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SEPARABLE AND FROBENIUS MONOIDAL HOM-ALGEBRAS

BY

YUANYUAN CHEN and XIAOYAN ZHOU (Nanjing)

Abstract. As generalizations of separable and Frobenius algebras, separable and
Frobenius monoidal Hom-algebras are introduced. They are all related to the Hom-Fro-
benius-separability equation (HFS-equation). We characterize these two Hom-algebraic
structures by the same central element and different normalizing conditions, and the
structure of these two types of monoidal Hom-algebras is studied. The Nakayama auto-
morphisms of Frobenius monoidal Hom-algebras are considered.

1. Introduction. Hom-type algebras appeared first in physical con-
texts, in connection with twisted, discretized or deformed derivatives and
corresponding generalizations, discretizations and deformations of vector
fields and differential calculus. The notion of Hom-Lie algebras was intro-
duced by Hartwig, Larsson, and Silvestrov [19) 20, [16] as part of a study
of deformations of Witt algebras and Virasoro algebras. In a Hom-Lie al-
gebra, the Jacobi identity is twisted by a linear map called the Hom-Jacob:
identity,

[a(@), [y, 2]] + [a(y), [z, 2]] + [a(2), [, 4]] = 0,

where « is a Lie algebra endomorphism. Because of their close relation to
discrete and deformed vector fields and differential calculus, Hom-Lie alge-
bras are widely studied recently: see [26, 2] 36}, B8, [I, 17, 10} B30].
Hom-associative algebras play the role of associative algebras in the
Hom-Lie setting. They were introduced by Makhlouf and Silvestrov [24].
Home-associative algebras and their related structures have recently become
rather popular, due to the prospect of having a general framework in which
one can produce many types of natural deformations of algebras, includ-
ing Hom-coassociative coalgebras, Hom-Hopf algebras, Hom-alternative al-
gebras, Hom-Jordan algebras, Hom-Poisson algebras, Hom-Leibniz algebras,
infinitesimal Hom-bialgebras, Hom-power associative algebras, quasi-trian-
gular Hom-bialgebras (see [15] 23] 26, 37, 39, 6, [I1]). Furthermore, some
categories of Hom-modules on Hom-Hopf algebras are studied, such as the
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category of Hom-Hopf modules and the category of Yetter—Drinfel’d Hom-
modules [13].

Makhlouf and Silvestrov [25], 26] further investigate Hom-associative al-
gebras and Hom-coassociative coalgebras. Here the associativity of algebras
and the coassociativity of coalgebras are twisted by two different endo-
morphisms. Hom-bialgebras are both Hom-associative algebras and Hom-
coassociative coalgebras such that comultiplication and counit are mor-
phisms of algebras. These objects are slightly different from the ones studied
in this paper (see Section 2).

Frobenius extensions and separable extensions are two fundamental con-
cepts in the theory of (non)commutative rings. The concept of Frobenius
algebras is important because of its connections to such diverse areas as
group representations, homology of a compact oriented manifold, topological
quantum field theories, quantum cohomology, Gorenstein rings in commuta-
tive algebras, Hopf algebras, coding theory, Lie quasi-Frobenius algebras, the
classical (quantum) Yang—Baxter equation (see [3,[4,5]). In addition, there is
a “quantum version” of the classical result that any finite-dimensional Hopf
algebra is Frobenius. The main properties of Frobenius algebras were de-
veloped by Nakayama [28]. The Nakayama automorphism is a distinguished
k-algebra automorphism of a Frobenius algebra A which measures how far
A is from being a symmetric algebra, where k is a fixed field. The automor-
phism is the identity if and only if A is symmetric. To solve the problem of
whether a symmetric algebra is independent of k, Murray [27] shows that the
Nakayama automorphism of a Frobenius algebra over k is independent of k.

The existing versions of Maschke’s Theorem provide the notion of sepa-
rable functors (see [8]), which is applied to the category of representations.
Caenepeel et al. [7] present a unified approach to the study of separable
and Frobenius algebras. To do this, Frobenius-separability equation (FS-
equation) is introduced, whose solution also satisfies the braided equation
(which is in a sense equivalent to the quantum Yang-Baxter equation).
As the main result, the structure of separable and Frobenius algebras is
investigated in [9]. Naturally, we are interested in these two structures in
Hom-setting. We have performed a preliminary study of monoidal Hom-Hopf
algebras with Frobenius and separable property. In [11] we discuss the prob-
lem of when finite-dimensional monoidal Hom-Hopf algebras are Frobenius
associated with integral spaces and describe the semisimplicity and separa-
bility of monoidal Hom-Hopf algebras by proving a Maschke type theorem
for monoidal Hom-Hopf algebras. We now wish to study Frobenius monoidal
Hom-algebras and separable monoidal Hom-algebras from a unifying point
of view. Moreover, we want to see whether the Nakayama automorphism of
a Frobenius monoidal Hom-algebras in the Hom-category H (M) is inde-
pendent of the field.
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The main purpose of this paper is to study the structure of Frobenius and
separable monoidal Hom-algebras related to the Hom-Frobenius-separability
equation (HFS-equation). The paper is organized as follows. In Section 3,
we introduce the HFS-equation and study its matrix form. In Section 4, we
characterize Frobenius and separable monoidal Hom-algebras by the same
central element and different normalizing conditions, and study the structure
of these two types of monoidal Hom-algebras. In Section 5, we prove that the
Nakayama automorphism of a Frobenius monoidal Hom-algebra in #H(My)
is independent of the field k.

Throughout the paper, all vector spaces, tensor products and homomor-
phisms are over k. We use Sweedler’s notation for coalgebras and comodules:
For a coalgebra C', we write its comultiplication A(c) = ¢;®ca, for any ¢ € C
for a right C-comodule M, we denote its coaction by p : m — mg) @ my),
for any m € M, where we omit the summation symbols for convenience.
The symbol 7 denotes the transposition map.

