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Abstract. We study the curvature properties of almost Hermitian surfaces with van-
ishing Bochner curvature tensor as defined by Tricerri and Vanhecke. Local structure the-
orems for such almost Hermitian surfaces are provided, and several examples related to
these theorems are given.

1. Introduction. In almost Hermitian geometry, it is both natural and
interesting to discuss the relationship between the almost Hermitian struc-
ture and given curvature conditions. The Bochner curvature tensor B was
defined by Bochner as a formal analogy of the Weyl conformal curvature ten-
sor [4]. Bochner Kéhler manifolds, which are Kéhler manifolds with vanish-
ing Bochner curvature tensor, have been studied by Kamishima [12], Bryant
[5] and many other authors [7, [8, 20, 28]. Tricerri and Vanhecke [30] studied
the decomposition of the space of all curvature tensors on a Hermitian vec-
tor space from the view-point of unitary representation theory and defined
a Bochner type curvature tensor B(R) for any almost Hermitian manifold
M = (M, J,g) by considering the induced decomposition of the Weyl com-
ponent. We call B(R) the Tricerri-Vanhecke (briefly, TV) Bochner curvature
tensor. Further, we define a TV Bochner flat almost Hermitian manifold as
an almost Hermitian manifold with vanishing TV Bochner curvature tensor.
By an almost Hermitian surface, we mean a four-dimensional almost Her-
mitian manifold. We remark that the tensor field B(R) is invariant under
locally conformal changes of the Riemannian metric g and coincides with
the Bochner tensor if M is Kahler. So, we may easily observe that every
conformally flat almost Hermitian manifold and every Hermitian manifold
which is locally conformally equivalent to a Bochner Kéhler manifold are
TV Bochner flat.

Tricerri and Vanhecke also defined a generalized complex space form
as a generalization of complex space forms and proved that a generalized
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complex space form is characterized as an Einstein and weakly *-Einstein
TV Bochner flat almost Hermitian manifold. Further, they proved that any
2n(> 6)-dimensional generalized complex space form reduces to a complex
space form. Olszak [24] studied four-dimensional generalized complex space
forms and gave a positive answer to a question posed by Tricerri and Van-
hecke ([30, p. 389]). Lemence also discussed four-dimensional generalized
complex space forms and proved that a 4-dimensional generalized complex
space form is a space of constant sectional curvature or a globally conformal
Kéhler manifold ([I8, Theorem A]) which improves upon Olszak’s result
([24, Theorem 2]).

On the other hand, Euh, Park and Sekigawa [9] classified the local struc-
tures of a TV Bochner flat nearly Kéhler manifold. As a result, we see that
a TV Bochner flat nearly K&hler manifold is Bochner Kéahler or conformally
flat. In the same paper, they also proved that a 6-dimensional TV Bochner
flat almost Hermitian manifold of type W7 + Wy in the Gray—Hervella clas-
sification [I1] is either globally conformally equivalent to a strict nearly
Kahler manifold of positive constant sectional curvature or locally confor-
mally equivalent to a Bochner Kéahler manifold. As far as we know, there
is no example of a TV Bochner flat almost Hermitian manifold which is
neither conformally flat nor locally conformally equivalent to a Bochner
Kahler manifold. Based on these observations, the following question natu-
rally arises:

QUESTION. Is every TV Bochner flat almost Hermitian manifold con-

formally flat or locally conformally equivalent to a Bochner Kdahler mani-
fold?

In [I3], Kamishima studied Bochner flat locally conformal Kahler man-
ifolds. In this paper, we shall study the above question for almost Hermi-
tian surfaces. The paper is organized as follows. In §2 and §3, we prepare
several fundamental concepts and formulas necessary for the arguments
of the present paper. In §4 and §5, we discuss TV Bochner flat almost
Kahler surfaces and TV Bochner flat Hermitian surfaces, respectively, and
give some partial answers to the Question under some additional condi-
tions.

