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DEGENERATIONS IN THE MODULE VARIETIES OF
ALMOST CYCLIC COHERENT
AUSLANDER-REITEN COMPONENTS

BY

PIOTR MALICKI (Torus)

Abstract. We establish when the partial orders <eyx¢ and <geg coincide for all mod-
ules of the same dimension from the additive category of a generalized standard almost
cyclic coherent component of the Auslander—Reiten quiver of a finite-dimensional algebra.

1. Introduction and the main results. Throughout the paper by
an algebra we mean a basic, finite-dimensional k-algebra over a fixed alge-
braically closed field k. For an algebra A, we denote by mod A the category of
finitely generated right A-modules, and by ind A a full subcategory of mod A
consisting of a complete set of representatives of the isomorphism classes of
indecomposable modules. We denote by rad(mod A) the Jacobson radical
of mod A, and by rad®(mod A) the intersection of all powers rad’(mod A),
i > 1, of rad(mod A). Moreover, we denote by I'4 the Auslander-Reiten
quiver of A, and by 74 = 7 and 7, = 7~ the Auslander-Reiten translations
D Tr and Tr D, respectively. We do not distinguish between a module in
ind A and the corresponding vertex of I'y. For a family F of A-modules, we
denote by add(F) the additive category given by F, that is, the full subcat-
egory of mod A formed by all modules isomorphic to direct sums of modules
from F.

For an algebra A with basis a; = 1,...,a,, we have the constant struc-
tures a;ji, defined by a;a; = ) aijrar. The affine variety moda(d) of d-
dimensional A-modules consists of n-tuples m = (my,...,my,) of d x d-
matrices with coefficients in k such that m; is the identity matrix and
mimj = y_ mya;ji, for all indices ¢ and j. The general linear group Glg(k)
acts on moda(d) by conjugation, and the orbits correspond to the iso-
morphism classes of d-dimensional modules (see [17]). We identify a d-
dimensional A-module M with the corresponding point of mod4(d). We
denote by O(M) the Gly(k)-orbit of a module M in moda(d). Then one
says that a module N in moda(d) is a degeneration of a module M in
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mod (d), and writes M <geg IV, if N belongs to the Zariski closure O(M)
of O(M) in mod4(d). Thus <geg is a partial order on the set of isomorphism
classes of A-modules of a given dimension. An interesting problem is to de-
scribe connections of <qes with other partial orders <e, <. it and < on
the isomorphism classes in mod4(d), where

o M <t N :& there are modules M;, U;, V; and short exact sequences
0—U; - M; — V; = 0in mod A such that M = My, M; 11 = U;®V;,
1<i<s,and N = Mgy for some natural number s.

o M <yt N :& M ® X <qeg N @ X for some A-module X.

e M <N :& [M,X] <IN, X] holds for all modules X.

Here and later on we abbreviate dimyHom 4 (X,Y") by [X,Y]. There are
many results on approximation of <4eg by the above partial orders (see [1],
[12], [13], [24], [36]).

In general, for all modules M and N in mod4(d) the following implica-
tions hold:

MSextN = MSdegN = MSvirtN = MSN

(see [13], [24]). Unfortunately the reverse implications are not always true,
and it would be interesting to find out when they are. We know that <.y,
<deg, < coincide for modules over the path algebras of Dynkin and ex-
tended Dynkin quivers [12], [13], [36], and <geg and < coincide for modules
over arbitrary algebras of finite representation type [37]. More comprehen-
sive information about degenerations of modules can be found in [12], [13],
[24], [38].

For a module M in mod A, we shall denote by [M] the image of M in the
Grothendieck group Ko(A) of A. Thus [M] = [N] if and only if M and N
have the same simple composition factors including multiplicities. Observe
that, if M and N have the same dimension and M < N, then [M] = [N].

We are interested in the relationship between the partial orders <eyt,
<deg> <virt, < for modules from the additive category add(I") of a connected
component I" of I'4. Then the following order on the isomorphism classes of
modules in add(I") is natural [31]: for M, N € add(I"),

M <p N:& [M,X]<[N,X]for all X in add(I").

Clearly, for M, N in add(I"), M < N implies M <p N.Moreover, by [31],
<r is a partial order on the isomorphism classes of modules in add(I") having
the same composition factors.

In the representation theory of algebras an important role is played by
generalized standard Auslander—Reiten components. Recall that following
A. Skowronski [30], a connected component I" in I'4 is called generalized
standard if rad®(X,Y) =0 for all X,Y € I'. The Auslander—Reiten quiver
I'y of any algebra A of finite representation type is generalized standard.
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Examples of generalized standard components include: preprojective com-
ponents, preinjective components, connecting components of tilted algebras,
and tubes over tame tilted, tubular and canonical algebras [25]. The gen-
eralized standard components without oriented cycles have been described
in [29]. The structure of arbitrary generalized standard components is not
yet well understood. In general we only know from [30] that if I" is a gener-
alized standard component in I'4, then all but finitely many 7-orbits in I
are periodic. It is known that <g and <p coincide when I is preprojec-
tive (preinjective) [13] or a generalized standard quasi-tube [31]. From [33]
and [38] we know that <deg and <p coincide for each generalized standard
component I' of I'4. Moreover, there are generalized standard components
for which <exs and <geg do not coincide (see [24], [31]).

Recall that a component I" of I'y is called almost cyclic if all but finitely
many modules in I" lie on oriented cycles contained entirely in I'. Moreover,
a component I of I'4 is said to be coherent if the following two conditions
are satisfied:

(C1) For each projective module P in I" there is an infinite sectional
path P = X; — Xy — -+ in I" (that is, X; # 7X,,9 for any ¢ > 1).