Throughout this paper we freely use the Hopf algebras and coalgebras
terminology introduced in [14] 29, 32} [35]. The reader is also referred to [34]
for basic facts on Frobenius algebras, related Hopf algebras, and their ap-
plications.

The authors were informed by the Editor that the three papers [12, 21,
22], related to the subject of our paper, are accepted for publication.

2. Preliminaries. Let My = (Mg, ®,k,a,l,r) be the category of k-
modules. We define a new monoidal category H(My). The objects of H(My,)
are the couples (M, ), where M € My, and p € Auty(M). The morphisms of
H (M) are the morphisms f : (M, u) — (N,v) in My, such that vof = fopu.
For any objects (M, i), (N,v) € H(M}), the monoidal structure is given by

(M,p)® (N,v) =M@ N,p®v) and (k,id).

Briefly, all Hom-structures are objects in the monoidal category H (M)
= (H(My), ®, (k,id), a,l,7) introduced in [6], where the associator @ is given
by the formula
(2.1)  amnNr=oamnro(p®id) ® Cil) =(p®(id® Cil)) O AM,N,Ls
for any objects (M, 1), (N,v), (L,<) € H(M}), and the unitors [ and 7 are

TM:uolM:lMo(id@@,u), T = pory =ryo(p®id).

The category ﬁ(M 1) is called the Hom-category associated to the monoidal
category My. A k-submodule N C M is called a subobject of (M, pn) if
p restricts to an automorphism of N, that is, (N, u|y) € 7-£(./\/lk) Since
the category Mj has left duality, so does the category 7-[(/\/lk) Now let
M* = Homy (M, k) be the left dual of M € My, and let by : k — M @ M*
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and dy; : M* ® M — k be the coevaluation and evaluation maps. Then
the left dual of (M, u) € H(My,) is (M*, (u*)~1), and the coevaluation and
evaluation maps are given by the formulas

by =(pou) T oby, dy=dyo (e p).
We now recall from [6] some information about Hom-structures.

DEFINITION 2.1. A wnital monoidal Hom-associative algebra (called a
monoidal Hom-algebra in [0, Proposition 2.1]) is a vector space A together
with an element 14 € A and linear maps

m:ARA— A a®b—ab, «€ Autg(A),

such that

(2:2) o(a)(be) = (abae),
(2.3) a(ab) = a(a)a(b),
(2.4) aly = 1laa = afa),
(2.5) a(la) = 1a,

for all a,b,c € A.

Throughout, we use the concepts of [6] for convenience. The definition
of unital monoidal Hom-associative algebra is different from that of uni-
tal Hom-associative algebra in [25, 26] in the following sense. The same
twisted associativity condition holds in both cases. However, the uni-
tality condition for unital Hom-associative algebras is the usual untwisted
one: algy = 1ga = a, for any a € A, and the twisting map a does not need
to be monoidal (that is, and are not required).

In the language of Hopf algebras, m is called Hom-multiplication, « is
the twisting automorphism and 14 is the unit. Let (A, ) and (A4’,a) be
two monoidal Hom-associative algebras. A monoidal Hom-algebra map f :
(A, o) — (A, ) is a linear map such that foa =o' o f, f(ab) = f(a)f(b)
and f(lA) = 1A’-

DEFINITION 2.2. A counital monoidal Hom-coassociative coalgebra (called
amonoidal Hom-coalgebrain [0, Proposition 2.4]) is a vector space C' together
with linear maps A : C — C® C,A(c) = ¢1 ® ¢, and € : C — k and
v € Autg(C) such that

(2.6) v He) @ Alea) = Aler) @7 (ea),
(2.7) A(y(c)) = (1) @ v(e2),

(2.8) c1e(ca) = 7_1(0) = e(c1)co,

(2.9) e(v(c)) = ¢lo),

for all c € C.
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Note that is equivalent to ¢; ® (c21 ® ¥(c22)) = (Y(c11) ® €12) ® co,
which is often used in the rest of the paper. Let (C,~) and (C’,~’) be two
monoidal Hom-coassociative coalgebras. A monoidal Hom-coalgebra map f :
(C,v) — (C",+') is a linear map such that foy=~"of Ao f=(f® f)oA
and &' o f = ¢.

The definition of monoidal Hom-coassociative coalgebra here is some-
what different from the counital Hom-coassociative coalgebra in [25] 26].
Their coassociativity condition is twisted by some endomorphism, not nec-
essarily by the inverse of the automorphism ~. The counitality condition
is the usual untwisted one. Counital Hom-coassociative coalgebras are not
monoidal, that is, and are not required.

With the same compatibility conditions as for Hom-bialgebras in [26],
we introduce the concept of monoidal Hom-bialgebras.

DEFINITION 2.3. A monoidal Hom-bialgebra H = (H,a,m,n, A, ¢€) is a
bialgebra in the monoidal category H(My). This means that (H,«,m,n)
is a monoidal Hom-associative algebra and (H, «a, A, €) is a monoidal Hom-

coassociative coalgebra such that A and ¢ are algebra maps, that is, for any
h,g € H,

A(hg) = A(h)A(g), A(lg) =1x ®1m,
e(hg) = e(h)e(g), e(ly) =1.

REMARK 2.4. The definition of Hom-bialgebra proposed in [25] contains
two different endomorphisms governing the Hom-associativity and Hom-
coassociativity. For any bialgebra (H,m,n,A,¢), and any bialgebra endo-
morphism « of H, the authors in [25] show that (H,a,aom,n,Aoa,¢) is a
Hom-bialgebra in their sense. In our case, there is a monoidal Hom-bialgebra
(H,a,ccom,n,Aoa~t ), provided that o : H — H is a bialgebra auto-
morphism. The superiority of our definition is that these objects in (M)
are self-dual.