2. Preliminaries. Let M = (M, J, g) be a 2n-dimensional almost Her-
mitian manifold and {2 the K&hler form of M defined by 2(X,Y)=g¢(JX,Y)
for X,Y € X(M), where X(M) denotes the Lie algebra of all smooth vector
fields on M. We denote by V and R the Levi-Civita connection and the
curvature tensor of (M, J, g) defined by

R(X,Y)Z = [Vx,Vy|Z —=Vixy)Z
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for X,Y, Z € X(M). Further, we denote by p, p*, 7 and 7* the Ricci tensor,
the Ricci *-tensor, the scalar curvature and the *-scalar curvature defined
respectively by

p(X,Y) = tr(Z = R(Z,X)Y), p*(X,Y) = t(Z — R(X,JZ)JY),
T=tr@Q, 7" =trQ",

where () and Q* are the Ricci operator and the Ricci *-operator defined
by 9(QX,Y) = p(X,Y) and g(Q*X,Y) = p*(X,Y) for X,Y € X(M),
respectively. We may easily check that p*(X,Y) = p*(JY,JX) forall X, Y €
X(M), and p* = p if M is a Kéhler manifold. An almost Hermitian manifold
M is called a weakly *-Einstein manifold if p* = %g on M; it is called a
x-Finstein manifold if 7 is constant. We denote by N the Nijenhuis tensor
of J defined by

N(X,Y) =[JX,JY] - [X,Y] - J[JX,Y] - J[X, JY]

for X, Y € X(M). It is well-known that the almost complex structure J of M
is integrable if and only if N vanishes identically on M [2I]. We now recall
the following conditions on the curvature tensor of an almost Hermitian
manifold M = (M, J, g):

(G1) R(X,Y,Z,U)=R(X,Y,JZ,JU),
(G2) R(X,Y,Z,U)— R(JX,JY,Z,U)

= R(JX,Y,JZ,U) + R(JX,Y, Z,JU),
(G3) R(X,Y,Z,U)=R(JX,JY,JZ,JU)

for X,Y, Z, U € X(M) [10]. Then we easily observe that (G1)=(G2)=(G3).
We note that if an almost Hermitian manifold M satisfies (G3), then the
Ricci tensor p and the Ricci *-tensor p* are both J-invariant (and hence, in
particular, p* is symmetric).

An almost Hermitian manifold is called an almost Kdhler manifold if the
Kahler form {2 is closed (equivalently, X(}'S/Zg((VXJ)Y, Z)=0for X,Y,Z €

X (M), where XG}S/ 2 denotes the cyclic sum over X, Y and Z, namely, (M, §2)

is a symplectic manifold). An almost Hermitian manifold is called a Her-
mitian manifold if the almost complex structure J is integrable. In partic-
ular, four-dimensional almost Kéahler manifolds and four-dimensional Her-
mitian manifolds are called almost Kdahler surfaces and Hermitian surfaces
respectively. We now recall the definition of the TV Bochner curvature ten-
sor B(R) of a 2n-dimensional almost Hermitian manifold M = (M, J,g)
[9, [30]:
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for n = 2, where for any (0, 2)-tensors a and b, we set

+g®(p*=f)}+ g g

(a®b)(x,y,z,w)
= a(z, 2)b(y, w) — a(z,w)b(y, z) + b(z, z)aly, w) — b(z, w)a(y, 2),
a(z,y) = a(z, Jy)
for z,y,z,w € T,M, pe M, and
aAb=a®b+a®b+2a®b+2b®a.

Further, the Weyl curvature tensor is given by

1
(2.2) W = R+ g@p

22n—1)2n—2) 7Y

Let {e;} be an orthonormal basis of T,M at any point p € M. In this
paper, we shall adopt the following notational convention:
Riji = g(R(ei, ej)ex, er),
R%jkz = g(R(Jei, e5)ex, er),
Risrr= g(R(Jei, Jej)Jey, Jep),
pij:p(ei7ej)7 BRI P{jZP(JezaJeg);
p?j:p*(ei)ej% ey P%:P*(Jeujej)7
Jij = g(Jei ej),  Vidix = g((Ve,J)ej, er),
Nijk = g(N(eis e5), ex),
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and so on, where the Latin indices run over the range 1,...,2n. We set
(2.3) G=> (pij— 1)
2%

It is evident that G = 0 on M if and only if the Ricci *-tensor p* is sym-
metric. Further, we may note that the symmetry of the Ricci *-tensor and
the equality (2n —1)7* — 7 = 0 are both preserved by any conformal change
of the metric.

Now, we define 2-forms ¢ and 1 on M respectively by
d(X,)Y)=tr(Z — J(VxJ)(VyJ)Z),
Y(X,Y)=tr(Z— R(X,Y)JZ)
for X,Y,Z € X(M). Then it is well-known that the first Chern form ~ of M
is given by
(2.5) 8my = —¢ + 20,
and the 2-form  represents the first Chern class ¢ (M) of M in the second
de Rham cohomology group.