(C2) For each injective module I in I" there is an infinite sectional path
-— Yy =Y =1in I (that is, Yj1o # 7Y} for any j > 1).

Following [14], a component I is said to be standard if the full subcat-
egory of mod A formed by the modules from I is equivalent to the mesh
category K (I') of I'. It is known [18] that every standard component of I'4
is generalized standard but the converse is not true in general. However, it
was shown recently in [23, Proposition 2.7] that for an almost cyclic coherent
component of I'4 the converse implication is also true. Note that the class of
algebras with generalized standard almost cyclic coherent Auslander—Reiten
components is large (see [23, Proposition 2.9]).

In order to formulate our main result we define two kinds of full trans-
lation subquivers of I'4. A translation subquiver of I'4 of the form

YQ Yl

Y1 [¢) o

/ 7N
NN SN ’
- o

Y N/
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is said to be a Mobius configuration, and one of the form

e} (¢]
N N
O=>0—=>=0—=>=0-=0

NN N
(0] @]

vd N
7 - : N
N N
AN N7 N\
TZ A TZ A
N S NS
M M

is a coil configuration.
The main aim of the paper is to prove the following theorem.

THEOREM 1.1. Let A be an algebra and I' a generalized standard almost
cyclic coherent component of I'a. The following conditions are equivalent:

(i) I' contains neither a Mdbius configuration nor a coil configuration.
(ii) The partial orders <gqeg and <ex; coincide on add(I").

In the representation theory of algebras a prominent role is played by
algebras with separating families of components. A family C = (C;)ier of
components of I'4 is said to be separating in mod A if the modules in ind A
split into three disjoint classes P4, C4 = C and O 4 such that:

(S1) C4 is a sincere generalized standard family of components;
(S2) Homa(Qa,Pa) =0, Homy(Qa,Ca) =0, Homa(Ca,Pa) = 0;
(S3) any morphism from P4 to Q4 factors through add(Ca).

We then say that C4 separates P4 from Q4 and write ind A =Py VvV Cy
V Q4. We also note that P4 and Q4 are then uniquely determined by C4
(see [5, (2.1)] or [25, (3.1)]). Recall also that C4 is called sincere if every
simple A-module occurs as a composition factor of a module in C4.

From Drozd’s Tame and Wild Theorem [16] the algebras may be divided
into two disjoint classes. One class consists of the tame algebras for which
the indecomposable modules occur, in each dimension d, in a finite number
of discrete and a finite number of one-parameter families. The second class
is formed by the wild algebras whose representation theory comprises the
representation theories of all algebras. Hence, we may realistically hope to
classify the indecomposable modules only for the tame algebras. More pre-
cisely, following [16], an algebra A is called tame if, for each dimension d,
there exist a finite number of k[z]-A-bimodules M; which are finitely gen-
erated and free as left k[x]-modules, and all but a finite number of isomor-
phism classes of indecomposable A-modules of dimension d are of the form



DEGENERATIONS IN MODULE VARIETIES 257

klx]/(x — X) @[y M; for some i and some A € k (see [27, Chapter XIX] for
more details).

As an immediate consequence of Theorem 1.1, [22, Theorem C| and [32,
Theorem 3] we obtain the following fact.

COROLLARY 1.2. Let A be an algebra with a separating family Ca of al-
most cyclic coherent components in I'a. Then the orders <qeg and <ext co-
incide on mod A if and only if A is tame and C4 contains neither a Mdobius
configuration nor a coil configuration.

For basic background on the representation theory of algebras we refer
to the books [2], [8], [25], [26], [27]. We also refer to [22] for description
of the module category, homological properties and representation type of
algebras with separating families of almost cyclic coherent Auslander—Reiten
components.

2. Preliminaries on partial orders of modules. Following [24], for
M, N from mod A, we write M < N if and only if [ X, M] < [X, N] for all A-
modules X. The fact that < is a partial order on the isomorphism classes of
A-modules follows from a result of M. Auslander (see [6], [11]). M. Auslander
and I. Reiten [7] have shown that, if [M] = [N] for some modules M and N,
then for all nonprojective A-modules X and all noninjective modules Y the
following formulas hold:

( ) [X7M]_[M77-X]:[XvN]_[N7TX])
*
[ny] - [T_Y7M] = [N7Y] - [T_YvN]‘
Hence, if [M] = [N], then M < N if and only if [M, X] < [N, X] for all
A-modules X.
Let M and N be A-modules with [M] = [N], and

Y:0—-D—-F—F—0

an exact sequence in mod A. Following [24], we define the additive functions
MmN, Oy N Ox and O, on A-modules X as follows:

5M,N(X):[N7X]_[M7X]7 M,N(X):[XvN]_[X7M]7
(SZ(X) = 5E,DEBF(X) = [D@F,X] - [E,X],
5/2(X) = 6IE‘,D®F(X) = [X,D@F] - [Xv E]

From the Auslander—Reiten formulas (x) we get the following useful equali-
ties:

SN (X) =0y n(TX), Sun(TX) =y N(X),
ox(X) = o (17 X), ox(1X) = 0% (X),
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for all A-modules X. Observe also that oy n(I) = 0 for any injective A-
module I, and 0}, (P) = 0 for any projective A-module P. In particular,
the following conditions are equivalent:

(1) M <N,
(2) opr,n(X) >0 for all X €ind A,
(3) 0y n(X) >0 for all X € ind A.

For an A-module M and an indecomposable A-module Z, we denote by
(M, Z) the multiplicity of Z as a direct summand of M. For a noninjec-
tive indecomposable A-module U we denote by X'(U) the Auslander—Reiten
sequence

YU): 0-U—EU)—-1U-=0.
We need the following lemmas.

