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LYAPUNOV FUNCTIONS AND LP-ESTIMATES FOR A CLASS OF
REACTION-DIFFUSION SYSTEMS

BY

DIRK HORSTMANN (K&ln)

Abstract. We give a sufficient condition for the existence of a Lyapunov function for
the system

at = V(k(a,c)Va — h(a,c)Ve), z€ 2, t>0,
ect = keAc— f(c)e+ g(a,c), xe€ N, t>0,

for 2 C RN, completed with either a = ¢ =0, or

g—z = % =0, or k:(a,c)g—z = h(a,c)%, c=0 ondN x{t>0}.
Furthermore we study the asymptotic behaviour of the solution and give some uniform
LP-estimates.

1. Introduction. In this paper we study the following system of two
nonlinear parabolic partial differential equations:

1) a; = V(k(a,c)Va — h(a,c)Ve), x €2, t>0,

ecy = keAe — f(e)e+ g(a, ), r e, t>0,
for £2 C RN, completed with either

da  Oc
(2) %—%—0 OH@QX{t>0},
or
(3) a=0, ¢=0 ondx{t>0}
or
da oc

(4) k(a,c)% —h(a,c)%, c=0 ond2x{t>0}
as boundary conditions, and with initial data
(5) a(z,0) =ap(z) and c(x,0) =co(z), =z € 2.
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Here k. is a positive constant and € € {0, 1}. For the functions appearing in
the model the following conditions have been considered to be reasonable:

o k(a,c) >0 for all (a,c) € R xR,
e f(c) > const for all ¢ € R,
. %g(a,c) # 0 for all (a,c) € R x R.

Problems of this kind are known in many mathematical fields. They can
be written in the form

(6) % =V (k(u)Vu) = f(u, Vu)
with u = (a, ¢). They appear in population dynamics, phase transition mod-
els, flows in porous media, models of gravitational interaction of particles
and other fields (see [3] for further examples).

To give some explicit examples where systems like (1) appear, we mention
the following:

1. If h(a,c) = a¢(c) with ¢(c) > 0 for all ¢ € Ry and g(a,c) > 0 for
all (a,c¢) € Ry x Ry, then the equations (1) are known as the so-called
Keller—Segel model, which describes the aggregation of the cellular slime
mold Dictyostelium discoideum (see for instance [9, 12-15, 19]).

2. These equations also appear in describing animal coat pattern mech-
anisms (see for example [16]). In [16] system (1) appears with

k(a,c) = const; >0, h(a,c) =ap(c) = a - consty > 0,
consty a

c¢) = constsz >0 ac)=————
F(6) = consta > 0, gla.c) = ot
together with boundary data (2).

3. If h(a,c) = ap(c) with ¢(c) < 0 for all ¢ € Ry and € = 0, then the
equations (1) have some similarities with the Debye system (see for instance
[5], [6])-

In this paper we give a sufficient condition for the existence of a Lyapunov
function for system (1) in Section 3. Our assumptions are more general
than those made in [10, 18, 20, 22]. The results given are also true for
the systems studied there. But the conditions assumed here allow a larger
variety of nonlinearities than in those papers. This is especially true for the
Keller-Segel case (see [20, p. 3]).

In Section 4 we will study the asymptotic behaviour of the solution of
those systems which have a Lyapunov function.

In Section 5 we give some LP-estimates for the solution of system (1). The
results stated there are also true for systems which do not have a Lyapunov
function.
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2. Local existence. In this section we assume that ¢ = 1. For ¢ = 0
the existence of a solution can be shown by other methods.

Before we introduce our new results, we will refer to the existence results
of A. Yagi [23] for the local (in time) existence of a positive solution of
problem (1) in the chemotaxis case with homogeneous Neumann boundary
data. In [23], 2 C R? is a C%-smooth domain. For the local existence of a

solution with other boundary data and in higher dimensions we use a result
of H. Amann [2].

Let 2 C RV, p € (N,), § € C(02,{0,1}) for 1 < i < N, § =
diag[d;]1<i<n and
Hy? = {w e HY(2,R?) | (I - §)w|an = 0}.
Now we set
V ={veHg" | v(2)CG}

where G is an open subset of R?. Furthermore we will assume that k(a, c),
h(a,0), ga,c) € C(G,R) and f(c) € C=(R,R).
Now we can state the following existence theorem:

THEOREM 1. Let 2 C RY be a smooth domain with boundary 052. Fur-
thermore let wg € V. Then there exists a unique mazximal solution

w(-,wg) € C([0,tT (wp)), V) NC*H(2 x (0,tF (wy)), R?)
of (1) with boundary condition (2), (3) or (4), where 0 < tT(wp) < 0.

