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Abstract. We investigate the class of finite-dimensional real flexible division alge-
bras.

We classify the commutative division algebras, completing an approach by Althoen
and Kugler. We solve the isomorphism problem for scalar isotopes of quadratic division
algebras, and classify the generalised pseudo-octonion algebras. In view of earlier results
by Benkart, Britten and Osborn and Cuenca Mira et al., this reduces the problem of
classifying the real flexible division algebras to the normal form problem of the action of
the group G2 by conjugation on the set of positive definite symmetric linear endomorphisms
of R”. A method leading to the solution of this problem is demonstrated.

In addition, the automorphism groups of the real flexible division algebras are de-
scribed.

1. Introduction. Let k be a field. A k-algebra is understood to be a
vector space A over k, endowed with a bilinear multiplication map A x A —
A, (x,y) — zy. The algebra A is said to be a division algebra if A # {0}
and the linear endomorphisms L, : A — A, x — azx, and R, : A — A,
x +— za, are bijective for all a € A~ {0}. In case A is finite-dimensional,
this is equivalent to saying that A has no zero divisors, i.e. xy = 0 only if
x = 0 or y = 0. Finite-dimensional real division algebras are known to have
dimension either 1, 2, 4 or 8 (Hopf [10], Bott and Milnor [4], Kervaire [12]).
All algebras considered in this paper are assumed to be finite-dimensional.

We denote by A* the category of triples (X, e,[,]), where X is a vector
space over k, and e and [,] are commutative and anti-commutative algebra
structures on X respectively. Morphisms in A* are those linear maps that
respect both structures.

Given any k-algebra A, define [z,y] = zy — yzr and z ey = zy + yx. The
assignment A — AT = (A, e,[,]) defines a functor ?* from the category of
k-algebras to A*, acting on morphisms identically. If char k # 2, then 7%
is an isomorphism of categories, with inverse (X, eo,[,]) — (X, p), u(z,y) =

S(@ey+[z,y]).
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Let K be a category, and X,Y € K. Then [X] denotes the isomorphism
class of X, and Iso(X,Y’) denotes the set of isomorphisms from X to Y.
A cross-section for /= is a set C C K with the property that for all X € K
there exists a unique C € C such that X = C. A classification of K is an
explicit description of a cross-section for K /2.

Given a set X, I = I[x denotes the identity map on X. We write I, for
the identity matrix of size n x n. Given a linear operator 1" on a vector space
V over k, and A € k, we write & = E\(T) = ker(T — Mly). If V is a Eu-
clidean vector space, Pds(V') denotes the set of positive definite symmetric
endomorphisms of V.

An algebra is called flexible if x(yxz) = (zy)x for all z and y. A class-
ification of the real flexible division algebras will in a natural way generalise
the famous theorems by Frobenius [9] and Zorn [17] stating that the asso-
ciative and alternative (!) real division algebras are classified by the sets
{R,C,H} and {R,C,H, O} respectively.

Recall that an algebra A is quadratic if it has an identity element 1 # 0,
and the set {1,z,2%} is linearly dependent for all 2 € A. It is known that
a real division algebra is quadratic if and only if it is power associative (2)
(Dieterich [6]). Hence, in particular every real alternative division algebra is
also quadratic.

From now on, unless otherwise stated, all algebras and vector spaces are
assumed to be real.

In any quadratic algebra B, the subset

ImB={bec B\R1|b¥ cR1}U{0}CB

of purely imaginary elements is a linear subspace of B, and B =R1 ®Im B
(Frobenius [13]). We shall write a + v instead of al 4+ v when referring to
elements in this decomposition.

Let V. = (V,()) be a finite-dimensional Euclidean space. A dissident
map on V is a linear map n : VAV — V with the property that the set
{v,w,n(v Aw)} is linearly independent whenever {v, w} is. A dissident map
n on V is called flexible if (n(xz Ay),z) =0 for all z,y € V. Note that this
is equivalent to (n(x Ay),z) = (z,n(y A z)) for all x,y,z € V.

A dissident triple (V, &, n) consists of a finite-dimensional Euclidean space
V, a linear form £ : VAV — R and a dissident map n: VAV — V. The
class of dissident triples is given the structure of a category, denoted D,
by declaring as morphisms (V,&,1) — (V’,€,7') those isometric (3) linear
maps o : V — V' which satisfy both £ = ¢'(c A o) and on = 1/(0 A o).

