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SOME ORTHOGONAL DECOMPOSITIONS OF
SOBOLEV SPACES AND APPLICATIONS

BY

H. BEGEHR (Berlin) and Yu. DUBINSKII (Moscow)

Abstract. Two kinds of orthogonal decompositions of the Sobolev space V[O/% and
hence also of W5~ ! for bounded domains are given. They originate from a decomposition

of V[O/% into the orthogonal sum of the subspace of the AF_solenoidal functions, £ > 1, and
its explicitly given orthogonal complement. This decomposition is developed in the real
as well as in the complex case. For the solenoidal subspace (kK = 0) the decomposition
appears in a little different form.

In the second kind decomposition the AF_solenoidal function spaces are decomposed
via subspaces of polyharmonic potentials. These decompositions can be used to solve
boundary value problems of Stokes type and the Stokes problem itself in a new manner.
Another kind of decomposition is given for the Sobolev spaces Wy". They are decomposed
into the direct sum of a harmonic subspace and its direct complement which turns out to

be A(Wg"'*'2 N Vf/g) The functions involved are all vector-valued.

1. Introduction. A series of decompositions of the Sobolev space ch/%
and its conjugate W2_1 are given which are connected with the solenoidal
and potential subspaces. There are two well known such decompositions of
the Lebesgue space Lo (see [12]), namely if G C R, n > 1, is a smooth
enough domain then

Ly = Sy & VW,
with
Sy = {us € Ly : divus =0 in G},
and
L2 = SZ @VHl @VW%

where §2 is the closure in L of the set of solenoidal functions in C§°(G)
and H; C W3 is the subspace of harmonic potentials. Here the derivatives
are understood in the distributional sense, i.e. in D’.
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The decompositions given in this paper can be viewed as generaliza-
tions of both these decompositions. They are connected with the orthog-
onality not only to “pure” solenoidal subspaces but also to so-called A*-
solenoidal subspaces. The latter consist of those elements u & foé which
satisfy div A¥u = 0 in G in the sense of D’. Here k is any natural number.
The particular case k = 1 was briefly discussed in [4, 5].

Each type of decomposition leads to a corresponding Stokes type bound-
ary value problem or to the Stokes problem itself. In contrast to the tra-
ditional methods of finding the solenoidal vector function here at first the
potential is determined and then the solenoidal part found as the solution to
a Dirichlet problem. Such type of decompositions have also been developed
in Clifford analysis (see [2, 3, 6-10, 14]), and applied to boundary value
problems of mathematical physics. For decompositions in complex analysis
compare [1, 13].

2. Orthogonality to the A*-solenoidal subspaces. Let G C R",
n > 1, be a bounded domain with Lipschitz boundary 0G. Let

Wi= Wi cr) = {u .G —C": ul? = | [Vu()]® da
G

_ZS Vu, (), Vu, (2)) de < oo, u|aG:0}
v=1G

be a subspace of the well known Sobolev space W4 of complex vector-valued
functions v = (u1,...,u,) in G, where V = (9y,,...,0;,) is the gradient
operator. For fixed integer k£ > 1 let

gik,z ={u e Vf/% - div Afu = 0 in G}.
Here div and A are operators understood in the sense of distributions in
D' = D'(G). The set S}, , is called the subspace of A*-solenoidal vector

functions of V(Ij/% Since both operators div and A are closed in D’ it follows
that Sik , are closed subspaces of W1, and the inclusion

§Zk,2 c W3
is proper. Hence, I/f/'% is representable as the orthogonal sum
W% = Sik,z ©® (Sik,z)l

in the sense of the inner product in V(ijé,

n

(u,v)1 = (Vu, Vo)o = Y | (Vi (2), Vo, (2)) da.
v=1G
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First the subspace orthogonal to *%Zk o, will be described. To this end
one introduces the following subspace of the scalar Sobolev space W2k =

W (G; C):

Wi’iz = {po € W2¥ : A%polog =0, VA®polag =0 for 0 < k < k — 1}.
It is the closure in the W2*¥ norm of all scalar functions p € C*°(G;C)
satisfying the stated boundary conditions.

