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ON BLOW-UP FOR THE HARTREE EQUATION

JIQIANG ZHENG (Beijing)

Abstract. We study the blow-up of solutions to the focusing Hartree equation iu; +
Au+(|2] 77" |u|*)u = 0. We use the strategy derived from the almost finite speed of prop-
agation ideas devised by Bourgain (1999) and virial analysis to deduce that the solution
with negative energy (E(uo) < 0) blows up in either finite or infinite time. We also show a
result similar to one of Holmer and Roudenko (2010) for the Schrédinger equations using
techniques from scattering theory.

1. Introduction. We study the blow-up of solutions to the Hartree
equation
(L.1) {iut—l—Au—i—f(u) =0,
’LL(O,I’) = UO(x)v

where u(t, ) is a complex-valued function on space-time R; x R%, A is the
Laplacian in R, f(u) is a nonlinearity of Hartree type, f(u) = AM(V * [u|*)u
for some fixed constant A € R and 0 < v < d, where % denotes spatial
convolution in R? and V is a real valued radial function defined in R%. The
case V(z) = |z|77 and A = 1 is known as the focusing case.

If the solution u of has sufficient decay at infinity and smoothness,
it conserves mass, energy, and momentum:

M(w) = § Ju(t,2) de = M(up),

Rd
u X 2 u 2
(1.2)  E(u) :% | ]Vu|2dx_% i (t,|x)|_!y|(jvy)| dx dy = E(uo),
R4 R4 xR4
P(u) =Im | a(t,z)Vu(t,z) dz = P(u).
Rd

As explained in [4], the above quantities are also conserved for the energy
solutions u € CP(R, H'(R?)).
The equation (|1.1)) has the scaling invariance property:

(1.3) up(z,t) = A2 Seu(Aa, A2t),  s.=~/2 -1,
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in the sense that both the equation and the H*-norm are invariant under
the scaling transformation:

lunllgrse = llull e

The Hartree equation is called energy-subcritical when v <
min{d, 4}, which corresponds to s. < 1; mass-critical when v = 2, cor-
responding to s. = 0; energy-critical when d > 5 and v = 4, corresponding
to s. = 1; and energy-supercritical when 4 < v < d, corresponding to s, > 1.

Numerous papers deal with the Cauchy problem for the Hartree equa-
tion. We refer to [4, [I1]. A natural question is whether local solutions exist
globally.

Now we recall the related results about the focusing Schréodinger equation

(1.4) i+ Au+ |ulPlu =0,  w(0,z) = up(x).

By the scaling analysis, is called mass-subcritical when p < 1+ 4/d,
corresponding to s, = d/2 —2/(p — 1) < 0; mass-critical when p=1+4/d,
corresponding to s, = 0; energy-subcritical when p < 14 4/(d — 2), which
corresponds to s. < 1; energy-critical when p = 14+4/(d — 2), corresponding
to sc = 1; and energy-supercritical when p > 1+ 4/(d — 2), corresponding
to s. > 1.

It follows from the Gagliardo—Nirenberg inequality that the solution u
of exists globally in the mass-subcritical case. In the energy-subcritical
case, Glassey [5] proved that the solution u of blows up in finite time
if the initial data satisfies zug € L?(R?) with negative energy. After this re-
sult, many attempts have been made to relax the finite variance assumption.
In other words, one wants to know whether any solution corresponding to
smooth initial data with negative energy blows up in finite time. In partic-
ular, in the energy-critical case, Ogawa and Tsutsumi [14] proved that any
solution with initial data ug € H'(R?) radial and F(ug) < 0 must blow up
in finite time. The radial or finite variance condition was relaxed to some
non-isotropic ones by Martel [10], and was completely removed by Ogawa
and Tsutsumi [I5] in the mass-critical case in one dimension.