(!) An algebra is alternative if any subalgebra generated by two elements is associative.
(?) That is, every subalgebra generated by a single element is associative.
(3) That is, satisfying (x,y) = (o(x),o(y)) for all  and y.
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Each dissident triple (V,£,n) € D determines a quadratic division alge-
bra H(V,&,m) = R x V with multiplication

(o, 0)(B,w) = (af — (v,w) + &£(v Aw), aw + v + n(v Aw)).

Defining (Ho)(a,v) = (a,0(v)) for morphisms o : (V,&,n) — (V,&,n')
makes H a functor from D to the category O of quadratic division alge-
bras (4).

Conversely, given a quadratic division algebra B = R1 @& Im B, define
linear maps ¢ : B — R and ¢ : B — Im B such that b = o(b)1 + ¢(b)
for any b € B. Given z,y € Im B, set (z,y) = —%Q(:py +yx), E(xANy) =
%Q(xy—yzn) and n(x Ay) = t(xy). Now Osborn’s theorem [14, p. 204] asserts
that V' = (Im B, ()) is a Euclidean space, and that 7 is a dissident map
on V. Therefore, the assignments Z(B) = (V,{,n) and Zp : In B — Im C,
(Zy)(x) = p(z) for ¢ : B — C define a functor 7 : Q@ — D.

The following proposition summarises the main results by Osborn ([14],
cf. also [7]) in the language of categories.

PROPOSITION 1.1. (i) The functor H : D — Q is an equivalence of cate-
gories, with quasi-inverse Z : @ — D.

(ii) The quadratic division algebra H(V,&,n) is flexible if and only if
& =0 and the dissident map n is flexible.

The categories of flexible quadratic division algebras and the correspond-
ing dissident triples will be denoted by Off and D respectively. We shall
write only 1 as an abbreviation for (V,0,7n) € D, and refer to D as the
category of flexible dissident maps.

A wvector product w on a Euclidean space V is a flexible dissident map on
V with the additional property that if u,v € V is an orthonormal pair, then
|| (u A v)|| = 1. Vector products correspond to alternative division algebras
under the functor H. Hence there exist unique (up to isomorphism) vector
products in dimensions 0, 1, 3 and 7 respectively. The automorphism group
of the 7-dimensional vector product is the exceptional Lie group Gs.

Let B be a quadratic algebra, and A a nonzero real number. Then the
scalar isotope of B determined by A, denoted \B = (B, %), is defined by

(a+v)*(f+w)=(a+ )+ \w), a,feR, v,welnB.

Now B is flexible if B is flexible [2], and it is obviously a division algebra
whenever B is.

Next, recall that su,C denotes the simple real Lie algebra of n x n
complex anti-hermitean matrices of trace zero, equipped with the anti-
commutative algebra structure [,]. For each 6 € R\ {0}, the vector space

(4) Morphisms of quadratic algebras are assumed to preserve the identity element.
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su3C with the multiplication
1

(1) x*yzé[m,y]+2

2
<my + yx — 3 tr(a:y)]l;;)
is a flexible division algebra [3] of dimension 8, which we denote by Os.
Benkart and Osborn call these algebras generalised pseudo-octonions, or
GP-algebras.

We now recall the main theorem in [2] by Benkart, Britten and Osborn.

THEOREM 1.2 ([2, Theorem 1,4]). If A is a finite-dimensional real al-
gebra, then A is a flexible division algebra if and only if A has one of the
following forms:

(i) A is a commutative division algebra of dimension 1 or 2,
(ii) A is isomorphic to a scalar isotope \B of some quadratic real divi-
sion algebra B which is flexible,
(iii) A is a generalised pseudo-octonion algebra.

Although not explicitly stated in the theorem, it is proved in [2] that no
algebra could meet more than one of the above conditions (i)—(iii).

A classification of all two-dimensional division algebras, and hence in
particular of all commutative ones, is given in [11]. In Section 2 we give an
alternative solution, based on the approach of Althoen and Kugler [1].

It is easily shown, using Proposition 1.1, that the set {H(A73)}r>0, i.e.
R x R3 with the multiplication

(@, 0) (8, w) = (af = (v, w), aw + fv + Amz(v A w)),

classifies the flexible quadratic division algebras of dimension 4. Here s
denotes a chosen vector product on R3.

In [5], Cuenca Mira et al. introduce vectorial isotopy, a method by which
all flexible quadratic division algebras are constructed. Using the language
of dissident maps, their main result can be formulated as follows (°).

PROPOSITION 1.3. Let m: RTAR” — R” be a vector product, and n any
flexible dissident map on a Fuclidean space V' of dimension 7. Then

(i) For any e € GL(V), e€*n(e A¢) is a flexible dissident map.
(i) n = &*7(5 A ) = om(5 A S) for some & € Pds(R7).
(iii) For 61,09 € PdS(R7), (517T((51 A 51) = (527T(52 A (52) if and only if
81 = 071690 for some o € Aut(n).