In the rest of this section, we review some fundamental equalities on an
almost Hermitian surface M = (M, J, g). In addition to the usual identi-

ties on an almost Hermitian manifold of arbitrary dimension, the following
specific identities hold [11], [14]:

(2.6) d2=wA 2 (and hence, dw A 2 =0),

where w is the Lee form of M defined by w = —§f20 J,

(2.7) 29((Vx)Y,Z)=w(Y)2(Z,X)+w(Z)2(X,Y)+w(JY)g(X, Z)
—w(JZ2)g(X,Y)+g(N(Y,Z),JX),

(2.4)

™ — T

(28)  p(X,Y) 4 (V.X) — {p(X,Y) + p(JX, JY)} = T Lg(X,Y)

for X,Y,Z € X(M).
It is well-known that the vector bundle A% M of 2-forms on M decomposes
as
LM =RQ® A} M & LM,

where A(ilM and LM are the vector bundles of the primitive J-invariant and

J-skew-invariant 2-forms on M, respectively. Further, we see that A%_M =
R2@® LM and A2 M = A(1),1M hold with respect to the orientation defined

by the volume form dv = 1022, Since g((VzJ)JX,JY) = —g((V2J)X,Y)
on M, we see that
(2.9) VR=a®d+0J0

for some local 1-forms a and 3, where {®, J®@} is a local basis for LM.



38 Y. EUH ET AL.

From (2.3)), (2.4), (2.5), (2.8) and (2.9) we have the following integral

formula on a compact almost Hermitian surface [27]:

2
T

1 ™2 1 1
2.10 M?=— \{—+4+2G+Zlp—poJ®—2[p— -
210 a0 =i {75+ 3G+ gl pe 2o~ o

T* N
+ 5 Z(Viij)VgJﬂ; — Z pji(viJab)ijag} dv,
where (po J)(X,Y) = p(JX,JY) for X, Y € X(M).

3. Some formulas on TV Bochner flat almost Hermitian sur-
faces. In this section, we shall discuss TV Bochner flat almost Hermi-
tian surfaces and give some fundamental formulas for these surfaces. Let
M = (M, J,g) be a TV Bochner flat almost Hermitian surface. Then, by
, the curvature tensor R of M can be expressed explicitly by

(3.1) R(X,Y,ZU)
= X, D)p(Y, 2) + (¥, 2)p(X, V)
~ (X, 2)p(¥,U) ~ g(¥,U)p(X, 2))

+ 520X, Y5 (U,2) — 7 (I2,U)
+20(2,JU) (" (V. TX) — " (X, V)
(X, I2) P (U, ) = (I, 0))
+ gV, JU)P* (2, 7X) = " (IX, 2)
(X, IUN (Y, I2) = 57 (T2,Y)

+9(Y, JZ)(p" (X, JU) = p*(JU, X))}

37— 71

48

{9(X,U)g(Y, Z) — g(X, Z)g(Y,U)
—29(X,JY)g(Z,JU) — g(X,JZ)g(Y, JU)

+9(Y,JZ)g(X, JU)}

T+ 7"

3 {9(X,0)g(Y, Z) — g(X, Z)g(Y,U)}

for XY, Z,U € X(M). On the other hand, from (2.2)), the Weyl curvature
tensor W is given by
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(3.2) W(X,Y,Z,U)=R(X,Y,Z,U)
~ SV, 2) + gV, 2)p(X,0)
~9(X. 2)p(Y.U) = (Y. U)p(X, 2)}
+ Hlo(X. D)g(Y, 2) - g(X, Z)g(Y,U)}

for X,Y,Z,U € X(M). From (3.1)) and (3.2)), the Weyl curvature tensor W
is also expressed by
(3.3) W(X,Y,Z,U)

T —37*

= —5; (X, U)g(Y, 2) = 9(X, Z)g(Y, U)}

20X, IY) (U, 1 2) ~ (T Z,0))

+29(Z, JU)(p" (Y, TX) — p" (JX,Y))
1 9(X, JZ)(p*(U,JY) — p"(JY, 1)
+g(Y.JU)(p*(2,TX) — p"(JX, Z))
+ g(X.JU)(p" (Y, JZ) = p" (JZ,Y))

+9(Y, JZ)(p* (X, JU) — p*(JU, X))}

3% — 1

48 {g(X,U)g(Y,Z)—g(X,Z)g(Y,U)

_l’_

—29(X,JY)g(Z,JU) — g(X,JZ)g(Y, JU)

+9(Y,JZ)g(X, JU)}
for XY, Z,U € X(M). First, from (3.1)), we have the following theorem.

