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Abstract. A second-order differential identity for the Riemann tensor is obtained
on a manifold with a symmetric connection. Several old and some new differential iden-
tities for the Riemann and Ricci tensors are derived from it. Applications to manifolds
with recurrent or symmetric structures are discussed. The new structure of K-recurrency
naturally emerges from an invariance property of an old identity due to Lovelock.

1. Introduction. Given a symmetric connection on a smooth manifold,
one introduces the covariant derivative and the Riemann curvature tensor
Raped = 1L — 0,18 + TE T2 — I'% IF. The tensor is antisymmetric in a, b
and satisfies the two Bianchi identities, R(abc)d =0 and V(Rp,)q° =0
The latter represents the closedness of the curvature 2-form associated to
the Riemann tensor 2.¢ = —%Rabcdd:c“ A dz® [BE, LO] in the absence of
torsion.

From the Bianchi identities various others for the Riemann tensor and
the Ricci tensor Rge = Rape? can be derived. The following first-order one is
due to Oswald Veblen [EL [LO]:

(1.1) VaRbed® — VoRade® + VeRaiy® — VaRpea® = 0.

If the connection comes from a metric, Walker’s identity of the second order
holds [WAL [SC]:

(1.2) (Va, Vo]Reder 4+ [Ve, ValRaper + [Ve, V] Raped = 0,

and if the Ricci tensor vanishes, Lichnerowicz’s nonlinear wave equation

holds [HU, MTW]:
(1.3) VVeRabed + Rav®™ Refed — 2R ac’ Repap + 2Reaa’ Ropes = 0.
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(*) Hereafter the symbol (- - -) denotes a summation over cyclic permutations of tensor
indices; for example, K(,pe) = Kave + Kica + Keap [PO). In particular, if Kape = —Kpac
the cyclic summation (abc) equals, up to a factor, the complete antisymmetrization [abc].
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In this paper we derive, with the only requirement that the connection
be symmetric, a useful identity for the cyclic combination V(avacd)ef . An
identity due to Lovelock for the divergence of the Riemann tensor follows
from it. We show that Lovelock’s identity holds more generally for curvature
tensors K originating from the Riemann tensor (Weyl, concircular etc.).

The main identity and Lovelock’s enable us to obtain in a unified manner
various known identities, and some new ones, which apply on Riemannian
spaces with structures. In Section 3 we show that various properties of the
Riemannian metric, such as being (a) locally symmetric, (b) nearly confor-
mally symmetric, (¢) semisymmetric, (d) pseudosymmetric, (e) generalized
recurrent, lead to the same set of algebraic identities for the Riemann tensor.
We then introduce new structures, K-harmonic and K-recurrent, that also
yield the same set of identities, and include cases (a), (b), (e) and others,
that arise from different choices of the tensor K.

In Section 4, weakly Ricci symmetric structures are considered, with
their associated covectors A, B, D. We show that one of the above algebraic
identities holds iff the covector field A — B is closed. We end with Section 5,
where we derive Lichnerowicz’s wave equation for the Riemann tensor from
the main equation.

2. A second order identity. We begin with the main identity; as a
corollary we derive an identity due to Lovelock which is used throughout
the paper, and a generalization of it, for various curvature tensors K.

MAIN THEOREM 2.1 (The second order identity). On a smooth differ-
entiable manifold with a symmetric connection,

(21) v(avacd)ef = _R(abcde)mef + RacemRbdmf - Racmbedem‘

Proof. Take the covariant derivative of the second Bianchi identity, and
sum over cyclic permutations of the four indices abcd:

(2.2)  0=VoVRepe! + VoV(eRaaye! + VeV (aRapye! + VaV(a Ry’
=2V (Vs Reye! + Vi, ValReae! + [Ve, Vo] Raae”
+ [Va, Vel Rave! + [Va, ValRice” + [Va, Vel Rape”
+ [Vb, V] Race .
The action of a commutator on the curvature tensor gives quadratic terms:

[vm Vb]Rcdef = Rabckdeef + Rabdchkef + Rabechdkf - Rabkchdeka

that produce 24 quadratic terms. Eight of them cancel because of the anti-
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symmetry of R and the remaining ones can be grouped as follows:
=2V, VoReaje! — 2Race’ Roas’” — 2Racs’ Rape®

+ Roce! (Raav® + Roda® + Rava®) + Rsve! (Raca® + Raca® + Raac®)

+ Rase! (Rae® + Rode® + Rocd®) + Rase’ (Reva® + Racs® + Rape®).
The last two lines simplify by the first Bianchi identity:
=2V (Vs Regpe! — 2Race’ Ruas’ — 2Racs’ Rape® + 2Rsce’ Raay® — 2Repe” Reda®

+ 2Rase’ Roca® — 2Rsae’ Rane”.

Four terms are seen to be a cyclic summation (abcd). =

The contraction of f with the index e gives an equation for the antisym-
metric part of the Ricci tensor (which, essentially, coincides with Rgp.© by
the first Bianchi identity):

COROLLARY 2.2. If Ugp = Rap — Rpa then V((ViUcq) = —Rape" Ugym -

The contraction of f with the index a leads to an identity for the diver-
gence of the Riemann tensor ([LO, Ch. 7]), which will be used extensively.
We refer to it as

COROLLARY 2.3 (Lovelock’s differential identity).

(2.3)  VaViRipee™ + ViV Reae™ + VeV Rape™
= —RamBoce™ — RomBReae™ — RemBRape™
Proof. The contraction gives
ViaVioReae" = —Riave " Rayme” + Race” Rpam® + Rem Rpae™ -

The two cyclic sums are now written explicitly:

vavacdea + vbchde - vcvd-Rbe + vdvaRbcea = _Rabcdemea
+ RbcdmRme - RcdamRbmea - Rdamecmea + RacemRbdma + RcmRbdem-

Next the order of the covariant derivatives is exchanged in the first term of
the L.h.s. Some terms just cancel and a triplet vanishes by a Bianchi identity.
One getS vbvaRcdea + vacRde - chdee + vdvaRbcea = _RbaRcdea +
RoeRped® + ReaRpge®. A Ricci term on the Lh.s. is replaced with the iden-
tity VeVaRpe = Ve(VpRge — VaRape®). The Lh.s. becomes VyVyReqe® +
VeVaRabe® + VaVaRpee® + [V, Ve]Rge. It is a cyclic sum on (bed) plus
a commutator. The latter is moved to the r.h.s. and evaluated. A can-
cellation of two terms occurs and the r.h.s. ends up as a cyclic sum too:

_RbceaRda - RcdeaRba - RdbeaRca- L
REMARK. Inthe Riemannian case, the left-hand side of the identity ({2.3))

is the exterior covariant derivative DII, [LO] of the 2-form associated to the
divergence of the curvature tensor, IT, = VgRgpctdz® A dzb. This identity



72 C. A. MANTICA AND L. G. MOLINARI

and its various generalizations are referred to as the “Weitzenbock formula”
(for curvature-like tensors) (see (4.2) in [BOJ).

Note that Lovelock’s identity implies that the closedness condition DII.
= 0 is equivalent to the algebraic relation

(2'4) RamRbcem + Rmecaem + RcmRabem =0.

Lovelock’s identity is left unchanged if the divergence of the Riemann
tensor on the Lh.s. is replaced by the divergence of any curvature tensor K
with the property

(25) vabcem =A vabcem +B (abevc‘;p - acevb(;o)a

where A and B are nonzero constants, ¢ is a real scalar function and a is a
symmetric (0,2) Codazzi tensor, i.e. Viaeq = Veapg [DR2]. This conclusion
also follows from formula (4.8) in Bourguignon’s paper, cited above.

