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INVARIANCE IDENTITY IN THE CLASS
OF GENERALIZED QUASIARITHMETIC MEANS

BY

JANUSZ MATKOWSKI (Zielona Géra)

Abstract. An invariance formula in the class of generalized p-variable quasiarith-
metic means is provided. An effective form of the limit of the sequence of iterates of
mean-type mappings of this type is given. An application to determining functions which
are invariant with respect to generalized quasiarithmetic mean-type mappings is presented.

1. Introduction. Let X,Y be sets and T a selfmap of X. A function
¢ : X — Y is called invariant with respect to T (briefly, T-invariant) if
@ oT = @. The problem of determining such functions occurs in iteration
theory and fixed point theory [7]. Assuming, for instance, that (X,d) is a
metric space, T : X — X is a continuous mapping such that the sequence
(T™)nen of iterates of T is pointwise convergent then, obviously, the function
& : X — X defined by &(x) := lim,,_,oo T"(x) is T-invariant.

Mean-type mappings, i.e. mappings of the form M = (My,..., M,),
where the coordinate functions Mj, ..., M, are p-variable means, form a
broad class of maps for which this question is particularly interesting. This
follows from the fact that, under some general weak conditions, the sequence
(M™),en of iterates converges to a unique M-invariant mean-type mapping
K of the same invariant coordinate mean K (Theorem 1) ([8], cf. also [5], [4]).
In general, given a mean-type mapping M., it is either difficult or impossible
to find the explicit form of M-invariant means and M-invariant functions.

In the case p = 2, assuming X = (0,00)?, M = (4, H) and K = (G, G),
where A, G, H are the arithmetic, geometric and harmonic means, respec-
tively, we have the identity KoM = K, that is, Go (A, H) = GG, an example
of invariance that is equivalent to the classical Pythagorean harmony pro-
portion

z,y > 0.
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This invariance identity allows one to deduce the nontrivial fact that
lim (A, H)"(z,y) = (G(z,9), G(z,y)), ,y>0,
n—oo

which appeared to be useful in [2].

In this note we present an invariance formula for a broad family of gen-
eralized quasiarithmetic mean-type mappings (Theorem 2(i)) that, besides
invariant means, gives the explicit form of the limit of the sequence of iter-
ates of mean-type mappings (Theorem 2(ii)). Applying this result we deter-
mine the form of a large class of functions that are invariant with respect
to mean-type mappings.

2. Invariant generalized quasiarithmetic means. Fix an interval
I C Rand p € N, p > 2. Recall that a function M : IP — I is called a
p-variable mean if

min(zq,...,xp) < M(x1,...,2p) < max(xq,...,zp)
for all z1,...,2, € I. The mean M is called strict if these inequalities are
sharp for all (z1,...,2zp) € IP\ A, where
Ay ={(z1,...,zp) €IV i 21 = =1p};
and symmetric if M(z4(1), .., To(p)) = M(x1,. .., 7p) for all permutations o
of {1,...,p}.
Let M; : IP — I, i =1,...,p, be some means. A mean K : [P — [

is called invariant with respect to the mean-type mapping M : IP — [P,
M := (My,..., M), (briefly M-invariant) if
Ko (M,...,M,) =K.
From [5, Theorem 1] and [8, Theorem 3], we have
THEOREM 1. If M; : IP — I fori=1,...,p are continuous means and

max(M;(x), ..., My(x)) — min(M;(x),. .., My(x)) < max(x) — min(x)
for all x = (x1,...,2p) € IP \ A,, then the sequence of iterates of the
mean-type mapping M = (M, ..., M,) converges to a mean-type mapping
K= (K,...,K), where K : I’ — I is a continuous and M-invariant mean,
i.e. KoM = K; moreover, the M-invariant mean is unique.