THEOREM 3.1 ([9]). Let M = (M, J,g) be a TV Bochner flat almost Her-
mitian surface. Then the curvature tensor R satisfies the curvature identity

(34) R(X,Y,Z,U)—-R(JX,JY,Z,U)
— R(X,Y,JZ,JU) + R(JX,JY,JZ,JU)
= R(X,JY, Z,JU)+R(X,JY,JZ,U)+R(JX,Y,JZ,U)+ R(JX,Y, Z,JU)

for XY, Z,U € X(M).
From Theorem we immediately have the following result.
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COROLLARY 3.2. Let M = (M, J,g) be a TV Bochner flat almost Her-
mitian surface satisfying the condition (G3). Then M satisfies the condi-
tion (G2).

REMARK 3.3. It is known that the curvature tensor of any Hermitian
manifold satisfies the curvature identity [10]. However, the converse is
not true in general. In fact, Tricerri and Vanhecke [29] gave an example of
a locally flat almost Hermitian surface which is not Hermitian.

The (0, 3)-tensor field C' = (Cjyji) defined by C = divW is called the
Cotton—York tensor. From (3.2)), we obtain immediately

1 1
(3.5) Cj = z; ViWiji = §(Vzpjk — Vipji) — E{(Vﬁ)gﬂc — (Vi) }

Let Cz (Z € X(M)) be the 2-form defined by the Cotton—York tensor
Cz(X,Y) =C(Z,X,Y) for X,Y € X(M) [1]. From (3.5)), we see immedi-
ately that if M is Ricci parallel, the Cotton—York tensor vanishes on M.
We denote by C}r the self-dual part of Cz. Further C™ = 0 will mean that
C} =0 for any Z € X(M). If C* = 0, then

(3.6) Z CijkNjr = 0, Z CijiJjr = 0.
Jk J.k
From (2.7) and (3.3)), by direct calculations, we have the following.

THEOREM 3.4. Let M = (M, J,g) be a TV Bochner flat almost Hermi-
tian surface. If the Ricci x-tensor p* is symmetric, then

1
(3.7) 2Cji, = ﬂ{—Vk(?w* —7)gji + Vi(37" — T)gjr + 2V;5(37" — 1) Ji,

+ V;(37" — 1) — V(37" — 7)Jji}

3 3 3 3
<3ijik +gwidin = i + Swigie — Wi

1 1
= Nikj + 5 Njiw = 2Njki>~

From (3.3), we have the following theorem.

THEOREM 3.5 ([I7]). Let M = (M, J,g) be a TV Bochner flat almost
Hermitian surface. Then M is self-dual. Further, M is conformally flat if
and only if p* is symmetric and 37* — 17 =0 on M.

We now recall the integral formulas representing the first Pontryagin
number p; (M) and the Euler number x(M) of a compact TV Bochner flat
almost Hermitian surface M = (M, J, g) [17].
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Let M = (M,J,g) be a compact TV Bochner flat almost Hermitian
surface. Taking account of (2.3)), the first Pontryagin number is given by

1 (37* — 71)2
M
The Euler number y is given by
1 (37* —71)2 R = |
M) = o=yl + T 12V aw.
(3.9) X(M) =35 ASJ{ 24 ‘p 19| T by

From (3.8) and (3.9), by Wu’s theorem [31], the first Chern number is given
by

(3.10) e (M)? = py(M) + 2x (M)

1 (37 —71)2 T
= _4ly— L
577 ) { 6 'p 17
M

From and -, we have

7_*_7_2
311) | {G+(2)—|p—poJ|2
M

2 7_2

— 7Y (Vi) Vidg +2) p;i(ViJab)V;Jal;} dv =0.

Based on (3.9)), (3.10) and Theorem we immediately have the following

results.

THEOREM 3.6. Let M = (M J,
Hermitian surface. Then c1(M)? >
if M is conformally flat.

g) be a compact TV Bochner flat almost
2x (M), with equality holding if and only

Now we comment on the geometric meaning of the function 37* + 7 on
an almost Hermitian manifold. In [25], Sato proved that if M = (M, J,g)
is a 2n-dimensional almost Hermitian manifold of pointwise constant holo-
morphic sectional curvature ¢, then 37* + 7 = 4n(n + 1)c on M. On the
other hand, Koda proved that a self-dual Einstein almost Hermitian surface
is a space of pointwise constant holomorphic sectional curvature ([15, Theo-
rem A]). Thus, from the result of Koda and Theorem it follows that any
4-dimensional generalized complex space form is an almost Hermitian sur-
face of pointwise constant holomorphic sectional curvature ¢ = (37* + 7)/24.
The following formula yields a geometric meaning of the function 7* — 7 (or
7 —7*) on an almost Hermitian surface M = (M, J, g) [27]:

1
(3.12) T— 7% = 26w + |w| - g\NP.
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Next, we assume that M = (M, J,g) is a compact TV Bochner flat
almost Hermitian surface satisfying the condition ¢;(M)? < 3y (M) and

(37* + 7)(7* —7) > 0 on M. Then, by (3.9) and (3.10), we get

* _ \2 2 2
(313) 0> | {G+(?ﬂ-7—)+2‘p—19’ —T}dv
M

2 24
2
} dv.

Thus, from (3.13]) and the hypothesis, we have

on M. Thus, taking account of (2.8) and (3.14)), we see that M is Einstein
and weakly *-Einstein, and hence a generalized complex space form [30].
Therefore, by the result of Lemence ([18, Theorem B]), we have the following
theorem.

THEOREM 3.7. Let M = (M, J,g) be a compact TV Bochner flat
almost Hermitian surface satisfying the condition ci(M)* < 3x(M). If
Bm*+7)(1*—71) >0 on M, then M is a compact locally flat non-Hermitian
almost Hermitian surface or locally a compact complex space form.

:]\S/[{C;—f—;(ST*—FT)(T* —T)+2‘p— ig

COROLLARY 3.8. Let M = (M, J,g) be a compact Bochner Kdhler sur-
face satisfying the condition c¢i(M)? < 3x(M). Then M is locally a complex
space form (and hence c1(M)? = 3x(M)).

REMARK 3.9. The above result is obtained from the classification of
compact Bochner Kéahler manifolds established by Kamishima [12].

4. TV Bochner flat almost Kéahler surfaces. First, we recall several
fundamental formulas on an almost Kéahler surface M = (M, J, g):

(4.1) Vids, = =Vidj,
(4.2)  Rijm — Riiir — Rijr + Rigpr + Rir + Rjpr + R + Rijig
=2 (VaJyj)VaTur
Then (4.2) leads to
(4.3) P+ 05— pii — g = Y _(Vadin)Vadi,.

a,b
Thus from ([2.8]) and (4.3), we have
-

(4.4) N (Vadsi)Vadej = ——

9 Gij-
a,b
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From , we have

(4.5) IVJ|? =2(1% — 7).

On the other hand, it is well-known (see [32]) that the Nijenhuis tensor N
of an almost Kéahler manifold is expressed by

(4.6) Niji = —2V3Ji;.

Since df2 = 0 (and hence w = 0), taking account of we may also obtain
the formula directly from (|3.12)).

The following is the arrangement of Kowalski’s example ([16, Example
I11.53]) by Apostolov et al. [I]. We also refer to [22].

EXAMPLE 4.1. Let M = R} = {(z1,72,73,24) € R* | 21 > 0} and
define the global basis {e;} by

o= g2 =L 9
1= laxla 2 = x18$2’
0 0 1 0
e = Vi Vg = g

Further, we define an almost Hermitian structure on M by Jei = eq, Jeg =
—e1, Jez = eq, Jes = —es, and g(e;,ej) = ;5 (1 <1i,j <4). We denote the
dual basis of {e;} by {e'}. Then

1 1
el = ——dzx, e = —x1dxo, e = ——dzx3, et = Vxirodxrs — /T1d24.

1o V1

We see that the Kéhler form of the almost Hermitian structure (J, g) is given
by

(4.7) R=e'Ne®+ 3 Net =duy Adry — dos A dzy.

Hence df2 = 0, and so (M, J,g) is an almost Kéhler surface. By direct
calculation, we have

Ry212 =1, Rigss = —3, Riziz=1,
(4.8) Risos = —%, Riaa =1, Rig3 = 1,

Rosas = 1, Rosos = 1, Razs = —3,
the other coefficients being zero. From , we have further
(4.9) Qe = —%61, Qes = —%eg, Qes = Qeqy = 0.