DEFINITION 2.5. A monoidal Hom-bialgebra (H, «) is a monoidal Hom-
Hopf algebra if there exists a morphism (called antipode) S : H — H in

H(My) (i.e. Soa = aoS) such that
S*xid=noe=1id* S.
Note that a monoidal Hom-Hopf algebra is by definition a Hopf algebra

in 7—~[(M 1) Further, the antipode of monoidal Hom-Hopf algebras has almost
all the properties of the antipode of Hopf algebras such as

S(hg) = S(g)S(h), S(1g) =1m,
A(S(R)) = S(hg) ® S(h1), eoS=c¢.



234 Y.Y. CHEN AND X. Y. ZHOU

That is, S is a monoidal Hom-anti-(co)algebra homomorphism. Since «
is bijective and commutes with the antipode S, we can also see that the
inverse o~ commutes with S, that is, Soa ! =a 10 S.

For a finite-dimensional monoidal Hom-Hopf algebra (H, o, m,n, A, €, .S),
the dual (H*, (a*)™1) is also a monoidal Hom-Hopf algebra with the follow-
ing structure: for all g,h € H and ¢, p € H*,

(9o, h) = (&, h1) (¢, ha), 1y~ =¢,
(A(¢), g ®h) =(p,gh),  em-=n,
(@) p)=goa™t, S*(¢) =057
In the following, we recall the actions of monoidal Hom-associative alge-

bras and coactions of monoidal Hom-coassociative coalgebras.

DEFINITION 2.6. Let (A, ) be a unital monoidal Hom-associative alge-
bra. A left (A, a)-Hom-module consists of (M, ) in H(My) together with a
morphism ¢ : A® M — M, ¥(a ® m) = a - m, such that

(
a(a) - (b-m) = (ab) - p(m),
pla-m) = ala) - p(m),  1a-m = p(m),
for all a,b € A and m € M.

A monoidal Hom-associative algebra (A, ) can be considered as a Hom-
module over itself via Hom-multiplication. Let (M, u), (N,v) be two left
(A, a)-Hom-modules. A map f : (M,u) — (V,v) is called a morphism of
left (A, «)-Hom-modules if f(a-m)=a- f(m) and fopu =rvo f. We denote
by H(4M) the category of left (A, a)-Hom-modules and left (A, o)-linear
morphisms between them.

If (M,p) is both a left (A, a)-Hom-module and a right (A, «)-Hom-

module such the compatibility condition
(2.10) afa) - (m-b) = (a-m)-a(b)
holds, then (M, u) is called an (A, «)-Hom-bimodule.

Dually, we can define Hom-comodules. Now let (C,~) be a monoidal
Hom-coassociative coalgebra.

_ DEFINITION 2.7. A right (C,~)-Hom-comodule is an object (M, p) in

H(My,) together with a k-linear map pyr : M — M ® C, ppr(m) = m(g) ®

m1), such that

(2.11) 1 (o)) ® Ao(mey) = (myo) © mya) @7 (M),
pur(p(m)) = p(m)) @ y(may),  mye(may) = p~ ' (m),

for all m € M.
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Note that can be equivalently restated as m ) ® (m (1)1 @y (m(1)2))
= ((my(0)) @my1)) @M1y (C,7) is a Hom-comodule over itself via Hom-
comultiplication. Let (M, ) and (N, v) be two right (C, v)-Hom-comodules.
A map g: (M,v) — (N,v) is called a right (C,~)-Hom-comodule morphism
if gop = vog and g(mg)) ®m(1) = g(m) ) ®g(m)1). We denote by H(M®)
the category of right (C,~)-Hom-comodules and right (C,~)-colinear mor-
phisms between them.

3. Hom-Frobenius-separability equation. In this section, we intro-
duce the HFS-equation and show that it implies the Hom-braided equation.
Also we study the matrix form of the HFS-equation.

For any monoidal Hom-algebra (4, a), (A® A, a ® «) can be considered
as an (A, «)-Hom-bimodule with the actions

a>(b®c)=ab®alc), (b®c)<a=a(b)® ca,
for all a,b,c € A.
Indeed, under the action a> (b®c) = ab® a(c), (AR A, a® a) is a left
(A, a)-Hom-module. Explicitly,
afa)> (b (c®d)) = ala) > (be® a(d)) = ala)(be) @ a
= (ab)a(c) ® a*(d) = (ab) > (a(c) ® a(d))
= (ab) > (a®*(c ® d)),
b (c®d) =14 (c®d) =1ac® a(d) = a®?*(c® d),
for all a,b,c,d € A. Similarly, (A ® A,a ® «) is a right (A, «)-Hom-module
with the action (b®c)<ia = a(b)®ca. Moreover, the compatibility condition
(2.10) holds, that is,
(a> (b®c)) Qa(d) = alab) ® alcd) = ala) > (b® ¢) < d).
So (A® A,a® a) is an (A, a)-Hom-bimodule.
An o®Zinvariant element e = Y el ® €2 € A ® A will be called (4, a)-

central if for any a € A,
a>e=eda.

Explicitly, e satisfies the following two conditions:
(a®a)e)=c¢

and

(3.1) Z ae' @ ale?) = Z a(el) ® e?a.

For an object (M, ;1) € H(My), let R : M @ M — M ® M be a linear
map and consider the maps R'?, R, R¥ : Mo M @M — M @M ® M in

H(My}) given by the formulas
RZ=Rou RBP=poR, RB=(@{o7)o(Reu)o(ider).
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A similar notation will be used for elements e € A ® A, where (4, ) is a
monoidal Hom-algebra with unit 14. If e = > e! ® €2, then

el? = €1®62®1A, eld = 61®1A®62, 623221,4@61@62.