Proof. We set w = (a,c) € R?. Now we can write (1) together with one
of the boundary conditions as

wi + A(w)w = F(w) in 2 x(0,7),

B(w)w = 0, on 02 x (0,T),
w(-,0) = (ag,cp) in £2.
The operators A(n) and B(n) are defined by
A(n)w = —0;(a;k(n)Okw)
with
ar1 (n) (w1, wz) = (k(n1, me)wi — h(n, o) we, kews) 7,
aga (n) (w1, wa) = (k(n1,m2)wr — h(n1, n2)we, kews) ™,
a12(n) (w1, w2) = (0,0),
ag (n) (w1, w2) = (0,0),
and

B(n)w = 6(ajr(-,n)n’Opw) + (I —)w =0 on 4§, t >0,
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where n = (n!,...,n) is the outer unit normal vector field on 9f2. The

function F(n) is given by

F(n) = (0,9(m,n2) — f(n2)n2).

If we now apply the existence result of H. Amann [2, p. 17] resp. [3,
Theorem 14.6, p. 93], we get the assertion of the theorem. m

3. A Lyapunov function. Again we set ¢ = 1, but the results can also
be applied to the case € = 0. For the rest of the paper we use the following

notations:
C

(7) F(c) =\ f(s)sds,
0
(8) G(a,c) = — S g(a, s)ds.
0
Occasionally we assume that
(9) S F(c)dr > ky S & dz,
12 12

where k1 is a nonnegative constant (if we have homogeneous Neumann
boundary data we assume k; > 0!).

THEOREM 2. If there exists a function R(a) such that

h
(10) kEZ: z; (Gaa(a7 C) + R//(a)) + Gac(a’7 C) = 07
then there exists a Lyapunov function for system (1), provided
(11) Gaa(a,c)+ R"(a) > 0

holds for the solution of (1). In the case of boundary condition (3) we have to
assume additionally that G,(a,c) = 0= R'(a) on 02 x{t > 0}. A Lyapunov
function for system (1) is then given by

(12) H(a(t), e(t)) = % [ Ve[ de + | F(e(t)) da
2 2
+ | R(a(t)) dz + | G(a(t), c(t)) da.
2 (%

Proof. We have

iH(a c) =

g c; dx + S arR'(a) dx + S a:Go(a,c) dzx

-\
2 (93 0

= S R'(a aa(a,¢))Va(k(a,c)Va — h(a,c)Ve)dz
2
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Gacla,c)Ve(k(a,c)Va — h(a,c)Ve)dr — S ¢t dx
Q
(R"(a) + Gaala, ¢))
k(a,c)

|k(a,c)Va — h(a,c)Ve|* dx

N

c;dr<0. m

We will explain the differences between our results and those of [10, 18,
20] at the end of the paper.

EXAMPLE 1. Let us give some examples of functions appearing in system
(1), for which our theory holds true and a Lyapunov function H(a, c¢) exists.

1. h(a,c) = a, g(a,c) = a®exp(—c)/2, k(a,c) = 1, f(c) arbitrary and

R(a) = a?/2.
2. h(a,c) = a/(2¢+2), g(a,c) = a®(c+1)72/3, k(a,c) = 1, f(c) arbitrary,
R(a) = a®/3.

3. In the case of a model of gravitational interaction of particles (see [7,
8] or [4]) we have € = 0, h(a,c) = —a, g(a,c) = —a, k(a,c) =1, f(c) =0,
R(a) = alog(a) together with boundary condition (4).

4. h(a,c) = ko, g(a,c) = ksa, k(a,c) = kq, f(c) arbitrary, and R(a) =
k3k4a2/(2k‘2).