Some curvature tensors K with the property and trivial Codazzi
tensor (i.e. constant multiple of the metric) are well known: Weyl’s confor-
mal tensor C' [POI, the projective curvature tensor P [EI|, the concircular
tensor C' [YAT], [SC], the conharmonic tensor N [MI, [SI1] and the quasi-
conformal curvature tensor W [YA2]. Their definitions and some identities
used in this paper are collected in the appendix. Since in the next section we
introduce the concept of K-recurrency, and Weyl’s tensor will be considered
in Section 4] we give a proof of this statement:

PROPOSITION 2.4.

(26) vavabcem + vbvm-[{caem + vcvm-[(abem
= *A[RamRbcem + Rmecaem + RcmRabem]‘

Proof. The covariant derivative V, of (2.5]) is evaluated and then summed
with indices chosen as in Lovelock’s identity. Since the connection is assumed
to be symmetric, we obtain

vavabcem + vbvm-[{caem + vcvm-[(abem
= A[Vavabcem + vachaem + chmRabem]
+ B[(Vbace - vcabe)va(ﬂ + (vcaae - vaace)vb()o + (Vaabe - vbaae)vc@]~

The last line is zero if ap. is a Codazzi tensor. Lovelock’s identity is then
used to write the r.h.s. as in (2.6). =

An apparently new Veblen-type identity for the divergence of the Rie-
mann tensor can be obtained by summing Lovelock’s identity with indices
cycled:
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COROLLARY 2.5.

(2'7) vavabecm - vbvaacem + vcvaebam - vevacame
= _RamRbecm + Rmeacem - RcmRebam + Rechabm'

Proof. Write Lovelock’s identity (2.3) for all cyclic permutations of
(a,b,c,e) and sum them up. Simplify by using the first Bianchi identity. m

We note that an analogous Veblen-type identity can be obtained for a
tensor K, starting from Proposition

COROLLARY 2.6. On a manifold with a Levi-Civita connection,
(2.8) Vi VaRap™ = 0.

Proof. Contract equation ([2.3)) with g°. The formula is reported in Love-
lock and Rund’s handbook [LO]. =

3. Symmetric and recurrent structures. From now on, we restrict
to Riemannian manifolds (M", g). If additional differential structures are
present, the differential identities , and simplify to interesting
algebraic constraints.

A simple example is given by a locally symmetric space [KO|, i.e. a Rie-
mannian manifold such that V,Rp.q¢ = 0. Then the aforementioned identi-
ties imply straightforwardly the algebraic ones

(3'1) R(abcde)mef - RacemRbdmf + Racmbedem =0,
(3‘2) RamRbcem + Rmecaem + RcmRabem = 07
(33) RamRbecm - Rmeacem + RcmRebam - Rechabm = 0.

We show that these identities hold in several circumstances. An example is a
manifold with harmonic curvature [BE], V,Rpq® = 0; in this less stringent
case the general property (2.3) yields (3.2) and (3.3)). A slightly more general

case is now considered:

DEFINITION 3.1. A manifold is nearly conformally symmetric, (NCS),,,
(Roter [RQO]) if

(34) vaRbc — vaac = gbcvaR - gacva]7

_1
2(n—1)
where R = R,® is the scalar curvature.
Since Vo Rpe—VpRae = =V Rape™, (NCS),, is a special case of (2.5]) with
Vi Kpee™ = 0 (trivial Codazzi tensor and ¢ = R). Other particular cases are
K =0 (K-flat) and VK¢ = 0 (K-symmetric). They yield, for different
choices of K, various types of K-flat/symmetric manifolds [SI1]: conformally
flat /symmetric (K = C) [CH, [DRI1], projectively flat/symmetric (K = P)
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[GL], concircular or conharmonic symmetric [AD], and quasi conformally
flat /symmetric. By Proposition the following is true:

PROPOSITION 3.2. For (NCS),, manifolds, and for K-flat/symmetric
manifolds, equations (3.2) and (3.3)) hold.

