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REGULAR SETS AND CONDITIONAL DENSITY:
AN EXTENSION OF BENFORD’S LAW

BY

RITA GIULIANO ANTONINI (Pisa) and GEORGES GREKOS (St. Etienne)

Abstract. We give an extension of Benford’s law (first digit problem) by using the
concept of conditional density, introduced by Fuchs and Letta. The main tool is the notion
of regular subset of integers.

1. Introduction. The authors of [3] introduced the notion of condi-
tional density with respect to a subset H of N* (here and in what follows,
the symbol N* denotes the set of strictly positive integers). This notion had
been previously used, though not explicitly stated, in the paper [9], where
the so-called Benford’s law is discussed and extended. In terms of conditional
density, Benford’s law can be stated as follows. Let H be a subset of integers,
and A, the set of integers whose first digit is ¢. We say that H obeys Ben-
ford’s law if the conditional logarithmic density of A,, given H, is equal to
its (non-conditional) logarithmic density, i.e. to the number log(%) (see
[9] and [11] for a historical discussion on this topic). It is a known result
that the set P of prime numbers obeys Benford’s law (see [12]). In [3] it
is shown that, for a large class of subsets A of N*, to which A, belongs,
the upper and lower arithmetic and logarithmic densities coincide with the
corresponding conditional densities with respect to the set P (this result has
been generalized by the first named author in [6], in connection also with
her previous works on the comparison of densities [4], [5]). Such results show
that P satisfies an “extended” Benford’s law, inasmuch as it can be stated
not only for A,, but also for other sets A.

On the other hand, in [9] it is shown that Benford’s law holds for some
sets H other than P; hence [9] extends Benford’s law in another sense.

In the present paper we propose an extension in both directions, i.e. we
allow A to belong to a rather large class of sets and show that, in condition-
ing, P can be replaced by any regular set H. This is the object of our main
Theorems (2.10) and (2.12), which we state in Section 2.
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The proof is split into two steps, described in Sections 3 and 6, which
contain some results that are also relevant in themselves. Our theorems can
be applied to a large variety of situations, as we show in Section 9.

The authors wish to thank Prof. K. Nagasaka for helpful suggestions.

2. Definitions and main results. Let H be an infinite subset of N*,
which will be fixed throughout. The counting function H of H is defined for
x>1as

H(z) = card(HN[1,z]) = Z 1.

neH
n<x

Recall the following
(2.1) DEFINITION. A strictly positive function L (not necessarily mono-

tone), defined on the half line (a, c0), is said to be slowly varying as © — oo
if, for every ¢ > 0, it satisfies the condition

im L(tx)
2T

(see [1, p. 276]).

(2.2) REMARK. Since the property of slow variation depends only on the
behaviour at infinity, we can (and shall) assume that L is defined on [1, 00)
at least.

Following [10, p. 86], we give another

(2.3) DEFINITION. Let A be a number, with 0 < A < 1. The set H is said to
be regular with exponent X if the function L defined as
H(x)
L =
(2) = =5
is slowly varying as x — oo (i.e., according to the terminology in [1], H is a
reqularly varying function with exponent \).

x>1,

)

(2.4) REMARK. If H is regular, its exponent of regularity is obviously unique.

(2.5) REMARK. If H is regular with exponent A, its counting function H
satisfies the relation

‘m H(tz) _ \
(2.6) Jim s =t

for every t > 0.

Let now H be any subset of N* neither finite nor cofinite. Then H can
be uniquely represented in the form

H=N*'N U [Tny Snls

n>1
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where (1,,), and (s, )y are two sequences of integers with 1 < r,, < s, < rp41
for every n. Every set of the form N*N [ry,, s, [ (resp. N*N [sy,, rp41[) is called
a connected component (resp. a gap) of H.

Intuitively, the regularity assumption on H means that H cannot have
“too large” both connected components and gaps. Indeed, consider for in-
stance the set

]H[ — N* m U [3277,’ 327L+1[.
n>1
It is not difficult to see that the counting function of this set is given by
H() L$J+i32k+k+% lf32k§x§32k+1’
xTr) =
B3kt g+ 3 if 32k+1 < g < 32042,

In particular, if 3 = 32! (k € N) and ¢ is fixed with 1 < t < 3, we have
try =t - 32k < 32842 50 that

thus (2.6) does not hold, since ¢ > 1.