Besides finite time blow-up, there is also another interesting topic. In the
mass-critical case, Nawa [I3] showed that if the initial data ug € H'(RY)
has negative energy, then the solution u of blows up in finite or infinite
time in the sense that
(1.5) sup Ju(@®)|| g1 ey = +00,

t€(—Tmin,Tmax)
where (—Tin, Tmax) 1S the maximal lifespan of the solution with initial
data ug. In the energy-subcritical case, a similar result was established
by Holmer and Roudenko [6], by using the concentration-compactness ar-
gument developed by Kenig and Merle [7]. By the strategy derived from
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the finite speed of propagation devised by Bourgain [I] and virial analy-
sis, Du, Wu and Zhang [3] gave a similar result for the energy-critical and
energy-supercritical cases. Their method can also be applied to the energy-
subcritical case, and this gives another simplified proof for part of the results
in [6].

For the Hartree equation , using the refined Gagliardo—Nirenberg
inequality of convolution type and profile decomposition, C. Miao, G. Xu and
L. Zhao [12] characterized the dynamics of the finite time blow-up solutions
with minimal mass for the mass-critical case with H'(R*) data and L?(R*)
data. In this paper, we develop a complete blow-up theory for the Hartree
equation with initial data of negative energy.

Now, we state our results:

THEOREM 1.1. (1) In the energy subcritical case: Assume d > 3, 2 <~y
< min{d, 4} and ug € H (R?) with E(up) < 0. Let u be a solution of (I.1)

on the mazximal interval (—Tmin, Tmax)-

o [f Thmax < +00, then limy_,7, . |lu(t)|| g1 = +o0.
o [f Tiax = +00, then there exists a sequence t, — +0oo such that

Hm  ||u(ty)|| g = +o0.
n—-+0o00

A similar statement holds for negative time.

(2) In the energy-critical and energy-supercritical cases: Let 4 < v < d,
5> 5. =7/2—1 and uy € H*(R?) with E(up) < 0. Let u be a solution
of (L.1) on the mazimal interval (—Timin, Tmax)-

o If Tax < +00, then limy_. . ||u(t)||gs = +oo.

o [f Thax = +00, then there exists a sequence t, — +0oo such that
lim |u(ty)||gs = +o0.
n—-400
A similar statement holds for negative time.

REMARK 1.1. Roughly speaking, Case 1 refers to finite time blow-up,
Case 2 refers to infinite time blow-up. At this stage, it is not clear whether
Case 2 can be ruled out, or could indeed happen.

Due to the Galilean transformation, we may relax the negative energy
condition to the following

COROLLARY 1.1. The conclusion of Theorem still holds true when
the condition E(ug) < 0 is relazed to

P(up)®
M (ug)

E(UO> <
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Next we give another restriction similar to one in [6] to show a blow-up
result. Let Q) be a ground state which satisfies the elliptic equation

(1.6) — Ap+o = (|27 * o).
We refer the reader to [9] where a ground state has been constructed as a
radial, rapidly decaying function.

THEOREM 1.2. Assume d > 3, 2 < v < min{d,4}, and uo € H'(R?)
with
(1.7) {M(UO)I_SCE(Uo)SC < M(Q)' ™ E(Q)*,

luolly ™ [[Vuoll5* > 1QIl; > IVQI15.
Let u be a solution of (1.1) on the mazimal interval (—Tiin, Tmax)-

o If Thhax < +00, then limy_7,, . ||u(t)|| g1 = +o0.
o [f Thax = +00, then there exists a sequence t, — +0o such that

lm ||u(ty)|| g = +o0.
n—-+o00

A similar statement holds for negative time.

We will adopt the ideas of Glassey [5] and Du et al. [3] to prove the main
theorems. Since in our case, the initial data may not have finite variance,
we calculate the second order derivative of the local virial identity. We will
apply the strategy of [3] derived from the almost finite speed of propagation
ideas devised by Bourgain [I] to obtain Theorem And we will borrow
some techniques from scattering theory to show Theorem [T.2]

The paper is organized as follows. In Section 2, by using the almost finite
speed of propagation and local virial analysis, we prove Theorem [I.1] Section
3 provides the proof of Theorem by a technique from scattering theory.
We follow the argument of M. Weinstein [16] to show the best constant in
the Hardy-Littlewood—Sobolev type inequality in the Appendix.