By weakening the defining condition of a locally symmetric space, one
introduces a semisymmetric space: [Vq, V] Rege! = 0 [S7Z].

PROPOSITION 3.3. For a semisymmetric space, equations (3.1)—(3.3]) hold.

Proof. First statement: simplifies to 0 = V(avacd)ef ; by the
identity follows. Second and third statements: the definition implies
a relation for the Ricci tensor: [V, Vy|Ree = 0. By inserting the identity
Vi Rape™ = VRge—V o Rpe in the Lh.s. of and , those sides become
sums of respectively three and four commutators of derivatives acting on
Ricci tensors, and thus vanish. This implies and . "

The algebraic property (3.2) holds in the presence of even more general
differential structures.

DEFINITION 3.4. A manifold is pseudosymmetric (Deszcz [DS2]) if
(3.5) [Va,Vi]Reger = LrRQ(g, R)cdefab

where Lg is a scalar function and the Tachibana tensor is

(3.6) Q(9, R)cdefab = — GebRadef + GcaRbdef — JavReaef + GdaReves
- gebRcdaf + geaRcdbf - gbecdea + gfaRcdeb-
THEOREM 3.5. For pseudosymmetric manifolds, the identities (3.2]) and

(3-3) hold.

Proof. The Lh.s. of (3.2]) can be written as a sum of commutators acting
on Ricci tensors: [V, Ve Rpe + [V, Vo] Ree + [Ve, V| Rae. A commutator is
obtained by contracting two indices in (3.5)); for example, contraction of ¢
with f gives

[vaa vb]}?«de = LR(_gdbRea + gdaReb - gedea + geaRdb)a

i.e. the Ricci-pseudosymmetry property [DSI]. Although each commutator is
nonzero, their sum vanishes. The Veblen type identity is proven in a similar
way. =

We now show that (3.1)), (3.2)) or (3.3) holds in manifolds with a recurrent

structure.

DEFINITION 3.6. A Riemannian manifold is a generalized recurrent man-
ifold if there exist two vector fields A, and p, such that

(37) Va‘Rbcal6 = )\aRbcde + Ma((sbeng - 5Cegbd)‘
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Those manifolds were first introduced by Dubey [DU], and studied by
several authors [DEG, MAl [AR]. In particular, if p, = 0 the manifold is a
recurrent space. Again, we shall prove that the algebraic identities ,
and hold in this case. We need the following lemma, with a content
slightly different than the statement by Singh and Khan [SI2].

LEMMA 3.7. On a generalized recurrent manifold with curvature scalar
R #0:
(1) if the scalar curvature R is constant then X\ is proportional to u and
either A is closed (i.e. Vo Ay — VpAg = 0) or the manifold is a space
of constant curvature, Ropeq = %(gbdgac = Yadbe);

(2) if the scalar curvature is not constant, then \ is closed.

Proof. We need some relations that easily come from (3.7): (a) the con-
traction a = e gives Vo Rped® = Aa Rped® + UbGed — Megpa; @ further divergence
V¢ gives zero on the Lh.s, by (2.8), and the r.h.s. in a few steps is evaluated
as

1
(38) 0= 3[(Vara) = (Vara)[Buc™ = pode + pedo + Vepty = Vipie;

(b) the contraction of ¢ = e in (3.7) yields VoRpg = AaRpa — (n — 1) ttaGbd,
and V,R = AR — n(n — 1) ug; (c) the commutator of covariant derivatives
of the Riemann tensor of type (3.7)) is

(3.9) [Va, Vi Rege! = (Vads — Vida) Rege”
+ (5cfgde - 5d gce)(vaﬂb - pr,a - )\aﬂb + Ab,U/oL)-

From (b) we conclude that if V,R = 0, then A and p are collinear (R is a
number). Then (3.8)) simplifies to