DEFINITION 3.1. Let (A,ma,14,) be a Hom-algebra and let R =
SRIQR? € A® A

(1) R is called a solution of the Hom-Frobenius-separability equation (or
HFS-equation for brevity) if

RIZR2 _ 23113 _ plipl2
in A® A® A.
(2) Riscalled asolution of the Hom-separability equation (or HS-equation)

if R is a solution of the HFS-equation and satisfies the normalizing
separability condition

YRR =14.
(3) (R,) is called a solution of the Hom-Frobenius equation (or HF-

equation) if R is a solution of the HFS-equation and there exists
an element ¢ € A* such that the normalizing Frobenius condition

holds:
> eRHR? =) R'G(R?) = 1a.
(4) R is called a solution of the Hom-braided equation if
(R12R23)a®3(7212) — a®3(R23)(R127€23).
Note that if R is a solution of the HFS-equation then
(R12R23) ®3(R12) (R23R13) ®3(R12) — a®3(7€23)(7€137€12)
a®3(R23)(Rl2R23),

so R is a solution of the Hom-braided equation.
In addition, if e is (A, a)-central, then writing £ = 3" E'® E? as another
copy of e, we have

e?e® =) (' ® e’ ®14)(14 ® E' ® E?)
= Z Y e?E' @ a(E?)
g ZElel ®a(€2) ®Q(E2) _ 613612
and
et2e?3 = Z ale!) ® 2B @ a(E?)
.Z ®C¥E1)®E22 23613

so e is a solution of the HFS-equation.
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For any monoidal Hom-algebra (A, «), there is another (A, «)-Hom-
bimodule structure on (A ® A, a ® «) given by
a— (b®c)=ata)b®alc),
(a®@b) + c=ala)®ba"(c),
for any a,b,c € A.
PROPOSITION 3.2. Let (A,ma,14,a) be a monoidal Hom-algebra and

let A: A— A® A be an (A, o)-Hom-bimodule map with the left action —
and right action <. Set e = A(14). Then

(1) e is a®%-invariant and a solution of the HFS-equation.
(2) A is Hom-coassociative.
(3) If (A, A,e,a) is a monoidal Hom-coassociative coalgebra structure

on A, then A is finitely generated and projective in ﬁ(/\/lk)
Proof. Firstly,
e=A(1a) = A(a(1a)) = (@@ a)(A(14)) = (@@ a)(e),
so e is a®2-invariant. Secondly, since A is an (4, a)-Hom-bimodule map, we
obtain
A(?(a)) = A(Lgala)) = A1) + a(a) = e<a,
A(a?(a)) = Aa(a)la) = aa) = A(la) = a>e.

So e<da = al>e, that is, e is (A, a)-central. Thus e is a solution of the
HFS-equation.

(2) From [I1], proof of Proposition 5.2,

Aa) = ale!) ® a2 (a) = a?(a)e! ® ale?)

is Hom-coassociative.

(3) For all a € A, applying ¢ ® id and id ® € to A(«a(a)),

a=(e®id) o A(a(a)) = Z(E ®id)(a " (a)e! ® ale?)) = Zs(ael)eQ,
a=(id®e)oAla(a) =) (id@e)(ale!) ®ea'(a) =) e(c®a)e,

which implies that {el,e(e?)} or {€2,e(-e')} are dual bases of (A,q) in

Let (H, a) be a monoidal Hom-Hopf algebra with antipode S. It follows
from [II], Section 4] that R = Y t; ® S(t2) € H ® H is (H, a)-central,
where t € H is a left integral for (H,«). Therefore it is a solution of the
HFS-equation and Hom-braided equation.

Observe that if ¢t is a right integral for a monoidal Hom-Hopf algebra

(H, ), then a similar argument can show that S(¢1) ® to is also a solution
of the HFS-equation.

)
)
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PROPOSITION 3.3. Let (A, ) be a monoidal Hom-algebra, and e € AR A
an (A, a)-central element. Then for any left (A, a))-Hom-module (M, 1), the
map R=Re . MM — M Q@ M given by

R(m ®n) 2261 m®e*-n
is a solution of the HFS-equation in Endg(M ® M ® M).
Proof. For all m,l,n € M, we have
RUERB(melon) =R (uim)®e' -1@e* - n)
=B p(m) @ B? - (¢! 1) @ p(e” - n)
= a(E") - u(m) @ a(E?) - (e' - 1) @ a(e?) - u(n)
— a(BY) - u(m) @ (B2eY) - u(l) @ ale?) - ().
Similarly,
RURZ(m @ L @n) = (B'e!) - u(m) @ a(e?) - u(l) ® a(E2) - (n),
RERY(m &L @n) = ale!) - u(m) & a(BY) - u(l) @ (B2e2) - p(n).
Since e is (A, a)-central, we know it is a solution to the HFS-equation, that

is, a(EY@(E2eh)2a(c?) = (Bleh)oa(e?)2a(E2) = ale)a(B)o(B2?),
which implies that R1?R?? = RBRIZ = RPR!3. u

In particular, we have the following corollary.

COROLLARY 3.4. If (A, ) is a monoidal Hom-algebra and e € A® A is
an (A, a)-central element, then R, : AR A — AR A, Re(a®b) =3 ela®e?b,
18 a solution of the HFS-equation. Moreover, if e is a separable idempotent
element (resp. (e,e) is a Frobenius pair), then R, is a solution of the HS-
equation (resp. HF-equation).

In the following, we introduce the notation of matrix Hom-algebras and
comatrix Hom-coalgebras. Then we can study the HFS-equation in the form
of matrix equations.

Let (M, p) € H(My) and M be a finite-dimensional vector space with
a basis {e1,...,e,}, and {f!,..., f*} the corresponding basis of the dual
space M* with (f% e;) = 5;- for all 4,5 € {1,...,n}. Then {aé» =fl®e; |
i,j=1,...,n} and {c; =e;® f']4,7=1,...,n} are bases for respectively
Endg(M) = M* ® M and Endg(M*) =2 M ® M*. The isomorphisms are
given by the formula

ai(er) = Oej,  c5(fF) =akfi.