Hence, classifying the flexible dissident maps in 7-dimensional Euclidean
space, and thereby the flexible quadratic division algebras of dimension 8,

(°) By * we denote the adjoint operator.
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completely and irredundantly, is equivalent to solving the normal form prob-
lem for the right group action

(2) Pds(R7) x Gy — Pds(R"), (6,0) = &-0 =0 60

The principal theorem of the present article, Theorem 1.4, classifies the cat-
egory of all flexible division algebras up to the above normal form problem.

We denote by e; = (1,0) and es = (0, 1) the standard basis vectors in R2.
We define the algebra Ag(a,b) as the vector space R? with multiplication in
the standard basis given by Table 1, and Ap(a,b) as R? with multiplication
given by Table 2

Table 1. Ag(a,b) Table 2. Arp(a,b)

‘ €1 () . ‘ €1 €2
el el aei1 + bes el el ae1 + bes
eo ae1 +bes —eq eo ae1 + bes es

THEOREM 1.4. Let N € Pds(R") be a cross-section for Pds(R7)/Gs, the
orbit set of the group action (2). Then the set

{(RYU{Ag(a,b) |a>0,b> (a®>+1)/2 ora=0,b>1/2}
U{Ar(a,b) |a>1/2;b>a; (a,b) # (1/2,1/2)}
U{Ar(a,b)|a,b<0;a<b<1/2a—1/2}

U {3H(ums) | (A, 1) € RN {0}) x Rso}
U {3H(dm7(3 A 0)) | (A,0) € (RN A{0}) x N}

U {Os}s>0
classifies the finite-dimensional real flexible division algebras.

The proof of Theorem 1.4 is given in Sections 2-3. The commutative
division algebras are classified in Section 2. In Section 3, we show that yA =
pB if and only if A = y and A = B for quadratic division algebras A and B
of dimension greater than 2. We also solve the irredundancy problem for the
generalised pseudo-octonions by showing that O, = Os if and only if v = +4.
A method for finding a cross-section for Pds(R")/Gy is demonstrated in
Section 5. The complete solution to this problem, which is rather technical,
is postponed to a forthcoming publication.

As an additional information, we describe in Section 4 the automorphism
groups of the flexible division algebras.

2. Commutative division algebras. In this section, we complete the
classification of the commutative division algebras, based on the approach
of Althoen and Kugler [1].

We shall use the following result by Segre.
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PROPOSITION 2.1 ([16, Theorem 1]). Ewvery finite-dimensional real or
complex algebra with the property that x> = 0 implies x = 0 has at least one
idempotent (9).

The same result is proved in [1] for real division algebras of dimension 2.

Accordingly, if A is a real commutative division algebra of dimension 2,
then it has a basis (u,v) such that the multiplication is given by Table 3,
where a,b,c,d € R.

Table 3. Commutative division algebras

"U v

u au + bv
au + bv cu + dv

u

v

PROPOSITION 2.2 ([1, Theorem 3]). An algebra given by Table 3 is a
division algebra if and only if

a b

C

d?® < 4b

First, we consider the case when A has exactly one idempotent.

LEMMA 2.3. Let A be a commutative division algebra of dimension 2,

and u € A an idempotent. Then there exists an element w € A such that

w2 = —u.

Proof. Let (u,v) be a basis for A such that the multiplication is given
by Table 3. If d = 0, Proposition 2.2 implies that 4b%c < 0 and hence ¢ < 0.
Set w = (1/v/—c)v. Now suppose d # 0. Then, for an arbitrary element
w=au+ fv, B#0,in A~ span{u} we have
w? = (qutpv)? = d*u+2afuv+-B20? = (o*+2apa+5%c)u+(2a6b+3%d)v.

Hence w? = —u if and only if

a? + 2afa + F%c = —1,
203b + %d = 0.

Using Proposition 2.2, we see that

1
“ \/4ab/d —wE—1 T2

solves the system. =

The problem of determining the number of idempotents in a two-dimen-
sional division algebra is considered in [1]. However, the proposition on page

(5) Idempotents are understood to be non-zero.
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629 there is stated incorrectly. An accurate version is given in [8, Prop. 3,
p. 5], from which the following lemma is an immediate consequence.

LEMMA 2.4. An algebra determined by Table 3 has exactly one idempo-
tent if and only if either (2a — d)? < 4c(1 —2b) or d = 2a, b= 1/2.

