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TWISTED GROUP RINGS OF STRONGLY UNBOUNDED
REPRESENTATION TYPE

BY

LEONID F. BARANNYK and DARIUSZ KLEIN (Słupsk)

Abstract. Let S be a commutative local ring of characteristic p, which is not a field,
S∗ the multiplicative group of S, W a subgroup of S∗, G a finite p-group, and SλG a
twisted group ring of the group G and of the ring S with a 2-cocycle λ ∈ Z2(G,S∗).
Denote by Indm(SλG) the set of isomorphism classes of indecomposable SλG-modules of
S-rank m. We exhibit rings SλG for which there exists a function fλ : N → N such that
fλ(n) ≥ n and Indfλ(n)(S

λG) is an infinite set for every natural n > 1. In special cases
fλ(N) contains every natural number m > 1 such that Indm(SλG) is an infinite set. We
also introduce the concept of projective (S,W )-representation type for the group G and
we single out finite groups of every type.

Introduction. Let p ≥ 2 be a prime. A finite group whose order is
a positive power of p is called a p-group. Suppose G is a p-group, G′ the
commutant of G, radA the Jacobson radical of a ring A, A = A/radA
the factor ring of the ring A by radA, S a commutative local ring with
an identity element of characteristic pk, Sp = {ap : a ∈ S}, S∗ the mul-
tiplicative group of S, and Z2(G,S∗) the group of all S∗-valued normal-
ized 2-cocycles of the group G that acts trivially on S∗. A twisted group
ring SλG of the group G and of the ring S with λ ∈ Z2(G,S∗) is the
S-algebra with S-basis {ug : g ∈ G} satisfying uaub = λa,buab for all
a, b ∈ G ([31, pp. 2–4]). Let e be the identity element of G. We have
uaue = ueua = ua for all a ∈ G. The S-basis {ug : g ∈ G} of SλG will
be called natural . If H is a subgroup of G, then the restriction of a co-
cycle λ : G × G → S∗ to H × H will also be denoted by λ. In this case
SλH is a subring of SλG. By an SλG-module we mean a finitely generated
left SλG-module which is S-free, that is, an SλG-lattice (see [10, p. 140]).
The study of S-representations of SλG is essentially equivalent to the study
of SλG-modules (see [9, §10]; [12, p. 74]). The module corresponding to
a representation is called the underlying module of that representation
([12, p. 74]).
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Following the terminology of [26], we say that SλG is of finite (resp. infi-
nite) representation type if the set of all isomorphism classes of indecompos-
able SλG-modules is finite (resp. infinite). Let D(SλG) be the set of S-ranks
of all indecomposable SλG-modules. If D(SλG) is finite (resp. infinite), then
SλG is of bounded (resp. unbounded) representation type. Let Indd(SλG) be
the set of isomorphism classes of indecomposable SλG-modules of S-rank
d and let N be the set of positive integers. We say that SλG is of SUR-
type (Strongly Unbounded Representation type) if there exists a function
fλ : N → N such that fλ(n) ≥ n and Indfλ(n)(SλG) is an infinite set for
every n > 1. A function fλ will be called an SUR-dimension-valued function.

Higman [25] proved that if S is a field of characteristic p, then a group
algebra SG is of finite representation type if and only if SG is of bounded
representation type. This does not hold in the case when S is not a field
[17], [32]. Gudivok [16] and Janusz [27], [28] showed that if S is an infinite
field of characteristic p and G is a non-cyclic p-group for which |G/G′| 6= 4,
then Indn(SG) is an infinite set for every natural n > 1. Let G be a finite
p-group of order |G| > 2, S a commutative local ring of characteristic pk, and
radS 6= 0. Gudivok and Chukhray [19], [20] proved that if S̄ is an infinite
field or S is an integral domain, then Indn(SG) is infinite for every natural
n > 1. In paper [24], joint with Sygetij, they obtained a similar result in
the case where G is a non-cyclic p-group, p 6= 2 and S is an infinite ring
of characteristic p or S̄ is an infinite field. We note that in [22], [23], Gudi-
vok and Pogorilyak investigate group rings SG of bounded representation
type for the case when G is a p-group and S is an arbitrary commutative
local ring of characteristic pk with radS 6= 0. The similar problem was stud-
ied in [4] for twisted group rings SλG, where S is a Dedekind domain of
characteristic p.

We remark that the investigations mentioned above were considerably
stimulated by the well-known Brauer–Thrall conjectures [26] for finite-di-
mensional algebras over an arbitrary field. For a complete discussion of
related problems in the modern representation theory of finite groups, al-
gebras, quivers and vector space categories the reader is referred to the
monographs [11], [13] and [33].

In the present paper we describe twisted group rings SλG of SUR-
type. We shall also characterize finite p-groups depending on a projective
(S,W )-representation type. Our investigations extend the results of [4], [19]
and [20]. We obtain indecomposable SλG-modules of S-rank fλ(n) by ap-
plying induction from SλH-modules to SλG-modules, where H is a sub-
group of G. If M is an indecomposable SλH-module then the induced mod-
ule MSλG is also an indecomposable SλG-module under some assumptions
which generalize the hypotheses of the Green Theorems [14], [15]. When
SλH is a group ring and |H| > 2, we make use of the indecomposable SλH-
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modules which are constructed in [19] (see also [18]) as initial SλH-modules.
If SλH is not a group ring then first we find µ ∈ Z2(H,S∗) such that
SλH = SµH and SµH contains a group ring SµB, where B is a subgroup
of H and |B| > 2. In this case we obtain indecomposable SλH-modules by
applying induction from SµB-modules to SµH-modules.

Let us briefly present the results obtained. In Section 1, we define the
kernel of a cocycle and prove its properties. In Section 2, we obtain further
information on the infinite series of indecomposable modules of R-rank n
over a group ring RH studied in [19], where n ≥ 2 is an arbitrary natural
number, R is a commutative local ring of characteristic p, and H is a cyclic
p-group of order |H| > 2 or a group of type (2, 2). In particular, we prove
that, for every such module V , the ring EndRH(V ) is finitely generated as
an R-module.

In Section 3, we single out rings SλG of SUR-type for the case when S is
an arbitrary local integral domain of characteristic p, and, in Section 4, for
the case when S is a commutative local noetherian ring of characteristic p.
We prove that if S is a local integral domain of characteristic p, H the kernel
of λ ∈ Z2(G,S∗), and |H : G′| > 2, then for SλG one can construct the SUR-
dimension-valued function fλ(n) = nd, where d = |G : H| (Theorem 1).
If S is a local noetherian integral domain of characteristic p then in the
above statement we can assume that |H| > 2 (see Corollary to Theorem 4).
Let S be a local integral domain of characteristic p, F a subfield of S,
and λ ∈ Z2(G,F ∗) such that F λG is a non-semisimple algebra. Then for
SλG there exists an SUR-dimension-valued function fλ(n) = nd, where
d = dimF F λG. In addition, one should assume that one of the following
conditions holds:

1) p 6= 2, d < |G : G′| (Theorem 2);
2) p = 2, d < 1

2 |G : G′| (Theorem 3);
3) p 6= 2, S is a noetherian ring (Theorem 6).