Then there is a monoidal Hom-associative algebra structure on (M*QM, o =



HOM-ALGEBRAS 239

©* @ p) given by
(3.2) aéaf = 5lioz(a§), Zaﬁ =1,

which is isomorphic to the n x n-matrix algebra M, (k) in H(My), ie.,
the n x n-matriz Hom-algebra H(M,(k)), where « is an algebra automor-
phism. Moreover there is a monoidal Hom-coassociative coalgebra structure
on (M®M*,'y = ,u®,u*) given by

Zv () @y (), e(d)=4d,
which is isomorphic to the n x n-comatriz Hom-coalgebra H(M™(k)), where

v is a coalgebra automorphism.
A linear map R:M®M— M®M in H(Mk) can be described by a

matrix, with n entries xp, € k, where 4,5, k,1 € {1,...,n}. This means that
(3.3) R(mi @ my) = Z xklmi ® my,
1]
or
ik l
(3.4) R = Z rpe; @ €.
i7j7k7l

In the following, we use the Einstein summation convention as in [9,
Section 5.1]. In summations, all indices run from 1 to n. If an index occurs
twice or more in an expression, then it is understood implicitly that we take
the sum where this index runs from 1 to n, so we often omit the summation
symbol. Indices that occur only once are not summation indices, and an
index is not allowed to occur more than twice in one expression.

Furthermore, we can represent the automorphism g by a matrix, with
n? entries z] € k. Explicitly,

(3.5) p(mi) =y zlmy,
J

where i,j € {1,...,n}. Then it is straightforward to compute
RYZR (my, @ my @ my) = szfxf,ivxrsml ®m; @ my,
RBRB(my, @ my @ my) = zsz’x” l’st m; @ mj ® my,
RBRIZ(my, @ my, @ my) = 2520278 2%m; @ m; @ my,.

Now, the HFS-equation can be rewritten as the following matrix equation.

PROPOSITION 3.5. Let (M, j1) € H(My,) with a basis {m1,...,my}, and
let R € Endg(M @ M) and p be given by (3.3) and (3.5) respectively.
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(1) R is a solution of the HFS-equation if and only if

J..rs ik
ws LyvLrt

i s it gkt
vwlrs = FufrLywLst Z

o7 Zlcxst

for all u,v,w,i,5,k € {1,...,n}.
(2) R satisfies the sepambzlzty condztwn if and only if w,w Z = 6]
(3) R satisfies the Frobenius condition if and only if :L‘k = xlk = 6J.

Proof. (1) This is obvious from the above analysis.
(2) and (3) follow from (3.4) by using the multiplication rule (3.2) and
the formula (¢ ) = 52

EXAMPLE 3.6. (1 ) Let (A, a) be a monoidal Hom-algebra. If an element
a € A satisfies the condition a? = a(a), then a ® a is a solution of the
HFS-equation. B 4

(2) Let (A, @) = H(My(k)), and let (e!)1<ij<n be the basis, where
oz(eg) = —eg. Then

n
R-Y ded
i=1
is a solution of the HS-equation, but not a solution of the HF-equation.

4. The structure of separable and Frobenius monoidal Hom-
algebras. In this section, we introduce separable monoidal Hom-algebras
and Frobenius monoidal Hom-algebras, and describe them by the same
(A, a)-central element and different normalizing conditions. Any (A, «)-
central element is a solution of the HFS-equation. As the main result of
this section, we show that any solution of the HFS-equation arises in this
way. In the following, we assume that (A, «) is a finite-dimensional monoidal
Hom-algebra.

DEFINITION 4.1. (1) A monoidal Hom-algebra (A, m, 14, «) is called sep-
arable if there exists a separability idempotent element, that is, an (A, «)-
central element e = Y el ®e? € A® A satisfying the normalizing separability

condition
Z ele? = 14.

(2) A monoial Hom-algebra (A, m, 14, «) is called Frobenius if there ex-
ists a coalgebra structure (A4, A, ) such that the comultiplication A : A —
A® Ais an (A, a)-Hom-bimodule map.

We note that a monoidal Hom-algebra (A, m, «) is separable if and only
if the Hom-multiplication m splits in the category of (A, a)-Hom-bimodules
(see [11, Section 4]). A finite-dimensional monoidal Hom-algebra (A4, «) is
Frobenius if and only if (A4, a) = (A%, (a*)~1) as left (or right) (A, a)-Hom-
modules if and only if there exists a Frobenius structure of (A, «) if and only
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if there exists a Hom-associative, nondegenerate bilinear form B : (A, A) —
k for (A, «) (see [11), Proposition 5.2]).

By defining A : (A,«) — k,A(a) := B(a,1) = B(1,a) and B(a,b) :=
A(ab), it is not difficult to show that the above conditions are all equivalent
to the assertion that there exists a morphism \ in 7?[(./\/1;.3) whose kernel
contains no nonzero Hom-ideals.

If the bilinear form B is symmetric, that is, B(a,b) = B(b,a) for any
a,b € A, then (A, «) is called symmetric.

Furthermore, we will study the relation between Frobenius monoidal
Home-algebras and the HF-equation.

PROPOSITION 4.2. Let (A, a) be a monoidal Hom-algebra. Then (A, «)
is Frobenius if and only if there exist e = Y. el ®e? € A® A and ¢ € A*
such that (e, ) is a solution of the HF-equation.

Proof. Firstly, the property of counit is satisfied if and only if the nor-
malizing Frobenius condition holds.

Next, from the fact that A : A - A® A is an (A, a)-Hom-bimodule
map, set e = A(14). Then e is (A, «)-central by the proof of the first part
of Proposition So e is a solution of the HFS-equation. Conversely, the
(A, a)-central element determines the (A, «)-Hom-bimodule map A and it
is Hom-coassociative by Proposition [3.2(2). =

Recall that any finite-dimensional monoidal Hom-Hopf algebra is semi-
simple if and only if it is separable (see [11, Theorem 4.6]). We will see below
that a Frobenius monoidal Hom-algebra is separable under some assump-
tion.

PROPOSITION 4.3. Let (A, «r) be a Frobenius monoidal Hom-algebra such
that w = ma o A(14) is invertible. Then (A,«) is a separable monoidal
Hom-algebra.