REMARK 1. It is clear that
W%@z = {po € W2 : A"py € W2for 0 < n <k —1}.
REMARK 2. As the boundary conditions are selfadjoint the bilinear form
(1) (A%py,po) = (AFpr, AFpo)o = (p1, A% po),  p1,po € W o,

is well-posed and selfadjoint. By the classical Lax—Milgram lemma (see e.g.
[11]), the map

2k . 1172k 12k \x
(2) A . WAk72 — (WAI“,Q)
is an isometric isomorphism.

LEMMA 1. Let g € (§1 )t. Then the boundary value problems

Ak 2
(3) VA lps=q inG, ppe VT/ZIZQ,
and
(4) Apy =divAatq in G,  poe Wi,

are equivalent.

Proof. (i) If py is a solution to (3) then by differentation, because of
div AF(VAF~1) = A%% the function py also solves (4).

(ii) Conversely, let pp be a generalized solution to (4) in the sense of the
duality (2). Then from (4) follows

VA 1py — g € ker div AF,
ie.
(5) VAR py —q € éikg-
On the other hand, for any py € Vf/i’ig and arbitrary ¢ € 572,672 the relation
(div A%, po) = — (@, VA*po)o = (@, VA" 'po)s
holds in the sense of the duality c§2) The condition div OAkgo = 0 in the sense
of (2) means that VA*~1p, € (Sikg)l. Thus as g € (SZ;CQ)J-, also
(6) VAR gy — g e (Shi )t
Together with (5) this implies VA*~1py — ¢ = 0, i.e. pg solves (3).
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THEOREM 1. The operator VAR~ establishes an elliptic isomorphism
between WZ’ZQ and (Sik,Q)Lv
k—1 . 752k a1 1
VA : WA"’,Q And (SAk,2) .
This means that for any pg € Vf/z]?% the vector-valued function VA*~1pq is

orthogonal to the subspace é’ik o and conversely if q € (Sik 2)J- then there

exrists a unique potential pg € WZ’% o Such that q = VA 1py. Moreover,
there exists some constant M > 0 such that

N
(7) ol < Mlldiv A*gl g
Proof. (i) Let py € I/f/i’i ,- Then as shown in step (ii) of the preceding
proof, VAF~1p, € (é'ik 2)L.

(ii) Let ¢ € (S’Zkg)l. Consider the boundary value problem (3). By
Lemma 1 it is equivalent to problem (4). The latter problem is uniquely
solvable. Its solution satisfies (3).

Finally, the estimate (7) follows from the isometric isomorphism (2).

As a corollary one has
THEOREM 2. For any k > 1 the space chfé can be decomposed as
(8) W3 = She , & VATV ).
ExAMPLE. For k =1,
W22 = {po € W3 : poloc = 0, Violog = 0}
is the usual Sobolev space Vf/% and formula (8) becomes
W= 8, @ VT2,
This means that every function u € V([)/'é can be represented as the sum
u=uas+ Vpg
where (div A)up s =0 and py € VT/%
REMARK 3. From the representation
u=upr,+ VA Ipg

corresponding to the decomposition (8) it is seen that pg is the solution to
the boundary value problem

A%*py =divA*u in G, Afpy e Vf/% for0<rk<k-—1.
Therefore the map u — VAF~1p is the projector VA1 : W1 — (*%Zk )T
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3. Orthogonality to the AF-solenoidal subspaces in the complex
case. In this section the above results are extended to the case of several
complex variables. Let G be a domain in C", n > 2. It will be identified
with G C R?" of the real variables {z,,y, : 1 < v < n} so that z =
(21, v 2n), € = (X1, ., Zn), Y = (Y1, Un), 2o = Ty + 1y, 1 < v < n.
The boundary OG of the domain G C R?" is supposed to be a smooth
hypersurface. Further, as usual, the basic complex differential operators are
denoted by

Oz = §(0n, —i0,,),  0s, = 3(0s, +10,,), 1<v<n.