(4.10) Qe1 = —%el, Q% es = —%82, Q ez =e3, Q%es=ey.
Then, from and , we have immediately

(4.11) r=-3, 71°'=1L

From and (4.11), we see that (M,J,g) is a strictly almost Kéahler

surface.
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From , we may easily check that the almost Kéhler surface (M, J, g)
in Example [4.1] satisfies the condition (G2). Apostolov et al. [I] proved that
a strictly almost Kéhler surface satisfying the condition (G2) is locally ho-
mothetic to Kowalski’s example. His example is a 4-dimensional Rieman-
nian symmetric space of order 3 (known also as a Riemannian 3-symmetric
space). It is well-known that a Riemannian 3-symmetric space gives rise to a
quasi-Kéahler manifold with respect to the canonical almost complex struc-
ture associated with the Riemannian 3-symmetric structure and also that
every 4-dimensional quasi-Kéahler manifold is necessarily an almost Kéhler
manifold (that is, an almost Kéhler surface). Consequently, we have the
following theorem.

THEOREM 4.2. Let M = (M, J,g) be a TV Bochner flat almost Kdhler
surface satisfying the condition (G3). Then M is Bochner Kdhler.

Proof. First, from the hypothesis, by taking account of Corollary [3.2] we
see that M satisfies the condition (G2). We now suppose that M is strictly
almost Kahler. Then, by the observation concerning Example we see
that M is locally homothetic to Kowalski’s example. However, from ,
7, we may easily check that M is not TV Bochner flat. This is
a contradiction. Therefore, M is a Kéhler surface (and hence a Bochner
Kahler surface). =

From Theorem [4.2] we immediately have the following result which is a
generalization of the result by Matsumoto and Tanno [19] and Derdziriski
[8] in dimension four.

COROLLARY 4.3. Let M = (M, J,g) be a TV Bochner flat almost Kdhler
surface satisfying the condition (G3). If the scalar curvature T of M is con-
stant, then M 1is locally one of the following:

(1) M is a complex space form of complex dimension 2,
(2) M is locally a product of two oriented surfaces of different constant
Gaussian curvatures K and —K (K > 0).

EXAMPLE 4.4 ([23]). We set (M, g) = H?(—1) x R, where H?*(—1) is a
3-dimensional real hyperbolic space of constant sectional curvature —1 and
R is the real line. Let

0 0 0 0

€1 =17, € =T157 €3 =T17 > 64:87'
4

ox1 0xa Oxs

on M =R% =R3 xR = {(z1, 22, 23,24) € R*| 21 > 0} and define an almost
Hermitian structure (J,g) on M by g(e;,e;) = 0;; and Je; = Z?:l Jije;,
where
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0 cosxy Sinxy 0
J — COS Ty 0 0 —sinxy
( ZJ) I - sin x4 0 0 COS T4
0 sinxy —cosxy 0

We denote by {e’}%_; the dual basis of {e;}. Then the Kihler form (2 is
given by

2= leel Ae?+ Jlgel Aed+ J14€1 A e
+ J23€2 Aed+ J24€2 Aet + J3463 A e

1 1
= —5 oS Tadxy N dxg + —5 sin r4dr1 N dxs

) )

1 1
— —sinxygdxo A drgy + — cos xadxs A dxy.
1 x1
Thus, we have df2 = 0, and hence (M, J,g) is an almost Kéhler mani-
fold.

We may easily check that Example [1.4] is a locally symmetric, confor-
mally flat, TV Bochner flat, strictly almost Kéhler surface with constant
scalar curvature 7 = —6 and constant x-scalar curvature 7* = —2. We may
also check that the Ricci tensor p of (M, J,g) is not J-invariant, and hence
(M, J, g) does not satisfy the condition (G3).

REMARK 4.5. Catalano et al. [6] also gave an example of a conformally
flat strictly almost Kéahler surface with non-constant scalar curvature.

From Example we see that the assumption of Theorem (that a
TV Bochner flat almost Kahler surface M = (M, J, g) satisfies the condi-
tion (G3)) is essential. Furthermore, in Corollary the assumption that
the scalar curvature is constant cannot be removed. In fact, the following
example by Tachibana and Liu [28§] illustrates this situation.

EXAMPLE 4.6. Let M = {z = (21,20) € C? | 2121 + 205 < 1} and
f= sin~'t, t = 2121+ 2222, be the Kéhler potential. Then we may check that
the corresponding Kéhler surface is Bochner flat and the scalar curvature 7

is given by 7 = —24¢t/v/1 — 2.
Next, we shall prove the following theorem.

THEOREM 4.7. Let M = (M, J,g) be a TV Bochner flat almost Kdihler
surface with the symmetric Ricci x-tensor p*. If CT =0, then M is confor-
mally flat or Bochner Kdahler.
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Proof. Since w = 0, by (4.6]), the equality (3.7) reduces to

1
(4.12) 2Cjip = 5 {=Vi(B7" = 7)gji + Vi(37" = T)gj + 2V;(37" — ) Jux

3r*

* * =T
+ V;(37" —7)Jj — V(37" — 1) Jj ) + TV;Jik.