1
(3.10)  0=[(Vara) = (V)] Rpc™ + e 1)(chb Vie)
1 da R da :1 S
= 51(Vara) = (Vara)] | Boc™ + o 1)5(;1)] = 5 AdaCe
(C’ is the (2,2) concircular tensor and 6?; = §9%0%. — §%:.0%). Also 1)
simplifies,
(3‘11) [Vaa vb]Rcdef = Aabécdef-

Walker’s identity ((1.2) for the Riemann tensor (3.7 yields the algebraic
relation
(312) 0= Aabécdef + Acdéabef + Aeféabcd-

Now Walker’s lemma [WA] is 1nvoked 1t implies that either A, = 0 or

Coped = () We give a proof based on 1) Saturate in l-b with A¢f
and use to get AefAefCabcd = O 80 Capea = 0; 2) in the same way,
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by saturation with Cedef one gets CopedCP4A, f=0,50 Acy = 0. Therefore
either A is closed or the manifold is a space of constant curvature.

We now discuss the case VR # 0. Take the covariant derivative V; of
VoR = AR — n(n — 1)pu,, and interchange a and b. Then

0=ApR+n(n—1) Aoy — Aopta — Vapy + Vilia).

Enter this in , , and get again , where now C' # 0. The

same procedure as above gives A = 0, i.e. A is closed. u

THEOREM 3.8. On a generalized recurrent manifold the properties (3.1)—

(3:3) hold.

Proof. If VR # 0 then, by Lemma A is always closed and, by @,
the space is semisymmetric. Then f hold by Proposition @L

If VR = 0 then A and p are collinear (Lemma and holds again.
The lemma states that either X is closed or the space has constant curvature.
In both cases the manifold is semisymmetric and f hold. =

The aforementioned recurrent structures are special cases of a new one,
which we now define. It arises naturally from the invariance stated in (2.6
stemming from Lovelock’s identity.

DEFINITION 3.9. A Riemannian manifold with a curvature tensor K
such that (2.5)) is true is called a K -recurrent manifold (KRM) if Vo Kpeq© =
MoK peq® where A is a nonzero covector field.

Therefore, KR-manifolds include, as special cases, those which are con-
formally-recurrent, concircular-recurrent etc. (see [KH| for a compendium).

In general, the Bianchi identity for a tensor K contains a tensor source B:
V(aKpe)d® = Babed® (see Appendix for some relevant examples). In a KRM
it reads A(qKpe)a® = Babea®s When A is closed, one obtains a remarkable
property:

THEOREM 3.10. On a KRM with closed A,

1

(3'13) RamRbcem + Rmecaem + RcmRabem = *vaBabcem'

Proof. We have V,V 1, Kped™ = (Vadm) Kped™ + AmAa Kpea™ - Cyclic per-
mutation on (abc) and summation yield
vavabcdm + vbvacadm + vcvaabdm

= (va)\m)Kbcdm + (vb)\m)Kcadm + (vc)\m)Kabdm + )\m)\(aKbc)dm-
Evaluate V,,, of the Bianchi identity with e = m:
(vm)\(a)Kbc)dm + )\m)\(aKbc)dm = VinBaped™-

Use the closedness and Lovelock’s identity to conclude. =
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COROLLARY 3.11. For the tensors K = C,P,C, N, W listed in the Ap-
pendiz, Theorem holds with null r.h.s.

Proof. In the Appendix one notes that V,,, Bapee™ is either 0 or a multiple
of the Lh.s. (different from A). m

REMARK. It is well known that concircular recurrency is equivalent to
generalized recurrency [ARL [DU].

4. Weakly Ricci symmetric manifolds (WRS),

DEFINITION 4.1. A (WRS), is a Riemannian manifold with nonzero
Ricci tensor such that

(4'1) ValRye = AaRbc + ByRue + DRy,
where A, B and D are nonzero covector fields.

These manifolds were introduced by Taméssy and Binh [TA], and include
the physically relevant Robertson-Walker space-times [DE3], or the perfect
fluid space-time [DE4]. If B = D = 0 the manifold is Ricci-recurrent. Most
of the literature concentrates on the difference B — D; it is known that in
(WRS),, that are conformally flat [DE1] [DE5| or quasi-conformally flat [JA],
B — D is a concircular vector. We here show that Lovelock’s identity
allows one to discuss new general properties of A, B, D.