LEMMA 2.1 (see [34, Lemma 2.5]). Let M, N be A-modules with [M] =
[N] and U an indecomposable A-module.

(i) If U is noninjective, then sy (M) = p(M,U) and

PN, U) = p(M,U) = 63y n(U) = Sy 5 (E(U)) + Sy n (77 U).

(ii) If U is injective, then [U, M| — [U/soc(U), M] = u(M,U) and
PN U) = p(M, U) = 83 x(U) = 03y 5 (U/s0c(U)).

(iii) If U is nonprojective, then 6’2(TU)(M) = u(M,U) and

u(NU) = u(M,U) = op N (U) = S, n (E(TU)) + a5 (7U).
(iv) If U is projective, then [M,U] — [M,rad U] = u(M,U) and

(N, U) = u(M,U) = 5p,n(U) — onr,n(rad U).
LEMMA 2.2. Let Iy denote the set of arrows in I'4. Let M, N,U €mod A
with [M] = [N]. Then for any U € T4,

p(N,U) = p(M,U) = 6y n(U) + Sy y(U) = > Sun(X)
(X—=U)el

=N (U) + 8y nU) = Y Shyn(Y).
(UHY)EIH
Proof. Since &), ny(U) = dp,n(TU) and oy, N (U) = 8y n(77U), the for-
mula is a consequence of Lemma 2.1 and the definition of I7. =
Let I" be a connected component of I'y. For M and N in add(I") we set
M<r N < [X,M]<[X,N]foral X €add(I").

Clearly, M < N implies M <p N. By [31], <p is a partial order on the iso-
morphism classes of modules in add(I") having the same dimension vectors.
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COROLLARY 2.3. Let M,N € add(I") with [M] = [N]. Then M ~ N if
and only if M <p N and N <p M.

Moreover, if M, N € add(I") and [M] = [N] then the following conditions
are equivalent:

(i) M <rN.

(ii) N (X) >0 for all X in I'.
(iii) oy n(X) >0 for all X in I.
We also need the following facts.

PROPOSITION 2.4 (see [34, Proposition 4.2]). Let I" be a generalized stan-
dard component of I'a and assume that M, N € add(I") with [M] = [N] and
M <p N. Then dprn(X) =0 and 84 y(X) =0 for all but finitely many X
inI" and all X in T'a\ I. 7

LEMMA 2.5 (see [33, Lemma 4.5]). Let I' be a generalized standard
component of I'y and assume that M, N € add(I") with [M] = [N] and
M <p N. Then 6M,N(N) > 0 and 5M,N(N) > 0.

PROPOSITION 2.6. Let I' be a generalized standard component in I's

which contains a coil configuration. Then there exist indecomposables M, N
€ I' such that [M] = [N] and M <geg N.

Proof. Follows from the proof of [31, Theorem 4]. m

In the proof of the next proposition we shall need the following direct
consequence of the lemma in [3, (2.1)].

LEMMA 2.7. Let

t
0— My L2 N e g, M2 N o

and

t
0— My 20 Ny @ 225 Ny o

be short exact sequences in modA. Then the sequence
t _ 2
0 N Ml [flﬂ)lul} Nl EB M3 [ U2u27f'3] N3 N 0
18 exact.
We have the following fact.

ProproSITION 2.8. Let I' be a generalized standard component in 'y

which contains a Mdbius configuration. Then there exist indecomposables
M,N € I'" such that [M] = [N] and M <qeg N.
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Proof. We know that I" has a full translation subquiver of the form

YQ Yl
VAR N
Y1 (¢] o Yo
NN SN S
\ ' ' v
N S
N
N 7N S
TZ Z
N
M

Applying Lemma 2.7 to the short exact sequences given by the meshes of
the above quiver we get exact sequences

0= N—-Y1¢Z—->Ys—0, 0—-YV1T—-Y506M—>2Z—0.
Applying Lemma 2.7 again we obtain an exact sequence
0O->N—-MoZ—Z—N0.

Observe that [M] = [N]. Finally, by [24, (3.4)], we infer that M <geg N.
Then M <geg N, since M % N. This finishes the proof. =

3. Generalized multicoils. The aim of this section is to recall the
concept of a generalized multicoil playing a fundamental role in the proof of
our main theorem. Recall that if A is the quiver 0 - 1 — 2 — .. (with
the trivial valuations (1,1)), then ZA is the translation quiver of the form

(i—1,0) (i,0) (i+1,0) (i+2,0)
v N\ / N /! N
: (i-1,1) (4,1) (i+1,1)
S N\ / N\ /
: (i—1,2) (4,2)

SN TN

with 7(i,j) = (i —1,j) for i € Z, j € N. For r > 1, denote by ZA./(7") the
translation quiver I" obtained from ZA, by identifying each vertex (i, j) of
ZA with 77(i,7), and each arrow x — y in ZA with 772 — 7"y. The
translation quivers ZA,,/(7"), r > 1, are called stable tubes of rank r. The
rank of a stable tube I" is the least positive integer r such that 7"z = x for
all z in I". A stable tube of rank 1 is said to be homogeneous. The T-orbit
of a stable tube I" formed by all vertices having exactly one predecessor is
said to be the mouth of I.
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For r > 1, we denote by T’

—

k) the r x r-lower triangular matrix algebra

k0O ...00
k' kO ..00
k k k ... 00
k k k ... kO

Given a generalized standard component I" of I'4, and an indecompos-
able module X in I', the support S(X) of the functor Homu (X, —)|p is
the k-linear category defined as follows [4]. Let Hyx denote the full sub-
category of I' consisting of the indecomposable modules M in I" such that
Hom4 (X, M) # 0, and Zx denote the ideal of Hx consisting of the mor-
phisms f : M — N (with M, N in Hx) such that Homy(X, f) = 0. We
define S(X) to be the quotient category Hx /Zx. Following the above con-
vention, we usually identify the k-linear category S(X) with its quiver.