Set

T+y 2xy
Az,y) =

92 ) H($7y):$+y7 G($7y):\/x 5 ﬂf,y>0

REMARK 1. Since G o (A, H) = G, the geometric mean G is (A4, H)-
invariant. From Theorem 1 we conclude that the sequence ((A, H)")nen of
iterates of the mean-type mapping (A, H) converges and

Tim (4, H)" = (G, G).
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This remark shows that the knowledge of the M-invariant mean and the
invariance formula

Go(AH) =G

can be very useful. However, it is known that in the class of quasiarithmetic
means, this invariance formula is rather exceptional (cf. [3], [1]).

It turns out that, in this respect, a natural extension of the notion of
quasiarithmetic means significantly improves the situation.

To see this consider the following fact easy to verify:

REMARK 2 ([6]). Let pe N, p>2.If f1,..., fp : I = R are continuous
increasing functions such that fi + --- 4 f, is strictly increasing, then the
function AUv-fel . [P — T defined by

AVvsbol (o ap) i= (i fo) T () o+ fo(zp),
Ti,...,2Tp €1,

is a p-variable strict mean. (This remark remains true on replacing “increas-
ing” by “decreasing”.)

Taking f; = w;f, where f : I — R is continuous and strictly monotonic,
and w; € (0,1),i=1,...,p, are such that w; + - -- +w, = 1, we obtain

A[fl""’fp](l‘l, . 71:1)) = f_l(wlf(l‘l) +---+ ’LUpf(lEp))a L1y ey Xp € I.

Therefore Alffrl i called a generalized weighted quasiarithmetic mean
with generators fi,..., fp (cf. [6]). If AlfiIr] is symmetric then it is quasi-
arithmetic.

For p = 2, setting f = f1 and g = fo, we get
AV @ ) o= (f +9) ' (f(2) +9(y), zyel

EXAMPLE 1. Since f,g : (—7/2,7/2) = R, f(z) = sinz, g(z) = z —
sin z, are continuous and strictly increasing, the function

APl (g y) = sinz +y—siny, @,y € (—7/2,7/2),
is a generalized weighted quasiarithmetic mean.

The following result provides another invariance formula in the class of
generalized quasiarithmetic means.

THEOREM 2. Let I C R be an interval and p € N, p > 2. Suppose that

fis-ooy fop—1 : I — R are continuous increasing and such that
p+i—1
F; .= Z fj s strictly increasing for i € {1,...,p}.
j=i

Then
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(i) the mean AFL-B] s invariant with respect to the mean-type map-
pzng (A[fl:"'vfphA[f27~~~’fp+1}, cee A[fp""7f2pfl])7 that is,

A[Flv"'vFP} o (A[fl""vfp]’ A[f27"'7fp+1]’ L. 7A[fpz"'7f2p—1]) — A[Flv"'vFP}

(ii) the sequence ((AWrr—Tol Alf2etpial = Alfprofopalyny o of dter-
ates converges in IP, and

hm (A[flv"'vfp]’ A[f27"'7fp+1]7 L. 7A[fP7"'7f2P—1])n — (A[Flv"'vFP}, ceey A[Flr”vFP])_

n—oo

Proof. (i) Applying in turn the definition of the generalized quasiarith-

metic mean A1) the definition of Fj := Z?Zf_l fj» the commutativity

of addition, and again the definition of Fj, we have

p
(Z Fj) o AlFvTol o (Al1nfol - AUpeofooaly (g )
j=1

= Py (AP Pol (g ,Tp)) e Fp(A[fp,m,fzp—l](xh e Tp)
=[fi(@1) + -+ folap)] + [fo(@1) + - + fpa(ap)]

ot (@) + -+ fop-1(ap)]
= [filz1) + -+ fplx)] + [fo(z2) + - - + fp1(x2)]

ot fp(@p) + o+ fop-1(ap)]

= Fl(l'l) +F2(332) + - +Fp($p) = Zﬂ(x])

J=1

[F1,....Fp)

for all z1,...,x, € I. Hence, again by the definition of A , we obtain

AP B o (AUt Aol @y Ly = AP Tl (g )

for all z1,...,2p € 1.
Result (ii) follows from (i) and Theorem 1. =

Taking f; = fp4i fori =1,...,p—1, we get

COROLLARY 3. Let I C R be an interval and p € N, p > 2. Suppose that
fi,.-., fp: I = R are continuous increasing and such that