We remark that if SλG = SG, then d = 1 and fλ(n) = n, in each of
the above cases, and we recover the results of [19], [20]. In Theorem 5,
we prove the existence of a ring SλG with SUR-dimension-valued function
fλ(n) = n · |G : B|, where B can be an arbitrary subgroup with G′ ⊂ B ⊂ G,
and moreover the S-rank of every indecomposable SλG-module is a value of
the function fλ.

In Section 5, we introduce the concept of projective (S,W )-representa-
tion type for a finite group (finite, infinite, purely infinite, bounded, un-
bounded, purely unbounded, strongly unbounded, purely strongly unbound-
ed). We prove a number of propositions about p-groups with a given
projective (S,W )-representation type over a ring S = F [[X]] (Proposi-
tions 5–8).
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1. Non-semisimple twisted group algebras

Lemma 1. Let G be a p-group, R an integral domain of characteristic p,
R∗ the multiplicative group of R, W a subgroup of R∗, λ : G×G→W a
2-cocycle, and A the union of all cyclic subgroups 〈g〉 of G such that the
restriction of λ to 〈g〉 × 〈g〉 is a W -valued coboundary. Then G′ ⊂ A, A is
a normal subgroup of G, and up to cohomology in Z2(G,W ),

λg,a = λa,g = 1(1)

for all g ∈ G, a ∈ A.

Proof. Evidently if T is a subgroup of G and the restriction of λ :
G × G → W to T × T is a W -valued coboundary then T ⊂ A. By
[29, Corollary 4.10, p. 42], the restriction of λ to G′ × G′ is a W -valued
coboundary. Hence, G′ ⊂ A. Let B be a normal subgroup of G with G′ ⊂ B
and suppose the restriction of λ to B × B is a W -valued coboundary. We
may assume λb,b′ = 1 for all b, b′ ∈ B. Let {ug : g ∈ G} be a natural R-basis
of RλG. For any b ∈ B, g ∈ G we have

ugubu
−1
g = γub′ ,

where γ ∈W , b′ = gbg−1. Then

ugu
|b|
b u
−1
g = γ|b|u|b|b′ ,

whence γ = 1. Consequently, λg,b = λb′,g. Let {g1 = e, g2, . . . , gn} be a cross
section of B in G ([12, p. 79]). We set vgib = λgi,bugib for every i ∈ {1, . . . , n}
and b ∈ B. Then vgi = ugi , vb = ub, vgivb = vgib and for any g = gjc, c ∈ B,
we have

vgvb = vgjvcvb = vgjvcb = vgj(cb) = vgb, vbvg = vbg.

Therefore, up to cohomology, λg,b = λb,g = 1 for all g ∈ G, b ∈ B.
Let H be a cyclic subgroup of G such that the restriction of λ to H ×H

is a W -valued coboundary. Let D = BH and suppose D 6= B. Because
G′ ⊂ B, D is a normal subgroup of G. By hypothesis,

λh,h′ =
αh · αh′
αhh′

for any h, h′ ∈ H, where α is a mapping of H into W . If x, y ∈ B ∩H then

λx,y = 1 and λx,y =
αx · αy
αxy

,

whence αxy = αxαy. It follows that αx = 1 for any x ∈ B ∩H.
Let h1 = e, h2, . . . , hm ∈ H and {h1, . . . , hm} be a cross section of B

in D. If d ∈ D and d = bhi, b ∈ B, then we set

vd = α−1
hi
ud.

Let d1 = xhi and d2 = yhj, where x, y ∈ B, be arbitrary elements of D.
Assume that hihj = bhr, b ∈ B, and z = hiyh

−1
i . Then λb,hr = 1, and hence
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αbhr = αbαhr = αhr , whence αhihj = αhr . Thus, we get

vd1 · vd2 = α−1
hi
uxuhi · α−1

hj
uyuhj = α−1

hi
α−1
hj
uxuzλhi,hjuhihj

= α−1
hihj

ud1d2 = α−1
hr
ud1d2 = vd1d2 .

This proves that the restriction of λ to D×D is a W -valued coboundary. Let
ai ∈ A, Hi = 〈ai〉, 1 ≤ i ≤ n, and Dn = G′H1 · · ·Hn. Applying induction on
n, we conclude in view of the above arguments that Dn is a normal subgroup
of G, Dn ⊂ A, and up to cohomology in Z2(G,W ) we have λg,d = λd,g = 1
for all g ∈ G, d ∈ Dn. This completes the proof, because A = Ds for
some s.

Definition. The subgroup A introduced in Lemma 1 is said to be the
kernel of the cocycle λ ∈ Z2(G,W ). We denote this subgroup by Ker(λ).

In what follows, we assume that every cocycle λ ∈ Z2(G,W ) under
consideration satisfies condition (1). We remark that if µxA,yA = λx,y for
any x, y ∈ G, then µ ∈ Z2(G/A,W ) and Ker(µ) = {A}.

Let F be a field of characteristic p, and W a subgroup of F ∗. Set iF (W ) =
sup{0,m}, where m is a natural number such that the algebra

F [x]/(xp − γ1)⊗F · · · ⊗F F [x]/(xp − γm)

is a field for some γ1, . . . , γm ∈W . By Proposition 1.1 of [6], for any natural
number t, there exists a field F such that iF (F ∗) = t.

Proposition 1. Let G be a finite p-group, F a field of characteris-
tic p, W a subgroup of F ∗, λ ∈ Z2(G,W ), and B = Ker(λ). Then the set
V = F λG · radF λB is a nilpotent ideal of the algebra F λG, and the quotient
algebra F λG/V is isomorphic to F πH, where H = G/B and πxB,yB = λx,y
for any x, y ∈ G. If d = dimF F λG then d is a divisor of |G : B|. Sup-
pose that iF (W ) ≥ k, where k is the number of invariants of the group
G/G′. Then for every subgroup B of G containing G′ there exists a cocycle
λ ∈ Z2(G,W ) such that B = Ker(λ) and dimF F λG = |G : B|.

Proof. Let λ ∈ Z2(G,W ) and B = Ker(λ). By Lemma 1, B is a normal
subgroup of G, G′ ⊂ B, and λg,b = λb,g = 1 for all g ∈ G, b ∈ B. It follows
that F λB is the group algebra of B over the field F and

radF λB =
⊕

b∈B, b6=e
F (ub − ue).