From now on let A be an algebra and I' be a family of generalized
standard infinite components of I'4. For an indecomposable module X in
I', called the pivot, one defines five admissible operations (ad 1)—-(ad 5) and
their duals (ad 1*)-(ad 5*) modifying the translation quiver I" = (I',7) to
a new translation quiver (I,7’) and the algebra A to a new algebra A’
depending on the shape of the support S(X) (see [21, Section 2| for figures
illustrating I").

(ad 1) Assume S(X) consists of an infinite sectional path starting at X:
X=Xo— X1 — -

In this case, we let ¢ > 1 be a positive integer, D = T;(k) and Y1,...,Y;
denote the indecomposable injective D-modules with Y = Y7 the unique in-
decomposable projective-injective D-module. We define the modified algebra
A’ to be the one-point extension

A = (Ax D)X @Y]

and the modified translation quiver I'' to be obtained by inserting in I’
the rectangle consisting of the modules Z;; = (k,Xi @ Yj, H]) for ¢ > 0,
1<j<t,and X! = (k, X;,1) for i > 0. The translation 7’ of I'"" is defined as
follows: T’Zij = Zi—l,j—l if 4 Z 1, j Z 2, T,Zil = Xi—l if ¢ Z 1,T/Z()j = rj—-1
if j > 2, Zo is projective, 7' X}, =Yy, 7' X! = Z;_1, if i > 1,7(771X;) = X
provided X; is not an injective A-module, otherwise X is injective in I".
For the remaining vertices of I, 7/ coincides with the translation of I" or
I'p, respectively.
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If t = 0 we define A’ to be the one-point extension A[X], and I" to be
the translation quiver obtained from I" by inserting only the sectional path
consisting of the vertices X/, ¢ > 0.

The nonnegative integer ¢ is such that the number of infinite sectional
paths parallel to X9 — X7 — --- in the inserted rectangle equals £ + 1. We
call t the parameter of the operation.

In case I' is a stable tube, it is clear that any module on the mouth of
I satisfies the condition for being a pivot for the above operation. Actually,
the above operation is, in this case, the tube insertion as considered in [15].

(ad 2) Suppose that S(X) admits two sectional paths starting at X, one
infinite and the other finite with at least one arrow:

Ve Vi X=Xy — X1 — -

where ¢ > 1. In particular, X is necessarily injective. We define A’ = A[X],
and I to be obtained by inserting in I'" the rectangle consisting of the
modules Z;; = (k,X; ®Yj,[1]) fori >1,1<j <t and X] = (k, X;,1)
for ¢ > 1. The translation 7" of I"" is defined as follows: X|) is projective-
injective, T/Zij = Zi—l,j—l if 4 > 2,j > 2, T/Zil = Xi—l if ¢ > 1, T/le = Y}_l
if j >2,7X! = Z;14ifi >2 77X =Y, 7(r71X;) = X! provided X; is
not an injective A-module, otherwise X is injective in I". For the remaining
vertices of I, 7/ coincides with the translation 7 of I.

The parameter ¢ > 1 is such that the number of infinite sectional paths
parallel to X9 — X7 — --- in the inserted rectangle equals ¢ 4 1.

(ad 3) Assume S(X) is the mesh-category of two parallel sectional paths:

Y, - Yy - - — Y;
7 7 7
X:XO — Xl — e — Xt*l — Xt — e

where ¢t > 2. In particular, X;_; is necessarily injective. Moreover, we
consider the translation quiver I" obtained from I' by deleting the arrows
Y, — Tleg_l. We assume that the union I of the connected components of
I containing the vertices Tleg_l, 2 < i < t, is a finite translation quiver.
Then I is a disjoint union of I’ and a cofinite full translation subquiver ™,
containing the pivot X. We define A’ = A[X], and I’ to be obtained from I'*
by inserting the rectangle consisting of the modules Z;; = (k:, X; DYj, H])
fori>1,1<j <t and X/ = (k,X;,1) for ¢ > 1. The translation 7/ of I"’
is defined as follows: X is projective, 7/Z;; = Z;—q1 ;-1 if i > 2,2 < j <*t,
T/Zﬂ =X, 1if1>1, T,Xz{ =Y, if1 <i <, T,XZ{ = Zifl’t ifie>t+1,
TY; = X, if 2 < j <t 7'(r7'X;) = X[, if i > ¢ provided X; is not
injective in I', otherwise X/ is injective in I"". For the remaining vertices of
I'", 7/ coincides with the translation 7 of I'*. We note that X/, is injective.
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The parameter ¢ > 2 is such that the number of infinite sectional paths
parallel to Xy — X7 — --- in the inserted rectangle equals ¢ + 1.

(ad 4) Suppose that S(X) consists of an infinite sectional path, starting
at X,

X:X0—>X1—>'--

and let

with ¢ > 1, be a finite sectional path in I'4. Let r be a positive integer.
Consider the translation quiver I" obtained from T by deleting the arrows
Y, — Tle;_l. We assume that the union I of the connected components of
I containing the vertices Tleé,l, 2 < i < t, is a finite translation quiver.
Then I is a disjoint union of I’ and a cofinite full translation subquiver I,
containing the pivot X. For r = 0 we define A’ = A[X @ Y], and I" to
be obtained from I™ by inserting the rectangle consisting of the modules
Zij = (k,X; ®Y;,[1]) for i > 0,1 <j <t and X! = (k,X;,1) for i > 1.
The translation 7/ of I'" is defined as follows: 7' Z;; = Z;_1 ;1 if 1 > 1, j > 2,
T/Zﬂ = Xifl if ¢ > 1, T,ZUj = Y};l lfj > 2, Z()1 is projective, T/X(l) = Y}/,
TX! = Zi_14ifi > 1, 7(771X;) = X/ provided X; is not injective in I,
otherwise X is injective in I"”". For the remaining vertices of I, 7/ coincides
with the translation of I'™.