P
F = Z fj s strictly increasing.
j=1
Then
(i) the quasiarithmetic mean A is invariant with respect to the cyclic
mean-type mapping

(A[fl 77777 fp]’A[f2 ~~~~~ fpufl]’A[fB»-“:fpvflva}, B .’A[f()’flr-'vfpfl})’
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that 1is,

(ii) the sequence ((ASr-Iol Alf2rostpn] - Alfpfrosfoalyny | o of iter-
ates converges in IP, and

hm (A[fh"wfp]’A[f2:-~~7fp:f1]7 RN A[fp:fl:-“vfpfl])n — (A[F]7 e A[F])

n—o0

Here the invariant mean AF], being quasiarithmetic, is symmetric,
though the coordinates of the mean-type mapping are nonsymmetric.

It turns out that the converse holds true. Namely, we have the following
obvious

REMARK 3. Let the assumptions of Theorem 2 be satisfied. If the invari-
ant mean A1l is quasiarithmetic, then f; = fppifori=1,...,p—1.

Taking p = 2 in Theorem 2, and setting fi = f, fo = g, f3 = h, we
obtain

COROLLARY 4. Let I C R be an interval. Suppose that the functions
f9,h : I — R are continuous increasing and such that f + g and g+ h are
strictly increasing. Then

(i) the mean AH9:9+h] s invariant with respect to the mean-type map-
ping (AF9 Aloh) that is,

AlFta.9thl o (Alfal glohly = Alf+9.9+h,

(ii) the sequence ((AlF9), Alohlyn)  of iterates converges in I2, and

lim (AF9), Alohlyn — (Alf+g.9+h] glf+g.g+h])

n—oo

EXAMPLE 2. The functions f,g,h: (0,00) — R,
f(x) =Va —log(l+a), g(x)=log(l+z), h(z)=z—log(l+w),

are continuous and strictly increasing in I = (0, 00). Thus, for all z,y € I,
1\? 1\?
Al y) = <\/5+log yjrrl) Al y) = <\/§+10g ot ) ,
T

y+1
2
AlFto.9+hl g 4y = (ﬁ—'— \/37> .
’ 2

By Corollary 4, the mean A/+9:9+h] is (Alf:9] Alo:h])-invariant, the sequence
((AlFgl Alohhyny | of iterates converges, and

lim (AV], ARy — (A F00Hh] Al 0.0 00]),

n—o0

For p = 3, setting f1 = ¢, fo=d, f3s=f, fa =g, f5 = h, we obtain
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COROLLARY 5. Let I C R be an interval. Suppose that c,d, f,g,h :
I — R are continuous increasing and such that c+d—+ f, d+ f + g and
f+ g+ h are strictly increasing. Then

(i) the mean Alctdtlhdti+a./+9+hl s inyariant with respect to the mean-
type mapplng (A[C,d,f]’ A[dvﬁg]’ A[fvgvh])} that 7;5’
Aletdrfdtfrg frathl o (gledfl pldfal glfahly — gletd+fdtfta.f+g+h],
(ii) the sequence ((AledS] AldSal AlLohlyny | o of iterates converges in
I3, and
lim (AledS] Ald Sl glf.9.h)n

n—o0
(Aletdtfdtfra.f+othl pletd+fdtftg.f+g+h] gletdtfd+ftg.frathly

3. Invariant functions. In this section we prove

THEOREM 6. Let I C R be an interval and p € N, p > 2. Suppose that

fi,.-., fop—1 : I = R are continuous increasing and such that
p+i—1
F; .= Z fj s strictly increasing for i € {1,...,p}.
j=i

Assume that a function @ : IP — R is continuous on the diagonal Ap,. Then
@ is (Aot Alf2roforal o Alfefoo—1]) ipuariant, i.e.

