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DEFORMED MESH ALGEBRAS OF DYNKIN TYPE C,

JERZY BIALKOWSKI (Toruri), KARIN ERDMANN (Oxford) and
ANDRZEJ SKOWRONSKI (Toruii)

Abstract. In our recent paper (J. Algebra 345 (2011)) we prove that the deformed
preprojective algebras of generalized Dynkin type L, (in the sense of our earlier work in
Trans. Amer Math. Soc. 359 (2007)) are exactly (up to isomorphism) the stable Auslander
algebras of simple plane singularities of Dynkin type Ag,. In this article we complete the
picture by showing that the deformed mesh algebras of Dynkin type C,, are isomorphic
to the canonical mesh algebras of type C,,, and hence to the stable Auslander algebras
of simple plane curve singularities of type Ag,_1. Moreover, we describe the minimal
(periodic) bimodule projective resolutions of the canonical mesh algebras of type C,,.

Introduction and the main results. Throughout this article, K will
denote a fixed algebraically closed field. By an algebra we mean an associative
finite-dimensional K-algebra with identity, which we moreover assume to be
basic and connected. For an algebra A, we denote by mod A the category
of finite-dimensional right A-modules and by 24 the syzygy operator which
assigns to a module M in mod A the kernel of a minimal projective cover
Py(M) — M of M in mod A. Then a module M in mod A is called periodic
if 27 (M) = M for some n > 1. Further, the category of finite-dimensional
A-A-bimodules over an algebra A is canonically equivalent to the module
category mod A€ over the enveloping algebra A¢ = A°P ® i A of A. Then the
algebra A is called a periodic algebra if A is a periodic module in mod A°. It
is known that any periodic algebra A is selfinjective, and that every module
M in mod A without non-zero projective direct summands is periodic. Pe-
riodic algebras play currently a prominent réle in representation theory of
algebras and have attracted much attention (see the survey article [12]). In
particular, it has been proved recently in [9] that all selfinjective algebras of
finite representation type (different from K') are periodic.

Important examples of periodic algebras are the deformed mesh algebras
of generalized Dynkin types A, (n > 2), B, (n > 2),C, (n > 3),D, (n > 4),
E¢, E7, Eg, Fa, Go, and L, (n > 1) (defined in [5], [12]), for which the third
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syzygy permutes the isomorphism classes of simple modules. This class of
algebras contains the deformed preprojective algebras of generalized Dynkin
types A, (n > 2), D, (n > 4), Eg, E7, Eg, and L,, (n > 1), which occur
naturally in very different contexts. For these, the third syzygy of any simple
module is isomorphic to its shift by the Nakayama functor (see [5]). Mesh
algebras of Dynkin types include in particular the stable Auslander algebras
of Arnold’s simple hypersurface singularities [1. In fact, it is an exciting open
problem whether the stable Auslander algebra of any simple hypersurface
singularity over an arbitrary closed field K is a deformed mesh algebra of
the corresponding Dynkin type. We now briefly explain the related context.

A hypersurface singularity over K is a quotient algebra R of the K-
algebra K[[zg,z1,...,zy]] of formal power series in n + 1 variables by the
principal ideal (f) generated by a non-zero element f of the square m?, where
m = (xg,x1,...,2,) is the unique maximal ideal of K{[xg,x1,...,2,]]. That
is, R = K[[zo,x1,...,2n]]/(f). We denote by CM(R) the category of finitely
generated mazimal Cohen—Macaulay R-modules, that is, the finitely gener-
ated R-modules M whose depth depth(M) is the Krull dimension dim R of
R. Then CM(R) is a Krull-Schmidt category, that is, every object in CM(R)
has a decomposition into a direct sum of indecomposable objects, which is
unique up to isomorphism.

The hypersurface singularity R is called of finite Cohen—Macaulay type
if CM(R) has only finitely many pairwise non-isomorphic indecomposable
objects. We note that by a result of Auslander [4] every hypersurface singu-
larity R of finite Cohen—Macaulay type is an isolated singularity, and then,
by an observation of Greuel and Kroéning [14], R = K{[zo,z1,...,zn]]/(F)
for a polynomial F' in K[xg,z1,...,%,] (so F defines a hypersurface in the
affine space K™™' having an isolated singularity at the origin).