For r > 1, let G = T,.(k), U141, ..,Urs41 denote the indecomposable
projective G-modules, and Uy 441,..., U4, the indecomposable injective
G-modules, with U, ;41 the unique indecomposable projective-injective G-
module. We define A’ to be the triangular matrix algebra

A 00 ... 00
Y kO .. 00
P Y kk ... 00
Y kk ... kO
XoY k k ... k k]

with r 4+ 2 columns and rows, and I"” to be obtained from I'* by inserting
the rectangles consisting of the modules Uy = Y, @ Uy 444 for 1 < k < r,
1 <1<t and Zj = (k,X; ®Upj, [1]) fori > 0,1 <j <t+r, and
X! = (k,X;,1) for ¢ > 0. The translation 7" of I" is defined as follows:
T/Z,L'j = Zi,Ljfl if 4 Z 1, ] 2 2, T’Zil = Xi,1 if 4 2 1, T,Z()j = Ur,jfl if 2 S
Jj<t+r, Zo1,Uk,1 <k <r are projective, 7'Uy; = U_1;-1 if 2 < k <,
2<I<t+r,7Uy =Y f2<I<t+1,7X) =Urtyr, 7 X! = Zi_1 44~
if i > 1, 7/(771X;) = X/ provided X; is not injective in I', otherwise X!
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is injective in I". For the remaining vertices of I/, 7/ coincides with the
translation of I™ or Ig, respectively.

We note that the quiver Q4 of A’ is obtained from the quiver of the
double one-point extension A[X][Y] by adding a path of length r + 1 with
source at the extension vertex of A[X] and sink at the extension vertex
of A[Y].

The integers t > 1 and r > 0 are such that the number of infinite
sectional paths parallel to Xg — X; — X3 — --- in the inserted rectangles
equals t + 7 + 1. We call £ + r the parameter of the operation.

To define the next admissible operation we also need the finite versions of
the admissible operations (ad 1)—(ad 4), denoted by (fad 1)—(fad 4), respec-
tively. In order to obtain the latter operations we replace all infinite sectional
paths of the form Xy — X; — --- in the definitions of (ad 1)—(ad 4) by fi-
nite sectional paths Xg — X; — -+ — X,. We have s > 0 for the operation
(fad 1), s > 1 for (fad 2) and (fad 4), and s > ¢t — 1 for (fad 3). In all above
operations X is injective (see [21] or [22] for the details).

(ad 5) We define A’ to be the iteration of the extensions described in
the definitions of (ad 1)—(ad 4), and their finite versions (fad 1)—(fad 4).
The I is obtained in the following three steps: first we perform on I one
of the operations (fad 1), (fad 2) or (fad 3), next a finite number (possibly
zero) of (fad 4)’s and finally (ad 4), in such a way that the sectional paths
starting from all the new projective vertices have a common cofinite (infinite)
sectional subpath.

Finally, together with each of the operations (ad 1)—(ad 5), we consider
its dual, denoted by (ad 1*)—(ad 5*). These ten operations are called the
admissible operations.

Clearly, the admissible operations can be defined as operations on trans-
lation quivers rather than on Auslander—Reiten components (see [21] for the

details).
Following [21] a connected translation quiver I" is said to be a generalized
multicoil if it can be obtained from a finite family 77, ..., 7; of stable tubes

by an iterated application of (ad 1), (ad 1*), (ad 2), (ad 2*), (ad 3), (ad 3*),
(ad 4), (ad 4*), (ad 5) or (ad 5*). If s = 1, then I" is said to be a generalized
coil. The admissible operations (ad 1), (ad 2), (ad 3), (ad 1*), (ad 2*) and
(ad 3*) have been introduced in [3, 4, 5], and (ad 4) and (ad 4*) for r =0
in [19].

Observe that any stable tube is trivially a generalized coil. A tube (in the
sense of [15]) is a generalized coil such that each admissible operation used to
define it is of the form (ad 1) or (ad 1*). If we only apply (ad 1) (respectively,
(ad 1*)) operations then the generalized coil is called a ray tube (respectively,
a coray tube). Observe that a generalized coil without injective (respectively,
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projective) vertices is a ray tube (respectively, a coray tube). A quasi-tube
(in the sense of [28]) is a generalized coil such that each operation used to
define it is of type (ad 1), (ad 1*), (ad 2) or (ad 2*). Finally, following [4],
a coil is a generalized coil obtained by applying (ad 1), (ad 1*), (ad 2),
(ad 2%), (ad 3) or (ad 3*) only. We note that any generalized multicoil I’
is a coherent translation quiver with trivial valuations, and the translation
subquiver of I" obtained by removing all acyclic vertices and the attached
arrows is infinite, connected and cofinite in I, and so I is almost cyclic.

We have the following characterization of generalized multicoils estab-
lished in [21, Theorem A].

THEOREM 3.1. Let I' be a connected component of I'4. Then I is co-
herent and almost cyclic if and only if I' is a generalized multicoil.

4. Degenerations in generalized multicoils. Let A be an algebra.
Note that from Proposition 2.6 we know that if I" is a generalized standard
coil of I'4 which is not a quasi-tube (this means that we use at least one
(ad 3) or (ad 3*)) then there exist indecomposable modules M and N in I’
such that [M] = [N] and M <geg N, and clearly M Zexi N. On the other
hand, from [31, Corollary 2] we know that if I" is a generalized standard
quasi-tube of I'4 then the partial orders <ey and <geg coincide on add(I).