We conclude the introduction by giving some notation which will be used
throughout this paper. For any r, 1 <r < co, we denote by || - ||, the norm
in L" = L"(R%) and by 7’ the conjugate exponent defined by 1/r +1/r = 1.
For any s € R, we denote by H*(R?) the usual Sobolev space. If X,Y are
nonnegative quantities, we sometimes use X < Y to denote the estimate
X <Y for some C.

2. Proof of Theorem We only need to prove the part on infinite
blow-up, since the proof of the finite blow-up part is standard (see [2]).
Assume the contrary; then
(2.1) sup u(t) | 1=(gay < Co < +oo,
teR+
where s = 1 in the energy-subcritical case and s > s, in the energy-critical
and energy-supercritical cases.
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Let
(2.2) Va(t) = | a(@)lu(t, z)|? da.
Rd
For a solution u satisfying
1O+ Au =N,

a further computation establishes that

V,(t) =2Im | Va(z) - Vu(t, z)u(t, z) dz,

R4
and
(23) V/(t)=4Re > | djpa(@)u;(t, v)up(t,z) do
1<j,k<dRd
+ S (—AA)a(z)|u(t, z)|* de + 2 S {N,u}p(t, 2)Va(z) dz,
R4 R4

where {f, g} is the momentum bracket defined as Re(fVg — gV f).
Now, plugging N = —(|z|~7 * |u|?*)u, we have

LEMMA 2.1. For any a(-) € C*(R?), we have

V,(t) =2Im | Va(z) - Vu(t,z)u(t, z) dz,

]Rd
V/(t)=4Re Y | dpa(@)u;(t, z)up(t, z) de — | A%a(z)lu(t, z)|* do
1<j,k<dRd Rd
Ju(t, ) lu(t, y)
— 2y “ (r —y) - Va(z) o — 2 dz dy.
RaxRd

In particular, if a(-) is radial, then setting r = |x| we obtain

(24)  V/(t)=2Im | o= VU da,
Rd "
/ " /
(2.5)  VI(t)=4 | afjﬂ)]Vude—l—ll | (“T(;") - ar(;)>|:c'u\2dx
Rd R4
— S A?a|ul? dx
Rd

u(t, z)|?|u 2
5 3§ ) 1Vato) - Va I g

R4 xR

Now we use the above lemma to show a result similar to the almost finite
speed of propagation [1]. Let mg = |lugl|o.
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LEMMA 2.2. For any no > 0 and all t < nyR/(2mCy), we have
(2.6) | fult,2)? dz < o+ or(1),
le|>2R
where or(1) — 0 as R — +o0.
Proof. Take a;(-) € C*(R%) radial such that 0 < a; < 1, |a}| < 1/R, and

(2.7) ay(r) = {O’ Osrsh

1, r>2R.
Then by (2.4) and (2.1)), we have
Ve, (O] < 2R Vull2||ull L2 (j>r) < 2R™ Como,

thus
t

Var (8) = Vi, (0) + \ Vi (s)ds < | Juol* d + 2R™ Comt.
0 |z|>R
Therefore
| fult, ) de < Vi, (1) < mo + or(1)
|| >2R
whenever t < noR/(2moCp), and this completes the proof. =

Inspired by the virial identity

d? 2 2
g7 | o) de = 165(u(0),
where
1 2 g Ju(t, =) *|u(t, y)
(2.8) K(u(t)) = 3 S |Vul® der — 3 “ P— dx dy,
R4 R4 xRd
we can rewrite V)'(t) in (2.5)) as
(2.9) V'(t) = 16K (u(t)) + R1 + R + Rs,
where
!/ " /
Ri=4 | <“ (r) —2)yvu|2dx+4 | (“ (;) - a(;)>|x-u|2dx,
AN AN r
u())?u(y)|?
Ro ==y §] [o=0): (Vata) = Va(y)) ~ 20o ~ ) T2 do
R xR y
R3 = — S A?alul® dz
Rd
_ _ _ !/
r r
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We will show R;, Ry and R3 are error terms, by making use of localization.
We take a(-) € C*(R?) radial satisfying