Then V = F λG · radF λB is a nilpotent ideal of F λG. The quotient alge-
bra F λG/V is the commutative twisted group algebra F πH of the group
H = G/B and the field F with the 2-cocycle π ∈ Z2(H,W ), where πxB,yB
= λx,y for any x, y ∈ G. A natural F -basis of F λG/V is formed by elements
of the form ug + V .
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Let H = 〈h1〉 × · · · × 〈hr〉 be a group of type (ps1 , . . . , psr). The algebra
F πH has a natural F -basis {vh : h ∈ H} satisfying the following conditions:

1) if
h = hj11 · · ·hjrr

and 0 ≤ ji < psi for every i = 1, . . . , r, then

vh = vj1h1
· · · vjrhr ;

2) vp
si

hi
= αive, αi ∈W (i = 1, . . . , r).

We denote the algebra F πH also by [H,F, α1, . . . , αr]. In view of [5, Theo-
rem 1] we have F πH ∼= K, where K is a finite purely inseparable extension
of F and [K : F ] divides |H|. Since F λG ∼= F πH, d divides |G : B|.

Now we prove the final statement. Let B be the subgroup of G with
G′ ⊂ B and set H = G/B. Assume H = 〈h1〉× · · ·×〈hr〉. Then r ≤ k. Since
iF (W ) ≥ k,

F [x]/(xp − γ1)⊗F · · · ⊗F F [x]/(xp − γr)
is a field for some γ1, . . . , γr ∈ W . The twisted group algebra F µH =
[H,F, γ1, . . . , γr] is a field. Let λx,y = µxB,yB for all x, y ∈ G. Then λ ∈
Z2(G,W ) and Ker(λ) = B. Let V = F λG · radF λB. Because F λG/V ∼=
FµH and FµH is a field, we have V = radF λG and dimF F λG = |G : B|.

Proposition 2. Let G be a finite p-group, F a field of characteristic p,
λ ∈ Z2(G,F ∗), and d = dimF F λG.

(i) There exists a homomorphism of F λG onto a twisted group algebra
of the form

A =
pm−1⊕

j=0

Kvja, vp
m

a = αp
l
ve (α ∈ K∗),(2)

where m > 0, K is a finite purely inseparable extension of F ; d =
[K : F ] · pm−l, l = 0 for d = |G : G′| and 1 ≤ l ≤ m for d < |G : G′|;
α 6∈ Kp for 0 ≤ l < m and α = 1 for l = m.

(ii) If d < 1/p|G : G′|, then there exists a homomorphism of F λG onto
A with 2 ≤ l ≤ m or onto a twisted group algebra of the form

A′ =
⊕

i,j

Kviav
j
b , vavb = vbva, vp

m

a = αpve, vp
n

b = βpve,(3)

where m,n > 0, K is a finite purely inseparable extension of F ,
d = [K : F ] · pm+n−2, and radA′ is generated by elements

vp
m−1

a − αve, vp
n−1

b − βve.
Proof. We keep the notations used in the proof of Proposition 1, and we

assume that G is non-abelian. Arguing as in that proof, we establish the
existence of an algebra homomorphism F λG onto the algebra F πH, where
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H = G/G′ and πxG′,yG′ = λx,y for all x, y ∈ G. Let H = 〈h1〉× · · · × 〈hk〉 be
a group of type (pl1 , . . . , plk) and {uh : h ∈ H} a natural F -basis of F πH.
If F πH is semisimple then F πH is a field and d = |G : G′|. We have

F πH =
pm−1⊕

j=0

Kvja, vp
m

a = αve (α ∈ F ∗),

where m = lk, K = F [uh1 , . . . , uhk−1 ], and va = uhk . In this case α 6∈ Kp.
Assume now that the algebra F πH is non-semisimple. Suppose also that
F [uh1 , . . . , uhr−1 ] is a field and F [uh1 , . . . , uhr−1 , uhr ] is not. Let

H1 =
∏

i6=r
〈hi〉, H2 = 〈hr〉, U = radF πH1, W = F πH · U,

and F πH1/U ∼= K, where K is a finite purely inseparable extension of F .
Then

F πH/W ∼= F πH1/U ⊗F F πH2 ∼= K ⊗F F πH2 ∼= KπH2,

and hence, F πH/W is isomorphic to a twisted group algebra A of the
form (2), where m = lr. The case when F [uhi ] is not a field for every
i = 1, . . . , k is treated similarly.

Assume that d < (1/p)|H|. Then there exists a homomorphism of the
algebra F πH onto an algebra of the form (2) with l ≥ 2 or onto an algebra
A′ of the form (3), where α, β ∈ K, α 6∈ Kp for m > 1, and β 6∈ Kp for
n > 1. Let m > 1 and L = K(θ), where θ is a root of the polynomial

Xpn−1 − β.
If α ∈ Lp then there exists a homomorphism of A′ onto

pm−1⊕

i=0

Lvia, vp
m

a = γp
2
ve (γ ∈ L∗),

which is of the form (2).

2. Infinite sets of indecomposable underlying modules of repre-
sentations of a group ring of a p-group. LetH = 〈a〉 be a cyclic p-group
of order |H| > 2, and R a commutative local ring of characteristic p. As-
sume that there is a non-zero element t ∈ radR which is not a zero-divisor.
Let Em be the identity matrix of order m, Jm(0) the upper Jordan block of
order m with zeros on the main diagonal, and 〈1〉 the m × 1-matrix of the
form 



1
0
...
0


 .
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Denote by Γi a matrix R-representation of degree n of the group H defined
in the following way:

1) if n = 2 then

Γi(a) =
(

1 ti

0 1

)
(i ∈ N);

2) if n = 3m (m ≥ 1) then

Γi(a) =



Em tiEm Jm(0)
0 Em tiEm
0 0 Em


 (i ∈ N);

3) if n = 3m+ 1 (m ≥ 1) then

Γi(a) =




Em t2iEm Jm(0) t〈1〉
0 Em tiEm 0
0 0 Em 0
0 0 0 1


 (i ∈ N);

4) if n = 3m+ 2 (m ≥ 1) then

Γi(a) =




Em ti+2Em Jm(0) t2i+4〈1〉 t〈1〉
0 Em t2i+4Em 0 t2〈1〉
0 0 Em 0 0
0 0 0 1 1
0 0 0 0 1




(i ∈ N).

Let Vi be the underlying RH-module of this representation.
Note that Γi is a slight modification of the representation of H which

was constructed in [19, Lemma 4] for the case when R is a local integral
domain of characteristic p. One can obtain this representation as a result of
the substitution Jm(0) 7→ Em + Jm(0).