By an exceptional chain in a connected component I" of I'4 we mean a
full translation subquiver of I" of the form

Ay As Ay
SN NS NN

O>B] >0—>By>0-> ++ =>0-=>PBy—>0

\O/ \O/ N 7 \O/

where t > 2, Ay or Bj is projective, and A; or By is injective. Note that if
I' is a generalized multicoil in I’y then for any 1 < ¢ < t there are a ray
starting at A; and a coray ending in A;.

An exceptional chain in I is said to be proper if for any 1 <14 <t a ray
starting at A; has infinitely many common vertices with a coray ending in

Note that if I" is a generalized multicoil in I’y without an exceptional
chain then in the whole process of creating I" none of the operations (ad 3),
(ad 3*), (fad 3), (fad 3*) appears.

COROLLARY 4.1. Let I' be a generalized standard generalized multicoil
in I'a. Assume that either I' contains a Mobius configuration, or there exists
i I a proper exceptional chain. Then there exist indecomposable modules
M and N in I' such that [M] = [N] and M <geg N.
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Proof. In this case I' admits a Mobius configuration or a coil configura-
tion. Therefore, repeating the arguments used in the proofs of Proposition
2.8 or [31, Theorem 4] we get M <qeg N. m

Note that the definitions of admissible operations imply that if I" is a
generalized multicoil with a Mobius configuration then in any sequence of
admissible operations leading from a finite family of stable tubes to I', we
need at least one (ad 4), (ad 4*), (ad 5) or (ad 5*) with ¢ > 2.

Let I' be a generalized standard generalized multicoil in I'4 with a
Mobius configuration C. It is easy to see that if C was created by apply-
ing (ad 4) or (ad 4*) then any two modules M, N from the finite sectional
path occurring in the definition of (ad 4) or (ad 4*) are such that M <ges N
(see Example 4.6).

PROPOSITION 4.2. Let I' be a generalized standard generalized multi-
coil in I'4 without an exceptional chain. Then the following conditions are
equivalent:

(i) There exists a sectional path in I of the form Xog — X1 — -+ —
X = Xg consisting of noninjective modules.
(ii) There exists a sectional path in I' of the form Xo — X1 — -+ —
X = Xo consisting of nonprojective modules.
(ili) There is in I' a full translation subquiver of one of the forms

M’ M’
/’ \ / \ N .
/ AN / \ / SN S
N ° N o N
7 o 7.3 o’ 7 o Z ™ > o
/ N N
o N o
/ \ v / \ X/ \O
\ / \ /
M’ M’
where X — N — --- — X is a sectional path consisting of noninjective

modules.

Proof. Clearly, (iii) implies (i). That (i) is equivalent to (ii) follows from
the fact that Xg — X; — -+ — X = X is a sectional path in I'4 consisting
of nonprojective modules if and only if 7 Xy - 7X; — - - 71X =7Xpis a
sectional path in I'4 consisting of noninjective modules. From the definition
of generalized multicoil and the assumption we know that the middle term
of any Auslander—Reiten sequence of A-modules in I" has at most two inde-
composable direct summands which are not projective-injective. Therefore,
(i)=-(iii) follows from the proof of [35, Theorem 1(iii)=-(v)]. =
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Let I" be a generalized standard component of I'4, and M and N be
two modules in add(I") such that M < N. We denote by F(M, N) the full
subquiver of I" consisting of the vertices X such that oy n(X) > 0. Dually
one can define the subquiver F'(M, N) consisting of the vertices X such
that &), y(X) > 0. Then the translations 7 and 7~ induce mutually inverse
isomorphisms of the translation quivers F(M, N) and F'(M, N).

LEMMA 4.3. Let M and N be modules in add(I") such that M < N,
[M] = [N] and N is indecomposable. Then for each vertex V. € F(M,N)
there is an arrow in F(M, N) starting at V' and an arrow in F(M, N) ending
at V.

Proof. Suppose that V' is a vertex of F(M, N) having no predecessors
in F(M,N). Applying Lemma 2.2 we get
(N, V) = u(M,V) =y n(V) + 6y n(V) > darn(V) > 0.

Since N is indecomposable, we have V' ~ N. Furthermore, since M # N
and [M] = [N], it follows that (M, V) = 0. Consequently,

by Lemma 2.5. This contradiction shows that for each V' in F(M, N) there
is an arrow in F(M, N) ending at V. By duality, for each V' in F'(M, N)
there is an arrow in F'(M, N) starting at V. This proves the lemma since
the quivers F(M, N) and F'(M, N) are isomorphic. m

LEMMA 4.4. Let I' be a generalized standard generalized multicoil in I'y
without an exceptional chain, and M, N be two modules in add(I") with
M < N. Let

(*) Xe—= X1 — = X1 — X
be a sectional path in F(M,N) for somet > 1. Then

t—1
(i) > (N, Xi) = (M, X3)) = 08 (X1) — Sarn (Xo)

i—1
+ 0y v (Xi-1) — O v (Xo).-

Furthermore, if (x) is mazimal among the sectional paths in F(M, N) ending
with the arrow X1 — X then

(i) (N, Xe) = (M, Xy) = On,n (Xe) + Oy n (Xe) — Ong v (Xe1),
t

(i) Y (N, X)) — (M, X)) = Sarn (X1) + Sy (Xe) — 0y v (Xo)-
=1
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Proof. Let U be a module in I'. Applying Lemma 2.2 we get

(%) w(N,U) = p(M,U) = dpr,n(U) + 83y v (U) = > o, (X).
(X—U)eF(M,N)

Let I" denote the translation quiver obtained from I' by removing all proje-
ctive-injective vertices and the attached arrows. Since I' is a generalized
multicoil without an exceptional chain and F(M, N) is a subquiver of I,
there are at most two arrows in F (M, N) ending at U.