The hypersurface singularities of finite Cohen—Macaulay type have a
beautiful characterization via the deformation theory. Namely, the concept
of finite deformation type of a hypersurface singularity was introduced by
Arnold [I] (in characteristic 0) and by Greuel and Kroning [I4] (in posi-
tive characteristic). Roughly speaking, an isolated hypersurface singularity
R is of finite deformation type if R can be deformed only into finitely many
non-isomorphic singularities (see [I], [14]). Independently, the simple hyper-
surface singularities (ADE singularities) have been investigated and classified
in [I], [2], [I7], [18], [20] (see |14, Section 1] for their normal forms). Then,
for a hypersurface singularity R, the following statements are equivalent:

e R is simple;
e R is of finite deformation type;
e R is of finite Cohen—Macaulay type,

by results established in [, [4], [7], [14], [I7], [20]. We note that in char-
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acteristic # 2,3,5 the simple hypersurface singularities are isomorphic to
Arnold’s simple hypersurface singularities from [I]. In general, the normal
forms of simple curve singularities (dimension 1) were classified by Kiyek
and Steinke [I7], the normal forms of simple surface singularities (dimension
2) were classified by Artin [2], and the normal forms of simple hypersurface
singularities of dimensions > 3 are obtained from those of dimensions 1 and
2 by double suspensions (see [14], [20]).

Let R be a simple hypersurface singularity. Then CM(R) is a Frobenius
category, with R the unique (up to isomorphism) indecomposable projective
object, and we may consider the stable category CM(R) of CM(R) modulo
the ideal consisting of all morphisms which factor through direct sums of
copies of R. Since R is of finite Cohen—Macaulay type, we may choose a
finite complete set My, ..., M, of pairwise non-isomorpic indecomposable
non-projective objects in CM(R), and consider the endomorphism algebra

called the stable Auslander algebra of R. It is known that A(R) is a finite-
dimensional selfinjective algebra over K, and it would be interesting to know
when A(R) is a periodic algebra (see [12, Problem 8]). We also mention that
the Auslander—Reiten quiver of the category CM(R) is isomorphic to the
Auslander—Reiten quiver of CM(R*) for an Arnold’s simple hypersurface
singularity R* of dimension 1 or 2, canonically associated to R (by results of
[8], 18], [20]), and hence the Gabriel quivers of A(R) and A(R*) coincide.
Moreover, the stable Auslander algebras of Arnold’s simple singularities of di-
mensions 1 and 2 are mesh algebras of generalized Dynkin types A,, (n > 1),
B, (n >2),C, (n>3),D, (n>4), Eg, Er, Eg, Fy, G2, and L,, (n > 1)
(see [12]). Therefore, it is natural to ask when the stable Auslander algebra
A(R) of an arbitrary simple hypersurface singularity R is a deformed mesh
algebra of generalized Dynkin type (as introduced in [5], [12]).

In our recent paper [6] we established a complete classification of the iso-
morphism classes of deformed preprojective algebras of generalized Dynkin

types
e O

or equivalently, deformations of the canonical mesh algebras of types L.
Moreover, we proved in [6] that these are the isomorphism classes of the
stable Auslander algebras of plane curve singularities of Dynkin types Ao,
(n > 1). Werecall from [17] that, if the characteristic of K is different from 2,
then R = Rﬁ[‘) = K[[z,y]]/(z*+y?"*1) is the unique simple plane singularity
of type As,, up to isomorphism. For K of characteristic 2, the plane curve

o—...—e e (n vertices), n > 1,
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singularities
RY) = Klfa, g/ (2 + 92" ™), v e {11},

together with R;n), form a complete set of representatives for the isomor-
phism classes of simple curve singularities of type Asg,.