, 2, 0<r<2R,
a’(r) =
0, r>4R,

and a(0) = a/(0) = 0, ¢” <2, and a® < R~2. Then we have

(2.10)

LEMMA 2.3. There ezists a constant Cy = C1(s,~,d, mg,co) such that

(2.11) V() < 165 (u(t)) + Cullull2 72

Proof. First, we prove that Ry < 0. Indeed, if a”(r)/r? — d'(r)/r3 < 0,
then obviously R; < 0 since |a/| < 2r. On the other hand, if a”(r)/r? —
a'(r)/r® > 0, then again

Ry <4 | (a" —2)|Vu|*dz < 0.
Rd
Moreover, we have

supp{(z — ) - (Va(z) — Va(y)) — 2|z — y|*}
C{(z,y): |zl = 2R} U{(2,y) : ly| = 2R}
In the region where |z| > 2R,
(& —y) - (Va(z) = Va(y))| < |z —yI,

and we use the Holder inequality, generalized Young inequality and Sobolev
embedding theorem to control the contribution to Ry from this region by

ut,xzut, 2
[ |u(t, z)|*u(t, y)|

drdy S ||uH%2d/(d*"//2)(|1‘|22R)||u||2L2d/(d*W/2)

—ylv
R4 {|z|>2R} |:E y|
2 (2s) (25) 2—v/(2 (2s) 2+4-8/(2s) 2 (2s)
Sl el 2 el 7227 012 < ot 7 2

Similarly, we have the same control in the region where |y| > 2R. Thus

2—v/(2s)
Ry 5 [ul25 200

Furthermore,
—29, 112
Ry < CR™|ull72(31>2R)-
Hence,

2 (2s
V' (8) < 16K (u(t)) + Cy[lull 220w

Proof of Theorem 1.1. Now we use the above two lemmas to prove The-

orem By (2.6) and (2.11)), we get

(2.12) V(1) < 16K (u(t)) + Ci(p " + op(1))



118 J. Q. ZHENG

for any t < T = noR/(2moCy). Integrating the above inequality from 0 to
T twice, and using the fact that

K(u(t)) < E(u(t)) <0 for any t € R,

we obtain

Tt
Va(T) < Va(0) + VIO)T + | { g(16K (u(s)) + Cr(mg " + op(1))) ds dt
0

N Ot

< V(0) + V(O)T + (16E(ug) + Ca(n " 4 0 (1)) T2
Taking 19 such that 6’1772 /2 %E(uo), and R large enough, one has
noRR 2
2.13 Va(T) < Vo(0) + V(0 R?,
(213) (T) < Val0) + Vi(0) 5 + o
where ag = E(ug)n/(4moCp)? < 0. Next we claim that
(2.14) Va(0) = or(DR2,  V2(0) = op(1)R.
In fact,
VaO < | [alPluo@)Pdet | JePPluo(@)Pde+ B2 Y Jug(x)[* do
lz|<VR VR<|z|<2R |z|>2R
<Rmi+R* | |u(@)Pdz+R> | |ug(z)]dx
|z|>VR |z|>2R
= or(1)R2.

Similarly, we have V/(0) = ogr(1)R2.
Taking R large enough, by (2.13) and (2.14)), we get

Vo(T) < og(1)R? + agR? < tagR* < 0.
This contradicts V4 (7T") > 0, and so the proof of Theorem is complete.
Proof of Corollary Using the Galilean transformation, we define
(2.15) v(z, t) = e @)y (2 — 2t€0, 1).
If u is a solution of , then so is v, and also
B(v) = E(uo) + 260P () + [¢o]* M (o)

_ P(ug) |” P(ug)”
= M (up)|&o + M (u0) + E(up) — M (uo) .
On the other hand, if we choose {y = —P(ug)/M (ug), then we get
2
(2.16) E(v) = E(ug) — Z(ij) <.