LEMMA 4.2. Fora=A—-B or A—D,

(4.2)  Rup(Vaae — Veag) + Rea(Voag — Vo) + Rea(Vaow — Vo)
= _RdmRbacm - Rmeadcm - Radebcm-
Proof. From the definition of (WRS),, and the contracted second Bianchi
identity V,,Rpae™ = VoRpe — VpRae one gets immediately V., Rpec” =
aqRpe — apRye with oo = A — B. A further covariant derivative gives
ViV Rpa™ = (Vaaa) Rpe — (Vaap) Rac + @V aRpe — a5V g Rae-

Summation is done on cyclic permutation of d, b, a:

vdvml%bacm + vbvaade + Vavmjzdbcm
= (Vaog — Vaag)Rye + (Vyag — Vaap)Rae + (Vaay — Vo) Rye
+ aa(VaRpe — VoRae) + ad(VoRae — VoRie) + ap(VoRae — ViRac).

The terms with derivatives of Ricci tensors vanish because V Ry, — VpRge =
agRp.—apRge. Then, by (2.3), we obtain (4.2). The case a« = A— D is proven
in the same way starting from the identity V., Repe™ = VpRae — VoRpe-

THEOREM 4.3. If rank[R%) > 1 then B = D.

Proof. Let us assume that 3 = B — D is nonzero. Because the Ricci
tensor is symmetric, the antisymmetric part of (4.1)) is 0 = BpRac — BeRap-
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Left multiplication by ¢* and summation on a give 0 = R®.(8, — Rf3., where
R is the nonzero scalar curvature. On the other hand, multiplication by 3°
gives 0 = 3By Rac — RB.3. [DE2], i.e. the Ricci tensor has rank one. =

REMARK. The validitity of Lemma[4.2|for both A— B and A— D implies,
by subtraction, an equation for 3:

(4.3)  Ra(Vafa — Vafa) + Rea(VoBa — Vi) + Rea(VaBb — ViBa) = 0,
and left multiplication by 3¢ gives the differential identity

(4.4)  B(Vaba—VaBa) + Ba(Vefa— Vabs) + Ba(Vafy — Vifa) = 0.

THEOREM 4.4. In a (WRS),, manifold with nonsingular Ricci tensor,
the covector A — B is closed iff

(4.5) RamRpac™ + RymRadc™ + RamRape™ = 0.
Proof. If A — B (which equals A — D because det R # 0) is closed then
holds by Lemma If the r.h.s. of vanishes, then
Rep(Vaag — Vaag) + Rea (Vg — Vaap) + Rea(Vaoy — Vpag) = 0.
We raise the index ¢ and multiply by (R™!)%.:
3°b(Vaag — Vaag) + 0% (Veag — Vaap) + 6°3(Vaeay — Vpay) = 0.
Put s = b and sum: (n —2)(Vgag — Veag) = 0. Then, if n > 2, v is closed. =
(WRS),, manifolds of physical relevance that satisfy are the confor-

mally flat WRS-manifolds, i.e. (WRS),, manifolds whose Weyl tensor (see
Appendix) vanishes [DE3| [DEI].

COROLLARY 4.5. If a (WRS),, manifold is conformally flat and the Ricci
matriz is nonsingular, then A — B is closed.