On the other hand, by [17], for an integer n > 1, and K of any character-
istic, there is only one simple curve singularity of Dynkin type Ag,_; (up to
isomorphism), namely R, = K[[z,y]]/(z? + xy"), and this is isomorphic to
Arnold’s simple plane singularity K[[z,y]]/(z?+y?") if K is of characteristic
# 2. Moreover, A(R1) = K x K, A(R32) is the canonical mesh algebra A(B3)

of Dynkin type By = Co: o (1.2 e  and, for n > 3, A(R,,) is the canonical

mesh algebra A(C,,) of Dynkin type

2,1
C,: o (2,1)
Hence, it is natural to ask if the algebras A(C,), n > 3, have no proper
deformations in the sense of [12]. We note that this is obvious for A(B2), and
clearly for K x K.

THEOREM A. Let n > 3 be an integer and AY = A/(C,) be a deformed
mesh algebra of type C,,. Then Af is isomorphic to the canonical mesh algebra

A(C,).

The following theorem is a direct consequence of Theorem A and [6]
Theorems 2 and 3].

e (n vertices).

THEOREM B. Let A be an algebra and m > 2 an integer. The following
statements are equivalent:

(i) A is isomorphic to the stable Auslander algebra of a simple curve
singularity of Dynkin type A, .
(ii) A is isomorphic to one of the algebras:

(a) a deformed mesh algebra of type C,, if m = 2n — 1 is odd;
(b) a deformed preprojective algebra of type Ly, if m = 2n is even.

THEOREM C. Let A = A(C,) be a canonical mesh algebra of type C,,,
n > 3. Then A is a periodic algebra of period 6.

We note that it has been proved in [5, Proposition 2.3| that all deformed
preprojective algebras of type IL,, are periodic algebras but the proof pre-
sented there does not allow us to determine their periods.

We also mention that the canonical mesh algebra A(B2) = A(Cy) is
a special biserial symmetric algebra, derived equivalent to the symmetric
Nakayama algebra with three simple modules and of Loewy length 4, and
consequently it is a periodic algebra of period 6 (see 4.2 in [I1]).
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For basic background on the relevant representation theory we refer to
[3], [19]; and for background on sigularities and Cohen—Macaulay modules
to [15], [21].

1. Deformed mesh algebras of type C,. Let n be an integer > 3.
Following [12] Section 7|, we denote by A(C,,) the canonical mesh algebra of
type C,, given by the quiver

0
ao
a as Ay —
Qc, 2—=3= =n—1—=n
ao a2 an—1
al
1

and the relations
apap =0, aya; =0, ayap+ apay + asaz =0,
a;a; + ajy1a;41 =0 fori € {2, A 2}, Ap—10n—1 = 0.

We note that A(C,,) is a symmetric algebra. Further, consider the local
commutative algebra

R(Cy) = K(z,y)/(zy, yz, (x +y)" ),

which is isomorphic to the algebra esA(C,)es, where ey is the primitive
idempotent in A(C,,) associated to the vertex 2 of Qc, . For an element f
from the square rad® R(C,) of the radical rad R(C,) of R(C,), we denote
by Af(C,) the algebra given by the quiver Q¢, and the relations

agip =0, aa; =0, (aiag+agar)" ' =0,
aiag + apay + azas + f(aiao, apar) = 0,
aja; +ai+1a;41 =0 forie{2,...,n—2}, ap_1ap—1 =0.
Then Af(C,) is called a deformed mesh algebra of type C,, (see [12, Sec-

tion 7]). Observe that A/(C,) is obtained from A(C,) by deforming the
relation at the exceptional vertex 2 of Qc, , and A/(C,) = A(C,) if f = 0.

Proof of Theorem A. Let n > 3 be a positive integer, f an element of
rad® R(C,), A = A(C,,) and Af = Af(C,). We will show that the algebras /A
and Af are isomorphic. This will be done via a change of generators in Af.

Observe first that f is of the form

n—2 n—3
F= (A 3 ) + @y yes (@)™
i=1 j=1
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for some elements A1, ..., An—3, An—2, 1, ..., n—3 of K. Hence A s given
by the quiver ¢, and the relations

apGp =0, a1@ =0, (@arap+apar)” ' =0,

n—2 n—3

aiap + apa + axaz + Z Ni(@rag)™ + Z pj(@oar ) =0,
i=1 =1

a;a; + ajt18;41 =0 forie{2,...,n—2}, ap_1ayp—1 =0.