Hence, by the same argument as in Theorem replacing u by v, we obtain
the desired result.
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3. Proof of Theorem In this section, we use some techniques
from scattering theory to prove Theorem First, we deduce that the sign
of |lu(t )Hl | Vu(t)|| 7% is invariant along the flow under the restriction
M (uo)' =% E(ug)*™ < M(Q)'™*E(Q)*

PROPOSITION 3.1. If ugy satisfies m, then
31 Ju@®l2* V@) > 1R IV, Yt € (~Tmin, Tmax);

where (—Tmin, Tmax) S the mazximal lifespan of the solution.

Proof. For a contradiction, if there exists g € (—Tiin, Tmax) such that

(32) luto) |12 Vu(to)I3o = Q= IV QI3
then by the Hardy-Littlewood—Sobolev type inequality,

— 4—
(3.3) (2= [ul)|ul?| 1 < Curs|Vull3 flully ™,
where

4-y\"? 4 Lo (2 1QP)IQP L
CHLsz( ) 10l = Aoy
Y 4—"70 IVQI3IQl; "

this will be proved in the Appendix.
Thus by (3.3]), we obtain

1-sc 1-sc
M(Q) == E(Q) > M(u(to)) = E(u(to))
2(1—sc) 9 2(1—sc) 9 9
= sluto)lly = [IVulto)l3 — Fllulto)lly (1™ [ul*)ul*|
2(1—s¢) 1—s

> %Hu(to)H z Hw<to>u2 — LCus(lulto)lly™ [Vulto)]2)”
= 1M(Q > MQ) = ||+ |QRIQP s
— M(Q) = E(Q),

which gives a contradiction, and this completes the proof. =

By a similar argument to that for Theorem one can reduce Theo-
rem [1.2] to the following lemma:

LEMMA 3.1. Ifug satisfies (1.7)), then there exists By < 0 such that
(34) K(u(t)) § ﬁOa Vt € (_TmimeaX)-
Proof. First we claim that

(3.5) K(u(t) <0, ¥t € (—Tumin, Toax)-
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In fact, by Proposition and (|1.7)), one has
v 1
B - (] - 3) Il

_
3
< (MY (1510~ (3- 1) iveik) o

which means that

v —
(3.6) Va3 < L™ lu(@)[)|u®)PllLr, ¥t € (~Tinin, Tmax)-

K (u(t))

This together with (3.3]) implies that
4 2 — 2 2 i 14—
;llVU(t)llz < N[ () 7) [w@®)[] 1 < CuuslVullgllully ™,

and so

(3.7) V()2 > :

> 0.
~ ACuLs M (ug)?~7/2

Next we claim that there exists dg > 0 such that
(3.8) K(u(t)) < —(50HVUH%, Vt € (—Tmin, Tmax)-

In fact, suppose this were not true; then there exist {¢,,} and d,, — 0 such
that

“an (3 5 IVt < Kute) <o

Hence

1—s¢

M(u(tn)) 5 B(u(t)
=2 (Muten) = (Kt + (5 - 5 ) IVu(e)3) )

2 2(1—sc) 9 0% 1
> = n s n 1-— n - — =
> 2utta)l, < IVutIB -6 (] - 3)

’Y o 2 2(1‘750) 9 1—se
> 5 (W=alel, ™ IVl = (1 - a)M(Q) =
letting n — +o00, we have
M (w)' = E(u)* > M(Q)' ™ E(Q)™.
This contradicts the inequality M (u)!=%¢E(u)% < M(Q)!™*E(Q)*.
Combining (3.7) and (3.8]), we obtain

(39) K(u(t)) < Bo, Vit € (_Tmina Tmax). [

(Q);
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4. Appendix. In this Appendix, we find the best constant in the Hardy—
Littlewood—Sobolev type inequality (3.3]).

First, by the symmetry

i) ewreraray = - (| TS hot o andy

R xR4 R xRd

and a direct computation, we have the following identities:

LEMMA 4.1. If ¢ € S(RY), then

| 2 Vo Apdr = % | Vo] da,

R4 Rd
|2 Vo ¢pdo=—3 § ¢|? da,
Rd ]R
d 2 2
[ 2-Vo (1217 % 92)p da = (—2 - Z) I dedy.