(2.7) REMARK. The regularity assumption on H does not imply that H has
an arithmetic density. In order to see this, we shall build in the Appendix
a bounded slowly varying function M which has no limit as x — oo, and a
set H such that

as r — OQ.

Let now (u(n)) be a sequence of non-negative real numbers such that
> nen+ #(n) = 0o; consider the measure 4 (concentrated on N*) defined by

the formula
= Z M(n)gnv

neN*

where ¢,, denotes the measure of mass 1 concentrated at the integer n; in
particular, if H is a subset of N* and p(n) = 0 for n ¢ H, we obtain a
measure concentrated on H.

Put F,(1) = 0 and, for every n > 2,

Fu(n) = p([Ln) = 3 u(h).
k=1

Let f be a non-negative bounded function, defined on N*. The lower u-
asymptotic density of f (or simply lower p-density), denoted by 0,(f), is



176 R. GIULIANO ANTONINI AND G. GREKOS

defined as

i S (S (1)
The upper p-density of f, denoted by & u(f), is defined analogously.

When p(n) =1 (resp. u(n) = 1/n) for all n, the corresponding density
will be called the arithmetic (resp. logarithmic) density, and will be denoted
by d (resp. 0) (i.e. we shall not use the generic symbol §,,).

If A is a subset of N*, we denote by §,,(A) the lower p-density of 14; it
is immediate that

i AN LD
2uld) =B iof Fu(n)

the upper p-density of 14, which will be denoted by 4,,(A), satisfies
= : n(AN[L,n)
d,(A) =limsup —————.
a n—o0 F #(n)
It is intended that d and d (resp. @ and 9) are the symbols for the lower and
upper arithmetic (resp. logarithmic) densities.

(2.8) REMARK. In the particular case of a measure p concentrated on a sub-
set H of N*, the associated (lower and upper) densities are called conditional
densities in [3].

Let A be a subset of N*, neither finite nor cofinite, so that it can be
uniquely represented as

(2.9) A=N"nN U [P, @,
n>1

where (p,)n and (¢, ), are two sequences of integers, with 1 < p,, < ¢, <
Pn+1- We are now ready to state our main results.

(2.10) THEOREM. Let H be a reqular set with exponent A, and A a subset
of N* of the form (2.9). Assume moreover that the sequences (py) and (qy)
of (2.9) satisfy the relation

(2.11) qn ~ OPn

(as m — o0) for a suitable number o > 1. Let 3 be a fized real number, with
0 < B < A, and consider the measure defined as

1
V:stn.

Then the lower (resp. upper) v-density of A (i.e. &,(A) (resp. 6,(A))) is
equal to the lower (resp. upper) arithmetic density of A. In other words,
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(2.12) THEOREM. Let H be a regular set with exponent X\ and assume that
the counting function H of H is of the form

(2.13) H(z) = 2*K(log z),
where K is slowly varying and such that there exists a non-increasing func-

tion M with
K(z) ~ M(x) asx— oo.

Consider the measure defined as

1
v= T%ﬂ:{ — En-
Let A be a subset of N* satisfying (2.11) and assume that A has logarithmic
density 0(A) (resp. v-density 6,(A)). Then A has v-density 6,(A) (resp.
logarithmic density O(A)) and

(2.14) REMARK.
(i) Let A, be the subset of integers whose first digit is ¢. Then

¢ =N"n{Jlg-10", (g+1)- 10",
n>1
hence A, safisfies (2.11) with 0 =1+ 1/q.

(ii) For A, we have 0(A4,) = log(1+1/q); hence the above Theorem (2.12)
extends Theorem (4.1) of [9] to “any” regular set H (in Theorem
(4.1) of [9] only the set P of primes is considered; from our result it
follows that any regular set obeys Benford’s law (in the sense of the
v-density)).

In order to apply the above result to practical situations, we give in
Proposition (6.8) a condition which ensures that a slowly varying function
x +— L(x) can be put into the form z — K(logx) (with K slowly varying).

