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Abstract. The Higson compactification X of a non-compact proper metric space
(X,d) is rarely equivalent to the Stone-Cech compactification 3X. We give a characteri-
zation of such spaces. Also, we show that for each non-compact locally compact separable

metric space, X is equivalent to 1&1{)_( 4. d is a proper metric on X which is compatible
with the topology of X}. The approximation method of the above type is illustrated by
some examples and applications.

1. Introduction and preliminaries. In this paper all spaces are as-
sumed to be locally compact Hausdorff. For compactifications X and vX of
a non-compact space X we write aX > vX if there exists a continuous map
faX — X such that f[X is the identity on X. If such an f can be chosen
to be a homeomorphism, we write X ~ vX and two compactifications aX
and vX are said to be equivalent or aX is equivalent to vX.

The Higson compactification is defined for all proper metric spaces [15]
as follows. Here a proper metric space is a space X with a specific metric
(called a proper metric) d such that each d-bounded set has compact clo-
sure. Note that every non-compact proper metric space (X,d) has infinite
diameter. For a metric space (X,d) and for r > 0, B,(z,d) denotes the
open r-ball {y € X : d(x,y) < r}. A continuous map f : X — Y of a non-
compact proper metric space (X, d) to a metric space (Y, o) is said to satisfy
the (x)4-condition (with respect to p) if lim,_, o diam,(f(B,(z,d))) = 0 for
each r > 0, that is, for each » > 0 and for each € > 0, there is a compact
set K = K, . in X such that for each point z ¢ K, diam,(f(B,(z,d))) < €.
For a space X, C(X) (resp. C*(X)) denotes the set of all real-valued (resp.
bounded real-valued) continuous functions on X. The set C(X) is a ring
under pointwise addition and multiplication with C*(X) being a subring of
C(X). We define Cy(X) = {f € C(X) : f satisfies the (x)4-condition} and
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Ci(X) = C*(X)NCq(X). With the supremum norm on C*(X), C;j(X) is a
closed subring of C*(X) containing all constant functions. Since the metric
d on X is proper, C(X) generates the topology of X. The Higson com-
pactification of a proper metric space (X, d) is the unique compactification
associated with the closed subring C%(X) (cf. [15]), denoted by X ¢, Note

that this is a metric-dependent compactification. The remainder X — X of
the compactification is called the corona and is denoted by vz X.

It is well known that the Higson compactification behaves like the Stone—
Cech compactification (cf. [13]-[16], [20]). However, the Higson compactifi-
cation of a proper metric space is rarely equivalent to the Stone-Cech com-
pactification of the space. For example, the Higson compactification of the
positive integers N endowed with the standard metric is not equivalent to the
Stone-Cech compactification of N (cf. [15]). In Section 2, we give a necessary
and sufficient condition on a proper metric space X that the Stone-Cech
compactification 3X is equivalent to X . In Section 3, we will prove that the
Stone-Cech compactification of a locally compact separable metric space X
is characterized as the limit space of Higson compactifications of proper met-
rics on X. This enables us to derive certain information on the Stone—Cech
compactification from that on the Higson compactification and vice versa.

I_nd the remaining part of this section_vcxlre state some preliminary facts
on X . First of all, the compactification X is characterized as follows:

ProposITION 1.1 ([15], Proposition 1). Let (X,d) be a non-compact

proper metric space. The Higson compactification )_(d s the unique compact-
ification of X which satisfies the following condition: for each continuous
map f: X — Y of X to a compact metric space Y, f has a continuous
extension to X if and only if f satisfies the (x)q-condition.

Note here that the compactness of Y guarantees that (x)4-condition does
not depend on the choice of compatible metrics on Y.

NoOTATION. R™ denotes the n-dimensional Euclidean space with the
standard metric d,(z,y) = (31—, (2 — v:)?)'/2, w the first infinite ordi-
nal, Q the set of all rationals, [0, 1] the closed unit interval, and J = [0, c0).

A finite system {E1, ..., E,} of subsets of a proper metric space (X, d) is
said to diverge if, for each R > 0, the intersection of the R-neighborhoods of
the sets E;, i =1,...,n, is a bounded subset of X. Equivalently, a system
{E1,...,E,} diverges if and only if lim, .o Y ., d(z, E;) = oo. In what
follows we will frequently make use of the Taimanov theorem stated in the
following form.

THEOREM 1.2 (cf. [9], Theorem 3.5.5). Let X be a Tikhonov space and
let aX and vX be compactifications of X. The following conditions are
equivalent:
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(1) aX > ~X,
(2) if A and B are disjoint closed subsets of X such that cl,x AN
clyxB =0, then claxANclaxB = 0.

The above yields the following characterization which was proved by
A. N. Dranishnikov, J. Keesling and V. V. Uspenskij.

PROPOSITION 1.3 (cf. [8], Proposition 2.3). Let (X, d) be a proper metric
space. Then the following conditions are equivalent:

(1) aX =~ )_(d,
(2) Let A and B be disjoint closed subsets of (X,d). Then clax AN
clax B = 0 if and only if the system {A, B} diverges.