With the same notations as in the real case, one defines the Sobolev function
spaces of complex vector-valued functions u = (u1, ..., u,) vanishing at the
boundary 0G:

Wi = {ue W} (@ ulf = §[V.u() da dy

G
= Z S 10,1, (2)|? do dy < 00, ulog = O}.
nrv=1G

V.= (0,...,0,) is the complex gradient with respect to the variable z.
Analogously Vz = (0z 0z,). The space W} endowed with the inner

product

19

n

(u,v)1 = S(Vzu(z),vzv(z))da:dy: Z Sazyuu(z)ﬁgumda:dy
G w,rv=1G

= Z S (VZVUV(Z), m) dx dy
v=1G

becomes a Hilbert space. Let A = 1%""_ 9. 0z, denote the Laplace oper-
ator and div, u = 22:1 0,,u, the divergence operator with respect to the
variable z, both understood in the sense of D’'(G) or in the sense of any
duality (-, -) which is an extension of the usual scalar product in Lo. The set

*%Zk,z ={ue V(ffé - div, AFu = 0}
is a closed subspace of I/f/% for any integer k > 1.
REMARK 4. Obviously div, A*w = 0 if and only if
div, APu — div, AFv =0,  div, AP+ div, AP0 =0
for w = u + iv. Hence, the subspaces 5’2,6’2 are not empty.

As usual for a multiindex a = (o, . .., o) the notation 93 = 92t ... 0gn
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is used. Then

W, = {po e WEGO): Ipollde = - §102po(2) dwdy < oo,
|| <2k G

Apolag =0, V. A"polag =0, for 0 <k < k — 1}
is the space of scalar “potentials”.

THEOREM 2'. For any integer k > 1 the space Vf/'é has the orthogonal
decomposition

Vf/% == §2k72 @ V5Ak_1Vf/Z]z’2.
Proof. The proof is like the one of Theorem 2.

(i) If a func‘gion q € I/f/é has the forom q = VzA*1p, for some scalar

potential pg € WZ’Z’Q, then for any ¢ € Sikg one has
(div, A¥p, po) = —(p, V=A"po)o = (o, V= A" po)1.

The(zj condition div, A*¢ = 0 then implies that Vz;A*~1p, is orthogonal
to Sik,z-

(ii) Let g € (g’ikﬂ)L. Then there exists a unique potential py € VIO/Z’Z’Q
such that ¢ = VzA*"1py, i.e. the boundary value problem

VA po=q, po€ Vf/zli,g,

has a unique solution. In fact, repeating the proof of Lemma 1 one can
establish that for ¢ € (Sik 2)L this problem is equivalent to the well-posed
boundary value problem

A%pg = div, Akq, Py € Vf/%%.
The unique solution pg of this problem is the desired potential pg.
4. Orthogonality to the solenoidal subspace. In this section the
orthogonal complement of the subspace of all solenoidal functions
S“; = {us € ch/% :divus =0 in D'}

in I/f/é is found. The subspace 5’% is closed in I/f/'% In order to describe (5%)L
one needs the operator

-1 -1 781
Ayt Wyt — W,
where W, ' = (chfé)* and Ay* is the inverse operator to A : foé — Wyt
LEMMA 2. The equations

(9) AV =aq
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and
(10) div Ay 'Vp, = divg
are equivalent in Vf/% if and only if q1 € (é’%)i-

Proof. (i) Applying the div operator to (9) shows that any solution to
(9) is a solution of (10).
(ii) Let p1 € Lo(G) be a solution to (10). Then

A'Vpy — ¢ € ker(div) = S”;
On the other hand for any p; € Ly and any ¢ € S’%,
(4511, 0)1 = —(Vp1, 9o = (p1,divep)o = 0.
Hence, if ¢; € (é%)l then Ay'Vp, —q1 € (é%)l Thus Ay 'Vp = 1.

LEMMA 3. Equation (10) is solvable for any q1 € I/f/'% More precisely,

for any q1 € V(Ij/% there exists a unique potential p1 € Lo/C such that (10)
holds.