The proofs of the above Theorems (2.10) and (2.12) result by combining
part 1 (Sect. 3) and part 2 (Sect. 6) below.

The rest of the paper is organized as follows: Sections 3 and 6 give the
statements of part 1 and part 2 respectively; Section 5 contains the proofs
for part 1, Section 8 contains the proofs for part 2. Some preliminary results
are given in Sections 4 and 7. In Section 9 we present some applications,
while in the Appendix we construct a counterexample for Remark (2.7).

3. Part 1: results on conditional densities. In connection with con-
ditional densities we are going to prove the following results:

(3.1) THEOREM. Let H be an infinite reqular subset of N*, with counting
function H and regularity exponent X. Put as usual L(x) = H(z)x™>. Let
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B be a fized real number, with 0 < 8 < A, and consider the two measures
defined as

H(n) L(n) 1
K= Z nﬁfl En = Z Wf,ﬁ)em ’/Zzn—ﬂgn-

neN* neN* neH

L L(t
(1)8751_((%6)&:00

. L(n)

(11) Z m = 0
neN*

1

(iii) Z 5 =
neH

(iv) Moreover, let A be a subset of N* of the form (2.9), and assume that
the sequences (py) and (gn) of (2.9) satisfy (2.11). Then

3,(A) = 8,(A4),  8,(A) = 8,(A).
(3.2) REMARK.
(i) For 8 = 0, the above theorem says that the statement holds for any
regular set H (i.e. for any A < 1).

(ii) The first application in [6] is a particular case of Theorem (3.1),
obtained for 6 =0, A = 1.

Theorem (3.1), though rather general, does not say anything for § = A.
It turns out that in order to manage this case, more restrictive assumptions
are needed. We have in fact the following result:

(3.3) THEOREM. Let H be as in Theorem (3.1). Assume in addition that
there exists a positive decreasing function M, defined on [1,00), such that

(3.4) M(z) ~ L(z) as x — oo,
(3.5) | MW 4t~ oo,

1
Then statements (1)—(iv) of Theorem (3.1) hold true for 3 = A.

(3.6) REMARK. The second application in [6] is obtained from Theorem (3.3)
for =XA=1, M(t) = 1/logt.

In Section 4 we give some preliminary results; Section 5 contains the
proofs of both Theorems (3.1) and (3.3).

4. Preliminary results. In connection with p-densities, the following
result (see [2, Th. 8.2]) holds:
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(4.1) PROPOSITION. Let A be a subset of N*, neither finite nor cofinite, of
the form (2.9). Then

= limin ZZ:l(Fu(Qk) - Fu(Pk))

(42) 0u(4) = ln—mf Fi(pnt1) ’
N 1 Zn:1(FM(Qk) _Fu(pk))
(4.3) Ou(A) =lim sup =E=20T0 |

Formulas (4.2) and (4.3) easily yield the following comparison result (see
[6, Th. 1.1]), which we shall use subsequently:

(4.4) THEOREM. Let i, v be two measures on N*, both having infinite total
mass. Let A be a subset of N* of the form (2.9); assume that

(a‘) Fu(pn) ~ OZF,,(pn),
(b) Fulgn) — Fu(pn) ~ a(F,(gn) — Fu(pn)) as n — o0

for a constant o > 0. Then
0,(A) = 0u(4),  0u(A) =0, (A).

We now give some lemmas concerning slowly varying functions. The first
one is proved in [1, p. 282].

(4.5) LEMMA. A function L varies slowly as x — oo iff it can be put into
the form

M@:w@mm(g%ﬁﬁ)

1

where

(4.6) wlgl;o Y(x)=c with 0 < c < oo, wlgr;o ¢(z) =0.

Lemma (4.5) yields easily

(4.7) LEMMA. Let L be a slowly varying function. For every fized § > 0,
there exists xo such that

e < L(z) <2’  forx > x.

The next lemma relates the behaviour of L(x) to the behaviour of the
truncated moments {7 t7 L(t) dt.