Taking into account Proposition 2.2, Lemma 2.3 and Lemma 2.4, we
conclude that the basis (u,v) can be chosen in such a way that ¢ = —1,d =0
and either a®? + 1 < 2b or a = 0, b = 1/2. Moreover, if an algebra has such
a basis, it is a commutative division algebra with exactly one idempotent.

Recall that Ag(a,b) denotes R? with multiplication given by Table 1.

PROPOSITION 2.5. (i) The set & = {Ag(a,b)|a>0,b> (a®>+1)/2 or
a=0,b>1/2} classifies the two-dimensional commutative division
algebras having exactly one idempotent.

(ii) Let a,b € R, and suppose that the algebra Ag(a,b) has exactly one
idempotent. Then Aut(Ag(a,b)) = {L, (e1,e2) — (e1,—e2)} if a =0,
and Aut(Ag(a,b)) = {1} otherwise.

Proof. Suppose that A = Ag(a,b) and B = Ag(a/,b’) each have pre-
cisely one idempotent and let ¢ : A— B be an isomorphism. Then ¢(e;1) =e;.

We have

(ple2))® = p(e3) = —p(e1) = —e1 = €3,

so
0= (p(e2))* — €3 = (p(e2) — e2)(p(e2) + e2)
and hence ¢(eg) = teg.
If p(ez) = eg, then ¢ =1, and (a/, V) = (a,b).
If p(es) = —eq, then because

p(ere2) = p(aer + beay) = aey — beg,
p(e1)p(e2) = —ereg = —a'e; — ey,

it follows that (a’,b') = (—a,b). Conversely, it is clear that Ag(a,b) —
Ag(—a,b), (e1,e2) — (e1,—e2), is an isomorphism. In particular, assum-
ing A and B to be division algebras, this yields the first statement of the
proposition.

From the above it is also clear that (e1,e2) — (e1,—ez) is an auto-
morphism of Ag(a,b) if and only if a = 0, which gives the second state-
ment. =

Now, we consider the several idempotents case. Since all idempotents
must be pairwise non-proportional, every algebra with at least two idempo-
tents has a basis consisting of idempotents. Thus, in view of Proposition 2.2,
every commutative division algebra of this type is isomorphic to Ap(a,b)
for some (a,b) € K = {(a,b) € R? | ab > 1/4}.
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LEMMA 2.6 (see also [1, pp. 629-630]). The algebra Ar(a,b), (a,b) € K,
has precisely two idempotents if a = 1/2 or b = 1/2, and precisely three
idempotents otherwise.

Proof. From Table 2 it is clear that the basis elements e; and es are
idempotents. Let w = ae; + [Bes be an arbitrary element in Ap(a,b). We
want to find solutions of the equation w? = w for which a, 3 # 0. Under

this assumption,
5 1 2a o 1
20 1 16} 1

As (a,b) € K and therefore 1 —4ab # 0, the equation has the unique solution

2a—1 2b—-1
(@, 8) = <4ab—174ab—1>

where «, 5 # 0 precisely when a,b # 1/2. =

Define K,, = {(a,b) € K | Ap(a,b) has n idempotents}. Any isomor-
phism of algebras A and B induces a bijection between their sets of idempo-
tents. Conversely, if Ar(a,b) with (a,b) € K, has idempotents uy, ..., up,
where (u1,u2) = (e1,e2), then every permutation o € S,, gives rise to a lin-
ear automorphism ¢, : u; — U, (), i € {1,2}, of Ap(a,b). The assignment
0 — g is injective. For n € {2, 3}, we define a group action K, x S,, — K,
by

(a,b)-0 = (d,b) & ¢, : Ap(a,b) — Ap(d’, V') is an algebra isomorphism.

Now the category of this group action is equivalent to the category of
2-dimensional commutative division algebras with precisely n idempotents.
The equivalence is given by the maps (a,b) — Ap(a,b) and 0 — @,.

This means that z,y € K, parametrise isomorphic algebras if and only
if they lie in the same orbit under S,,. Automorphisms of the algebra Ap(x),
x € K, are those ¢, for which o stabilises x. Classifying the commutative
division algebras having more than one idempotent is equivalent to finding
normal forms for Ko and K3 under the actions of Sy and Ss respectively.

It is easily seen that the orbits in Ko = {(a,b) € K |a=1/2 or b=1/2}
are the pairs of the form {(a,b), (b,a)}.

S3 is generated by the the permutations (1,2)(3) and (1)(2, 3). The first
one sends each (a,b) € K3 = K \ K3 to (b,a).