Proof. Let e = A(14) = e! ® €% Then e is (A, a)-central of (A, «). So,
(ee)a = a(e))(e2a~ (@) = (0~ (a)e )ale?) = a(ele?),

that is, w € Z(A), the center of (A4, a). And the a®?-invariance of e implies
that w is a-invariant too. It follows that its inverse w1 is also a-invariant
and also in Z(A). Now set

R =w"'e! @ a(e?),
which is a separability idempotent. Indeed, for any a € A,
a(w™tel) ® a?(e?) = (e Ha)w Ha(e') @ a?(e?)

= (w™'a" (a))a(e") ® a*(e?)
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= a(w™ ) (a"(a)e!) ® ala(e?))

= a(w™ 1)0<( ) @ a(e*a”(a))

= a(wteh) @ ae?)a,
which shows that R is (A a) central. Moreover, the normalizing separability
condition holds: (w™ el)a( 2) = w™!(e'e?) = 14. Thus (A, ) is a separable

monoidal Hom-algebra. =

We have seen that, for a monoidal Hom-algebra (A, «), any (A, a)-central
element R € A® A is a solution of the HFS-equation. Conversely, in the
category H(My), any a®2-invariant solution of the HFS-equation arises in
this way.

THEOREM 4.4. Let (A, ) be a monoidal Hom-algebra, and suppose an
a®?invariant element R = Y. R' @ R? € A® A is a solution of the HFS-
equation.

(1) There exists a monoidal sub-Hom-algebra A(R) of (A, «) such that

R e AR)® A(R) and R is A(R)-central.

(2) (A(R),R) satisfies the following universal property: if (B,[) is a
monoidal Hom-algebra, and e € B ® B is (B, [3)-central, then any
Hom-algebra map f : (B,3) = (A,a) with (f @ f)(e) = R factors
through a Hom-algebra map f: B — A(R).

(3) If R € A® A is a solution of the HS-equation (resp. HF-equation),
then A(R) is a separable (resp. Frobenius) monoidal Hom-algebra.

Proof. (1) Let A(R) ={a € A|a>R =R <a} and let the automor-
phism on A(R) be «a restricted to A(R). Obviously, 14 € A(R). For any
a,b e A(R), we have

(ab) > R = (ab)R' @ a(R?) = a(a)(ba ' (RY)) ® a(R?)
= a(a)(bRY) ® a(a(R?)) = a(a)a(RY) @ a(R>b)
= a(aR") ® a(R?)a(b) = a(a(R")) @ (R%a)a(b)
= a?(RY) @ a(R?)(ab) = a(R') @ R*(ab) = R < (ab),
and
ala) >R = ala)R! @ a(R?) = a(aRY) @ a(a(R?))
= a(a(RY)) ® a(R%a) = a(R') @ R*a(a)
=R < ala),

so ab,a(a) € A(R), which implies that (A(R),a|4(r)) is a monoidal sub-
Hom-algebra of (4, a).

Next, we have to show that R € A(R) ® A(R). Consider the map ¢ :
A — A ® A°P given by

pla)=a>R—-R<da=daR'®a(R? —a(R') ® Ra.
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Then we find that A(R) = ker ¢. Since A is flat as a k-module, we have
A(R) ® A =ker(p ® ).

Now,

(p@a)(R) =) ¢(R'") ®a(R?)

=Y R'r'@a(r?) @ a(R?) — a(r') @ *R' @ a(R?)

— R13R12 _ R12R23 -0
where r = Y r!®r? is another copy of R. Thus R € ker(p®a) = A(R)® A.
Similarly, we also have R € A ® A(R) from the fact R1?R?} = R®BR!3. So
R € AR)® A(R). Thus R is an A(R)-central element of A(R) ® A(R).

(2) For any b € B, applying f ® f to the equality b> e = e <1 b, we have

f(b)>R =R < f(b) since (f ® f)(e) = R. So Im f C A(R), which yields

the commutative diagram

B———A

that is, we obtain the universal property of (A(R),R).
(3) The first statement follows from the definition of separable monoial
Home-algebra and the second one is also true by Proposition "

Let (A, «) be a monoidal Hom-algebra. If A is finite-dimensional, then
we can describe the monoidal Hom-algebra A(R) using generators and re-
lations. Let {my,...,my,} be a basis of a finite-dimensional vector space
M in ﬁ(/\/lk) Suppose that R is a solution of the HFS-equation satisfying
(3-3). Identifying Endg (M) with H(M,(k)), we will write A(n,R) for the
monoidal sub-Hom-algebra of H(M,(k)) corresponding to A(R).

Now we have the main result of this paper.

THEOREM 4.5. Let (A, ) be an n-dimensional monoidal Hom-algebra.
Then the following statements are equivalent:

(1) A% is a separable (resp. Frobenius) monoidal Hom-algebra, where
AY ={a | a(a) = a}.
(2) There exists a Hom-algebra isomorphism
A% = A(n,R),
where R = (zt,) = H(M,(k)) ® H(M,(k)) = Endi(4) ® Endi(A)
s a solution of the HFS-equation.

Proof. The implication (2)=-(1) is a consequence of the final statement
of Theorem [4.4]
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(1)=(2). It follows from the above discussion that both separable and
Frobenius monoidal Hom-algebras are characterized by the existence of an
(A, a)-central element with different normalizing conditions. Let now e =
Y el ® e? be such an (4, a)-central element. Then the map

R=Re:ARA— AR A, a®bl—>Zea®e

is a solution of the HFS-equation. Since A is finite-dimensional, we view
Re € Endi(A® A) = Endg(A) ® Endg(A). Consequently, we can construct
a monoidal Hom-algebra A(R) C Endj(A).

First, we consider the injection i : A% — Endy(A) given by i(a)(b) =
for all @ € A® and b € A. We claim that A(R) C Im(i), when (A4, «) is a
separable (resp. Frobenius) Hom-algebra, where

A(R) ={f € Endp(A) | (f®a)oR =Ro(a® f)},

with the twisting map w : A(R) — A(R), w(f)(a) = f(a(a)) = a(f(a)).
Indeed, if f € A(R), then (f ® a) o R = Ro (a® f), and evaluating this
equality at 1, ® a, we have

(4.1) Zf ) ® a(e?a) = Za(el) ® e f(a).