(4.8) LEMMA. Let L be a slowly varying function. Then:
(i) for every p > —1 we have

P (x)

o L)
200 {1 tPL(t)dt P
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(ii) for every p > —1 we have
xp—HL( )

hence
(iii) for every p > —1 we have

L=

S Lt Z kP L(k

1

Proof. Part (i) is proved in [1, Th. 1, p. 281, (b)]. We prove part (ii).
Fix €, 0 < £ < ¢. By Lemma (4.5), we can find an integer ng such that, for
k > ng, t > ng, we have both

c—e<yk)<c+e, —e<P(t)<e

where 1, ¢, c are as in Lemma (4.5). For || > ng + 1 we can write

(4.9) S RPL(R) SRS KPL(R) | Yingen R LK)
| 2 L) @tL@) | oL@

Fix § with 0 < 6 < p+ 1. By Lemma (4.7) for x large enough we have
P L(z) > 2P 179,

hence the first term of the sum in (4.9) tends to 0 as z — oc.
By Lemma (4.5) the second term can be written as

S R ((R) (@) exp(§E(6(1) /1) di)
b+l ’

The fraction (k) /vy (z) is between (¢ —€)/(c+¢€) and (c+¢€)/(c — ). As
to the remaining term, since lim,_,, ¢(z) = 0, for every € > 0 and z large
enough we have

x c T k T
St B S W el 00/ ) Tk K
rptite = zp+1 - pptl—e

Choose € < p + 1. Then, by the equivalence

=] r+1
> W~
k=ng+1 T+

(as © — oo, r > —1), the left-hand side of the above inequality tends to
(1+ p+e)~t, while the right-hand side tends to (1 4+ p — &)~ !, proving the
statement since ¢ is arbitrary. m
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(4.10) LEMMA. Let L be a slowly varying function, a, b two fixed numbers
with 0 < a < b, and E the set defined as
E={(t,z)eR*:t>0,2>0,a <t/x <b}.
Then
li — =1
t@lgloo L(m)
(t,x)EE

Proof. Without loss of generality, we can assume that a = 1, so that
t > x. By Lemma (4.5) we can write

L(t t ¢ o(u
(4.11) L((x)) = % exp(S % du>.

Fix € > 0 and let rg be large enough in order that the following relations
hold for ¢t > u > x > rq:

c—e<P(t)<cte, c—e<P)<cte, —e<P(u)<e
By (4.11) we get (for (t,x) € E, t >z > 1)

t
C_6i<c_8ex —esldu <
c+e bt ~c+e P U -

xT

L
t
1
< c+€exp<€g—du> < c+€b€.
Ju c

c—¢

Hence we can conclude the proof by going to the limit in ¢ and =z, since € is
arbitrary. m

(4.12) LEMMA. Let L be a slowly varying function, m # 1 a fixzed number.
Then, for every p > —1:

(i) lim @) pt+l
z,y—oo (Y - +1_ 71’
By ,tPL(t)dt —mP 1

(id) i PL@) _ ptl
PETo Ykmtay RPL(K)  mP =1

hence

(iii) im —Sz tL(t) dt =

pp=oe Y k=to) RPL(K)

Proof. Without loss of generality we can assume m > 1. The ratio y/x
is ultimately bounded from above by a constant C', so that for z <t < y we
get
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hence (i) follows by applying Lemmas (4.8) and (4.10).
The same technique as in (i) and the relation

. §7tP dt
1 =
oo Sok=a) 7

give statement (ii). m
We state the last lemma (whose proof is similar to the previous ones):

(4.13) LEMMA. Let L be slowly varying, m # 1. Then
(L(t)/t)dt L)/t at
£ = lim &E£=—r"~ =

lim = =logm
Veom MO ORI MW

5. Proofs of Theorems (3.1) and (3.3). We begin with the proof of
Theorem (3.1). For every n € N* put

n—1 L(k) n—1 1
k=1 k=1
keH
It is easy to see that
T L)

1
(simply apply Lemma (4.7) with § < XA — 3).
The relation (5.1) also yields
L(n)
_2Y
> o = %
neN* nt= )
by Lemma (4.8)(iii).
Statement (iii) of Theorem (3.1) will follow if we prove that
(5.2) F,(n) ~ AF,(n)
as n — oo. By the Abel summation formula, we have

S~ Hk)—H(k—-1) Hmn-1) "t H®
Bm=) =5 =G 7 )

1
dt

-1

=(n—1)*PLn-1)+ ﬁn§ L)
1

t1—=(A=0) at
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n—1 n—1
L(t) L(t)
~(A=p) § T s § o
n—1
L(t)

where the first equivalence follows from Lemma (4.8)(i) and the second one
from (4.8)(iii), withp=A - —-1> —1.