Lemma 2. If i 6= j, then the RH-modules Vi and Vj are non-isomor-
phic. The algebra EndRH(Vi) is finitely generated as an R-module and there
is an algebra isomorphism

EndRH(Vi)/rad EndRH(Vi) ∼= R/radR for every i ∈ N.

Proof. By direct calculations we find that if i 6= j and CΓi(a) = Γj(a)C
for some C ∈ Rn×n, then detC 6∈ R∗. Hence the modules Vi and Vj are
non-isomorphic for i 6= j. We prove the second and third statement only for
the case n = 3m+ 2, because the proof in the remaining cases is similar.

Suppose that

C =




C11 C12 C13 C14 C15
C21 C22 C23 C24 C25
C31 C32 C33 C34 C35
C41 C42 C43 C44 C45
C51 C52 C53 C54 C55






TWISTED GROUP RINGS 273

is a square matrix of order n = 3m + 2 with entries from the ring R. In
addition, we assume that C11, C22, C33 are square matrices of order m and
C44, C55 square matrices of order 1. If Γi(a)C = CΓi(a), then

C21 = 0, C31 = 0, C32 = 0, C34 = 0,

C41 = 0, C51 = 0, C52 = 0, C54 = 0;

C22 = C11− ti+2〈1〉C42; C33 = C11− (ti+2 + t2)〈1〉C42;

C53 = t2i+4C42; C24 + ti+2〈1〉C44 = ti+2C11〈1〉;
C55 = t2C42〈1〉+ C44; C24 = t2i+4C35 + t2〈1〉C55 − t2C22〈1〉;
C11Jm(0)− Jm(0)C11

= ti+2(C23 + ti+2〈1〉C43 + ti+3〈1〉C42 − ti+2C12);

C14 = ti+2C25 + Jm(0)C35

+ t2i+4〈1〉C45 + t〈1〉C55 − tC11〈1〉 − t2C12〈1〉.

(4)

We can find all solutions of this system if we know the solutions of the
following system:

(5) t2i+2C35 + (1 + ti)〈1〉C55 − (1 + ti)C11〈1〉 = 0,

(6) C11Jm(0)−Jm(0)C11 = ti+2(C23 + ti+2〈1〉C43 + ti+3〈1〉C42− ti+2C12).

Define

B = C23 + ti+2〈1〉C43 + ti+3〈1〉C42 − ti+2C12; C55 = (α);

B = (bkl), C11 = (xkl), 1 ≤ k, l ≤ m; C35 =



δ1
...
δm


 .

Equation (5) yields

x11 = α+
t2i+2

1 + ti
δ1; xj1 =

t2i+2

1 + ti
δj , 2 ≤ j ≤ m.

We declare α, δj for all j = 1, . . . ,m to be free unknowns. Equation (6) can
be written in the form

(7)




0 x11 x12 · · · x1,m−1
0 x21 x22 · · · x2,m−1
· · · · · · ·
0 xm−1,1 xm−1,2 · · · xm−1,m−1
0 xm1 xm2 · · · xm,m−1


−




x21 x22 · · · x2m
x31 x32 · · · x3m
· · · · · ·

xm1 xm2 · · · xmm
0 0 · · · 0




= ti+2




b11 b12 b13 · · · b1m
b21 b22 b23 · · · b2m
· · · · · · ·

bm−1,1 bm−1,2 bm−1,3 · · · bm−1,m
bm1 bm2 bm3 · · · bmm


 .
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Equate the first columns on the left side of (7) with those on the right,
thereby obtaining

bk1 = − ti

1 + ti
δk+1 for k ∈ {1, . . . ,m− 1}, bm1 = 0.

Equating the second columns on both sides of (7), we get


x22

...
xm2


 =




x11
...

xm−1,1


− ti+2




b12
...

bm−1,2


 , bm2 =

ti

1 + ti
δm.

There is no restriction on x12, b12, . . . , bm−1,2. We declare x1l, b1l, . . . , bm−1,l
for l = 2, . . . ,m to be free unknowns. Taking into consideration the ex-
pression of xj1 for 2 ≤ j ≤ m, we conclude that ti+2 divides xj2 for every
j ∈ {3, . . . ,m}. We use induction on q, where 2 ≤ q ≤ m and q indexes
columns in the matrix C11. Let q ≤ m − 1, and suppose that xkl, bkl have
been determined for all k ∈ {1, . . . ,m} and l ∈ {2, . . . , q}, where:

1) xkl for 2 ≤ k ≤ m, 2 ≤ l ≤ q are linear combinations of free unknowns
with coefficients in R and ti+2 divides the coefficients of xjl for every
j ∈ {l + 1, . . . ,m}; moreover xkl = xk−1,l−1 − ti+2bk−1,l;

2) ti+2bml = xm,l−1.

Equating the (q + 1)th columns on both sides of (7), we obtain

ti+2bm,q+1 = xmq,

xj,q+1 = xj−1,q − ti+2bj−1,q+1 for all j ∈ {2, . . . ,m}.

Since t is not a zero-divisor and ti+2 divides the coefficients of xmq, one can
solve the first equation for bm,q+1. The second equation implies that ti+2

divides the coefficients of xj,q+1 for every j ∈ {q + 2, . . . ,m}.
Thus the set of pairs (C11, B) is finitely generated as an R-module. For

a given matrix B,

C23 = B − ti+2〈1〉C43 − ti+3〈1〉C42 + ti+2C12.

Since the matrices C12, C13, Ci5 (i = 1, 2, 3, 4), C42, C43, C55 are arbitrary,
the ring K of matrices C commuting with Γi(a) is finitely generated as an
R-module.

Let P = radR. We have

C1 ≡



α ∗

. . .
0 α


 (modPRm×m).

It follows from (4) that
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C ≡




C11 C12 C13 C14 C15
0 C11 C23 0 C25

0 0 C11 0 C35
0 C42 C43 C55 0
0 0 0 0 C55


 (modPRn×n),

and hence, detC ≡ αn (modP ). Since C or C − E is an invertible matrix
over R, it follows that C or C−E is invertible in K. Therefore, K is a local
ring. We have C = αE+D, where D ∈ radK. The mapping f : K/radK →
R/P defined by f(C + radK) = α+P is an isomorphism. This proves that
EndRH(Vi) ∼= R.

Lemma 3. Let H = 〈a〉×〈b〉 be an abelian group of type (2, 2), t∈ radR,
t 6= 0 and suppose t is not a zero-divisor. Denote by Wi the underlying RH-
module of the matrix representation ∆i of degree n of the group H defined
as follows:

1) if n = 2m (m ≥ 1), then

∆i(a) =
(
Em tiEm
0 Em

)
, ∆i(b) =

(
Em Jm(0)
0 Em

)
(i ∈ N);

2) if n = 2m+ 1 (m ≥ 1), then

∆i(a) =



Em tiEm 0
0 Em 0
0 0 1


 , ∆i(b) =



Em Jm(0) ti〈1〉
0 Em 0
0 0 1


 (i ∈ N).