Consider the function

_xty—1

Tylz) = 4oy —1°
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We see that (a,b) — (fp(a),b). Since
(2y —1)°

folx) = “lay =12

f is decreasing for y # 1/2. Moreover, f,(z) =2 <z = (1£ (2y —1))/4y,
that is, x = 1/2 or x = (1 — y)/2y. This shows that the subset

1 1-b 1
{(a,b)EKg a,b>§ora<2—b,b<§}
of K3 is mapped to
1 1-0 1
{(a,b)ng b>§>aora>2—b,b<§}

and that {(a,b) € K3 |a > (1 —5b)/2b, b < 1/2} is fixed by the permutation
(1)(2,3).

Using the fact that any other element in S3 can be written as a product
of these two permutations, it is straightforward to prove the following two
propositions.

PROPOSITION 2.7. (i) The set {Ar(1/2,0)}p>1/0 classifies the commu-

tative division algebras having two idempotents.
(ii) The set

1 11
{AF(a,b) a>g b> a} U {AF(a,b) a,b<0,a<b< i 5}
classifies the commutative division algebras having three idempo-
tents.

The first part of Proposition 2.7 can also be derived from Theorem 3
and 5 of [1].

PRrROPOSITION 2.8. (i) If (a,b) € K>, then Aut(Ap(a,b)) = {I}.
(ii) If (a,b) € Ks, then Aut(Ap(a,b)) = {¢s}tscs, where S C Sz is
given by

L,2G)} ifa=br-1,
{L)@3)} i a=(1-b)2b,

S§={L1,3)(2)} i b=(1-a)/2,
S3 if a=b=—1,
{I} otherwise.

It is worthwhile to note that S3, the largest automorphism group oc-
curring, corresponds to the algebra Ap(—1,—1), while C = Ag(0, 1) shares
its automorphism group of order two with infinitely many other pairwise
non-isomorphic algebras. This contrasts with the general experience from
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dimensions four and eight, where H and O seem to be the most symmetric
objects.

3. Division algebras of dimension 4 and 8. In order to prove The-
orem 1.4, we must consider the scalar isotopes of the flexible quadratic di-
vision algebras, and the generalised pseudo-octonions. Our result on scalar
isotopy actually holds for arbitrary quadratic division algebras.

LEMMA 3.1. Let A € Q, dimA > 2 and A € R~ {0}. Then Z(LA) =
span{l4}.

Proof. Let z = a+v € R1&ImA. Then z € Z(,A) if and only if in the
algebra A, vw = wwv for all w € Im A. From Proposition 1.1, it follows that

vw = wv only if v and w are linearly dependent. As dim(Im A) > 1 we get
v =0, and therefore Z(yA) = span{l4}. =

PROPOSITION 3.2. Let A and B be quadratic division algebras of dimen-
sion greater than 2, and let A, # 0. Then yA = ,B if and only if A\ =
and A= B. Moreover, Iso(yA, \B) = Iso(4, B).

Proof. By Lemma 3.1, any isomorphism ¢ : yA — ,B maps 14 to 1p.
We have (o + v) * (a +v) = o? + 2 av + X202 for a +v € R1 @ Im A, so
(a+v)*(a+v) € R1 if and only if either @ = 0 or v = 0. The same obviously
holds in ,B. Hence, for any x € A \ R1 we have

or) eImB & p(x)*xp(r) ERlp & zxx€Rly & x€ImA.

Now, let v,w € Im AN {0}. We have Ap(v) = p(la*xv) = ¢(1a) * p(v) =
pe(v) and hence A = pu. Moreover, u2p(v)e(w) = p(v) x p(w) = p(v * w)
= Mop(vw) = p?p(vw), which implies that ¢ € Iso(A, B). An analogous
calculation shows that Iso(A4, B) C Iso(, A, \B). =

COROLLARY 3.3. If A is a quadratic division algebra of dimension 4
or 8, and \ # 0, then Aut(,A) = Aut(A).

We now turn our attention to the GP-algebras. First recall the definition
of the category A% and the functor ?* (Section 1). Next note that the
complex Lie algebra sl3C is obtained from su3C by extending scalars to
the complex numbers, that is, sl3C = susC®Rr C. Let S5 = (sl3C, *), the
multiplication “x” being defined as for Os. We write 55i = (Ss5,9s,[,]+),
where e and [, ] refer to the ordinary matrix multiplication.

The multiplication in the commutative algebra ST = (Sj, ,) is indepen-
dent of 0 and is given by r e,y = i(x ey — %tr(my)]l). The multiplication
in S5 = (Ss, [,]«) is given by [z,y]« = 20[z,y]. Given a natural number n
and A € GL,(R), we let 4 : R™" — R™" X s A~ X A. Note that s
is indeed an automorphism of the matrix algebra R™*™.