5. h(a,c) = alc+2)72, g(a,c) = alc+2)72,

and f(c) arbitrary.
6. h(a, ) = ag (¢), k(a, ) = ks + koe, glar c) = adh(c) with

&
¢1(s)
=\—-—d
¢2(C) §] k‘5 + k68 %
f(c) arbitrary, R(a) = alog(a).
7. One can also find a whole class of other examples where a Lyapunov
function exists. Suppose that we study system (1) together with (2). Let

h(a,¢) = ha(a)$(c) and g(a, c) = ¢(c) §; h(s) ds,

k(a,c) = k(a) + %(}Zl)m) Xqﬁ(s) ds

0

and let f(c) be arbitrary. We see that there is a function R(a) such that

k(a,c)hi(a)
ha(a)

C

+ 1 (a) | 6(s) ds.
0

R//(a) —
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Thus there exists a Lyapunov function H(a,c) of the type given above,
which is possibly unbounded from below. This example includes the systems
studied in [10] and [20]. In [20] we have h(a,c) = ad(c) (with ¢(c) > 0),
g(a,c) = ap(c), k(a,c) = 1 and f(c) = const > 0. Finally in this case we
get R(a) = alog(a). For further results concerning some special cases of this
type of systems see [20].

For the rest of the paper we make the following assumption.

MAIN ASSUMPTION.

ke
(13) | Gla,c) + R(a) > k7 | |Vc|* dz + const  with 5 + k>0,
2 2

In fact our observations allow us to work with a larger class of nonlinear-
ities in g(a, ¢) than those studied before for system (1) (as far as the author
knows). We formulate the following three propositions.

PROPOSITION 1. Suppose that (9) and our main assumption (13) hold.

Then
H(ao,co) > H(a(t),c(t)) > ks  for all t > 0.

PROPOSITION 2. Suppose that (9) and (13) hold. Then

S |Ve(t)|>de < kg for all t>0.
0
The proofs of Propositions 1 and 2 are trivial.

PROPOSITION 3. Suppose that (9) and (13) hold. Then
T
S S C? dx < H(ao, Co) + kl().
00

Proof. We have

d
S ¢z dx + EH(CL, ¢) <0.
Q

Thus

S S ¢ dx < H(ag,co) — H(a(T),c(T)) < H(ag, co) + kig. m
00

4. The asymptotic behaviour of the solution of system (1). In
some special cases of (1) (for example for some special forms of the Keller—
Segel model) one can show that the solution of (1) converges to a possibly
nontrivial steady state as t — oo (see [10, 14, 20]). The results of R. Schaaf
[21] and K. Post [20] concerning the Keller—Segel model in chemotaxis give
hope that one can expect such a behaviour also in a more general setting.
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We summarize our results concerning this aspect in the following theo-
rem.

THEOREM 3. Suppose that (a(t), c(t)) is a weak solution of (1) and that
(9) and (13) hold. Furthermore let the solution (a(t),c(t)) of (1) satisfy either

(i) (Gaala,c) + R"(a))/k(a,c) < ki1 and Gy(a,c) + R'(a) > ka2 or
(i) 0 < (Gaa(a,c) + R'(a)) exp(Gola, c) + R'(a)) < ki3k(a,c) and

\/ k(a(t), c(?)) € L*(2) forallt>0.

Gaa(a,c) + R"(a(t))
Let additionally f be Hélder continuous with exponent 3 < 1 such that
0<B<1if N<3 or B<2/NifN>3.
Finally assume that |f(c)| < Ky for all c € R. Then there exist a sequence
(tk)ken and two functions c* and g* such that
c(ty) — ¢ in H'(2) (resp. in HY(£2)),
Flelti))elts) = F()e in L)
and
glalty),c(ts)) = g*  in L*(02).
Furthermore
S(k:ch*Vgo + f(c")c* @) dx = Sg*go dx
2 [0
for all p € HY(Q2) (resp. p € H}(£2)). Finally,

exp (—(Gaw(tk),c(t;)) + R'(altr)))

) — const

in L*(£2) if (i) holds, and
exp (Ga(a(tk), c(tr)) + R/ (a(tr))

5 > — const
in L?(82) if (ii) holds.

REMARK 1. Assumption (i) of Theorem 3 is satisfied by Example 1.1,
while the systems studied in [10] and [20] satisfy (ii).