For undefined notation and terminology, see [4], [9], [18] and [19] .

2. The Stone—Cech compactification versus Higson compactifi-
cation. In this section we will characterize the non-compact locally com-

—d
pact separable metric spaces (X, d) such that fX ~ X .

DEFINITION 2.1. Let (X, d) be a metric space and r > 0. A subset D of
X is said to be r-discrete if B,.(x,d) N D = {z} for each x € D.

PROPOSITION 2.2. Let (X,d) be a non-compact proper metric space.
Then the following conditions are equivalent:

1) X%~ px,
(2) C3(X) = C*(X), and

(3) for each r > 0O there exists a compact subset K, C X such that
X — K, s r-discrete.

Proof. Clearly, (1) is equivalent to (2), and (3) implies (2). So it remains
to show that (2) implies (3). Let X be a proper metric space with C(X) =
C*(X). Since X is o-compact, it is represented as X = |J,,_,, Cn such that
C,, is a compact subset of X for each n < w. Assume that there exists an
r > 0 such that X — K is not r-discrete for each compact subset K of X. Then
we can choose a point xg € X — Cp such that B, (zo,d) N (X — Cp) # {zo}.
Put Ky = Cp and choose a point yo € (B,(zo,d) — {zo}) N (X — Cp).
There exists a continuous function fy : X — [0,1] such that fo({zo} U
(X — B(z0,d))) = {0} and fo(yo) = 1. Next we take a compact subset K
such that K; D B, (B (x¢,d)UKyUC1,d). From the assumption we can take
apoint 1 € X — K such that B, (z1,d)N(X — K1) # {21}. Then there exist
apoint y1 € (By(z1,d)—{z1})N(X—K;) and a continuous function f; : X —
[0, 1] such that fi({z1}U(X — B,(z1,d))) = {0} and f1(y1) = 1. Continuing
this process, we obtain a sequence {K,},<., of compact sets, sequences
{Zn}n<w, {Yn}tn<w of points and a sequence { f,, } ,<., of continuous functions
satisfying the following conditions for each n < w:
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1) z, € X — K,,

2) Yn € (Br(zn,d) — {zs}) N (X — K,,),

3) Kn+1 D By (Byr(xn,d) UK, UCyi1,d), and

4) fa{zn} U (X = Bp(2n,d))) = {0} and fu(yn) = 1.

Put f = >, . fa- Since {B,(z,,d) : n < w} is discrete, we see that
f € C*(X). We show that f ¢ C(X). Let K be a compact subset of X.
From the condition (3) above, there exists an n < w such that K C K,,. The
conditions (1), (2), (3) and (4) above imply that diam(f(B,(zn,d))) > 1
and hence f ¢ C%(X). This means that C*(X) # C}(X), contradicting the
hypothesis (2). m

A~ N S

Now let (X,d) be a fixed metric space. Define a binary relation ¢4 on
the power set P(X) of X as follows:

AdgB if and only if d(A,B) =0.

It is well known that d4 is a separated Efremovich proximity on X. The
theory of proximities then tells us that there exists a compactification ugX
of X, called the Smirnov or Samuel compactification of X.

THEOREM 2.3 ([21], Theorem 2.5). Let (X,d) be a metric space and aX
a compactification of X. Then the following conditions are equivalent:

(1) aX =~ ugX,
(2) if A,BC X, then cluxANclaxB # 0 if and only if d(A, B) =0.

EXAMPLE 2.4. u4R is not equivalent to @d, where d is a standard metric
on R defined by d(z,y) = |z — y|. In fact, put A = {2n : n < w} and
B ={2n+1:n < w}. Then we note that d(A,B) = 1 and d(z,A) +
d(z,B) = 1 for each x € R and thus the system {A, B} does not diverge.
From Proposition 1.3, we have cl—dAﬂcl—dB + 0, whlle cly,gkANcl,,zgB =10

by Theorem 2.3. Hence uy4R is not equlvalent to R”.

If a system {A, B} of closed subssets of a proper metric space (X,d)
diverges, then it is clear that d(A, B) > 0. Hence we have in general:

LEMMA 2.5. Let (X,d) be a non-compact proper metric space. Then
Xd S udX.

PROPOSITION 2.6. Let X be a non-compact locally compact separable
metric space. Then the following conditions are equivalent:

(1) there exists a compatible proper metric o on X such that X%~ 06X,

(2) there exists a compatible metric o on X such that uy X ~ X,

(3) BX is an Oz space, that is, each reqular closed subset of BX is a
zero set of X (cf. [2], Theorem 5.1),

(4) the set of non-isolated points of X is compact,
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(5) there exists a proper metric d on X such that, for each r > 0, there
exists a compact subset K, C X with X — K, being r-discrete, and

(6) there exists a compact subset K of X such that X = K @ (X — K)
and X — K is discrete.