@(A[flr”'vfp], A[f27~--7fp+1}7 . ,A[fpw-vf?p—l]) =@

if and only if there is a continuous single variable function @ : I — R such
that

&= o AlFiei],

Proof. If a function @ is (A[fl’“"fp],A[fQ"“’fP“],...,A[fp""’f%*l])—inva—
riant, then, by induction,

Bz, ..., xp) = B((ASV Il A2 fpial Al o foomalyny g Y)

for all n € N and z1,...,2, € I. From Theorem 2(ii), letting n — oo, and
making use of the continuity of ¢ on A,, we obtain
B(x1,...,1p) = (APl AT Ty (g Jxp)),  T1,...,ap € L

Hence, setting p(z) := &(x,...,x), x € I, we get
D(x1,...,2p) = (AP Fol (g \Tp))y  Xl,...,Tp € L.

Since the converse implication is easy to verify, the proof is complete. u
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For p = 2 setting f1 = f, fo = g, f3 = h, we hence get

COROLLARY 7. Let I C R be an interval. Suppose that f,g,h : I — R are
continuous, increasing and such that f + g and g+ h are strictly increasing.
Assume that & : IP — R is continuous on the diagonal As. Then & is
(AlS9)) Aloh)) - invariant, i.e.

d o (A[ﬁy]’ A[gvh]) =9,

if and only if there is a continuous single variable function ¢ : I — R such

that
® = o AUFo9th

Take f,g,h: I — R as in Example 2. Applying Corollary 7 we obtain

EXAMPLE 3. Assume that a two-variable function @ : I? — R is con-
tinuous at every point of the diagonal As. Then @ satisfies the functional
equation

@fﬂy—HQ +1x—+12—¢() el
z ng+1 ) \/17 Ogy+1 - z,Y), €,y )
if and only if
n 2
¢($,y)=¢<(w> ) z,y €1,

where ¢ : I — R is a continuous function.

Acknowledgements. The author is indebted to the referee for his valu-
able comments.

REFERENCES

[1] Z. Darbczy and Zs. Pales, Gauss-composition of means and the solution of the Mat-
kowski—Suté problem, Publ. Math. Debrecen 61 (2002), 157-218.

[2] P. Kahlig and J. Matkowski, FElliptic means and their generalizations, Anzeiger
Osterr. Akad. Wiss. Math. Natur. K1. 139 (2003), 7-15.

[3] J. Matkowski, Invariant and complementary quasiarithmetic means, Aequationes
Math. 57 (1999), 87-107.

[4] J. Matkowski, [terations of mean-type mappings and invariant means, Ann. Math.
Siles. 13 (1999), 211-226.

[6] J. Matkowski, Iterations of the mean-type mappings, in: Iteration Theory (ECIT’08),
A. N. Sharkovsky and I. M. Sushko (eds.), Grazer Math. Ber. 354 (2009), 158-179.

[6] J. Matkowski, Generalized weighted quasiarithmetic means, Aequationes Math. 79
(2010), 203-212.

[7] J. Matkowski, Fized points and iterations of mean-type mappings, Cent. Eur. J. Math.
10 (2012), 2215-2228.

[8] J. Matkowski, Iterations of the mean-type mappings and uniqueness of invariant
means, Ann. Univ. Sci. Budapest. Sect. Comput. 41 (2013), 145-158.


http://dx.doi.org/10.1007/s000100050072
http://dx.doi.org/10.1007/s00010-010-0001-x
http://dx.doi.org/10.2478/s11533-012-0106-7

228 J. MATKOWSKI

Janusz Matkowski

Faculty of Mathematics, Informatics and Econometrics
University of Zielona Géra

65-516 Zielona Géra, Poland

E-mail: J.Matkowski@wmie.uz.zgora.pl

Received 1 April 2014;
revised 1 September 2014

(6217)



	1 Introduction
	2 Invariant generalized quasiarithmetic means
	3 Invariant functions
	REFERENCES