Let I' := K]Jz]/(z"); this algebra is isomorphic to the subalgebra of
eaAf ey generated by @jag, and it is also isomorphic to the subalgebra gener-
ated by aga;. We write the deformed relation as g(ajag)+ h(agar) +azas = 0
with g, h in I', namely if we write Z = 2+ (2") and we set \g = 1 and po = 1,
then we take

n—2 n—3
9(2) =Y Nz h(z) =)t
i=0 j=0

Then we have

where
u(z) = (SAZZZ) h(z) = (S/@zﬂ').
i=0 Jj=0

Since Ao = 1 = pyp, it is clear that u(z) and v(z) are invertible in I".

Now we change generators in Af. We replace ag by (ag) € Af and a;
by ¥(a1) € Af, where

Y(ao) == u(aoar)ao, ¥(a1) :=v(arao)as.
We keep all other arrows as they are. Let u* and v* be the inverses of u
and v, respectively, in I'. Then

ap = u*(apay )Y (ag), a1 =v*(ar1ap)(ay).
Therefore this is an invertible change of generators. Moreover, using this we
can write down the relations in terms of the new generators. First

w(ao)do = u(aoﬁl)aodo =0, ¢(a1)@1 = U(a1@0>a1@1 =0.

Next, we have

|
I\

n

g(aiag) = 6_11( Ai(aoal)i)ﬁo = ayu(apay)ag = a1y (aop),

~
Il
w ©

h(apay) = 60( uj(alﬁo)j>a1 = apy(ay).

3

.
o
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Therefore
0 = g(arap) + h(apar) + azae = a1v(ao) + aoy(ar) + agas.

This is precisely the branch relation in the undeformed algebra A(C,,).

All other relations remain unchanged. Hence with these new generators,
A7 satisfies the relations of A, and consequently the algebras A and A/ are
isomorphic. =

2. Periodicity of mesh algebras of type C,,. The first part in this
section is more general, here A is an arbitrary algebra. Let eg,e1,... e,
be a set of pairwise orthogonal primitive idempotents of A with 14 =
eo+ei+---+ep Thene;®e; for 4,5 € {0,1,...,n} form a set of pairwise
orthogonal primitive idempotents of the enveloping algebra A¢ = AP ® A
with 14e = Zogi,jgn e; ® ej. Hence P(i,j) = (e; ® €j)A° = Ae; ® ejA for
i,7 € {0,1,...,n} form a complete set of pairwise non-isomorphic indecom-
posable projective right A°-modules (A-A-bimodules). Moreover, the right
A-modules S; = e;A/e;rad A for i € {0,1,...,n} give a complete set of
pairwise non-isomorphic simple right A-modules.

The following result by Happel [16, Lemma 1.5| describes the terms of a
minimal projective bimodule resolution of an algebra.

PROPOSITION 2.1. Let A be an algebra. Then A admits in mod A¢ a
minimal projective resolution of the form

o= PPy = =>P 5Py A0,

where
]P)r — @ P(i,j)dimK EXtTA(Si,Sj).

0<i,j<n

Let A be a symmetric algebra of the form A = KQ/I, where @ is a finite
connected quiver and [ is an admissible ideal in the path algebra K@ of Q.
We assume that A is graded by the powers of the radical and I is generated
by homogeneous relations. We denote by |b| the degree of a homogeneous
element b in A. We also write (X)g4 for the set of elements in a subset X
of A which are homogeneous of degree d. For an arrow a of Q, we denote
by ia and ta the starting and ending vertex of a, respectively. Moreover, we
denote by e; the primitive idempotent of A corresponding to a vertex i of
Q@ and by w; a fixed non-zero element of the socle of e;A. We fix a K-basis
B of A consisting of homogeneous elements such that each v € B belongs to
e;Ae; for some vertices ¢, j, and moreover assume that the basis B contains
the primitive idempotents e;, the arrows of ), and the fixed elements w;.
Then we may take the non-degenerate symmetric associative K-bilinear form



224 J. BIALKOWSKI ET AL.

(—,—): A x A — K such that, for by,be € B and b; = e;b;, we have
(b1, ba) := the coefficient of w; in byby

when b1by is expressed in terms of B. Consider also the dual K-basis B* =
{b*; b € B} of A such that (b,c*) = 0y for b,c € B. Since the relations
generating I and elements of B are homogeneous, for by = e;b; and by € B,
(b1,b2) can only be non-zero if by = bee; and |b1| + |b2| = |w;|. In particular,
if b € e;Be; then b* € e;Be;, and b* is homogeneous of degree |w;| — [b].