Now, suppose that A is separable, so > ele? = 14. Applying m4 to

, we obtain
D flale)ale’a) = ale) (€ f(a) = ) _(e'e)a(f(a)) = a®(f(a)).
So,
=Y a *(fla(eh)))a " (%a)
=Y a a7 (f(ale")e)a
= (fla'(e"))e)a
for all a € A. The a®2invariance of e implies that > f(a~!(e!))e? € A%,
Thus, f =i(> fla"t(eh))e?).

If (A, «) is Frobenius, then there exists € : A — k such that > e(el)e? =
S ele(e?) = 14. Applying e ® id to ([&.1]), we get

Y e(flale))a(e’a) = e(e!)e’ f(a).

So f(a) = (X e(f(alel)))e?)a for all a € A. In addition, Y e(f(a(el)))e? is
in A%, thus f = i(>.e(f(ale')))e?), proving that A(R) C Im(7).
Conversely, Im(i) € A(R). That is,

(i(la) ®a) o R =Ro (a®i(a))



HOM-ALGEBRAS 245

for all @ € A%. In fact, for all b,c € A,

(ila) @) o R(b®¢c) = Z(z(a) ® a)(e'b ® ec)
= Z (e'b) @ ale?c) = Za(a)(elb) ® afe?c)

=3 (aeh)a) @ ale?e) B S a(e)a(b) @ (Fa)ale)
=Y aleha®) ® a(e?)(ac) = 3 ela(b) ® ¢ (ac)

=R(a(b) ®ac) =Ro (a®i(a))(b® c).
So Im(i) = A(R), proving that A% is isomorphic to A(R). m

In the following, we will consider a Hom-coalgebra version of a separable
monoidal Hom-algebra.

DEFINITION 4.6. Let (C,~v) be a monoidal Hom-coalgebra.
(1) Amap 0 : C ® C — k in H(My) is called an HFS-map if

(4.2) o(y He) @ dy)dy = o(ca @y 1(d))ey

for all ¢,d € C'. In addition, if o satisfies the normalizing condition
o(c1 ®c2) = ¢(c),

then o is called a coseparability idempotent.
(2) If there exists an element e € C' such that the HFS-map satisfies the
normalizing condition

ogle®c)=o0(c®e)=c¢e(c)

for all ¢ € C, then we call (o, e) an HF-map.
(3) A monoidal Hom-coalgebra (C,~) is called coseparable if there exists
a coseparability idempotent.

Since o is y®2%-invariant, (4.2)) is equivalent to
(4.3) o(c®(di))y(d2) = o(y(c2) ® d)v(c1)
for all ¢,d € C, which will be used later.

PROPOSITION 4.7. Let (C,v) be a monoidal Hom-coalgebra, (M, p) a
right (C,~)-Hom-comodule, and o : C @ C' — k an HFS-map. Then the map

R=Ry: M&M = M®M,R,(m@n) = o(mu)@nu))u’(me) @ u*(n)),
is a solution of the HFS-equation in Endy(M @ M & M).
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Proof. For all [,m,n € M, we have

RPR¥ (1@ m @ n) = R (a(may @ nay)ul) @ p?(mg)) © @ (n()))
(vl ® (m(o)(1)))0(m(1 ®n(1)) 3 (Loy) ® p* (moy(0)) ® 1 (n0))
Ly @ v(m1)o (Y (my2) @ nay) i’ (L)) @ 1 (mg)) @ 1 (n0))
= oy (5(1)1)®n Do (Y(y2) @ may) (L)) © g (mg)) © 1 (n(g))
= o(7(loyay) @ ny)o iy @ may)u* (Loyo) © 1 (meo)) ® 1 (n(g))
=R (o(lny ® m(1))u2( ) © 1 (mg)) ® p(n)) = RPRP(I @ m@n),
and
RPR®(l©m®n) = R¥(a(may @ nay)ul) @ p?(m)) © @ (n()))
a(v(ly) ® ¥ (m))) D2 (o)) ® 1 (mo)0)) ® 1 (n(o))
o (l1y ® Y(ma))o(v(may) @ nay) (o)) @ 1 (m) © 1 (ng))
a(liy ® v(ng1y2))o(may @ Y(nay))e’ (o)) ® 1 (m)) ® 1 (o))
= o(lqy ®@ny)o(maq) ®’Y( )t (o)) ® 1 (me)) ® 1 (no)(0))
= R* (0 (l(1) @ nay) i’ (Lioy) @ p(m) @ p?(ng))) = RPRP(1©m @ n).
So, R is a solution of the HFS-equation. =

)0(m(1 ® Ny

=
@ [

If (C,~) is finitely generated and projective, and (C*, (v*)~!) is its dual
Hom-algebra, then there is a one-to-one correspondence between HFS-maps
o0:C®C — k and C*-central elements f = Y f! ® f2 € C* @ C*. The
correspondence is given by the formula

alc@d) =Y (f'e)(f?d)
for all ¢,d € C. In fact, for all x € C*,
S () L), d) = ST, e d)
if and only if
D e (e (7 d) = D (L ) (P di)(w, do),

which is equivalent to

Z((]J, cr)o(c2 ® 771(d)) = 0(771(0) ® di){z, da),
that is,

Y (@ cio(ez @y H(d) = (@,0(y 7 () @ di)da).

So f is C*-central if and only if ¢ is an HFS-map.
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If (M,p) is a right (C,~)-Hom-comodule with the coaction p : m
mg) ®myy), then it is also a left (C*, (v*)~!)-Hom-module (see [I3, Lemma
4.2]), and the action is given by

frome= (5 (m)) i (moy)
for any f' € C*,m € M.

In this situation, the map R, defined in Proposition is equivalent to
the R, given in Proposition Indeed, for all m,n € M,

Ro(m@n) = o(may ®na))u’(me) @ 1 (n))
= o(v(may) ® v(na)e’ (mg)) © p*(n())

= (A ma)) {2 v (na)) i () @ 1 (ng))
=flmeff - n=R(men).