If i 6= j, then the modules Wi and Wj are non-isomorphic. Moreover ,
EndRH(Wi) is finitely generated as an R-module and there is an algebra
isomorphism

EndRH(Wi)/rad EndRH(Wi) ∼= R/radR

for all i ∈ N.

The proof of Lemma 3 is similar to that of Lemma 2, and we leave it to
the reader.

3. Twisted group rings SλG of SUR-type if S is an arbitrary
local integral domain

Lemma 4. Let R be a commutative local artinian ring or a complete
commutative local noetherian ring of characteristic p, G a finite p-group,
λ ∈ Z2(G,R∗), H a subgroup of G, and V an indecomposable RλH-module.
Assume that the quotient algebra

EndRλH(V ) = EndRλH(V )/rad EndRλH(V )

is isomorphic to a field K containing R, and one of the following conditions
is satisfied :
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(i) G = H · T , where T is a subgroup of the center of G;
(ii) if Ks is the separable closure of R = R/radR in K, then the order

of the group Aut(Ks/R) is not divisible by p.

Then V RλG is an indecomposable RλG-module, and the quotient algebra

EndRλG(V RλG)

is isomorphic to a field , which is a finite purely inseparable extension of K.

Lemma 5. Let R be a commutative local ring of characteristic pk, G
a finite abelian p-group, H a subgroup of G, λ ∈ Z2(G,R∗), and M an
indecomposable RλH-module. Assume that EndRλH(M) is finitely generated
as an R-module and EndRλH(M) is isomorphic to a field K containing R.
Then MRλG is an indecomposable RλG-module. Moreover ,

EndRλG(MRλG)

is finitely generated as an R-module and the quotient algebra

EndRλG(MRλG)

is isomorphic to a field , which is a finite purely inseparable extension of K.

The proofs of Lemmas 4 and 5 are similar to those of Lemma 2
of [2] and Lemma 2.2 of [3]. These lemmas generalize the results by
Green [14], [15], concerning the absolutely indecomposable modules over
group rings.

Until the end of this section we assume that S is an arbitrary local
integral domain of characteristic p, P = radS, P 6= 0, F is a subfield of S,
and G a finite p-group. Denote by [M ] the isomorphism class of SG-modules
which contains M . Let Mn(SG) be the set of all [M ] satisfying the following
conditions:

(i) the S-rank of M equals n;
(ii) EndSG(M) is finitely generated as an S-module;

(iii) EndSG(M) ∼= S.

Lemma 6. Let |G| > 2. Then Mn(SG) is an infinite set for every n > 1.

Lemma 6 follows from Lemmas 2 and 3.

Theorem 1. Let λ ∈ Z2(G,S∗) and H = Ker(λ).

(i) If |H| > 2, then SλG is of SUR-type with fλ(n) = ntn, where 1 ≤
tn ≤ |G : H|.

(ii) Assume that |H : G′| > 2. Then fλ(n) = nd, where d = |G : H|, is
an SUR-dimension-valued function for SλG.
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Proof. (i) Let [V ] ∈Mn(SH), {ug : g ∈ G} be a natural S-basis of SλG,
and {g1 = e, g2, . . . , gm} a cross section of H in G. Then

V SλG =
m⊕

i=1

Vi with Vi = ugi ⊗ V.

Since the SH-module Vi is conjugate to V for every i, there is an algebra
isomorphism

EndSH(Vi) ∼= EndSH(V )

for each i. Since the ring of SH-endomorphisms of Vi is local for every
i ∈ {1, . . . ,m}, in view of the Krull–Schmidt Theorem [30, Sect. 7.3]
the SH-module V SλG has a unique decomposition into a finite sum of
indecomposable SH-modules, up to isomorphism and the order of sum-
mands. Hence, in view of Lemma 6, there are infinitely many non-isomor-
phic indecomposable SλG-modules M such that M is an SλG-component
of a module of the form V SλG. Note that the S-rank of M is divisible
by n and does not exceed n · |G : H|. Therefore, there exists a natural
number tn such that 1 ≤ tn ≤ |G : H| and Indntn(SλG) is an infinite
set.

(ii) Let A = G/G′ and

U =
⊕

a∈G′, a6=e
S(ua − ue).

The set V = SλG · U is a two-sided ideal of SλG. The factor ring SλG/V
is isomorphic to SµA, where µxG′,yG′ = λx,y for all x, y ∈ G. It contains
the group ring SB, where B = H/G′. Since |B| > 2, by Lemma 6 the set
Mn(SB) is infinite for every n > 1.

Assume that [M ] ∈ Mn(SB). By Lemma 5, the induced SµA-module
MSµA is indecomposable. Its S-rank is equal to n · |A : B| = n · |G : H|.
Arguing as in case (i), we deduce that Indnd(SµA) is infinite for every n > 1.
It follows that Indnd(SλG) is an infinite set for each n > 1.

Theorem 2. Let p 6= 2 and λ ∈ Z2(G,F ∗). If the algebra F λG is not
semisimple, then the ring SλG is of SUR-type. Moreover , if d = dimF F λG
and d < |G : G′|, then fλ(n) = nd is an SUR-dimension-valued function
for SλG.

Proof. There exists an algebra homomorphism of F λG onto F µG, where
G = G/G′ and µxG′,yG′ = λx,y for all x, y ∈ G. We have d = dimF FµG.
Taking into account this fact and Theorem 1 we can assume that G is
abelian and F λG is non-semisimple.
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In view of Proposition 2, there exists an algebra homomorphism of F λG
onto a twisted group algebra

A =
pm−1⊕

j=0

Kvja, vp
m

a = αp
l
ve (α ∈ K∗),

where K is a finite purely inseparable extension of the field F , 1 ≤ l ≤ m,
α 6∈ Kp for l < m and d = [K : F ] · pm−l. Since SλG ∼= S ⊗F F λG, there is
an algebra homomorphism of SλG onto a twisted group ring

Λ = S ⊗F A =
pm−1⊕

j=0

R(1⊗ va)j ,

where R = S ⊗F Kve. Note that if

w = 1⊗ α−1vp
m−l
a ,

then wp
l

= 1⊗ ve. Hence we conclude that the ring

Γ =
pl−1⊕

i=0

Rwi

is a twisted group ring of a cyclic group of order pl and of the ring R.
The ring R is a finitely generated S-free S-algebra. By [10, Proposi-

tion 5.22, p. 112], we have

R = R/radR ∼= (R/PR)/rad(R/PR) ∼= S ⊗F K,
but then ([11, p. 100]) R is a commutative local ring of characteristic p. Let t
be a non-zero element of P . The element t⊗ve is not a zero-divisor in R and
t⊗ve ∈ radR. In view of Lemma 2, for every n > 1, there are infinitely many
pairwise non-isomorphic indecomposable Γ -modules V1, V2, . . . satisfying the
following conditions:

1) the R-rank of Vi is equal to n;
2) EndΓ (Vi) is finitely generated as an R-module;
3) EndΓ (Vi) ∼= R.