PROPOSITION 3.4. Let §,y € R~ {0}. Then O5 = Oy < 0 = +7.
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Proof. Let ¢ : Os — O be an isomorphism. Then ¢ induces an iso-
morphism S5 — S, also denoted by ¢. Using the functor 7%, we see that
¢ € Iso(Sy,87) and ¢ € Aut(S™).

The homothety hos : S5 — sl3C, x + 20z, is an isomorphism of algebras.
Hence Aut(sl3C) — Iso(S5 S ), Y = hg_wlwhg(; = (0/~)v is a bijection.
We have Aut(sl3C) = {ka, —ka(7") | A € SL3(C)}.

If ©» = k4, then p = (§/7)k4. Hence

P(0) w2 o) = Lo e, & walt)
2
= 23 i{(kae) o kal0) = raoImal)n)
2 2
= 5 i(matam) - Zuntenyea®) = S wate o),
Pl o) = alo o)
Because ¢ € Aut(ST), the relation (62 /7?)ka(ze.y) = (6/7)ka(xe.y) must

hold for all z,y € ST, which implies § = 7.
If ¢ = —kA(?Y), then p = —(6/7)kA(??), and
t

oz e, y) = —% a (@ (xoy _ %tr(my)ﬂ)) - —% A (z (mtoyt— %tr(azy)ﬂ))

= —g KA <z <xtoyt - ;tr(xtytﬂl)) = —% ra(z' o yh),
o) o o(0) = 2 rae) o0 (=2 mal) = S matat) o mals)
52
- ? /@A(azt ' yt).

Here, p € Aut(S™) implies § = —.
We have seen that Os = O, only if 6 = +~. Conversely, it is clear that

?t: 05 — O_g, © +— !, is an isomorphism. =

As a consequence of the proof, we get the following corollary.
COROLLARY 3.5. (i) Aut(Os) = {ka | A € SU3},
(ii) Iso(Os,0_5) = {kao ()| A € SU3}.

4. Automorphism groups of flexible division algebras. In order to
describe the automorphism groups of all flexible division algebras, it remains
to consider the quadratic ones.
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Firstly, let 3 be a vector product on R3, A € R\ {0} and = Ar. For
o € O3(R) we now have

ocAut(n) & on=n(cNo) & oms =Am3(0c No) & o € Aut(my).

Hence, by Proposition 1.1, Aut(H(n)) = Aut(H) = SO3(R).

Secondly, consider n = 67(85 A §), where § € Pds(R”) and 7 is a vector
product on R”. Let 0 € O7(R). As § = §*, we get

o€ Aut(n) & on=n(ocANo)

< oom(6NO) = dn((do) A (60))
< (O N0) = (00)*n((do) A (60))
-

7= (606 ) n((606 ) A (60671)) & d057! € Aut(n).
Hence Aut(n) = 6~ Aut(m)é N O7(R).
LEMMA 4.1. With the above notation, 6~ Aut(r)dNO07(R) = Cayg(r) ().

Proof. Let v = {vy,...,v7} be an orthonormal eigenbasis for R? with
respect to §, with corresponding eigenvalues AL > > A7 Let f e Aut(m)
be such that 61 f§ € O7(R); write [f], = (f7)ij- Then

7 1
A1 Z )\— foz
i=1 "

Suppose fui € €y, (6) for all k < n. Then fvn41 € [fo1,. .., fun]t, and thus
fvng1 € Ex,.,(0). By induction, all eigenspaces of ¢ are invariant under
f. Therefore, f € Cayy(r)(d), and 51 Aut(m)é N O7(R) C 5_10Aut(7r)(5)5 N
O7(R) = Caut(r)(9). The converse is trivial. m

L= (6" fo)vill = IM(8 ol = ’ = fo1 € &5 (9).

Summarising Proposition 2.5, Proposition 2.8, Corollary 3.3, Corollary
3.5 and the above considerations, we obtain the following result concerning
the automorphisms of flexible division algebras:

THEOREM 4.2. (i) Let A = Ag(a,b) be a commutative division algebra
with exactly one idempotent. Then Aut(A)={L, (e1,e2)— (e1, —ea)}
if a =0, and Aut(A) = {I} otherwise.

(ii) If (a,b) € Ko = {(a,b) € R? | b > a=1/2 ora > b= 1/2}, then
Aut(Ap(a,b)) = {I}.