Let now A be a subset of N* satisfying (2.11). Since (5.2) yields F, (p,) ~
AF,(pn), the last statement of Theorem (3.1) will follow from Theorem (4.4)
if we prove that

(53) Fl/(Qn) - Fu(pn) ~ )‘(FM(Qn) - F,u(pn))~
Again by integration by parts, we have
(5.4)  Fu(gn) — Fu(pn)
" L)
— _ 1\ 8 _ 1) — _ 1\ 8 _ =\
= (g = D* Llgn = 1) = (0w = D} Llon = 1) + 8§ 575 dt.

pn—1

From Lemma (4.12)(iii) (with p =X — 3 — 1) we get

qn*l L qn_l
(5.5) S o ()\ B) Z Ll (A ,8)
pn—1 k=pn

Moreover

(5.6) (qn — 1))\_ﬁL(Qn —1) = (pn — 1)>\_ﬂL(pn -1)

N~ LK)
L (A—B 1\ A8
(277 =Py Llpn) ~ A= B) X oy

k=pn

where the first equivalence follows from Lemma (4.10) and the second one

from Lemma (4.12)(ii) (with m = o).

Relations (5.4)—(5.6) now yield (5.3) easily, and this concludes the proof
of Theorem (3.1). m

We now pass to the proof of Theorem (3.3). Relation (3.4) easily yields
‘"S” L(t) ,
1

x

(5.7)

- —

hence, by (3.5), we get

T L)
| = o
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Put again
Fu(n) = (it = 32 28
k=1
Fy(n)=v([,n)) =) k;l_A =Ln—-1)+A | @dt
k=1 1
kel

(integration by parts). Since L is slowly varying, Lemma (4.8)(i) (with
p = —1) yields

) L(n—-1)
(5.8) = o =

Since M is decreasing, by using assumptions (3.4), (3.5) and Cesaro’s theo-
rem we get

oy YAy S
9)

Relations (5.7)—(5.

\_/

allow us to conclude that
(5.10) Fy,(n)~X | == dt ~AF,(n).
1

The above relation yields the first two statements of Theorem (3.3). We now
pass to the last one.

By arguing as in the proof of (3.1), by (5.10) it will be enough to prove
that, for A = N* N, [pn,qn| satisfying (2.11), we have

(5.11) Ey(qn) = Fu(pn) ~ MFu(an) = Fulpn))-

From the equivalence L ~ M we easily get

(5-12) Fp(Qn) - Fu(pn) ~ nz: @
k=pn,

as n — oo. Now
qn—1
L(t
Fy(qn) = Fy(pn) = L(gn — 1) = L(pn — 1) + A | i )t
pn—1
By (5.12), the equivalence (5.11) will be proved if we show that

T@dtw Q"SIM_@dtN ZM

(5.13) .

Pn—1 pn—1 k=pn
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and
(5.14) lim £ ;Pl &igpn —_y
e

Since M is decreasing, for > 1 we have
M(2[x]) < M(x) < M(|z)).

Since M is slowly varying, we see from the above relation that M (z) ~
M(|x]) as x — oo, hence

Gn—1 gn—1

M(t
S ) 5 S
t

pn_l p'n_l

M([t]) "= M(k) = M)
ETERD Sy el Dy

where the last equivalence holds true since M(n)/n — 0 as n — oo. This
gives the second relation in (5.13). The first one is again easily implied by
the equivalence L ~ M.

We now pass to the proof of (5.14). Fix ¢ > 0. For n large enough we
have

M(qn —1) = M(pp — 1) = 2eM(gn — 1) < L(gn — 1) — L(pn — 1)
< M(gn —1) = M(pn — 1) +2eM(p, — 1).

k=pn—1 k=pn

The equality (5.14) now follows from Lemma (4.13), since ¢ is arbitrary. m

6. Part 2: a theorem of comparison. Preliminaries and main
result. We begin by giving a definition. Let u, v be two measures on N*,
and consider the associated asymptotic densities.