Assume now that o is an algebra automorphism of A which permutes the
primitive idempotents e;, i € Qg, and the arrows a € @1 of A. Consider the
projective right A°-module

P = @ Ae; ® o(e;)A
i€Qo
and the homomorphism of right A°-modules R : P — A° given by
R(e; ® o(e;)) == Z a®o(e;)+ Z ei ®o(c).

a€Qo,ia=1 c€Qo, te=t

Moreover, we define the elements in P
&= Y (DM@, icQo
bee; B

Then we have the following proposition (similar to [I3, Proposition 2.3|,
there is also some variation in [10]).

PROPOSITION 2.2. Let i be a vertex of the quiver QQ of A. Then:

(i) R(&)=0.
(i) &A = o(ei)A as right A-modules.
(iil) A& = Ae; as left A-modules.

Proof. (i) We have the equalities

R&) =Y (-DRGeocw)=>" Y (-DFRO®00Y)

bee; B JE€Qo bee;Be;

=3 Y (~1)MbR(e; @ 0 (e;))o(v)

JEQo 566186]

=Y > > ()awap)

J€Qo bEe; Bej a€Qo, ia=j

+3 3 Y )M o(c)a(v").

JEQo bee;Bej c€Qo, tc=j

We fix some degree and an arrow a : j — k of (). We must show that the
terms (—1)1’lba @ o (b*) cancel when b runs through all elements b in e;Be;
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of degree d. Let {x1,...,xs} = (e;Be;)q and {y1,...,y:} = (e;Beg)q+1. The
claim will follow if we show the equality

me@awl Zym®a Yr)-

For [ € {1,...,s}, zja € e;Aej, and has degree d+ 1, so we can write
t
zria = Z bmlym
m=1
for some elements by;,...,by € K. We now find the elements ay,, for m €

{1,...,t}. Let z be an element of B with (z,ay},) # 0. Then (za,y},) =
(2,ayy,) # 0, and hence za € (e;Beg)ay1, because yy, € (exBe;)w,|—q—1- This
shows that z € (e;Be;)q, and consequently z = x; for some [ € {1,...,s}.
Thus we obtain

t
(z1, aypy,) = (ma, ) = (ijzyj,y@ = by
i=1

Therefore, ay), = > bpuz; for any m € {1,...,t}. Finally, we obtain the
equalities

S v @ 0(a)o (47)
m=1

t

iym®a (ay;,) Z [ym®a(ibmlx}k>}

m m=1 =1

[ym ® (Z bmzo(w?‘)ﬂ

=1

[(melym)®axl } sza®a xy),

=1 m=1

I I
|
o

—_

m=

S

~

as required.

(ii) It follows from our assumption on o that o(e;) = e; for a vertex
J € Qo. Then, for any b € e;B, we have o(b*) € Ao(e;) = Aej, and hence
& = &ej. Consider the epimorphism of right A-modules 7; : e;A — A
given by m;(z) = &a for any « € ejA. Further, the socle of e;A is simple
and spanned (over K) by w;. Moreover, since w; = wje;, we conclude that

*

w} = e;. Observe also that w; annihilates the radical of A. Then we obtain

the equalities
mi(wj) = &iwj = Y (Do @at)w; = Y ()M @ (0(b)w;))
bee; B bee; B
= (D l(w; @ o (wf)wy) = (D (w; @ o (er)ws) = (—1) 1 (w; @ w)),

and so 7;(w;) # 0. This shows that 7; is an isomorphism of right A-modules.
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(iii) Since b = e;b for any b € e; B, we have § = e;&. Consider the
epimorphism of left A-modules 6; : Ae; — AE; given by 0;(x) = x&; for
any x € Ae;. The socle of the left A-module Ae; is simple and spanned
(over K) by w;, and clearly w; annihilates the radical of A. Then we obtain
the equalities

Oiwi) =wi& = Y (—D)lw; (b o (b))

bee; B
= > (D)wb) @ o (b7) = ws @ o(e),
bce; B
and so 0;(w;) # 0. This proves that 6; is an isomorphism of left A-modules. =

Now we apply these to the algebra A = A(C,); this has a basis with all
properties needed for the previous result, and we fix such a basis B.