Proof. The implication (1)=-(2) follows from Lemma 2.5. Also, by [21],
Corollary 3.5, (2)<(3)<(4). Next we show that (4) implies (5). Let K be
the set of non-isolated points of X and d a compatible metric on X. Put
K41 = Bpyi1(K,d) for n < w. If {z,y} ¢ K, then put

n(z,y) =min{n <w : {z,y} C K,}.

We define a metric on X as follows:
d(z,y)/(diam(K,d)) if {z,y} C K,

o(z,y) = { n(z,y) if {z,y} ¢ K with x # y,
0 if {z,y} ¢ K with x = y.

One can verify that o is a compatible proper metric on X and satisfies the
condition (5). From Proposition 2.2 we note that (5) implies (1). The proof
of the implication (6)=(5) is similar to that of (4)=-(5). Thus it remains to
prove that (5) implies (6). By the hypothesis (5), there exist a proper metric
d on X and a compact subset K7 of X such that X — K; is 1-discrete with
respect to d. It is easy to show that X — Kj is closed in (X, d) and hence
X:Kl@(X—Kl) ]

3. The least upper bound of Higson compactifications. We show
that the Stone—Cech compactification is equivalent to the limit space of Hig-
son compactifications. The following is well known and the proof is provided
for completeness.

LEMMA 3.1. For each locally compact separable metric space X, there
exists a proper metric on X compatible with the topology.

Proof. We may clearly assume that X is not compact. Since X is
o-compact, there exists an increasing sequence { K, : n < w} of non-empty
compact subsets of X such that K, is a compact subset of int K,y for each
n < w. For the sake of convenience, let K_o = K_; = (). We can construct
a collection {U,, : n < w} of open subsets of X as follows:

(1) U, D K,, —intx K,,_1 for each n < w,

(2) U; N U; # 0 if and only if i — j| < 1.

Let d be a compatible metric on X. For each n < w, there exists a
continuous function f,, : X — [0, 7] such that

O ifxgU,,
fn(x) - {n if x € Kn — il’ltXKn—la
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Since {U,, : n < w} is locally finite in X (actually, it is of order 2), we note
that f =5 __ fn is a continuous function on X. Define ¢ : X x X — R by

g(x,y) - max{\f(:c) - f(y)’a d<x7 y>}

It is easy to see that o is compatible with the topology on X. It remains
to prove that p is a proper metric. Fix a point € X and let r > 0. There
exists an n < w such that z € K,, — intx K,,_1. Choose a natural number
m < w such that m —3n > r. Then we show that B,.(x, 0) C K,,—1. Assume
that y € K,,_1. There exists an [ > m such that y € K; — intx K;_1. Then
f(y) >l and f(z) <3n. Thus f(y) — f(x) >1—3n >r >0, and we have

o(z,y) = [f(x) = F)] (= fy) — f(2))

>l—-3n>m—-3n>r

Thus, y € B,(x, 0). This shows that B,(z,0) C K,,—1 and clxB,(z, p) is
compact. m

Put
PM(X) = {d : d is a proper metric compatible with the topology on X}.

THEOREM 3.2. Let X be a non-compact locally compact separable metric
—d
space. Then BX & supgepy(x) X -

Proof. Let X = supgcpnm(x) X?. Since X is o-compact, there exists
a sequence {K, : n < w} of non-empty compact subsets of X such that
K, & int K,,41 for every n < w. For convenience, let K_o = K_; = (.
Take a collection {U,, : n < w} of open subsets of X as in Lemma 3.1. Let A
and B be disjoint non-empty closed sets of X. Below, we find a proper metric
da,p such that clga, s ANclgay s B = (). We may assume that A and B are
non-compact. Put 4, = (K,, —int K,,_1) N A, B, = (K,, —int K,,_1) N B
and ¢, = min{d(A,, B,),1} > 0 for each n < w. Taking a subsequence of
{Kp}n<w if necessary, we may further assume that A, # 0, B, # 0. For
each n < w, there exists a continuous function f,, : X — [0,n/e,] such that

0 if x & Uy,
fulx) = {n/sn if v € By,
0 if x € A.

Since {U, : n < w} is locally finite in X, we note that f = > _ fn
is a continuous function on X. Fix a compatible proper metric d. Define
dA7BZX><X—>Rby

da,p(z,y) = max{|f(z) = f(y)|, d(z, y)}.

It is easy to see that the metric d4 p is compatible with the topology on X
and d 4, p is proper since d4, g > d. We claim that
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lim (dA,B(«T;A) + dA,B($7B)) = 00,

Tr— 00

which shows that clga, s ANclga, z B = (0 by Proposition 1.3.

Fix a natural number n. We need to find a compact set K such that
dap(z,A)+dap(z,B)>nfor z € X — K. Let K =clB, (U<, (Ax U By),
da,p) and note that K is compact in X. Assume that ¢ K. Since da p is
a proper metric, there exist a(x) € A and b(x) € B such that

dap(z,a(x))+dap(z,b(x)) =dap(z,A) +dap(z,B).