By Lemma 5, the induced Λ-module V Λ
i is an indecomposable module of

R-rank npm−l. Further, the algebra

EndΛ(V Λ
i )

is isomorphic to a field which is a finite purely inseparable extension of the
field R. Since

(V Λ
i )Γ ∼= Vi ⊕ · · · ⊕ Vi,

by the Krull–Schmidt Theorem ([30, Sect. 7.3]) the modules V Λ
i and V Λ

j are
non-isomorphic for i 6= j. The module V Λ

i is an indecomposable SλG-module
of S-rank [K : F ] · npm−l = nd.
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Theorem 3. Let p = 2, λ ∈ Z2(G,F ∗), and d = dimF F λG.

(i) If the algebra F λG is not semisimple, then the set Indl(SλG) is in-
finite for some l ≤ |G|.

(ii) If d < 1
2 |G : G′|, then SλG is of SUR-type. In this case the function

fλ(n) = nd is an SUR-dimension-valued function.

Proof. (i) If |G′| 6= 1, then by Theorem 1 we may suppose that |G′| = 2.
Let G′ = 〈a〉, t ∈ radS, and t 6= 0. Denote by Mi the underlying SG′-module
of the indecomposable representation

Γi : ua 7→
(

1 ti

0 1

)
(i ∈ N)

of the ring SG′. If i 6= j, then the SG′-modules Mi and Mj are non-
isomorphic. By the same arguments as in the proof of Theorem 1(i), we
can prove that Indl(SλG) is infinite for some l ≤ |G|.

Suppose that |G′| = 1, d = 1
2 |G| and H is the socle of G. Then

SλH = SµH ∼= SµH1 ⊗S SH2,

where µ ∈ Z2(H,F ∗), H = H1×H2, H2 ⊂ Ker(µ), and H2 = 〈a〉 is a group
of order 2. We assume that Γi is a representation of the ring SH2, and Mi

is the underlying module of Γi. By Lemma 5,

Vi = MSµH
i

is an indecomposable SλH-module and EndSλH(Vi) is a finite purely insep-
arable extension of S, up to isomorphism. If i 6= j, then the SλH-modules
Vi and Vj are non-isomorphic. Arguing as in the proof of of Theorem 1(i),
we finish the proof in this case.

(ii) If d < 1
2 |G : G′|, then we reason as in the proof of Theorem 2.

However, note that if p = 2, then there are two cases, namely that of
an algebra A of the form (2), where m ≥ 2, and of an algebra A′ of the
form (3). We apply Lemma 2 in the first case and Lemma 3 in the sec-
ond.

4. Twisted group rings SλG of SUR-type if S is a local noethe-
rian ring. In this section we suppose that S is a commutative local noethe-
rian ring of characteristic p, F a subfield of S, P = radS, and Ŝ is the P -adic
completion of S. We also assume that S is not a field, and if S is not an
integral domain then S̄ = S/P is an infinite field. Throughout, we identify
S with its canonical image in Ŝ. It is well known (see [8, p. 205]) that Ŝ is
a complete commutative local noetherian ring.

Let H be a finite p-group. Denote by [M ] the isomorphism class of the
ŜH-module M . Let Mn(ŜH) be the set of all classes [M ] satisfying the
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following two conditions:

(i) the Ŝ-rank of M is equal to n;
(ii) EndŜH(M) ∼= Ŝ/rad Ŝ.

Lemma 7. Let H be a finite p-group of order |H| > 2, and

M0
n(ŜH) = {(V ) ∈Mn(ŜH) : V ∼= Ŝ ⊗S M for some SH-module M}.

Then M0
n(ŜH) is an infinite set for every n > 1.

Proof. If S contains a non-zero nilpotent element, then the conclusion
follows from Lemma 2 in [19]. Assume that S is not an integral domain and
S does not have a non-zero nilpotent element. Then S has two elements u
and v such that uv = 0, u 6∈ Ŝv, and v 6∈ Ŝu. This allows us to apply the
same type of argument as in the proofs of Lemmas 3 and 5 of [19]. Let S
be an integral domain, t ∈ P , and t 6= 0. Then t is not a zero-divisor in Ŝ
([8, p. 204]). In view of Lemmas 2 and 3, the set M0

n(ŜH) is infinite.

Theorem 4. Let G be a p-group and λ ∈ Z2(G,S∗). Assume that G
contains a subgroup H such that |H| > 2 and the restriction of λ to H ×H
is a coboundary. Then SλG is of SUR-type with SUR-dimension-valued
function fλ(n) = n · |G : H|.

Proof. Without loss of generality, we can suppose that λa,b = 1 for all
a, b ∈ H. In view of Lemma 7, M0

n(ŜH) is infinite for each n > 1. If [V ] ∈
M0

n(ŜH) then, by Lemma 4, V ŜλG is an indecomposable ŜλG-module. Since

(V ŜλG)ŜH
∼= V ⊕W,

where W is an ŜH-module, the set of all isomorphism classes [V ŜλG] is
infinite, in view of the Krull–Schmidt Theorem ([10, p. 128]). Then V ∼=
Ŝ ⊗S M , where M is an indecomposable SH-module. It follows that there
are infinitely many pairwise non-isomorphic indecomposable SλG-modules
of the form MSλG. We also note that the S-rank of MSλG is n · |G : H|.

Corollary 1. Let G be a p-group, S a local noetherian integral domain
of characteristic p, radS 6= 0, λ ∈ Z2(G,S∗), and H the kernel of λ. If
|H| > 2, then fλ(n) = n · |G : H| is an SUR-dimension-valued function.

Denote by F [[X1, . . . ,Xm]] the F -algebra of formal power series in the
indeterminatesX1, . . . ,Xm with coefficients in the field F of characteristic p.

Theorem 5. Let S = F [[X]], W be a subgroup of F ∗, G a finite
p-group, t the number of invariants of the group G/G′, iF (W ) ≥ t, and
B a subgroup of G such that G′ ⊂ B. If |B| > 2, then there is a co-
cycle λ ∈ Z2(G,W ) such that Ker(λ) = B, dimF F λG = |G : B|, SλG is of
SUR-type and satisfies the following conditions:
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(i) the function fλ(n) = n·|G : B| is an SUR-dimension-valued function
for SλG;

(ii) the S-rank of every SλG-module is a value of fλ;
(iii) there is only one SλG-module of S-rank fλ(1), up to isomorphism.