PROPOSITION 2.3. Let A = A(C,,) be the canonical mesh algebra of type
Cy, (n > 3) and let o be the automorphism of A of order 2 which interchanges
the idempotents ey and ey, and the adjacent arrows. Then the first few terms
of a minimal projective bimodule resolution of A are

Py 3Py B P, APp % A0,

where
Py = @ Ae; @e; A, P = @ Aejq ® e,
1€Qo a€Q1
=P3 = (P Ae; @ o(e;)A
a€Qo

ule; ®@e;) =e€;  forie{0,1,...,n},
d(eiqg @ e1g) =a® ey — g Ra  fora € Qq,

R(e;®o(e;)) = Z a®o(e)+ Z ei®ao(c) forie€ Qo,

a€Qo, ia=1 c€Qo, te=i
Sei®@a(e)) =& := Y (-D"b@o(b*) forie Q.
bee; B

Proof. We denote by o the automorphism of order 2 of ) = Q¢,, induced
by the automorphism o of A. For i € Qo = {0,1,...,n}, we denote by
P, = e;A and S; = e;A/e;rad A the associated indecomposable projective
right A-module and simple right A-module, respectively. Then the first few
terms of a minimal projective resolution of a simple module S; in mod A are
given by the exact sequence

0 — Sy = Poi) — @ Py, — P, — S; — 0.

a€Qo,ia=1
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Hence the required presentations for Py, P1, Py, P3 are then consequences of
Proposition 2.1} A simple checking shows that the sequence

Py P, APy 5 A0

is exact. We claim that §23.(A) = Ker R is the A-A-bimodule generated by
the elements & for i € Qo = {0,1,...,n}. It follows from Proposition [2.2{1)
that

(1) &o,&1,...,&, belong to Ker R;
(2) &A= o0(ei)A = ey;A as right A-modules for all i € {0,1,...,n};
(3) A& = Ae; as left A-modules for all i € {0,1,...,n}.

This shows that S : P — Ker R is a minimal projective cover of the
A-A-bimodule Ker R = 25.(A). =

Moreover, the above shows that 23.(A) is isomorphic to 14, where v €
Aut(A) satisfies a&; = £v(a) for a € e;Ae;.

COROLLARY 2.4. Let A = A(C,,) be the canonical mesh algebra of type
C, (n > 3). Then there exists an isomorphism of A-A-bimodules 23, (A) =
1A, for an algebra automorphism v of A.

We keep the basis B from before, and we determine ~ as above.

LEMMA 2.5. Let A = A(C,) be the canonical mesh algebra of type C,
(n > 3) and let v be the algebra automorphism of A as above, such that

25.(A) 21 A, as A-A-bimodules. Then:
(i) v(ei) = o(e;) for alli € {0,1,...,n}.
1)

(ii) For any arrow a : i — j in Qc,, there is a unique element b = b(@)
in B such that abl® = e,w;, where e, = +1.
(iii) For any arrow a in Qc, , we have

7(a) = —ea((0)").

Proof. (1) We have e;&; = & = &o(e;), and hence y(e;) = o(e;) for any
ie{0,1,...,n—1}.

(ii) Let @ : ¢ — j be an arrow in Qc,. Then a&; = &~v(a), and the
right hand side has a term w; ® y(a). Hence, we only need to identify all
terms (—1)"lab ® o(b*) from a&; where ab involves w;. If this is the case,
then b € e;jBe; with |b] +1 = |w;| = 2n — 2, so b is in the second socle
socg(e;A) = soc(e;jA/soc(e;A)) of ejA and ends in i. We note that the set
ejBe; has only one element of degree |w;| —1 = 2n — 3. Thus b is unique,
and we denote it by b(@) . Moreover, ab® = g,w; for some &, € {-1,1}.