We divide our considerations into two cases. If either a(x) € |J,.,, Ax or
b(x) € Up<,, Br, then either da p(x,a(x)) > n or da g(z,b(x)) > n and we
have the desired conclusion. If a(z) € A, and b(x) € B, for some p, ¢ > n+1,
then

da,p(x,a(x)) +da (2, b(x)) > da,p(a(z),b(x)) = |f(a(z)) = f(b(x))]
= /(b)) = q/eq = g >n,

as desired. Noticing that X 44,2 < ~vX, we obtain cl,x ANcl, x B = ) for each
pair of disjoint closed sets A, B of X. This is the characterizing property
of the Stone-Cech compactification of a normal space, and therefore X ~

—d
X = supgepm(x) X - =

Let {a; X : i € I} be a family of compactifications of X. Suppose that
I is a directed set, where the order > is defined as ¢ = j iff o, X > «; X.
For each pair ¢ = j, let m;; : ;X — ;X be the natural projection. Then
{oiX,m; i €1, i = j} forms an inverse system. Let ¢; : sup;e; ;. X —
a; X be the natural projection. Hence for each i = j we have m;; o ¢; = ;.
The limit map

lim g; : Sitelll)oziX — liﬂl{aiX, mij 1 4,j € 1 with i > j}

is known to be a homeomorphism (cf. [17], Proposition 1.7). Now, let d, o €
PM(X) and declare that d < p (resp. d <X p) iff d(z,y) < o(x,y) for each
pair of points z,y € X (resp. Cj(X) C C5(X), i.e., x¢ < X°). Note that
(PM(X), <) (resp. (PM(X),=)) is a directed set. Furthermore, if d < p,
then d < p. From Theorem 3.2 and the above remark we obtain the following
corollary:

COROLLARY 3.3. Let X be a mon-compact locally compact separable
—d
metrizable space. Then BX ~ lim{X 74, : d,0 € PM(X) and d > o},
where g, : X% = X2 is the natural projection for each d, o with o < d.
That is, BX is approzimated arbitrarily closely by the Higson compactifica-
tion of suitable proper metrics.
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REMARK 3.4. Higson compactifications are mainly studied in the con-
text of the “coarse geometry”, in which the asymptotic behavior of spaces
is the main object of study. In view of this geometry, the definition of the
partial order < on PM(X) above is too restrictive. To make the definition
fit into the scheme of the coarse geometry, one should define d < g to hold if
the inequality d(z,y) < o(z,y) holds “up to a bounded error” and for “x,y
sufficiently close to infinity”. Although it is possible to make this statement
rigorous, we will keep the original definition in order to avoid technical com-
plexity.

Now, we will give an application of the above corollary. R. F. Dickman Jr.
proved that for n > 2, the Stone-Cech remainder (R”)* of the n-dimensional
Euclidean space is a non-metric decomposable continuum (cf. [7]). From
Corollary 3.3 we obtain the following result.

COROLLARY 3.5. Let n be a natural number with n > 2. There exists
a metric d € PM(R™) such that, for each proper metric o € PM(R™) with
0 > d, the corona v,R" is a decomposable continuum.

Proof. Assume the contrary that for each d € PM(R"™), there exists a
proper metric o € PM(R"™) such that ¢ > d and v,R" is an indecomposable
continuum. Put

I ={o e PM(R"): v,R" is an indecomposable continuum}.
Since I is cofinal in PM(R™), and by Corollary 3.3, we note that
(R™)" = lim{v,R"™, mpalv,R"™ : d, 0 € I and o > d},

where m,q : R"? — R7" is the natural projection for each o,d with o >
d. Since v,R™ is an indecomposable continuum for each ¢ € I, it follows
that (R™)* is an indecomposable continuum, which contradicts the Dickman
theorem above. m

The following result is a Higson compactification analogue of Glicks-
berg’s theorem on the Stone—Cech compactification of product spaces [11].
A weaker version can be obtained as an application of Corollary 3.3. See
Appendix (c).

PROPOSITION 3.6. Let (X,dx) and (Y,dy) be non-compact proper met-
ric spaces and suppose Y 1is non-discrete. Then for each proper metric o on

—_— —d —d
XxY, X x Y? is not equivalent to X~ x Y .

Proof. Suppose that there exists a proper metric o on X x Y such that
_ —d —d )
X XY ~ X xY". Then the corona v,(X x Y) contains a copy of
Y which contains a convergent sequence S with limit point y. Applying

Theorem 1 of [16] to the o-compact subset S \ {y}, we see that S [= the
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closure of S\ {y} in v,(X x Y)] is homeomorphic to 5(S \ {y}) = Bw, a

contradiction. m

The first Cech cohomology H* (X)of X with integer coefficients is identi-
fied with the homotopy classes [X, S1]. Let H(X) be the subgroup of [X, S!]
defined by

HY(X) :=[X, 5 :={[fla: f: X — S' satisfies the (*)4-condition}.
The following result was proved by J. Keesling.