(6.1) DEFINITION. We shall say that the v-density is an extension of the
p-density if, for every positive bounded function f, the relation

lim k=1 ME)F(R)
n—oo  p([1,n])

yields the analogous relation for v:
lim 2k=1 VBV (R)
n—eco  v([1,n])

We shall say that the u-density and the v-density are equivalent if the con-
verse also holds.

In [5] and [2, pp. 268-271] the following theorem is proved:

(6.2) THEOREM. Let u be a positive measure on N*, having infinite total
mass. For n € N* put

G(n) = u([1,n]).



186 R. GIULIANO ANTONINI AND G. GREKOS

Let h : Rt — R" be an increasing function such that h(zx) T oo as x — oo;
denote by v the positive measure on N* defined by

v([Ln]) = h(G(n)), neN".
Assume that, for every increasing sequence (), of positive numbers such
that x,, ~ G(n) (with xy,41 = x, < G(n+ 1) = G(n)), one has
h@ni1) = h(zn) WG +1)) — h(G(n))
Tpt1 — T G(n+1)—G(n)

Then the v-density is an extension of the p-density.

h(zn) ~ h(G(n)),

The above theorem has the following obvious

(6.3) COROLLARY. Let pu and h be as in Theorems (6.2) and (6.3). Assume
in addition that, for every increasing sequence (yn)n of positive numbers
such that y, ~ h(G(n)) (with yp+1 = yn < h(G(n + 1)) = h(G(n))), one
has
B gas) —h () G(n+1)—G(n)

Yn+1 = Yn h(G(n+1)) = h(G(n))
Then the p-density and the v-density are equivalent.

h™ (yn) ~ G(n),

A particular case of the above situation is obtained by taking a measure
w such that G(n+ 1) ~ G(n) as n — oo (where, as usual, we define G(n) =
u([1,n])) and, for p > —1 fixed, h(z) = P!, Then the measure v is given
by

(64) v(n) =G (n+1) =G (n) ~ (p+ 1)(Gn + 1) — G(n))G?(n).

By a known result on densities (see for instance [2, Th. 3.2, p. 258], we get
the following

(6.5) COROLLARY. Let 1 and G be as above, and, for p > —1 fized, let v be
defined by
v(n) = (G(n +1) — G(n))G"(n).

Then the p-density and the v-density are equivalent.

In this section we are concerned with the following extension of the above
corollary:

(6.6) THEOREM. Let pu and G be as above. Assume moreover that there
exists a sequence (ry,)y of integers such that

G(rn
lim ()
n—oo G(n)
Let M be a reqularly varying function with exponent A, and put

B(n) = M(G(n)), neN*.

(6.7) = 0.
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Forp > —1— X fixed, consider the measure v defined by
v(n) = (G(n+1)— G(n))G?(n)B(n).
Then:
(i) v has infinite total mass, i.e.

Y (G(n+1) = G(n))G"(n)B(n) = oo;

n

(ii) the u-density and the v-density are equivalent.

In the particular case of the logarithmic density (i.e. G(n) ~ logn) we
have the following result (which enables us to use the above theorem in
practical situations):

(6.8) PROPOSITION. Let L be slowly varying, and let ¢ be the function of
Lemma (4.5). Assume that ¢ is positive and

lim ¢(t)logt =\, AE€RT.
t—o00
Then there exists M reqularly varying with exponent A such that
L(n) = M(logn).

The proof is an easy consequence of Lemma (4.5) and is omitted.
Despite its being evident, we stress the following particular case, since it
concerns logarithmic density:

(6.9) COROLLARY. Let L be slowly varying, and let ¢ be the function of
Lemma (4.5). Assume that ¢ is positive and

tlim B(t)logt =\, AeRT.
Then, for every p > —1 — A, the density defined by
1
v(n) = - (logn)PL(n)

1s equivalent to the logarithmic density.

7. Preliminary results. We begin by stating and proving some addi-
tional results concerning slowly varying functions.

Recall the characterization of slowly varying functions given in Lem-
ma (4.5). By using that lemma, it is easy to prove that

(7.1) LEMMA. Let L be a slowly varying function defined on [1,00), and
p > —1 a fired number. Then

AP L (n) ~ Zn: kPL(k) ~ ( Zn: kP)L(n).