Thus, from . . ., and ( , we get

1 *
(4.13) 0= 2ZCjikJik = §V3(3T —7)
ik
and
(4.14) 0=2 Z CjirNirj = _42 CjixVidig = —(37" —7)(7" — 7).
4,7,k i,k

Thus, from (4.13)), 37* — 7 is constant on M. Now, from (4.14]), we see easily
that 37* —7=0o0on M or 37* — 7 # 0 and 7 — 7 = 0 on M. Therefore, by
Theorem M is conformally flat or Bochner Kahler. m

Further, we shall prove the following theorem.

THEOREM 4.8. Let M = (M, J,g) be a compact TV Bochner flat almost
Kiihler surface satisfying the condition c1(M)?* < 3x(M). If CT = 0 and
7 >0 on M, then M is locally a Kahler surface of non-negative constant
holomorphic sectional curvature.

Proof. First, since C* = 0, from (3.5)), (3.6), (4.1]), and (4.6]), we get
(4.15) Z(vkpji = Vipjr) JuiViJu = — Z CjikNik; = 0.
Now, we set
A= szj(Visz)Vijz-
Thus, taking account of (2.8)), (4.15) and Green’s Theorem, we have

S Adv = S > i (Vidi) Vi dv
M M

S me kalz)v S dv — S sz] vljzk)v Jr dv

M
=203 i (Vidi) Vi dv
M

S Z (Vipij) JiiV Ik do + 2 S ZPquzka i1 dv
M
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= S Z{(vkpji = Vipik) L1V} dv
M

2\ > piJii(RijueJu + RujieJre) dv

M
=2\ " p 2 dv+ > pijlol; + p3i) dv
M

M
1 9 T
=-3 S lp—poJ|®dv+ S 5(7‘ —7)dv
M M
and hence
1

(4.16) S {A+2|p—poJ’2}dv: S %(7-* —7) dv.

M M

On the other hand, from ([2.8]), (4.4) and (4.5)) we see easily that the equality
(3.11]) reduces to

1 9 _ 1 T —T,_
(4.17) S{A+2|P—P°J| }dv—]\%{QGW- 1 (37 +T)}dv.

M
Thus, from (4.16) and (| -, we have
(4.18) | Lot T T3~ nlav—o.
2 4
M

Therefore, from the hypothesis of the theorem, and (| , we have

0> | S P V>0

=z 1 1 T T p 49 vz
M

and hence
(4.19) G=0, p= %g and 7(7"—7)=0

on M. Thus, from , we see that M is an Einstein and weakly *-Einstein
manifold, and hence a generalized complex space form of dimension four.
Therefore, from the results of [18, Theorem A] and [26], the assertion of the
theorem follows immediately. m

From Theorem Remark and (4.5), we immediately deduce the
following theorem.

THEOREM 4.9. Let M = (M, J,g) be a compact TV Bochner flat almost
Kahler surface with pointwise non-negative constant holomorphic sectional
curvature. If M satisfies the condition c1(M)? < 3x(M), then M is locally
a complex space form of non-negative constant holomorphic sectional cur-
vature.
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5. TV Bochner flat Hermitian surfaces. Let M = (M, J, g) be a
Hermitian surface. Then, from (2.7]), we have

(5.1)  Riju — Ry

1 1 1
= {ggz <V Wk + SWitk — |W|2gik) — Gl <ijk + qwiwk — 2w|2gjk>

1 1 1
+ Jij (V, 7+ —wiwr — |W’2Jli> — Jgi <ijl+ §ij[— 2|w’2Jlj>

2

1 1
- Jij <V¢wk + Qwiwk> + Jy; <ijk + 2ijk>

1 1
— 9jk <Viwl + Zwim) + Gik (ijl + 2ijl> }
From (b.1)), we have

(5:2)  pjk — Pjx

= ;{—ijk + Vjwg — SWiwk T SWiwE + 5 (26w + |w|2)gjk}.
From , we obtain
(5.3) T — 7" = 20w + |w|?
and
(5.4) Viwy — Viw, — Viwg + Viwr + 2(p — pi) =0

Here, since N = 0, we can also obtain the formula from (3.12]).