Proof. The divergence of the Weyl tensor (Appendix) takes the form
(2.5), where the Codazzi tensor is gq. Because of the general Proposition
2.4] we have

VaVinCrac™ + VoV Caac™ + VaVmCope™
n—3
= _E(RamRbdcm + Rmedacm + RdmRabcm)-
If n > 3 and if the Weyl tensor itself or its covariant divergence vanishes,
Theorem applies (for n = 3 Weyl’s tensor is zero). m

5. A wave equation for the Riemann tensor

PROPOSITION 5.1. For a Levi-Civita connection with R, = 0, the con-
traction in ([2.1) with g yields Lichnerowicz’s nonlinear wave equation

3.
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Proof. Since V,g5. = 0, indices can be lowered or raised freely under
covariant derivation. The Riemann tensor gains the symmetry Roped = Redab
and the further condition Ry, = 0 implies that Vi Rap.” = 0. Equation
follows immediately. u

Appendix. We collect the useful formulae for the K-curvature tensors
in an n-dimensional Riemannian manifold: (a) definition, (b) divergence,
(c) cyclic sum of derivatives (unlike the second Bianchi identity, we get a
nonzero tensor B), (d) divergence of B (the r.h.s. of (c)).

Projective tensor:
1
(2)  Poea® = Bpea” + —— (0% Rea — 6°cBoa);

n—2
(b)  VinPyed™ = 5 VinRped™,

() VaPeed® + VoPead® + Ve Papd"
1
= (6eavabcdp + 56bvp-Rcadp + 5ecvaabdp)7

n—1

1
(d)  VmBaped™” = m(vavabcdp + VieVpRead” + Ve VpRapd).
Conformal (Weyl) tensor:

6adRc_5dRac Rad c_Rd ac
(a) Cabcd = Rabcd + b b * g b g

n—2
(n—1)(n—-2)’
n—3

b mCacm: mRa cm — c aR_ e R ,
(b))  ViCa n_2V b +2(n_1)(gbv GacVpR)

(C) vac’bcde + vbccade + VCC’abde

1
= m[éeavabcdp + 5€bvacadp + 5ecvaabdp

+ gcd(vaRbe - Vb-Rae) + gad(vace - VcRbe)

+ gbd(chae - VaRce)]

S S
(n—1)(n—2)

+ 5eb(gcdvaR - gadch) + 5ec(gadva - gbdvaR)]y

[0%(gbaVeR — ged Vb R)

1
(d)  VimBaped™ = - (VaVpRied” + VoV Read” + VeVpRapd”).
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Concircular tensor:

~ R
(@) Chea® = Rped” + m((sebgcd — 0%9vd)

(B)  ViCred™ = VinRped™ + - (VoRged — VeRgba),

v
(n—1)
~ ~ ~ 1
(¢)  VaCred® + VpCeaa® + VcCapi© = m[éea(chgbd — ViyRgeq)
+ 5eb(vaRgcd - chgad) + 5ec(vagad - vaRgbd)]a
(d) Vo Baped = 0.

Conharmonic tensor:

1
(@) Noea® = Ryca® + ——[0"Rea — 0" Roa + Bpgea — Re"goal,
n—3 1
b mN C = mAbe mn YTy cd — Ve )
( ) Vv bed n_2V Rypeq +2(n_2)(vagd VRgbd)
(C) va,]\]bcd6 + vb]\fcade + Vc]\[abde
1
= 510" VpRbed” + 0"V Read” + 0c"Vp Ravd”

+ 9ed(VaRp® — VR®) + gaa(Ve RS — V. Ry°)
+ gcd(chae - vaRce)]a

1
(d)  VmBaped™ = m(vavabcdp + Vi VpRead” + VeVpRapd).
Quasi-conformal tensor:

(a)  Whea® = aChed® + b(n — 2)[Chea® — Ched®],
(b) vmI/Vbcalm

2a — b(n—1)(n —4)
2n(n — 1)

() VaWieed® + VeWead® + VeWapa®
= _b(n - 2)[Vac(bcal6 + vbcfcatde + Vccfobboie]
+ [CL + b(n - 2)] [vaébcde + vbécade + vcéabdeL
(d) vaabcdm = _b(vavabcdp + vapRcadp + chpRabdp)-

= (a + b))V Rped™ + (VoRged — VeRgha),
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cluded in this paper, and for the more general version of Theorem
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