(i) Let a be an arrow of Qc, . Since the homogeneous element b(®) is of
odd degree 2n — 3, we obtain from (ii) the formula

v(a) = —ea((0)"). =
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PROPOSITION 2.6. Let A = A(C,,) be the canonical mesh algebra of type
Cp (n>3), and v be the automorphism of A such that

(i) v(e;) = o(e;) for any i € {0,1,...,n—1};

(i) 7(a0) = —ar, v(@1) = ag, ¥(ao) = a1, (@) = —ao;

(iii) y(ax) = (=D)*ay and v(ax) = (—=1)*ay for any k € {2,...,n —1}.
Then 23.(A) 2 1A, as A-A-bimodules.

Proof. In order to apply Lemma [2.5] we fix some explicit elements of
the socle soc(A) of A, and also basis elements of the second socle soca(A) =
soc(A/soc(A)) of A. Let o = ajag, B = apay, n = agae. Then we have the
relations

05,8 — O, ,80[ — 0, an—l — _ﬂn—l ?é 07 ,,7n—1 — O, ,r]n—2 7& 0.

Moreover, we take the socle elements of ¢;A, i € {0,1,...,n — 1}:

wo = aoa”_Qal,

n—2—
w1 = a1B" “ao,

Wy = O[nfl’

w3 = asa™ 2as,
Wy = dgaga”_?’agag,

Wk = Qf—1Q%—2 - - - éga”_k+1a2a3 co.ap—q  forke{3,...,n}.

Next we fix basis vectors of socy(A), and we find their dual elements. We
note that the dual element is always of degree 1, and it must be +a, where a
is an arrow, and the sign is given by the requirement that ba = w; if b € ;8.

Furthermore, for each chosen b in socy(A), we list the arrow a such that
b= b, and the sign ¢, € {=1,1} with ab = e,w;:

eo/d er/ ea/ e3/

apd™ 2 @ o™ %E B %ap o™ Zas | a2a™? @sa™ 2agzas

a1 ao ag —a1 —as2 a2 as
ai EL() ao al as a2 63
—1 1 1 1 -1 1

es/ en/

d3@2an73a2 5,3&20(”740420,3&4 An—1...020042 . ..0np—2
as —Q4 An—1
as a4 An—1

1 1 (-1)"
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ek/l
= — n—k+1 - = n—k
(@k—1...a20x az...0p—2 Gp—1...020 asz...ap—10k
k+1-
Ak—1 (71) Qak
ak—1 ak

Now a straightforward calculation shows that the algebra automorphism ~ of
A with 23.(A) 214, as A-A-bimodules, discussed in Lemma is defined
by the imposed conditions (i)—(iii). m

COROLLARY 2.7. Let A = A(C,,) be the canonical mesh algebra of type
Cy, (n > 3). Then there exists an algebra automorphism ~ of A such that
25 (A) = 1Az as A-A-bimodules with v*(a) = —a for a € {ag, ag, a0, a1}
and v*(a) = a for the remaining arrows a of Qc, .

The following lemma completes the proof of Theorem C.

LEMMA 2.8. Let A = A(C,,) be the canonical mesh algebra of type C,
(n > 3) and v the algebra automorphism of A described in Proposition .
Then

(1) v is not inner;

(i) ~2 is inner.
Proof. (i) Assume for a contradiction that ~y is inner. Then there exists
an invertible element ¢ € A such that v(z) = cwc ! for any x € A. In

particular, we conclude that

eo = egepen = epy(er)ep = ep(cercHeg = (egcer)(erc teg)
and this belongs to rad A, a contradiction.
(ii) Let ¢ := —eg —e1 + Y ;- oe; € A. Then ¢ = 14, hence ¢ is a unit
with ¢ = ¢~ 1. We have
capc™t = (—eg)apez = —ag = *(ag)
and similarly cac™ = —a for a one of a1, ag, a1, and clearly ¢ commutes with
all other arrows. Therefore, v?(x) = cxc™! forany z € A. »

1
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