Proof. In view of Proposition 1, there is a cocycle λ ∈ Z2(G,W ) such
that B = Ker(λ) and dimF F λG = |G : B|. By Theorem 4, the function
fλ(n) = n · |G : B| is an SUR-dimension-valued function for SλG. Let M
be an SλG-module. Then M/XM is an F λG-module and dimF (M/XM) is
divisible by |G : B|, because F λG is a local algebra. Since the S-rank of M
equals dimF (M/XM), it is a value of fλ.

Let K be the quotient field of S. Obviously, the ring SλG is an S-order
in the algebra KλG. Let M be an SλG-module of S-rank fλ(1). We embed
M in the irreducible KλG-module M∗ = K ⊗S M . Since the set

U =
⊕

b∈B
KλG(ub − ue)

is a nilpotent ideal of KλG, we have U ⊂ radKλG. Note also that

V =
⊕

b∈B
SλG(ub − ue)

is an ideal of SλG. Since radKλG ·M∗ = 0 and V ⊂ radKλG, we have
VM = 0 and M may be viewed as a module over SλG/V . But SλG/V
∼= SµH, where H = G/B and µxB,yB = λx,y for all x, y ∈ G. If L = F µH and
T = L[[X]], then L ∼= F λG, T ∼= SµH, and L is a finite purely inseparable
extension of F . Therefore M is T -torsion free. Since T is a principal ideal
ring, we get M ∼= SµH.

Theorem 6. Let p 6= 2, S be a local noetherian integral domain
of characteristic p, radS 6= 0, F a subfield of S, G a finite p-group,
λ ∈ Z2(G,F ∗), and d = dimF F λG. If the algebra F λG is not semisimple,
then SλG is of SUR-type with SUR-dimension-valued function fλ(n) = nd.

Proof. If d = |G : G′|, then G′ 6= {e}. In this case, |Ker(λ)| > 2 and
Theorem 4 applies. If d < |G : G′|, then Theorem 2 applies.

Proposition 3. Let p 6= 2, F be a perfect field of characteristic p,
S = F [[X]], G an abelian p-group, G the socle of G, and λ ∈ Z2(G,S∗).
Suppose that SλG/X2SλG is not the group ring of G over the ring S/X2S.
If |G| > p, then SλG is of SUR-type. If |G| = p, then SλG is of finite
representation type.

Proof. Arguing as in the proof of Proposition 4.4 of [4], we show that
if |G| > p, then SλG = SµG, where µ ∈ Z2(G,S∗) and Ker(µ) 6= {e}.
Applying induction from Sµ Ker(µ)-modules to SµG-modules and next from
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SλG-modules to SλG-modules, we deduce, in view of Lemmas 5 and 7, that
SλG is of SUR-type. If |G| = p then, by Proposition 4.4 of [4], SλG is of
finite representation type.

Proposition 4. Let F be a perfect field of characteristic 2, S =F [[X]],
G an abelian 2-group, and λ ∈ Z2(G,S∗). Assume that G contains a cyclic
subgroup H of order 4 such that SλH/X2SλH is not the group ring of H
over the ring S/X2S. Then:

(i) the ring SλG is of bounded representation type if and only if G is a
cyclic group or a group of type (2n, 2);

(ii) the ring SλG is of SUR-type if and only if it is of unbounded repre-
sentation type.

Proof. Let D = {g ∈ G : g4 = e}. By the same type of argument as in the
proof of Proposition 4.5 of [4], one can establish that if G is neither a cyclic
group nor a group of type (2n, 2), then SλD = SµD, where |Ker(µ)| ≥ 4.
Arguing as in the proof of Proposition 3, we conclude that SλG is of SUR-
type. If G is a cyclic group or a group of type (2n, 2), then, by Proposition 4.5
of [4], SλG is of finite representation type.

5. The projective representation type of finite groups over lo-
cal rings. Let S be a commutative ring with identity, S∗ the multiplicative
group of S, W a subgroup of S∗, GL(n, S) the group of all unimodular
matrices of order n over S, G a finite group, and Z2(G,W ) the group
of all W -valued normalized 2-cocycles of the group G that acts trivially
on W . A projective (S,W )-representation of the group G of degree n is
defined [1] as a mapping Γ : G → GL(n, S) such that Γ (e) = E and
Γ (a)Γ (b) = λa,bΓ (ab), where λa,b ∈ W for all a, b ∈ G. It is easy to see
that λ : (a, b) 7→ λa,b belongs to Z2(G,W ). We also say that Γ is a pro-
jective (S,W )-representation of G with cocycle λ. Two projective (S,W )-
representations Γ1 and Γ2 of G are called equivalent if there exists a uni-
modular matrix C over S and elements αg ∈W (g ∈ G) such that

C−1Γ1(g)C = αgΓ2(g)

for all g ∈ G. If W = S∗ then Γ is called a projective S-representation
of G. If W = {1} then Γ is said to be a linear or ordinary S-representation
of G. By analogy with indecomposable projective S-representations of the
group G, we can introduce the concept of an indecomposable projective
(S,W )-representation of G ([9, §51]).

We say that a group G is of finite projective (S,W )-representation type if
the number of (inequivalent) indecomposable projective (S,W )-representa-
tions of G with cocycle λ is finite for any λ ∈ Z2(G,W ). Otherwise, G
is said to be of infinite projective (S,W )-representation type. If the num-
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ber of indecomposable projective (S,W )-representations of G with cocy-
cle λ is infinite for every λ ∈ Z2(G,W ), we say that G is of purely infi-
nite projective (S,W )-representation type. A group G is defined to be of
bounded projective (S,W )-representation type if the set of degrees of all
indecomposable projective (S,W )-representations of G with cocycle λ is
finite for each λ ∈ Z2(G,W ). Otherwise, G is said to be of unbounded
projective (S,W )-representation type. If the set of degrees of all indecom-
posable projective (S,W )-representations of G with cocycle λ is infinite
for each λ ∈ Z2(G,W ), G is defined to be of purely unbounded projective
(S,W )-representation type. A group G is of strongly unbounded projective
(S,W )-representation type if for some cocycle λ ∈ Z2(G,W ) there is a func-
tion fλ : N → N such that fλ(n) ≥ n and the number of indecomposable
projective (S,W )-representations of G with cocycle λ and of degree fλ(n) is
infinite for all n > 1. If there is such a function fλ for every λ ∈ Z2(G,W ),
then G is of purely strongly unbounded projective (S,W )-representation type.

Proposition 5. Let S be a local integral domain of characteristic p,
radS 6= 0, F a subfield of S, W a subgroup of S∗, and G a finite p-group.