Proof. Identifying as usual the factor space Lo/C with the subspace of
L, of all functions orthogonal to the unity, a solution to (10) in this subspace
is found by the Galerkin method. Let {v, : ¥ > 1} be a basis of Ly/C with
smooth functions v,. The approximate solutions pY¥, N > 1, are defined as

N
N N
= E €, Uy
v=1

where the unknown coefficients ¢y, 1 < v < N, are defined from the Galerkin
moment equations

(divAy'VpY,v,)0 = (divgr,v)e, v=1,...,N,
or, what is the same, from
(10N) <A81VP{V7VUD>U = _<diV Chv”u)Ov 1<v<N.

The solvability of this algebraic linear system follows from the a priori es-
timate which will be deduced next. Multiplying (10x) by ¢ and summing
up gives
(11) (A VP, VY )o = —(divar, pY o
or

|\VPJ1VH2—1 = *<diVQ1,p{V>o-
Therefore, using the Cauchy—Schwarz—Bunyakovskii inequality and the
known inequality

(12) I llo < M[IVpY || -1
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with some M > 0 for pY € Ly/C (Ladyzhenskaya—Babuska—Brezzi-Necas,
see [12], §1, p. 17) from (11) for N > 1 the estimate

(13) IVpi -1 < M||div il
follows. By (12), for any N > 1,
(14) I llo < M?||div g1 lo.

In particular the constant M > 0 does not depend on N. These estimates
imply the weak compactness of the sequence (p)Y) in Ly/C. Assuming with-
out loss of generality that the sequence itself converges weakly to some
p1 € Ly/C, then also (VpY) weakly converges in Wy, ' to Vp;. Obviously,
p1 is a solution of (10). The uniqueness is obvious too.

THEOREM 3. The map
AG'V 1 L/C o (53)*
18 an elliptic isomorphism, and
Wi =S Ay V(Ly/C).
Proof. 1t has to be shown that for any p; € Ly/C the image ¢ =

Ay 'V, is orthogonal to 5% and that on the other hand for any ¢; € (5%)L
there exists a (unique) potential p; € Ly/C such that A(]lel = q;. More-
over,

(15) [p1llo < M||divailo
for some constant M > 0. .
(i) For any p; € La(G) and any ¢ € S3,
(A Vp1, )1 = —(Vp1, 9)o = (p1, div)e = 0.

Thus Ay 'Vp, € (5%)L This argument was already used in the proof of
Lemma 2. .
(ii) Let ¢ € (S3)*. It has to be shown that there exists a function p; €

L, /C satisfying (9) in Vf/% Indeed, from Lemma 3 combined with Lemma 2
a solution p; € Lo/C can be obtained. Finally, if divg; = 0 then

div Ay 'Vp, =0

immediately yields (Vp1, Vp1)_1 = 0, so that Vp; = 0 and hence p;(z) = 0.
This could also be seen from the estimate (15).
The a priori estimate (15) follows from inequality (13) together with (14).

REMARK 5. If u € Lo(QG) satisfies divu = divg; then the equation
div A61Vp1 =divu
has the same solution p; for all such u. OThis means that the mapping u +— p;
defines a projection u + Ay 'Vp; of W3 onto (S3)*.
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5. Orthogonal decomposition of A*-solenoidal subspaces. Next
a detailed representation of the subspace of the A-solenoidal functions and
of the AF-solenoidal functions for any positive integer k are given. According

to Theorem 2 every function u € 5’272 S) 5% can be written as u = Ay ' Vp;
for some p; € Lo/C. However, in this case p; is a harmonic potential, i.e.
Ap; =0in D',

THEOREM 4. Denote the subspace of harmonic potentials in La(G) by
Hy. Then
8y = 8) & ATV (H/C)

Proof. (i) If p1 € Hy C Lo then of course ¢; = A51Vp1 is orthogonal to
5% (see the proof of Theorem 2).

(i) If ¢ € (g’%)L and u is a solution of div Au = 0 satisfying divu =
div g1, then the corresponding potential p;, satisfying A(]lel = ¢, is an
Lo-solution to the equation

div A51Vp1 =divu

(see Remark 5). Applying the Laplace operator A to this equation leads to
Apy; = 0. Hence, p; € H;.