(iii) If (a,b) € K3 = {(a,b) € R? | ab > 1/4, (a,b) ¢ Ko}, then
Aut(Ar(a,b)) = {ps}tses, where S C S3 is given by
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({101

@)} if a=b+# 1,
(L)
3)

(@)} if b=(1-a)/%,

S =< {L, (1,
S3 if a=b=—1,
{1} otherwise.

(iv) Aut(nA) = SO3(R) if X # 0 and A is a flexible quadratic division
algebra of dimension 4.

(v) Aut(xA) = Cauy(r)(9) if A # 0 and A = H(6*7(5 A J)), where § €
Pds(R7) and 7 is a vector product on R”.

(vi) Aut(0,) = {ka | A € SUs(R)} if 7 # 0.

5. The Gs-action on Pds(R”). In this section, V denotes a fixed 7-
dimensional Euclidean space, equipped with a vector product 7. To abbre-
viate notation, we write xy instead of w(x A y).

Our approach to the normal form problem for the group action (2) is
based on a handy description of the group Gy = Aut(r).

LEMMA 5.1. Let u,v € V be orthonormal vectors. Then the following
identities hold:
(i) u(uv) = —v,
(ii) v(uv) = u.
In particular, 7 induces a vector product on span{u,v,uv}. If in addition
z € V is a unit vector orthogonal to u and v, then

(iii) u(vz) = —(uv)z = (vu)z.

Proof. Since 7 is in particular a flexible dissident map, we have (ux, x) =0
for all x € V. If z € ut, then |Juz| = ||z||. This means that the linear map
Ly : ut — ut is an isometry (7). Thus,

<.’IJ,U(UU)> = <.’IJU,'U,’U> = (ux,u(—v)> = <1‘, _U>
for all x € V. The second identity follows from the first via anti-commuta-
tivity of .
By (i), we also have u(uz) = —z. Moreover,
—20 = —||u+ z||*v = (u+ 2)((u + 2)v) = (u+ 2)(uv + 20)
= u(uv) + u(zv) + z(wv) + z(2v)
= —v+u(z2v) + z(uv) — v = —2v — u(vz) — (wv)z.

Thus u(vz) = —(uv)z. =

(") Multiplication is considered in the algebra (V, ), that is, L, (z) = ux = w(u A z).
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A triple (u,v,2) € V3 is called a Cayley triple in V if {u,v,uv, z} is an
orthonormal set. We denote by C the set of all Cayley triples in V.

Given a Cayley triple (u, v, z) € C, let U = span{u, v,uv}. For any z,y €
U, we have (x,yz) = (zy,z) = 0. Hence the vector space V decomposes
into an orthogonal direct sum V = U @ span{z} @ Uz. Because (by the
same argument as for L, in the proof of Lemma 5.1) R, is an isometry
on z+, (uz,vz, (uv)z) will be an orthonormal basis for Uz. Altogether this
means that every Cayley triple ¢ = (u, v, z) determines an orthonormal basis

b, = (u,v,uv, z,uz,vz, (uv)z) for V.

PROPOSITION 5.2 (cf. also [15, 11.16]). The group Go acts simply tran-
sitively on C by g-(u,v,2) = (g(u), g(v), g(z)).

Proof. Clearly, the above expression defines a group action. As every
Cayley triple ¢ € C determines a basis b, for V, and b, # b, if ¢ # ¢, the
stabiliser of any ¢ € C is trivial.

For transitivity, we must show that the bases given by any two Cay-
ley triples have the same multiplication table. Note that any permuta-
tion of a Cayley triple ¢ = (u,v,z) is again a Cayley triple, and that
(z,y,2),(zz,y, 2) € C for all orthonormal pairs z,y € U. Therefore, (zz)z =
2(zx) = —z and (z2)(yz) = (y(x2))z = ((zy)z)z = —wy. Using this, and
Lemma 5.1, one readily constructs the multiplication table for b,.:

u v uv z uz vz (uv)z
U 0 uv —v uz —z —(w)z vz
—uv 0 u vz | (w)z —z  —uz
uv v —u 0 (uwv)z | —vz uz —z
z | —uz —vz —(uww)z 0 u v uv
uz z  —(w)z vz —u 0 —uw v
vz | (uww)z z —uz —v U 0 —u
(uwv)z | —wvz uz z —uw —v u 0

This shows that the structure constants of (V,7) with respect to b, are
independent of the choice of c € C. u

Note that Proposition 5.2 implies that Gy acts transitively on the set of
orthonormal pairs in V, and that the stabiliser of an orthonormal pair (u, v)
acts simply transitively on the unit sphere in {u,v,uv}*+ C V.