THEOREM 3.7 ([15], Theorem 1). Suppose that (X,d) is a non-compact
connected proper metric space. Then we have an exact sequence

(+) 0 — C5(X) = Cy(X) — HH(X).
If , in addition, for every r > 0, there is a compact set K, C X such that

the ball B, (x,d) is connected for each v € X — K., then the above sequence
extends to an exact sequence

(%) 0 — Cj(X) — Ca(X) — HHX") — HY(X) — 0.

Let X be a non-compact connected completely regular Hausdorff space.
The following exact sequence is classical:

(+%%) 0— C*(X) = C(X) — [8X, S'] 2 [X,S'] — 0.

The connection of the sequence (xx) with (xxx) fits very well the view
point represented in Corollary 3.3. That is, taking the limit of the sequence
(x*) with d varying, we almost recover the sequence (*xx) as follows.

Let F C C*(X) be a subcollection which separates points and closed
sets (in X). The evaluation map of F,

er: X — [[elrf(X),
F

is defined by (ex(x))f = f(z) for each x € X, f € F. It is well known
that er is an embedding and then the closure of er(X) in [[rclrf(X)
is a compactification of X, called the compactification associated with the
collection F and denoted by exX. Let

PM¢(X) ={d € PM(X) : for each r > 0, there is a compact set K, C X such
that B,.(z,d) is connected for each x € X — K.}

PROPOSITION 3.8. Suppose that X is a mon-compact connected locally
compact separable metric space. Then U epyi(x) Ca(X) is dense in C*(X)
with respect to the uniform convergence topology and there is the following
exact sequence:

0- |J ax) - |J cux)—[sx,s".
dePM(X) dePM(X)
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If PMc(X) is cofinal in PM(X), then the above extends to an exact sequence
as follows:

0~ U am— U X))~ [BX8 X570
dePM(X) dePM(X)

Proof. First, we show that (J;cpyx) Cq(X) is dense in C*(X) with re-
spect to the uniform topology. Let G = UdePM(X) C%(X) and note that G
separates points and closed sets in X. It follows from Theorem 3.2 that
egX ~ [X. Let H be the closure of G in C*(X) with the uniform con-
vergence topology. Then H is a closed subring that contains all constant
functions and ey X > egX. Since eg X ~ X, we have ey X ~ $X. From
[1], Theorem 3.7 (cf. [9], Problem 3.12.22(e)), we conclude that C*(X) = H.
Thus, Ugepmx) Ca(X) is dense in C*(X) with the uniform convergence
topology.

Let d, 0o € PM(X) with d < 0. Let 1 : C}(X) — Ca(X), fao: Cj(X) —
Cy(X), and ga, : Ca(X) — Cy(X) be the inclusions. Let 7,4 : X’ - X°
be the natural projection and e : R — S* the covering map. We now define
homomorphisms a4 : Cg(X) — [)_(d,Sl] and hg, : [)_(d,Sl] — [X¢ 8]
as follows: aq(f) = [eo f] and hay([g]) = [g o mpa] for f € C4(X) and

9] € [X d, S1], respectively. Clearly, the following diagram is commutative:
0 —— C;(X) —*> Ca(X) = [X", 5]

fd@ 9do hd@l
00— C5(X) == C,p(X) = [X", 5]
We consider direct systems {C}(X), fa, : d,0 € PM(X), d < p},

{Ca(X),9dp : d,0 € PM(X), d < p}, and {[)_(d,Sl],th :d, 0o € PM(X),
d < p}. Then from Theorem 3.7 and the fact that the direct limit of exact
sequences is exact (cf. [19], Chap. 4, Sec. 5, Theorem 7) we have an exact
sequence

0— lim Cj(X)— lim Cy(X)— lim [X5").

dEPM(X) dEPM(X) dEPM(X)
Clearly,
lim C(X U Cy(X
dGPM(X) dePM(X)
and
hm Cd U Cd

dEPM(X) dEPM(X)
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Furthermore, from Corollary 3.3,
lim [X° 57> lm HYX") 2 H(EX) 2 [6X, 5.
dePM(X) dePM(X)

This completes the first part of the proof.
Next, we assume that PMc(X) is cofinal in PM(X). Let d, o € PM(X)

with d < p. Let bq : [X'd,Sl] — [X, 814 be defined by by([f]) = [f1X]a

for each [f] € [)_(d,Sl] and let iq, : [X,S'q — [X,S!], be defined by
iao([f]a) = [f], for each [f]a € [X,S']a. These maps form a commutative
diagram with exact rows:

0——= C3(X) —L> Cg(X) 4> [X¢, §1] 2> [X, §']y —>0
0—— C5(X) —2> Cp(X) 24> [X?, §1] 4> [X, §1], —> 0
The limit of the above sequence reduces to the following exact sequence:
0- | - | cuX)—[8X,8"— lim [X,5"— 0.
dEPM(X) dEPM(X) dePM(X)