Let 1 < i < t. We claim that

ST o (X) = Sun (Xisr) + by v (Xima):
(X—X;)eF(M,N)

Indeed, X;y; — X; is an arrow in F (M, N) and the other possible arrow in
F(M,N) ending at X; is 7X;_1 — X; provided the module X;_; is not pro-
jective and (%\/[,N(Xi—l) = 0y n(7Xi—1) > 0. Conversely, if (5MN(XZ-_1) >0
then X;_; is not a projective module, dps n(7Xi—1) = ), n(Xi—1) is a posi-
tive integer and 7X;_; — X; is an arrow in F(M, N). Combining the claim
and (x%) we get
(N, Xi) — (M, X;) = oar,n (Xi) — 0nr, v (Xig1) + 0y v (Xi) — Oy v (Xio1),
where 1 < < ¢. Summing up and reducing we obtain (i).

Assume now that the sectional path (x) is maximal. Observe that (iii) is
a consequence of (i) and (ii). Applying (xx) for U = X, it remains to prove
that

> o N (X) = Oy v (Xi—1).
(X—X)eF(M,N)

The only possible arrow in F(M,N) ending at X; is 7X;-1 — X; pro-
vided the module X; 1 is not projective and 63\/17N(Xt_1) = O N(TX¢-1)
> 0. Conversely, if 6, y(X¢—1) > 0 then X;_; is not a projective module,
I N(TXe—1) = 5347N(7Xt,1) is a positive integer and 7X; 1 — X; is an
arrow in F(M,N). =

The proof of the following fact grew out of discussions with Grzegorz
Zwara.

PROPOSITION 4.5. Let I' be a generalized standard generalized multicoil
in 14 that contains neither a Mobius configuration nor an exceptional chain,
and M, N two modules in add(I") with [M] = [N]. Then M <4 N if and
only if M <ext N.

Proof. Suppose that there is a proper degeneration M <geg IN. We de-
note by F (M, N) the full subquiver of I" consisting of the vertices X with
dm,n(X) > 0. By Proposition 2.4, F(M,N) has only finitely many ver-
tices. Furthermore, since F (M, N) contains no injective modules, there are
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at most two arrows in F(M, N) starting at X and at most two arrows in
F(M, N) ending at X, for any vertex X in F(M, N). From Proposition 4.2
and the definition of I" we deduce that there is no sectional path in I" of the
form Xg — X7 — --- — X; = X. This implies that there is no such path
in F(M,N) nor in '(M,N). By Lemma 2.5, N belongs to F(M, N) and
to F'(M,N).

We claim that for any arrow Y7 — N in F(M, N) ending at N,

5M,N(N) > 5M,N(Y1)-

From [9] (see also [10]) we know that there is no sectional path in I'4 of the
form X1 — --- —» X, —» X1 — X9, n > 2. As a consequence, there is no
infinite sectional path in I'4 provided I'4 is a finite quiver. So, we may take
a maximal sectional path in F(M, N)

Y=Y 1—--—=Y1 =N

ending with the arrow Y7 — N. We set Yy = N. From our assumption,
Y, # N. Applying Lemma 4.4(ii) we get

0> u(N,Yp) — p(M,Yp) = n.n (Yp) + 03y v (¥p) = Ohs v (Y1)
> 55\/1,N(Yp) - 5M,N(YED*1)'
By the maximality of ¥, — Y,—1 — --- — Y} — NN and from Lemma 4.3 we

conclude that Y,,_1 is not a projective module and 7Y,_1 — Y}, is a unique
arrow in F (M, N) ending at Y. Let Zy =Y, and Z; = 7Y},_1. Then

dmN(Z1) — 5M,N(Y}>) = 53\4,1\1()/}171) - 55\4,N(Yp) > 0.

Again (using arguments as above), we may extend the arrow Z; — Y}, to a
maximal sectional path in F(M, N)

Ly — Lgq — - — 21— Y

Applying Lemma 4.4(iii) we get

> (N, Zi) = w(M, Zi)) = a5 (Z1) + Sy v (Zg) — Sy (V)

=1
> 0N (Z1) — Oy n(Yp) > 0.

Thus N = Zj for some 1 < h < gq. We take h minimal possible. Applying
Lemma 4.4(i) to the sectional path N — Z,_; — --- — Z; — Y}, we get

0>Z w(M, Z;))

= 5M N(Z1) = o N(N) + Oy N (Zh-1) — S N (Yn)
> 6M,N(Zh—1) — 5M,N(N)~
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By our assumption the path
Y},—>-~—>}/1—>N—>Zh_1—>--~—>Z1—>§/p
in F(M, N) is not sectional. Hence Y1 = 77}_1, and consequently

S, N(N) > 8y y(Zh-1) = dn,n (Y1),

which proves the claim. By dual considerations in F'(M, N) we get &, (V)
> 64 v (YY) for any arrow N — Y in F'(M, N) starting at N. Since N has at
most two direct predecessors in F(M, N) and at most two direct successors
in F'(M, N) we conclude that

2 < 200 N(N) — > SN (X),
(X—N)eF(M,N)
2 <203 n(N) - Z S (Y).