Proof. We first assume that (i) is true. We set
W = exp(—(Gala, c) + R'(a))).
We note that assuming G,(a,c) + R'(a) > k12 implies that

VW ()llz2(2) < const

for all ¢ > 0. Now there exists a constant ky14/k1; such that
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k
vV
kll

= ﬂe_(ca(a’c”R/(“)) Gaala,c) + R"(a))Va + Guela, c)Vel|?
P [(Gaala;c) (a)) ac(@,)Ve|
11
< 11 (Cuola,0) 4 RY(@)2e” G0t D | o e VP
= Tk k2(a, c) Geve—ma, Ve
Gaala,c) + R"(a) 9
< — .
< H(a.0) |k(a,c)Va — h(a,c)Vc|

As in [20] we set

k
70 = () + 1TV ).

From the estimate above and the fact that
‘ k
14
§ (IO + 11TV TG e ) ds
0

<—| %H(a(s), c(s)) ds = H(ao, co) — H(a(t), c(t)) < const
0

for all ¢ > 0, we see that

t
\Z(s)ds < ks - .
0

Therefore there exists a sequence t; — oo such that Z(tx) < 2k for all t.
So we get

Hct(tk)H%Z(Q) + Vv W(tk)‘|%2(9) —0 ask— oo.

From our main assumption and assumption (9) we see that
IVeti)l72co) + letlz o) < ki

Thus there exists a function ¢* with c(t;) — ¢* in H'(£2) (resp. in H} ()
depending on the boundary datal).
In view of the compact imbedding of H!(§2) (resp. H}(£2)) into the

appropriate LP-space we get
[ f(c(tr))e(tr) — f(c")e*||L2()
< I f(e(tr))e(tr) — flc(tr))c | L2y + | f(c(tr))c™ — f(c*)c™ || L2(0)-
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CAsE 1: N <3 and 0 < 8 <2/3. Then

£ (c(tr))e(tr) = f(")e L2
< [f(etr))e(tr) = fle(tr))e" (2

+ kntsider €| L2705 )l e(tr) = [ P2

< Kylle(ts) = c*llL2@) + kusaellc” [ 20— @ lle(tr) = ¢ (172,

—0 ask— oo.
CASE 2: N <3 and 2/3 < < 1. Then
[ f(c(tr))eltr) — f(c)e™ L2
< [f (e(tr))e(tn) = fle(tr))c* L2 (o)

+ kHb’lderHC*HL4/(2—B)(Q)HC(tk) - C*H@(Q)

< Kjlle(tr) = ¢ llr2(a) + ksl [l zara-o o) le(tr) = ¢ [1s )

—0 ask— oo.
CASE 3: N > 3 arbitrary and § < 2/N. Then
1S (e(tr))e(tr) = (")t L2 (o)
< N f(eltr))e(te) — fe(te))c" (L2 (0)

+ knsider || €[ L2ra-0) (@)l e(tr) — C*||€z(9)

< Kplle(t) = ¢l p2() + kusaerlle” | 2ra-m @ lle(tr) = 1720,

—0 ask— oo.

Thus
(14) fle(t))e(ty) — f(c*)e*  in L?(02) as k — oo.

Since W (t1) is uniformly bounded in H*(£2) and ||V /W (t4)]|2(2) — 0

we see that
W (t) — const  in L*(£2) as k — 0.

To prove the statement of the theorem if (ii) holds, we set
V = exp(Gq(a,c) + R'(a)).

Now we see that

1 1 /
k—B’V\/VIQ = WBGGG(G’C)JFR (a)’(Gaa(aa C) + R"(a))Va + Gac(a, C)VC|2
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(Gaa(a, C) + R//(a))QeGa(a,C)JrR/(a)
4k13k2(a, C)

< Gaala,c) + R (a)

- k(a,c)

We now define
1
70 = t(JeOlsioy + 1 9V T )

and use the same argument as in the first case. m

< |k(a,c)Va — h(a,c)Vec|?

|k(a,c)Va— h(a,c)Ve|>.

REMARK 2. If
(15) V(t) = a(t) exp(=¥(c(t)))
and 0 < ¥(s) < const for all s € Ry, then the mass conservation for the
function a(t) in the case of boundary condition (2) or (4) (the first equation
of (1)) implies that

§oao(z)de
o exp(¥(c*(x))) dx
Since no further results concerning the asymptotic behaviour of the so-

lution are available in the general setting studied in the present paper, we
turn to some LP-estimates for the solution.