We assume that p* is symmetric. Since ; Vjwj =0by , from
we see that (dw)™ = 0, where (dw)™ denotes the self-dual part of the 2-form
dw. Thus, we have the following theorem [3].

THEOREM 5.1. Let M = (M, J,g) be a Hermitian surface. Then p* is
symmetric if and only if (dw)™ =0 on M.

Now, let M = (M, J,g) be a TV Bochner flat Hermitian surface with
symmetric Ricci *-tensor p* (equivalently, with the Lee form w satisfying
dw™ = 0). Then the equality (3.7) reduces to

1 * *
(5.5) 2Cjik = 2*4{—Vk(37 —7)gji + Vi(3T" — T)gjk
+ 2V3(3T* —7)Jit, + V;(37" — 1) Jj — V(37" — 1) Jji}

3% — 1

+24

3 3 3 3
<3wj<]ik + gwidii = qwidji + Swigk = 2wkgﬁ>'
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We assume that CT = 0. Then, from and (5.5)), we have
1 * 1 *
0:2ZCjikJik = §v§(37' —T)+§(3T —T)Ld*-

] )
ik
and hence

(5.6) A3t —71) = —3(37* — T)w.

Thus, from , we see immediately that the function 37 — 7 vanishes
either everywhere or nowhere on M. If it vanishes everywhere, M becomes
conformally flat. Now, assume that 37* — 7 vanishes nowhere on M. Then,
taking the exterior derivative of , we obtain dw = 0, and hence M is
a locally conformal Kéhler surface. Now, we define the Riemannian metric
g = (37" —7)*3g and denote by 2 the Kéhler form of the almost Hermitian
structure (J,g). Then

(5.7) Q=3 —71)230.
Taking the exterior derivative of (5.7)) and making use of (2.6) and (5.6]),
we obtain
(5.8) A2 = (dB1* = 7)Y A2+ 37* — 1) Pu AR
1 2 . . B
= 7(37_* EpNE {3 d3t* —71)+ (37" — T)w} A2=0.
Thus, (M, J,g) is a Kéhler surface, and hence (M, J, g) is a globally confor-

mal Kahler surface. This yields the following generalization of a result by
Lemence ([I8, Theorem A]).

THEOREM 5.2. Let M = (M, J,g) be a TV Bochner flat Hermitian sur-
face with symmetric Ricci x-tensor p*. If C* =0 on M, then M is confor-
mally flat or conformal to a Bochner Kdahler surface.

Theorem and (j5.6)) have the following immediate corollary.

COROLLARY 5.3. Let M = (M, J,g) be a TV Bochner flat Hermitian
surface with symmetric Ricci *-tensor p*. If CT = 0 and 37* — T 1is constant,
then M is conformally flat or Bochner Kdhler.

Now, we give a concrete example of a 4-dimensional generalized complex
space form illustrating Corollary which is obtained by applying a result
of Olszak ([24, Theorem 1]) to Example

Let M = (M, J,g) be the Bochner Kahler surface given by Example
We set M = M \ {(0,0)} and define the Riemannian metric g on Mbyg=
3 log 72 g, where 7 (= —24t/+/1 — t?) is the scalar curvature of M. Here, we
denote the restriction of the given Hermitian structure (J, g) to M by using
the same letter. Then, from the result of Olszak ([24, Theorem 1]), we see

e 2
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that M = (]\A/.f ,J,g) is a generalized complex space form. By straightforward
calculation, we have easily
~ ~ 2
(5.9) F=0 7T'=2I7,
3
where 7 and 7" are the scalar curvature and the #-scalar curvature of M. ,
respectively. From , we see 1mmed1ately that 37 — 7 = 273 is not

constant and vamshes nowhere on M. Further, we see that M is not confor-

mally equivalent to any 4-dimensional complex space form. In fact, if there

exists a 4-dimensional complex space form which is conformally equivalent

to M, it is homothetic to the Bochner Ké&hler surface (M, J, g), and hence

the scalar curvature of (M ,J, g), which is nothing but the restriction of the

scalar curvature 7 of M to M , must be constant. But this is a contradiction.
We recall the following result of Apostolov et al. [2].

THEOREM 5.4. Any compact self-dual Hermitian surface M = (M, J, g)
which is not conformally flat is conformally equivalent either to CP? with
the Fubini-Study metric or to a compact quotient of the unit ball in C? with
the Bergman metric.

Since a TV Bochner flat almost Hermitian surface is self-dual by The-
orem Theorem provides an answer to the Question in §1 for any
compact TV Bochner flat Hermitian surface.
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