The proof of Lemma (7.1) is quite similar to that of Lemma (4.8)(ii).
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Lemma (4.5) also yields

(7.2) LEMMA. Assume G(x) = x, and let L, p be as in Lemma (7.1); assume
that (1)n is a sequence of integers such that (6.7) holds (for G(z) = x).
Then:

kPL(k

(i) lim —()

nte S WL ()

(ii) there exists ¢ > 0 such that, for every e > 0 and n large enough
(depending on €), we have

(8) s (D)

for every k with r, <k <n.

=0;

Proof. (i) Fix ¢ with 0 < ¢ < p+ 1. By Lemma (4.5), there exists ng
such that, for ng < k <r,, we have

% < 2exp (5§%du> - 2(%)

hence, by Lemma (4.5) we get

2 kg WP L(K) heng K7 L(K)/L(n)

0<

= Yho1 kPL(k) D1 kP
p+l—c¢
SQZk”—ONconsh I'n — 0.
(X kP)ne n
Therefore (i) will follow if we prove that for p > —1 we have
n
(7.3) lim Y " kPL(k) =
k=1

Now, by a well known formula (see [8]), the Dirichlet series ), nPL(n) has
abscissa of convergence given by the formula

lim sup log(d -y L(k))
n—oo logn
and, by Lemmas (4.5) and (4.7), we have

log(3 k=1 L(k)) _ lognL(n) _, ylogl(n)

logn logn logn

(ii) follows again from the characterization of slowly varying functions
(Lemma (4.5)).

8. Proof of Theorem (6.6). We prove Theorem (6.6) for the case
G(z) =z (i.e. u(n) =1 for each n € N*) and A = 0. (The case of a generic
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G needs only the relation G(n + 1) ~ G(n) and the existence of a sequence
(rn)n satisfying (6.7)).

(i) has already been proved (see the proof of (3.1)).

(ii) Let f be a bounded positive function defined on N*. Without loss
of generality we can assume that 0 < f < 1. Let (r,), be a sequence of
integers such that (6.7) holds. Then we have

Yoy KPL(R)f (k) STy KPL(R)f(K) | D kmry 1 RPL(R)S ()
Yot kPL(k) XD kPL(k) 2k kP L(K)
The first term on the right hand side is positive and bounded by
jet KPL(E)
Y k1 KPL(K)’
which goes to 0 as n — oo by Lemma (7.2)(i). As to the second term, by
Lemma (7.1) it is equivalent to

D h=r, i1 KP(L(K)/L(n)) f (k)
2kt B
and, by Lemma (7.2)(ii), for every e with 0 < £ < p+1 and sufficiently large
n, we have

ot Shop i [RE
cte (>op_y kP)ne
By the relation

:An7

che Sh o fRE
c—¢ (X ko1 kP)n=

(8.1) <A, <

(ik‘p>n’8 ~ i LPth
k=1 k=1

(valid for every  with p 4+ 8 > —1) and by Lemma (7.2)(i) (applied for
L = 1), the theorem is proved (go to the limit as n — oo in (8.1) and
conclude by the arbitrariness of ). m

9. Applications
(9.1) EXAMPLE. Let r > 1 be a fixed integer and
H={n":neN}
It is easy to see that H(x) = |2'/"], hence
H{z)
L(x) = e 1.
This means that H is regular with exponent A = 1/r, so the conclusion of
Theorem (2.10) holds.
Observe that in this case also Theorem (2.12) applies, since L(z) ~ 1
(a non-increasing function).
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(9.2) ExaAMPLE. Let H be the set of all powers. Once again both Theorems
(2.10) and (2.12) apply because of the following

(9.3) LEMMA. H(z) ~ /.
Proof. We have
H= [ J{1*,2% 3% .}

k>2
First, for all x > 1, we have H(z) > |\/z| because H contains the squares.
Let us prove that, for all x > 4,

(9-4) H(z) <o+ Y

Let 20 be the greatest power of 2 not exceeding z: 2F0 < z < 20 4 1. This
yields

log z

log2’

9 < b — log x <log:1:
=7 | log2 | ~ log?2’

For each k, 2 < k < ko, there are | {/z| kth powers that are less than or
equal to z. Consequently,

H(x) < [Va|+ [Va] + [Va] + -+ [ Va] < Va+ (ko - 2)Va,
and (9.4) follows. m

(9.5) REMARK. Observe that the sets in Example (9.1) with » > 1 and in
Example (9.2) have zero arithmetic density.