(N=Y)eF'(M,N)
From Lemma 2.2 we obtain

2 = 2(u(N, N) — u(M, N))
= 25M,N<N) + 2(%\47]\](]\[)

- > S (X) — > Syun() >2+2,

(X—N)eF(M,N) (N—=Y)eF'(M,N)

a contradiction. So, IV is decomposable. Thus there is no proper degeneration
M <g4eg N to an indecomposable A-module and our claim follows from [38,
Corollary 5]. =

EXAMPLE 4.6. Consider the algebra A given by the quiver
1 4
\ﬂ 7/
/ N

bound by aA = 0,9A = 0,0\ = 0,06 = 0,00 = 0,014 = 0. The Auslander—
Reiten quiver I'4 has as a generalized standard component a generalized
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multicoil I" of the form

/ \00 010

111 010 111
01 10 10 00 00 00 00 01 01 10
000 000 \ 11 000 000
PN A \ / NN A
| 11 O 0 00 11 |
| 2 1 2 |
11 10 00 01 01 11
| 000 / \ 110 111 000 |
/AN AN /N /A N
11 1 1 00 0 0 11 11
3 0 2 3
11 11 11 10 00 00 00 01 01 11 11 11
000 100 / 100 110 111 000
R U NN /N A
| 11 11 00 11 11 |
| 3 1%.%4 1 2 3 |
11 11 11 10 00 01 01 11 11 11
| 100 1 / \ 100 11 111 |
PN /N AN /N /N
11 11 11 00 11 11 11
3 3 2 1 2 3 3
11 11 11 11 11 10 00 00 01 11 11 11 11 11
211 110 111 000 100 110 11
PN A 7 NN S 7
| 11 11 11 11 11 11 |
| 3 3 2 2 3 3 |
11 11 11 11 01 10 01 10 11 11 11 11
| 221 111 00 00 100 10 |
A O U A T T U
11 11 11 22 11 11 11
3 3 3 3 3 3 3
11 11 11 11 01 11 02 20 11 10 11 11 11 11
220 222 000 000 000 200 220
PN 7 7 N/
| 11 11 22 22 11 11 |
| 3 3 4 4 3 3 |
11 11 01 11 02 21 12 20 11 10 11 11
| 221 11 00 00 00 10 |
| |

where the indecomposables are represented by their dimension-vectors and
one identifies along the vertical dashed lines to form the generalized multi-
coil. Moreover,

00

_ 1 —_ 1 —_ 1
U_IOOO’ V_10007 W_10007

100 110 111

the indecomposable A-module with dimension-vector W is injective, the in-

00 00
. . . 1 0 . .
decomposable A-modules with dimension-vectors 09 01+ 00 00 are projective

and we identify the two copies with dimension-vector U, the two copies with
dimension-vector V', and also the two copies with dimension-vector W. We
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have

131 131
1711 = M1 <deg N1 = 1115
210 210
11 11

3.0 = My <gee No = 43
11 11 2 Sdeg V2 11 11>
221 221
11 11

3.0 = M3 <ges N3 = 3
11 11 3 Sdeg £V3 11 11
211 211

(see Proposition 2.8).

ExXAMPLE 4.7. Consider the algebra A given by the quiver

93 — 24 — 25
' i
35 %292 L 91 £ 26

|

1 5 34 "
- } b
ey p— 33 % 99 4 28 — 97
b Voo
3 8 7 32 30

| Wy

9<-10 ¢ 20 31

| |
s 11 15

o A W 13
12<-13<14<17<-18<19
Ie
16
bound by
af=0, =0, ne=0, rIo=0,

¢(y=0, NC:(): vr =0, &§rA=0,
mw=0, 0=0, piy=0.

The Auslander—Reiten quiver I'4 has as a generalized standard compo-
nent a generalized multicoil I" obtained by identifying (along the sectional
path Ly — -+ — Ly) the following translation quivers 77 and 73 (see details
in [21, Examples in Sections 2 and 3]):
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OL7

/\/1
\/\/L
/\/\/m
\/\/\/\

/o\/o\/o\/%
NS N NSNS
NSANSNLANLS
\/\ /\ /\/ \
/\/ \/ \,./ \/ \/
O\M/o\ /o\ /o\ /o\
NTSN S
NS N
NI, \ \
SINN \/
f\/ \/

\/\ /\/

/\/ VAN

\/\/

/\/. :

S /O\.

NS

o — O [— J— J— —

/
\
/
\
N,
a
AN

NN

NUANIN

SN N N

NN N

SNSNIINSIN SN N
N W AN AN AN AN
WON N NN N
NESNININAN, N
N N N N NS
NS NN AN AN
SN
NN, AN
NS
NN
7N

NLSNANL SN
NS NS NS NS
NS NN N AN
NN N N N NS NS
SNS NSNSINLINSNL NS
NN N N N N NSNS
NS NSNLINLIN SN NN
VN NN N NN N
NS NSNLINL NN SN SN

o — o —

where the vertical dashed lines have to be identified.

Note that the exceptional chain in I' is not proper.

5. Proof of Theorem 1.1

(i)=(ii). From Theorem 3.1 we know that a component of Iy is almost

cyclic and coherent if and only if it is generalized multicoil. Since I" contains
no coil configuration, it is a generalized standard generalized multicoil in 1’4
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without a proper exceptional chain. If I" does not contain an exceptional
chain then the statement follows from Proposition 4.5. Assume that I" has
an exceptional chain C which is not proper. So, C was created by applying
(ad 5) or (ad 5*) to at least two components (of algebra or algebras). From
[20, Lemma 3.3] we know that, for a fixed z € Ky(A), each ray and coray
in I' contains at most one module X with [X] = x. Therefore, from the
definition of the generalized multicoil we conclude that the set of new vertices
appearing after applying the above admissible operation contains no two
modules V', W such that [V'] = [W]. Using Proposition 4.5 again we complete
the proof of the implication.

(ii)=(1). If I" contains a Md&bius configuration or a coil configuration
then Proposition 2.8 or Proposition 2.6 implies that there exist indecom-
posable modules M and N in I" such that [M] = [N] and M <4eg N, and
clearly M Loyt IN.
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