R4 Rd xRd

LEMMA 4.2. Assume that 2 < v < min{4,d}. Let ¢ be an H'(R?) solu-
tion of the equation

(4.1) —Ap+ ¢ = (|z]77 6.
Then the following identities hold:

N 3(x)2¢(y)?
Ki(¢) 2 Rxdnwr? + 161 da — RdSXSRd ﬁ da dy = 0,
. q ¢(x>2¢( 2
R4 R4 x R4
Ks(¢) = §|V¢|2d:c—— | ¢]” dz = 0.
R 7 R

Now we establish the best constant in (3.3)):

LEMMA 4.3. Assume that 2 < v < min{4,d}. Let Q be a radially sym-
metric, positive ground state of the elliptic equation (4.1)). The best constant
in the Hardy—-Littlewood—Sobolev type inequality

()| uly) -
(4.2) I\ o dody < Cuusl Vul el
R4 xRd

is Crws = (22)224)1Q72
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Proof. We follow the argument of M. Weinstein [16]. Consider the We-
instein functional

lully 1 Vull3

(4.3) J(u) = — . Yue HYRY).
[[([ =7 Jul?)[ul?[| o1

We need to show that

(4.4) inf  J(u) = Cﬁﬁs.

u€H\{0}

Let o be the above infimum, and consider a minimizing sequence {uy}.
By the Holder inequality, general Young inequality and Sobolev embedding
theorem, we have

— 4—
(= ) ullly S lullzaeay < Tully 7 1Vull3,

and so o > 0. Set v, (x) = ppun(Apz) with

d—2)/2

[ [

n=1—02 ___  and A\, = ——d=
V152 IVeunl2

so that [|vp|l2 = ||Vun|l2 = 1 and
||z~ * ]vn\z)\vnPHZ} =J(v,) =J(up) -0 >0 asn— +oo.
Let v} be the Schwarz symmetrization of vy, i.e. the radial decreasing rear-
rangement (see [§]). Then |[v}|l2 = ||vnll2 =1, [[Vvi|l2 < |[Vopll2 =1 and
[T e e e o e [ e T o T M
= J(vy) =J(up) = 0>0 asn— oo,

by the general rearrangement inequality. We know that {v}} is bounded
in H', so up to a subsequence, it converges to some v weakly in H'. By radial
symmetry, it also converges strongly in LP for all 2 < p < 2* = 2d/(d — 2).
By the Holder and general Young inequalities, we deduce that

(=7 o ) o 2 = (el = o) ol 2 S vy =ollpllon +ollp(log 3+ 1o]15),
where 2 < p =4d/(2d — v) < 2*, and so

(=7 o)l = Tim (|27 o) op Plle = o7 > 0.

By the Fatou Lemma, we have

[ofl < lim floplly =1 and  [[Volls < lim [lo,[ls <1,
n—+00 n—+-00

and hence

4—
» < 7o) = — IVl 1
= Gl < o Pl = T2 oDl

= Jim (12 o P P = o
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This implies that
(4.5) J(w)=0 and |jv|2=[Vv|2=1

Since v is a minimizer, it satisfies the Euler—-Lagrange equation

d

(4.6) —J(v+ew) =0, VYwe H'(RY.
de e=0

Taking into account (4.5)), we obtain

(4.7) — AU+ (4 =)o = 4(|z|77 * [v]?)v.

Let now u be defined by v(z) = au(bz) with a = (%)1/2(4777)(%7)/4 and
b= (47%)1/2, so that w is a solution of (4.1)) and
J(u) =J(v) =o.
Since u satisfies equation (4.1)), we deduce from Lemma that
Y - Y
Va3 = L 12l ) [ulllr and [[Vul3 = EIIUH%

and so

_ v/2
(4.5 a0 =) it

As @ also satisfies equation , it satisfies the same identity . Since
u minimizes J, we have J(Q) > J(u), which implies that ||ull2 < [|@]|2. On
the other hand, @) being a ground state of , it is also a solution of
of minimal L?-norm (see [9]), so that ||Q||2 < |lu||2. Therefore, || Q|2 = ||ul|2,
and the result now follows from . "
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