Clearly, limucenex) [X; Sa 2 U, comex, [X> S'la- Now there exists the natural
inclusion i : U, py ) [X, S']a— [X, S| and it is easy to see that i o lim by =b.
It follows that i is a bijection and hence |J X, S = [X, SY]. Thus
the second part of the proof is complete. m

dGPM(X)[

Let (X, d) be a proper metric space. We improve Theorem 3.2 by proving
that X is the supremum of Higson compactifications, whose coronas have
the covering dimension < 2(asdim(X, d))+1, where asdim(X, d) denotes the
asymptotic dimension of a metric space (X, d) introduced by M. Gromov [12]
(it is denoted by asdimy X in [12]).

DEFINITION 3.9. A family p of subsets of X is wniformly bounded if
there is a constant C' > 0 such that the diameters of all members of u are
less than C'. The asymptotic dimension asdim(X, d) of a proper metric space
(X, d) is at most n if, for each R > 0, there exist uniformly bounded families
W1, .-, tne1 of subsets of X such that, for every ¢ = 1,... n + 1, all the
pairwise distances between members of y; are > R and U?jll ; covers X.

REMARK 3.10. It is known that asdim(R™,d,) = n, where d,, is the
standard metric on R™ (cf. [8]). Furthermore, if Y is a subspace of a non-
compact proper metric space (X, d), then asdim(Y,d]Y) < asdim(X, d).

The asymptotic dimensions of product spaces are (roughly) estimated as
follows.
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LEMMA 3.11. Let (X,dx) and (Y,dy) be proper metric spaces. If
asdim(X,dx) < m and asdim(Y, dy) < n, then asdim(X x Y, max{dx,dy})
<mn-+m-+n.

Proof. Fix an R > 0. Since asdim(X,dx) < m there exist uniformly
bounded families p1, . . ., ttm1 of subsets of X such that U?:;l w; = X and,
for every ¢ = 1,...,m + 1, all the pairwise distances between members of
u; are > R. Similarly, there exist uniformly bounded families v1, ..., V11
of subsets of Y such that U?:Jrll v; =Y and, for every i = 1,...,n+ 1, all
the pairwise distances between members of v; are > R. For simplicity let
o0 =max{dx,dy} on X xY.Put v;; ={U xV :U € py; and V € v;} for
i=1,....m+1land j=1,...,n+ 1. Clearly,

U Vij = X xY.
1<i<m+1
1<j<n+1

Since for every UxV €v;;, diam(U xV, p) = max{diam(U, dx ), diam(V, dy )},
v;; is uniformly bounded in X x Y. Furthermore, for all distinct members
UX‘/,U/XV/E'UZ'J‘,

o(U x V,U" x V") > max{dx(U,U"),dy (V,V')} > R.
Therefore we have asdim(X x Y, p0) <mn+m+n. =

It is known that the asymptotic dimension is a quasi-isometry invariant
of X (cf. [12], p. 29, Remark). In other words,

LEMMA 3.12. Let (X,dx) and (Y,dy) be proper metric spaces. If there
exist a (not necessarily continuous) map f : X — Y and positive num-
bers A >1, C > 0 such that, for each xz,y € X, (1/N)dx(z,y) — C <
dy (f(x), f(y)) < Mdx(z,y)+C and Y = Be(f(X),dy), then asdim(X,dx)
= asdim(Y, dy).

The following theorem was proved in [8].

THEOREM 3.13 ([8], Theorem 1.1). Let (X,d) be a proper metric space.
Then dim vy X < asdim(X,d).

We improve Theorem 3.2 in the following:

PROPOSITION 3.14. If (X,d) is a proper metric space, then (X =~
sup{X* : o € PM(X) with ¢ > d and dimv,X < 2asdim(X,d) + 1}.

Proof. Let asdim(X,d) = n and we will show that X ~ sup{X° :
0 € PM(X) and dim v,X < 2n + 1}. Since X is o-compact, there exists
a sequence {K, : n < w} of non-empty compact subsets of X such that
K, is a proper subset of int K11 for every n < w. For convenience, let
K_5 = K_1 = (). Take a collection {U,, : n < w} of open subsets of X
as in Lemma 3.1. Let A and B be disjoint non-empty closed subsets of X.
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Without loss of generality, we may assume that A and B are non-compact.
Let da,p be a proper metric on X as constructed in Theorem 3.2. It is of
the form da p(z,y) = max{d(z,y),|f(x) — f(y)|} for a continuous function
f+X —[0,00) = J and has the property that clga, s ANclga, z B = 0.
We claim that asdim(X,d4 ) < 2n + 1, which implies that dim v, , X <
2n + 1, and thus completes the proof. Now, put Y = {(z, f(z)) : z € X}
C X x J and let dy be the metric on Y induced by the metric
max{d,d;} on X x J, where d; is the standard metric d;(z,y) = |z — y|
on J = [0,00). Clearly, (Y,dy) is isometric to (X,d4 ). From Lemma 3.11
and 3.12, asdim(X,da, ) = asdim(Y, dy ) < 2n + 1. From Theorem 3.13 we
see that dimvg, , X <2n+1. =