DEFINITION 1. A potential pg is called polyharmonic of order k > 1 if it
satisfies the equation A*py = 0 in D’. The set of all polyharmonic potentials
of order k is denoted by H.

THEOREM 5. For any positive integer k,
S Ak+1 9 = Sik 2 ©® vV Ak 1(WAk 2 N H2k+1).
In other words, a function u € VV2 belongs to the subspace éikﬂ 29 5”2
if and only if it has the form u = VA*~py with a potential py € WAk 2
which is polyharmonic of order 2k + 1, i.e. A%**1py = 0.
Proof. (i) For any pg € T/(I)/'Zlic oNHak 11 the function V Ak=1p, is obviously
orthogonal to ‘§Zk 9

(i) Let u € W1 be such that div AFu # 0 but div A¥+1y = 0. Then in
accordance with Theorem 2,

U=Upk s+ q

with uar ¢ € SAk 2 and ¢ = VA*~1p, where the potential py € WAk 2 i
the solution to the problem

(16) A%py = divAFu,  A'pye W3, v =0,1,....k—1.
Applying the Laplace operator A yields AZ**lpy =0 in D’.
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COROLLARY 1. Any function u € foé can be written as

k—1
U= ug + Aalp,:l + Z VA p, + VAqu
v=0

where p_1 s a harmonic potential and p,, 0 < v < k —1, are polyharmonic
potentials of order 2v + 1 and qi is the unique solution to (15) where k is
replaced by k + 1.

6. Harmonic decompositions. For p > 1 and nonnegative integer m
let

W = {u .G C = S [ ID (@) de < oo}

P
laf<m G

be the Sobolev space for a bounded domain G C R™ with smooth boundary.
Further let HJ* C W be the subspace of harmonic functions,

m __ m . _ . /
H={ueW,": Au=0in D'}.
THEOREM 6. The space W can be decomposed into the direct sum
m __ m ] m+2 272
Wy =H" + AW =n W),

i.e. u = up + Apg with up, € H", po € Wg”JrQ N Vf/i For p = 2 this is an
orthogonal decomposition.

Proof. For given u € W) let py € W;)”*Z N Vf/?) be the solution of the
boundary value problem

A’py=Au inG, po=0, Vpo=0 on IG.

This is a well-posed boundary value problem in the whole scale W": for
any u € W) with m > 0, p > 1 the problem has a unique solution py €

w2 n VTO/?, Then
u = up + Apg

where uy, is defined by this relation. It is clear that u, € H}" because
Aup, = Au— A%py =0

due to the choice of py.
It remains to show that the decomposition is direct, that is, u; and py are
uniquely determined. Let 0 = up+Apg with uj, € H)* and po € W;”*ZHWIQ).

Then the function v = Apy = —uy, is harmonic as wy, is. Thus Av = A?p,
=0. As py € Wf,, i.e. po = 0 and Vpg = 0 on 0G, it follows that py = 0.

Hence, also uj, = 0. This shows the sum is direct.
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REMARK 6. From the boundary value problem one has the a priori es-
timates

ExAMPLE. For p = 2 and m = 0 the last decomposition reads
(17) Ly = Hy ® AW2.

This orthogonal decomposition will be applied to solving the following
variational problem.

VARIATIONAL PROBLEM. Let 0 < ag < Ag be constants and a be mea-
surable in G such that

ap <alx) <A, z€G.
Moreover, let h € Lo. Determine

uienlrjf[2 Re é [3a(@)u(z)|? — h(z)u(z)] d.

If uw € Hy is minimal then

(18) Jla(z)u(@) — h(@)lp(z) dx =0
G

for all ¢ € Hy. In accordance with the decomposition (17) this leads to the
next problem.

PROBLEM. Find uw € Hy and v € I/f/'% such that au + Av = h in the
sense of Lo and Au = 0.

PROPOSITION 1. For any h € Lo there exists a unique pair (u,v) solving
the above Problem.