V(ty) — n L2(£2) (see [20]).

5. Uniform LP-bounds of the solution for 1 < p < co. If we look
at (1) with either (2) or (4) as boundary conditions we see that

Satdmzo for all t > 0,
2

as mentioned in Remark 2.

LEMMA 1. Let (a(t), c(t)) be the solution of (1) with boundary conditions
(2) or (4). Then

(16) Ha(t)HL1(Q) = HaOHLl(Q) fOT‘ all t> 0.
For the rest of this section we assume that
h(a,c) = ap(c) with |p(c)| < kg for all c € R.

Even if we do not prove the positivity of a(t,x) in this case, we will
always assume it. This property can be derived for classical solutions from
the maximum principle for parabolic equations, provided the initial data is
strictly positive. Under weaker assumptions on the solution, one can use the
results of A. Yagi [23] to prove the nonnegativity of a(¢,x) in the maximal
existence interval under reasonable assumptions on the initial data.

Independently of the choice of the boundary conditions for (1) we have
the following LP-estimate for the function a(t).
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THEOREM 4. Let (a,c) be the solution of (1) with boundary conditions
(2) or (4). Furthermore let k(a,c) > kig > 0 for all (a,c) € Ry x R and
|p(c)| < kg for all ¢ € Ry. If c(t) € WE2°(R) (resp. c(t) € Wy ™®(82)) for
all t € [0,00) and if there exists a constant ky. such that

IVe(t,z)| < kve  forallt € [0,00) and all x € §2,

then
la(t, z)|| oo () < koo for all t € [0,00).
For solutions of (1) with boundary conditions (3), the above holds true if we

additionally assume that

sup [la(t)||L1 (o) < const .
>0

Proof. The assertion can be proved in the same way as in [17] for a
special case of (1) with homogeneous Neumann boundary data.

Let 1 < p < oo. We multiply the first equation of (1) with a? and
integrate over {2 to derive

1 d
p—+ 1 S aPtldx = p+ 1 3 S k(a,c) ’Va(p+1)/2 2dw+p S aP¢(c)VaVeda
2 0 p
4dpk
— pi 119 S Va (p+1)/2 2d$+pk18ch S aP|Va| dx
§2 Q
(p

If we now use Moser’s techmque from [1] we get the assertion. m

By (9) we have the uniform boundedness of the L?-norm of ¢(t) for all
t > 0 if system (1) has a Lyapunov function.

LEMMA 2. Let (a(t),c(t)) be the solution of (1). Furthermore suppose
that 2 C R? and that there is a Lyapunov function for system (1), and (9)
as well as our main assumption hold. Then

(17) le@)||zr) < k(p) (1<p<oc) forallt>0.

Proof. By the assumption (9), the boundedness of the Lyapunov function
H(a,c) from below yields a uniform bound of the H!-norm of ¢(t) for all
t > 0. Applying the Sobolev embedding theorem we derive uniform LP-
bounds for allt > 0. m

THEOREM 5. Let (a,c) be the solution of (1), and assume that g(a,c) >0
forall (a,c) e Ry xR, e =1 and |f(c)| < Ky < o0 in (1). If

sup S (t)|dx = ko1 < 00
>
=" N
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and

(18) S(g(a,c)cp — fle)ePt) do < koo S tdx  forall 1 <p< oo,
Q Q

then

le(t, )| Loy < koz  for all t € [0,00).

Since our assumption on g(a,c) implies that c(t,z) > 0 in {2 for all
t € [0, Timax) provided co(x) > 0 in {2, we see that the statement of the
theorem can be shown in the same way as Theorem 4. Therefore we leave
the proof to the reader.

ExaMPLE 2. We give some examples of functions appearing in system
(1) for which Theorems 4 and 5 hold true.

1. Let £2 C R? be smooth. Consider the problem

a; = V(Va — xaVe), e, t>0,
ct:kcAc—'yc—Faa—_:(s Y+ >1), z€2,t>0,
O0a/0n = xadc/On, ¢ =0, x e, t>0,
a(0,z) = ap(z) > 0, x € 12,
c(0,z) = co(x) > 0, x € 2.