Given a linear operator aw on V and ¢ € C, [a], denotes the matrix of
a with respect to the basis b.. Fixing a Cayley triple s € C, we obtain a
bijection t : Go — C, g — g-s. If we set g. = t~1(c), then [g. '6gc]s = [0]g.s
= [d]e.

The task now will be to describe a map N : Pds(V) — Pds(V) with the
following properties:
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(i) [N(9)]s = [0]c for some ¢ € C.
(ii) N(6) = N(¢") whenever § = g~1§’g for some g € Go.

Then N (Pds(V)) will be a cross-section for Pds(V') /G, and N () the normal
form of §.

As Gy € O(V), all properties of § as a linear operator on a Euclidean
space are preserved under conjugation with elements in Go. In particular, the
set {(\,dim &) (9)) | dim Ex(d) > 0} of eigenpairs of § is an invariant for its
orbit under G,. Hence the normal form problem may be solved separately for
each possible set of eigenpairs. We distinguish 15 essentially distinct types of
eigenpairs, determined by the number of eigenspaces, and their dimensions:

1: (7).

2: (1,6), (2,5), (3,4).

3: (1,1,5), (1,2,4), (1,3,3), (2,2,3).
4: (1,1,1,4), (1,1,2,3), (1,2,2,2).
5:(1,1,1,1,3), (1,1,1,2,2).

6: (1,1,1,1,1,2).
7:(1,1,1,1,1,1,1).

Four cases are trivial. Firstly, if § is of type (7), there is only one eigen-
pair, (A, 7) where A € R5o. Any choice of a Cayley triple ¢ will give rise to
the matrix [0]. = 7.

If ¢ is of type (1, 6), we choose ¢ = (u,v, z) € C such that u belongs to the
eigenspace of dimension 1. In case (2,5), any orthonormal basis (u, v) for the
two-dimensional eigenspace may be extended to a Cayley triple ¢ = (u, v, 2).
Finally, if {(A, 1), (i, 1), (v,5)} is the set of eigenpairs of ¢ (this is the case
(1,1,5)), then ¢ € C may be chosen such that u € £x(6) and v € £,(9).

The matrices obtained will be

[5]C = H for (17175)7
Z/H5
where (\, u, v) € R3.

In the remaining cases, the situation is more complicated. As an example,
we will here consider the case (1,2,4). Let {(X,1),(1,2),(v,4)} be the set
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of eigenpairs of §. Take (u,v) to be any orthonormal pair in £,. Note that
uv is uniquely determined up to sign by span{u,v} = &,.

LEMMA 5.3. There exists a unit vector z € £,(0) such that (u,v,z) € C
and uz,vz € £,(0).

Proof. If uv € &y, then {u,v,uv}*+ = &, and any unit vector z € &, will
do. Otherwise, let V' = {u,v,uv}*, Vo = V' NE, and Vi = V' N V5. We
have dim V) = 3 and dim V] = 1, and V' is invariant under the operator L.
Because L, is bijective on ut O V', the subspace W, = Vo N L7 1(V}) of
V' has dimension at least 2. The same holds for L,, and it follows that the
intersection of W, and W,, = Vo N L, 1(Vo) is a non-trivial subspace of Vj.
Take z to be a unit vector in W, N W,. Then z,uz,vz € Vi C &,, and
(u,v,2) €C. m

In the case when uv € £,, any choice of z will yield the matrix

vy

If uv & &y, choosing z as in Lemma 5.3 we have §(uv) = a(uv) + b(uv)z
and 0((uv)z) = b(uv) + d(uv)z for some a,b,d € R. We see that in this
construction, (uv)z is uniquely determined by § up to sign. By possibly
changing the sign of z, we can ensure that (v — A\)b > 0. This completely
determines the scalars a,b,d € R.

We conclude that

ply, 0 0 0
0. = N, = 0 a 0 b
0 0 I/]I3 0
0 b 0 d

where

a b cosT sinT A cosT —sinT
= . . , T€e0,m/2].
b d —sinT cosT v sint cosT

Hence {N:},¢(0,r/2 is a cross-section for the set of positive definite symmet-
ric endomorphisms of type (1,2,4) under the action of Go. We remark that
7 = 0 corresponds to the situation where uv € &j.

We hope that the above examples have convinced the reader about the
fruitfulness of our method. The remaining ten cases can be dealt with simi-
larly, although the problem then generally will be more complicated. A sys-
tematic treatment of these cases will be given in a forthcoming publication,
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thus completing the classification of all finite-dimensional real flexible divi-
sion algebras.
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