(9.6) EXAMPLE. Let r > 1 be a fixed integer and
H={rn:neN"}.

It is easy to see that, for h =0,1,...,r — 1, we have
—h
H(x)zu, rm+h <z <rn+h+1
r
Hence
H(z) 1
x r’

and both Theorems (2.10) and (2.12) apply.

(9.7) REMARK. Observe that in Example (9.6), H has arithmetic density
equal to 1/r (in particular, strictly positive).

Appendix. We are going to construct the function H and the set H of
Remark (2.7). We start by building the function M announced in (2.7) by
means of the characterization (4.5). Take ¢ = 1 and define ¢ : [1,00] — R
as

(—1)n+t 2 2
=7 for2" < 9(n+1)7
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We observe that lim,_,. ¢(y) = 0. Moreover

on? n—1 2(+1D? n—1 o(k+1)?
o(y) o(y) (=1)k+! 1
| =—ay=) | —Fdy=>—— | —dy
1 Y k=0 9k2 Y k=0 2k + 1 k2 Y

= (—1)k+1 k+1)%—k2 - k+1
k=0 k=0

hence, for 2% < z < 2D’ we have

M(z) = exp (g )

Y

n—1
log, x — n?
= log 2 )R ()t 22 ) ),
exp (1o (;( P (o1t B
It is now easy to prove that M is bounded by 1 but has no limit as z — oc.
In fact, we have

1/2 formn=2r+1,

1 for n = 2r.

M(2") = {

Put now
T

H(z) = | M(t)dt (~ zM(z)).
1
By [7, Lemma 4, p. 182] it is possible to construct a set H with counting

function H such that H(x) ~ H(x). Hence

has no limit.

REFERENCES

[1] W. Feller, An Introduction to Probability Theory and Its Applications, Vol. I, Wiley,
1971.

[2] A.Fuchs et R. Giuliano Antonini, Théorie générale des densités, Rend. Accad. Naz.
Sci. XL Mem. Mat. 14 (1990), 253-294.

[3] A. Fuchs et G. Letta, Le probléme du premier chiffre décimal pour les nombres
premiers, Electron. J. Combin. 3 (1996), R25.

[4] R. Giuliano Antonini, Comparaison de densités arithmétiques, Rend. Accad. Naz.
Sci. XL Mem. Mat. 10 (1986), 153-163.

[6] —, Construction et comparaison de densités arithmétiques, ibid. 12 (1988), 117-123.

[6] —, Comparaison de densités sur certains ensembles d’entiers, ibid. 21 (1997), 147—
155.



192 R. GIULTIANO ANTONINI AND G. GREKOS
[7] G. Grekos, Répartition des densités des sous-suites d’une suite d’entiers, J. Number
Theory 10 (1978), 177-191.
[8] G. H. Hardy and M. Riesz, The General Theory of Dirichlet Series, Cambridge
Univ. Press, 1952.
[9] S. Kanemitsu, K. Nagasaka, G. Rauzy and J. S. Shiue, On Benford’s law: the first
digit problem, in: Lecture Notes in Math. 1299, Springer, 1988, 158-169.
[10] G. Pdlya and G. Szeg8, Problems and Theorems in Analysis I, Springer, 1978.
[11] R. A. Raimi, The first digit problem, Amer. Math. Monthly 83 (1976), 521-538.
[12] R. E. Whitney, Initial digits for the sequence of primes, ibid. 79 (1972), 150-152.
Dipartimento di Matematica “L. Tonelli” Université Jean Monnet
Largo B. Pontecorvo 5 23, rue du Dr. Paul Michelon
56100 Pisa, Italy F-42023 St. Etienne Cedex 2, France
E-mail: giuliano@dm.unipi.it E-mail: grekos@univ-st-etienne.fr

Received 23 February 200/ (4431)