5. Nakayama automorphisms of Frobenius monoidal Hom-alge-
bras. In this section, we consider the Nakayama automorphisms of Fro-
benius monoidal Hom-algebras, which generalize the Nakayama automor-
phisms of Frobenius algebras in [27].

Let (A, @) be a finite-dimensional Frobenius monoidal Hom-algebra with
the nondegenerate Hom-associative bilinear form B : A x A — k defined

in [111 Proposition 5.2]. Note that there are two isomorphisms (A,«a) =
(A*, a*71) in H (M), namely,
a— ANa—)=B(a,—) and aw~— A(—a)= B(—,a),
where A is the Frobenius structure of (A, ) defined in [I1), Proposition 5.2].
So for any a € A, the function A(a—) : (A,a) — k can be represented
as A(—d’) : (A,a) — k for some a’ € A. This defines an automorphism
o:(A,a) = (A ,a) in H(My) given by a — d’. Then B(a,b) = B(b,0(a))
for any a,b € A. Furthermore, for x € A,
B(az,1) = B(a(a), a(z)) = Bla(z),0(x(a)))
= B(a(z),0(a)1) = B(zo(a),1).

So we have

B((ab)x,1) =B

(a(a)(ba™(2)),1) = B((ba™" (z))o(a(a)), 1)
B(a(b)(a™ (z)o(a)), 1) = B((a™"(z)o(a))o(a(b)), 1)

= B(z(o(a)a(b)),1).

On the other hand, B((ab)z, 1) is also equal to B(zo(ab), 1), giving o(ab) =

o(a)o(b). So o is a Hom-algebra automorphism, called the Nakayama auto-
morphism of (A, a).
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Instead of the form B we can also use the map A : (A, ) — k defined in
Section 3 to define o as follows: for any a,b € A,

A(ab) = A(bo(a)).
Then we have the main result of this section.

THEOREM 5.1. Let (A,a) be a finite-dimensional Frobenius monoidal
Hom-algebra. Then the Nakayama automorphism o is independent of the

field k.

Proof. Let k1 and ko be two fields, associated with two monoidal cate-
gories H (M, ) and H(My,), in which (4, «) is a finite-dimensional monoidal
Hom-algebra. And assume that the Nakayama automorphism of (A, «) is o1
with respect to ﬁ(Mkl) Then oy arises from a map Aj : (4,a) — kp via

Al(ab) = )\1 (bdl (a))
for any a,b € A.

Hence, C := {D (aib; —bio1(a;)) | ai, b; € A} C ker ;. It is easy to check
that C' is closed under the twisting automorphism o« and Hom-multiplication
by any element from the center Z(A). Note that (C,a|¢) is indeed a sub-
object of (A, @) both in H(My,) and H(My,), since o is a Hom-algebra
morphism.

As in the non-Hom case, (A4, «) is the only principal indecomposable left
(A, a)-Hom-module via multiplication, and so (A4, «a) has a simple socle S

by [18, Theorem 16.4]. Then S ¢ ker A1, so S € C.

Since (S, a|g) and (C, a|¢) are both subobjects of (A, &) in H(My,), we
define a map A9 : (A, ) — kg in ﬁ(MkZ) that is 0 on C but not on S. Then
since S ¢ ker A2, ker Ay contains no nonzero Hom-ideals, and the Nakayama
automorphism oy of (A, @) in H(My,) is given by

A2(ab) = Aa(boa(a))
for any a,b € A. That is, o2(a) is uniquely defined by
ab — bos(a) € ker g, Vb € A.

In addition, for any b € A we have ab—boi(a) € ker A2 € C, s0 01(a) = 02(a)
for any a € A, as required. =

In particular, if a Frobenius monoidal Hom-algebra (A, ) is symmetric,
then for any choice of the Frobenius structure the Nakayama automorphism
is of the form a ~ b~1(ab) in H(My) for any a,b € A.

6. Concluding remarks and a future work. After the acceptance of
the paper, Professor D. Simson has pointed out to us that one can simplify
part of the calculations in the paper if one uses the functorial isomorphism
between our monoidal category H(My}) defined in Section 2 and the category



HOM-ALGEBRAS 249

Myjte-1) of all modules over the k-algebra kft, t~1] of all polynomials in one
indeterminate ¢, with coefficients in the field k, localized at the multiplicative
system {1,¢,t2,...}. More precisely, we have the following useful fact.

PROPOSITION 6.1. Let k[t,t~!] be the localized polynomial k-algebra de-
fined above and H(My,) be the monoidal category defined in Section 1. Then
we have the following assertions:

(1) There exists an exact category isomorphism
b : H(Mk) — Mk[t’tfl].

(2) The monoidal category H(My) is a full exact subcategory of the cat-
egory Repy, Q of all k-linear representations of the quiver Q) with one
verter and one loop.

Proof. (1) Given an object (M, u) in the monoidal category H(My),
with p € AutpyM, we define &(M) to be the k-module M equipped with
the K[t,t ']-action -, : M x k[t,t™'] — M defined by m -, t = pu(m) and
m -, 7 = p~1(m), for all m € M. In other words, we set ®(M) = (M, -,,).
It is easy to see that, given a morphism f : (M,pu) — (M’ 1) in H(My),
the underlying k-module homomorphism f : M — M’ is a homomorphism
of k[t,t~']-modules by the fact fou = p o f, and we set &(f) = f :
S(M) — &(M’). A standard checking shows that @ is an exact functor and
is a category isomorphism.

(2) Apply the well known results in Section 14.1-4 of [31] and [33]. =

Motivated by Professor D. Simson’s suggestions, we intend to study
“Hom-structures” in the more natural category H (M -1)) via twisting
the associator and unitors. Explicitly, some questions (such as Galois exten-
sions as well as dual theory) of Hom-Hopf algebras may be considered in

the category ﬁ(/\/lk[trl] ).
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