Proof. (i) In order to find u € Hy such that
(au, p)o = (h,p) forall p € Hy

the standard Galerkin method is used. Let {vy : k € N} be a basis of Hs.
An approximate solution

N

N N

U :E vy, N=1,2,...,
Jj=1

is determined from the Galerkin moment equations
(19) <auN,vj)0 = <h,vj>0, 1 S ] S N,
fixing the coefficients cé-\’ , 1 < j < N. Multiplying (19) by cév and summing

up gives
<auN’uN>U = <h7 UN>0’
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leading to
aollu™|[§ < (h,u™)o < [[Allollu™ o

and hence to the a priori estimate
1
[u¥llo < —[[Allo, N=1,2,...
ao

Therefore the sequence (uV) of approximate solutions has at least one weak
limit point w € Hy. This function u is a solution of the Problem.

(ii) The function v € Vf/% is found from the decomposition (17). Identity
(18) means au — h € Hy in Lo. Then from (17) it is seen that there exists

a unique v € W% such that

au+ Av=~h in Ls.
To prove the uniqueness of this solution to the Problem, let A = 0. Multi-
plying au + Av = 0 by u € Hs and integrating over G gives (au,u)y = 0
because Av is orthogonal to u in Le. Thus u = 0 as also follows directly
from the a priori estimate. Hence, v = 0 follows.

7. Applications. The spaces Vf/% and W5~ 1 are connected by the one-
to-one map

A Vf/% — Wy L
Hence, in the sense of the inner product
<u7 'l}>_1 = <Aalu7 ’U)o = <u7 Aal’l))O
the orthogonal decompositions of the space W, ! are automatically obtained

from those of ch/% In particular, according to Section 2, one has the chain
of decompositions

Wyl=A8Y ,ovARWE . k=12,
Thus, any function h € W{l can be represented as
h = Aupk , + VA p,

where div A*u Ak s = 0in D" and p;, € WZ’ZQ. This suggests the following
problem.

BOUNDARY VALUE PROBLEM 1. Let h € W{l. Find functions uak g, pk
satisfying

Aupr s+ VAFp, = h, div Ak'U/Ak75 =0 inG,

uar slog =0, A'prloc =0, VA”pilog =0, v=0,1,...,k—1.

For any k this problem is well-posed and the solution ux 5, px can be
found from the decompositions given in Section 2.
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In connection with Sections 4 and 5, one also has the chain of decompo-
sitions

(20) Wyt = ASY + V[H, /C & AW3),

(21) Wyt = A8} + V[H, /C + A(W3N Hy & AW, )]
etc. Hence, any h € W{l can be represented as

(207) h = Aus + V(p-1 + Apo),

(21') h = Aus + V[p_1 + A(po + Ap1)]

etc. Any of these representations again corresponds to a boundary value
problem.

BOUNDARY VALUE PROBLEM 2. For given h € W{l find three functions

Ug, P_1, Po Such that
(20//) Aug + v(p—l + Apo) =h, divus;=0, Ap_1 =0 mn G,
uslac =0, poloc =0, Vpolog = 0.

BOUNDARY VALUE PROBLEM 3. For given h € W2_1 find four functions
Us, -1, Po, p1 satisfying
Aug + V(p_1 + Apy + A%p1) = h,
divus =0, Ap_1 =0, A%py=0 inG,
usloc =0, polac =0, Vpolac =0,
piloc =0, Vpilac =0, Apilac =0, VApi|sc =0.
All these problems are well-posed. The solutions can be found by using

the decompositions of W, ' given in (20), (21). Obviously, these problems
are some versions of the classical Stokes problem

Aus+Vp=h, divug=0 inG,

uslag =0,

(217)

revealing the structure of the potential p € Ly /C in more detail. Contrary to
the classical procedure of finding the divergence part ug, here the potential
is found first e.g. in the form p = p_1 + Apg by solving the problems

A%py=divh inG, poe€ Vf/%,

and
div(Ag'p_1) =div(A;'h) in G, p € Ly/C.

In the second step the divergence part us can be found as the solution to
the Dirichlet problem

Aus=h—Vp inG, wuslosg=0
(compare [4, 5]).
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