When X =R" with the standard metric, the above Y is a subset of R xR
with the metric o((z, s), (y,t)) = max{d,(z,y),|s — t|} (for (z,s),(y,t) €
R™ x R), which is clearly quasi-isometric to the standard metric d,,+1 on
R"*1. Thus

PROPOSITION 3.15. The following statement holds:
OR"™ ~ sup{@d : d > the standard metric and dimygR"™ <n+ 1}.

It is easy to construct a proper metric d on a locally compact non-
compact separable metric space X such that (X,d) is quasi-isometric to
(J,dy). For such a metric, asdim(X, d) = 1. Therefore we have:

COROLLARY 3.16. For each locally compact separable metric space X,
BX ~ sup{Xd cdimyg X < 3}.

4. Appendix: Approximation of compactifications by metrizable
compactifications. The purpose of this appendix is to illustrate some ex-
amples and applications of approximation methods of compactifications by
metrizable compactifications.

(a) Higson compactifications and singular compactifications. It is easy to
see that each compactification aX of a locally compact separable metriz-
able space X is the inverse limit of some metrizable compactifications. A
result of Chandler and Faulkner (cf. [5]) implies that X is the supremum
of (all) compactifications with the remainder being homeomorphic to [0, 1].
We prove an analogue of Chandler—Faulkner’s theorem for Higson compact-
ifications. The notion of singular compactification is necessary for this pur-
pose. Let X be a non-compact space, Y a compact space and f: X — Y a
continuous map. The singular set S(f) of f is the subset of Y defined by

S(f) ={y €Y : for every open neighborhood U of y in Y,
clx f~1(U) is not compact}
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(cf. [3]). We say that f is singular if S(f) =Y (cf. [10]). For each singular
map [, we construct a singular compactification of X as follows: The under-
lying set is the disjoint union X UY . Basic neighborhoods of points of X are
the same as those with respect to the original topology. Points in Y have
neighborhoods of the form U U (f~}(U) — F), where U is open in Y and
F' is compact in X. Then X UY with this topology is a compactification
of X, denoted by X Uf S(f). A compactification aX of X is called a singular
compactification if aX ~ X Uy S(f) for some singular map f (cf. [5] and
[10]). This compactification originates with [6].

For each compactification a X, let C, be the set of all functions f in
C*(X) which admit an extension f* to aX. Also, S* denotes the set of all
singular functions of C,.

The proof of Theorem 3 of [15] shows the following.

LEMMA 4.1. Let (X,d) be a non-compact proper metric space. Then
there exists a C-embedded copy N of w in X such that Cj (N) = C*(N)

and N is C*-embedded in Xd, where dy = d[N.

The proof of [5], Theorem 2, works to prove the following straightforward
generalization.

LEMMA 4.2 (cf. [5], Theorem 2). Let X be a non-pseudocompact locally
compact Hausdorff space and suppose a closed subring F of C*(X) con-
taining all constant functions separates points and closed sets in X . If there
exists a C-embedded copy N of w such that F(N) = C*(N), where F(N) =
{fIN : f € F}, then e X ~sup{X Uy S(f): f € F and f is singular}.

Proof. Let aX = exrX and G = {f € F : f is singular}, and let p,q €
aX — X be distinct points. Since F(N) = C*(N), we note that N is C*-
embedded in aX and it follows that cl,x N ~ SN. Take a point r € clox NN
(aX — X) with r # p,q. Let U be a neighborhood of r with p,q & cloxU,
and put N’ = U N N. Note that N’ is a C*-embedded copy of w such that
F(N') = C*(N’). In particular, N" is C*-embedded in aX. By Lemma 3 of
[5], N"U{p,q} is C*-embedded in aX. Now, enumerate N’ as {z,, : n < w}
and QN0,1] as {g, : » < w} and define a function f*: N'U{p,q} — R as

follows:

1 if z =p,

f(z) = {0 ifz =g,

qn ifx=x,.
Since N'U{p, ¢} is C*-embedded in aX, there exists a continuous extension
F :aX — Rof f* Let f = F[X. From [1], Theorem 3.7 we note that
f € G and f*(p) # f“(q). Thus G separates points in aX — X, which, by
Theorem 1 of [5], completes the proof. m
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Applying Lemma 4.2 via Lemma 4.1, we obtain the following:

THEOREM 4.3. Let (X,d) be a non-compact proper metric space. Then
X~ sup{X Uy S(f) : f € S}, where S = {f € C3(X) : f is singular}.