First of all let us mention that this system does not have a Lyapunov func-
tion of the form presented in the previous sections. Secondly we see from
Theorem 5 that

sup [[c(t)[| () < oo
>0

Furthermore we see that g(a(t),c(t)) € L*°(£2) for all t > 0 and
sup [[g(a(t), c(t)) | oo (2) < sup [[e(t)]| (@) < kaa-
>0 >0

We now follow an idea from [18]. If we consider the second equation of our
system as an abstract evolution equation, we see that
t
a(s)c(s)
C(t) = Tp(t)co + §)Tp(t — S)m dS,

where {T),(t)} is the analytic semigroup of the sectorial (in LP({2)) operator
A, = —A + v with domain D = {u € W??(2) | u = 0 on §£2}. We know
from [11] that we can define fractional powers A% for y > 0 of A, with
domain X}' = D(AL). We also know that X/' is a Banach space with

Hung = HAﬁuuLp(rz)-
The imbedding X! C C¥({2) is continuous for 0 < y < 1 and 0 < v <
2 — N/p (N =2 in our case!) (see [11, Theorem 1.6.1, p. 39]).
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If we now choose 3/4 < p < 1 and consider

t

b Al " a(s)c(s)
Ale(t) = ARTy(t)eo + §A4T4(t - s)m ds,

we see that there exist constants ko3 > 0 and 6 such that

t©

e—0t Lot
45Oy < b S lenloni + s § S s -
0

Thus we can derive a uniform bound of ||A}¢(t)||p4(o) for all £ > 0 and—in
view of the continuous imbedding—a uniform bound of the C'-norm of ¢(t)
for all t > 0.

Applying now Theorem 4 we also get a uniform bound of the L°*°-norm
of a(t) for all ¢t > 0.

2. As a second example we consider a parabolic-elliptic problem. Let us
assume that there is a positive solution of the following problem:

a; = V(Va — xaVe), zeNCR? t>0,
a
= CA - S “Q’ )
0=k.Ac yc—l—a_i_(S T € t>0
da/On = dc/On = 0, x €0, t>0,
a(0,x) = ag(z) > 0, x € {2,

where k., x, v and 0 are positive constants. Again there is no Lyapunov
function for this problem, but we see that

a(t) p
a(t)+0 € L7(2)
for 1 < p < oo with a uniform bound for all £ > 0. Using elliptic regularity
theory we get c(t) € H*P(§2) with a uniform bound for all ¢ > 0. For p large
enough the Sobolev imbedding theorems imply c(t) € C'(£2) provided 912
is smooth enough, where we have a uniform C'-bound for all ¢+ > 0. Thus
Theorem 4 implies that

sup [|a(t)|| Lo (02) < oo
>0

REMARK 3. Example 2.1 shows that, if the second equation can be writ-
ten as an abstract evolution equation with a sectorial (in L?(£2), for 2 C R?)
operator and a right-hand side which is uniformly bounded in L*(2) for all
t > 0, then one can derive uniform L*°-bounds for a(t) and ¢(t) for all £ > 0.

6. Final remarks. We now indicate the differences between our results
and those in [10, 18, 20, 22].
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Those papers consider the so-called Keller—Segel model
a; = V(Va—xaVe), x€0CR? t>0,
ecy = kcAc—vye+aa, €, t>0,
a(0,z) = ap(z) > 0, x € {2,
c(0,z) = co(z) > 0, x € (2,
with either boundary condition (2) (see [10, 18, 20]) or (4) (see [22]).
Our results include the results in [10, 18, 20, 22] but they are also true
for higher space dimensions, other boundary conditions and further nonlin-

earities in the system (1). As far as I know, K. Post of [20] was the only one
to study the case of higher space dimensions. She considered the system

a; = V(Va — xaVd(c)), reNCRY, t>0,
ecy = keAc— ye+ aad’(c), we 2, t>0,

da/On = dc/On = 0, x €082, t >0,
a(0,z) = ap(z) > 0, x € 2,
c(0,z) = co(z) > 0, x € 2,

with &(s) € {® € CH(R,R) | 0 < &(s), 0 < &'(s) < const for all s > 0}.

Our results also cover this system, but again one can allow further non-
linearities and still have the existence of a Lyapunov function.

To end the paper let us mention that our results have been strongly
inspired by those of K. Post [20] and by the question of whether one can
show the existence of a Lyapunov function for a larger class of systems than
those studied in [20], and if the asymptotic behaviour of the solution of such
a system is similar.
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