

(3.4)

p

5 — gp(m —4) (mod p).

Proof. (i) Let us first show the equality

vany1(m — 4,4 —m) _ ugni1(m, m)
(m — 4)n+l mn

(3.5)

for n=0,1,.... Clearly both sides of (3.5) are 1 when n = 0. Note that
v3(m — 4,4 —m)
(m —4)?
_ va(m —4,4— m) +v1(m—4,4—m)

,p

vi(m —4,4 —m)
m—4
u3(m7m)

=uvi(m—4,4—m)+vo(m—4,4—m)+

=m—-44+2+1=m—1=wus(m,m) —ui(m,m)=
m
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Also, for n =2,3,... we have

Vant1(m — 4,4 —m)

(m —4)n+l
Vop—1(m — 4,4 —m) + vop(m — 4,4 —m)
- (m —4)"
N (1 + (m — 4))v2n_1(m — 4, 4 — m) + (m — 4)U2n_2(m — 4, 4 — m)
- (m —4)"
_(m—=2)vop_1(m — 4,4 —m) — (m — 4)vap_3(m — 4,4 —m)
- (m —4)
Vopn—1(m — 4,4 —m)  wvop_3(m —4,4—m)
= =)= T (m—4nt
and
Ugpp1(m,m)  ugn(m,m) — ugp—1(m, m)
mm mn—1
(m — 1)ugp—1(m, m) — muap_2(m, m)
mn—1
_(m = Dugn_1(m,m) — (uzn—1(m, m) + mugn_3(m,m))
mn—1
= (m - p)tzetimmn) tstmm)

Thus, by induction, (3.5) holds for all n € N.
(i) By part (i),
mP=1)/2

m(v;;(m—& 4—m) — (m—4)P) + (m(m—4))P~D/2,

up(m,m) =

Since vp(m — 4,4 —m) = (m — 4)P (mod p) and

A-1)/2 _ <?>

e ()2 o (55
GG (Z))

e e (=59)

:< )(mp1—1+(m 1)~ 1) (mod p?),

we have
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A (%) )
up(m, m) — (p) = (m—4};(p4)(vp(m 4,4 —m)— (m—4)P)
+;(?)(mp1 —1+(m-4)P1t-1)
_ m1_4<?>(vp(m—4,4—m) — (m— 4y
+2(2) ) + gyl — 4)) (mod 2)
On the other hand, by [S10, Lemma 2.4] we have
2up(m, m) — <?>mp_1 =up(m—2,1) + up_(%)(m —2,1) (mod p?).
Thus
2 A
2 (5wl - 4= m) - - ap)

= uylm=2.0) = (5) 1, )m =20 = (5 )paylom ) (mod 52)

Py
P
In view of this, we have reduced (3.4) to the congruence
A m
(3.6) up(m —2,1) — (p) =5~ 1>up(§)(m —2,1) (mod p?).

Let o and 8 be the two roots of the equation 22 — (m — 2)x +1 = 0.
Then

vp(m —2,1)% — AuZ(m —2,1) = (" + )2 — (" — ")? = 4(af)" = 4
for all n € N. As upf(é)(m —2,1) =0 (mod p) we have
p

v (m—2,1) =4 =0 (mod p?).

p—(3)
By [S10, Lemma 2.3], U,

DS

)(m —2,1) =2 (mod p). So

S1DS

—2.1)=2 d p?).
Upf(%)(m 1) (mod p7)

By induction, (m — 2)u,(m —2,1) £ v,(m — 2,1) = 2u,41(m — 2,1) for all
n € ZT. Therefore

2up(m —2,1) = (m — 2)up7( )(m -2,1)+ (?)UP(A)(TI’L -2,1)

P

SHN

y(m —2,1) + 2<?> (mod p?)

=(m— 2)up7(

SIS

and hence (3.6) follows.
The proof of Lemma 3.4 is now complete. m
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Combining Lemmas 3.3 and 3.4 we get the following result.

LEMMA 3.5. Let p be an odd prime and let m € Z with A = m(m—4) #0
(mod p). Then

X 1(_1)k (Qkk) —

(3.7) m = qp(m—4)—5

m <A> Uy (2y(m=2,1) (mod ).

1 p p

4. Proofs of Theorems 2.1-2.2 and (2.3)

Proof of Theorem 2.2. For k. =0,...,p* — 1, clearly

<hpa/c_ 1)(—1)’“:<—1>k I~ =11 <1_hpfl>

o<j<k 0<j<k J

=1-nh Z p—,zl—hpaHk (mod p?).

Thus

Pl e 2k p*—1 2k Pl g ok
5 (B E  w E ()

k=0

and hence
p*—1 2k p*—1
hpt =1\ (%) Hy, (2K
4.1 hp® —
(4.1) kZ_g( k )(_m)k+pzmk k

-(2)+ (-

with the help of Lemma 3.2.
If pfm — 4, then by combining (4.1), (3.2) and Lemma 3.5 we get

z (") = (2) ()

—|—ph(<§l>qp(m—4) ) ?<pﬁl>up—<§)(:—2,1)> mod )

and hence (2.7) follows. (Note that if p* = 3 and 3|m — 1 then m = 4
(mod p).) In the case m =4 (mod p), we have

p*—1
P kgl p ( . ) = 2pda,1 (mod p*)

)(m—2,1)

S1DS
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by (3.1), and
up_(%)(m —2,1) =up(m—2,1)
= p<m;2>p_l +4 ,3pmmT_4 =p+dp3(m —4) (mod p?)
by [S1la, Lemma 2.2]. So (4.1) also implies (2.7) when p|m — 4.
Since up_(%)(m ,1) = 0 (mod p) by [S10, Lemma 2.3|, (2.7) in the

case hm = 2 (mod p) ylelds (2.8). =
Proof of Theorem 2.1. Choose m € Z such that hm = 2 (mod p?).
Clearly ptm. Note that
2 2 —4h
4=2 4=
" h h
So we get (2.1) by applying (2.8). m

Proof of (2.3). For k € N clearly the constant term of

(mod p?).

(2 —r— xfl)k: — (_1)k($ o 1)2k:

is the central binomial coefficient ( ) Observe that

n—1
-1
Z <n . )(_1)kmn1k(2 —r— xfl)k _ (m — 94+ xfl)nfl.
k=0
Equating the constant terms of both sides we obtain

)

k=0
L(n—1)/2] n—1
- _ o9\n—1-2k
<hhn—1—2éym 2) ’
k=0
which is equivalent to (2.3). =
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