REMARK 4.4. In the above theorem, X Uy S(f) is always metrizable. To
see this, let nw(X) = min{|N] : N is a net of X} + w, where a net for
a topological space X is a collection AN of subsets of X such that every
open set in X is the union of elements of N. It is well known that w(X) =
nw(X) for each compact Hausdorff space X (cf. [9], Theorem 3.1.19). Thus
w(X Ur S(f)) = nw(X Uy S(f)) = w and the claim follows.

(b) Products of metrizable compactifications. We are grateful to the ref-
eree for pointing out the following result. It provides another application of
the approximation method.

THEOREM 4.5. Let X and Y be locally compact non-compact separ-
able metrizable. Then there exists a metric compactification a(X X Y) of
X XY such that no metric compactifications uX of X and vY of Y satisfy
puX xvY > a(X xY).

Proof. Suppose that, for each metric compactification (X xY") of X xY’,
there exist metric compactifications u, X and v,Y of X and Y such that
taX X Y > a(X xY). It follows from Lemma 4.2 and Remark 4.4 that
sup{a(X xY) : a(X xY) is a metric compactification of X x Y} ~ (X x
Y). Then

BX xBY > sup (uaX X1,Y)> sup a(X xXY)=p(X xY)

a(XxY) a(XxXY)
where the supremums are taken over all metric compactifications of X x Y.
By the maximality of the Stone—Cech compactification, we see that 3X x Y
~ (X x YY), which contradicts the Glicksberg theorem. m

(¢) A weaker version of Proposition 3.6. The following is a weaker version
of Proposition 3.6. We decided to include it here since the proof seems to give
a good illustration of the approximation method developed in this paper.

PROPOSITION 4.6. Let X and Y be locally compact non-compact separ-
able metrizable spaces. There exist proper metrics o € PM(X x Y),
ox € PM(X) and oy € PM(Y) such that, if d = o, dx > ox and
dy > oy with d € PM(X xY), dx € PM(X) and dy € PM(Y), then

X <Y is not equivalent to X v™,
Proof. Assume on the contrary that, for each p € PM(X x Y), for each

ox € PM(X) and for each py € PM(Y), there exist d € PM(X x Y),
dx € PM(X) and dy € PM(Y) with d = ¢, dx = ox and dy = gy such

that X x V" ~ X7 x Y™ . Then the subset
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I(XxY)={dePMX xY): XxY" ~ X™ x ¥ for some

dx € PM(X) and dy € PM(Y)}

is cofinal in PM(X x Y') with respect to the order <. For each d € I(X xY),
we fix metrics dx € PM(X) and dy € PM(Y') and a homeomorphism ¢ :
Xxv! = X% x 7Y™, Let I(X) = {dx : d € I(X x Y)} and I(Y) =
{dy :d € I(X x Y)}, which are cofinal in PM(X) and PM(Y") respectively
(with respect to <). An important observation here is: for compactifications
’YiXa 61Y (/L — 152)7

(1) mX X &Y >7X x &Y ifand only if 11X >~ X and 6;Y > 6,Y.

Indeed, given a continuous surjection g : 11 X xd1Y — 72X xd2Y, we choose
a point yg € Y and consider the following composition of maps:

Fx X 25 1 X x 6Y L 30X x 6, 25 4, X,

where ¢y, is the natural embedding defined by ¢y, (z) = (z,yo) whenever
x € 11X, and px denotes the standard projection. Since g[ X X Y =idxxy,
it is easily seen that fx[X = idx and hence fx(71X) = 72X. The same
argument works for 6;Y (i = 1,2).

Now, for metrics d,p € I(X x Y') with d < o, we have
dx

X x}_/dY%XdeijYgz)_(QXx}_/gy.
It follows from (1) that X < X and v < Y*®". Thus we have the
following commutative diagram:

~ 0 ¥ 4% a4 Pe 4%
X xY 2= X"xY"n 22X

ﬂedl Toxdx Xﬂgydyl 71-QXXm

X x V! 2l Xy 2 g
where gy, Toydy and myy 4, are natural projections, and p,, and pg, are
standard projections. If we pass to the inverse limits and make use of the
cofinality of I(X xY') in PM(X xY') and I(X) in PM(X) respectively, from
the remark before Corollary 3.3 we obtain the limit maps

lim ¢,

/B(X x Y) - liin{xgx X ?an’rr@xdx x TrQYdY}

PX:yandX

BX.

Similarly we have the limit maps

Py=limpoy

ﬁ(X X Y) _1&} @{XQX X ?Qy’ﬂ-gxdx X 7Tgydx}

BY.

Since ¢, is a homeomorphism for each ¢ € I(X x Y), lim¢p, is a hom-
eomorphism as well. Also, it is easy to see that the diagonal map

Py A Py :Im{X** x Y 7, ay X Toyay } — BX x fY
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is injective and hence is a homeomorphism. Therefore we have a homeomor-
phism (Px A Py)olimyg : (X x Y) — X x Y, which contradicts the
Glicksberg theorem. m
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