(i) If |G| > 2, then G is of strongly unbounded projective (S,W )-repre-
sentation type.

(ii) If |G′| > 2, then G is of purely strongly unbounded projective (S, S∗)-
representation type.

(iii) Let W ⊂ F ∗ and G/G′ be a direct product of r cyclic subgroups,
where r ≥ iF (W ) + 1 for p > 2 and r ≥ iF (W ) + 2 for p = 2. Then
G is of purely strongly unbounded projective (S,W )-representation
type.

Proof. Statement (i) follows immediately from the results of [19], [20]
(see also Lemmas 2 and 3). Statement (ii) follows from Theorem 1. Now
we prove (iii). Let H = G/G′, and H be the socle of H. For any cocycle
µ ∈ Z2(H,W ) we have SµH = SσH, where σ ∈ Z2(H,W ) and B := Ker(σ)
satisfies the following conditions: if p > 2, then |B| ≥ p; if p = 2, then
|B| ≥ 4. Applying induction from SσB-modules to SσH-modules, and
then from SµH-modules to SµH-modules, we conclude, in view of Lem-
mas 5 and 7, that SµH is of SUR-type. Since for every λ ∈ Z2(G,W )
there exists a homomorphism of SλG onto SµH, where µxG′,yG′ = λx,y for
all x, y ∈ G, it follows that G is of purely strongly unbounded projective
(S,W )-representation type.

Proposition 6. Let G be a finite p-group, F a field of characteristic p,
S = F [[X]], and W a subgroup of S∗.

(i) G is of bounded projective (S,W )-representation type if and only if
|G| = 2. Moreover , G is of unbounded projective (S,W )-representa-
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tion type if and only if G is of strongly unbounded projective (S,W )-
representation type.

(ii) Let W ⊂ F ∗ and p 6= 2. Then G is of purely strongly unbounded
projective (S,W )-representation type if and only if |G′| 6= 1 or
G is a direct product of l cyclic subgroups and l ≥ iF (W ) + 1.
In addition, G is of purely strongly unbounded projective (S,W )-
representation type if and only if G is of purely unbounded projective
(S,W )-representation type.

(iii) Let p = 2 and |G′| 6= 2. Then G is of purely strongly unbounded
projective (S, F ∗)-representation type if and only if one of the fol-
lowing conditions is satisfied : 1) |G′| > 2; 2) G is a direct product
of l cyclic subgroups and l ≥ iF (F ∗) + 2; 3) G is a direct prod-
uct of iF (F ∗) + 1 cyclic subgroups whose orders are not equal to 2.
Furthermore, G is of purely strongly unbounded projective (S, F ∗)-
representation type if and only if G is of purely unbounded projective
(S, F ∗)-representation type.

Proof. (i) It follows from Lemma 6 (or Lemma 7) that if G is of bounded
projective (S,W )-representation type, then |G| = 2. Let us prove the suffi-
ciency. Let |G| = 2 and λ ∈ Z2(G,W ). If SλG = SG then the S-rank of every
indecomposable SλG-module is 1 or 2 (see [17]). Assume that SλG 6= SG.
Then SλG ∼= S[θ], where θ is a root of the polynomial Y 2 − α, α ∈ S∗,
which is irreducible over S. Let α = a0 + a1X + a2X

2 + · · · , ai ∈ F . Denote
by K the quotient field of S and by T the integral closure of S in K(θ). If
a0 6∈ F 2, then T = S[θ]. Let a0 ∈ F 2. Obviously, we can assume a0 = 1.
Then T = S + Sω, where ω = X−n(1 + b1X + · · ·+ bn−1X

n−1 + θ) and

α = 1 + b21X
2 + · · ·+ b2n−1X

2n−2 +
∑

j≥2n

ajX
j , a2n 6∈ F 2 or a2n+1 6= 0.

It is clear that the ring S[θ] is noetherian and T is finitely generated as an
S[θ]-module. Since S is a principal ideal domain, every ideal in S[θ] can be
generated by two elements. Moreover, any ring L with S[θ] ⊂ L ⊂ T is local.
Applying Theorem 1.7 of [7], we show that each indecomposable torsion free
S[θ]-module is isomorphic to a ring L with S[θ] ⊂ L ⊂ T . Hence the S-rank
of each indecomposable SλG-module equals 2. The second statement follows
from Theorem 1 and the first statement.

(ii) Apply Proposition 5.
(iii) Let p = 2, m = iF (F ∗), and G be a direct product of m + 1 cyclic

subgroups of order 4 each. We show that dimF F λG ≤ 1
4 |G| for all λ ∈

Z2(G,F ∗). Obviously, it is sufficient to prove this for

F λG =
⊕

i1,...,im+1

Fui1a1
. . . uim+1

am+1
, with u4

aj = αjue (j = 1, . . . ,m+ 1),
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where K = F [ua1 , . . . , uam ] is a field. Let L = F [u2
a1
, . . . , u2

am ]. For each
α ∈ F there exists β ∈ L such that α = β2. The element β is uniquely
expressible as

β =
∑

i1,...,im

γi1,...,imu
2i1
a1
· · ·u2im

am ,

where ij = 0, 1 and γi1,...,im ∈ F . However, γi1,...,im = δ2
i1,...,im

for some
δi1,...,im ∈ L. It follows that β = %2 for % ∈ K, and hence α = %4. This allows
us to assume that αm+1 = 1. But then dimF F λG = 4m, 4m = 1

4 |G|.
If condition 1) holds, we apply Proposition 5. If 2) or 3) holds, we apply

Theorem 3.

Proposition 7. Let G be a finite p-group, F a field of characteristic p,
S = F [[X]], and W a subgroup of S∗.

(a) G is of infinite projective (S,W )-representation type.
(b) If W ⊂ F ∗, then G is of purely infinite projective (S,W )-represent-

ation type if and only if one of the following two conditions is satis-
fied : 1) |G′| 6= 1; 2) G is a direct product of l cyclic subgroups, where
l ≥ iF (W ) + 1.

Proof. Statement (a) follows from Theorems 1 and 3.
(b) Let W ⊂ F ∗. If 1) or 2) is satisfied, then in view of Theorems 2

and 3, G is of purely infinite projective (S,W )-representation type. Let G
be a direct product of r cyclic subgroups, where r ≤ iF (W ). Then there is
a cocycle λ ∈ Z2(G,W ) such that F λG is a field. Let K = F λG. We have
SλG ∼= K[[X]], and so every indecomposable SλG-module is isomorphic
to SλG. Hence G is not of purely infinite projective (S,W )-representation
type.

Proposition 8. Let G be a finite 2-group, |G′| = 2, F a field of charac-
teristic 2, and S = F [[X1, . . . ,Xm]]. If m > 1 then G is of purely strongly
unbounded projective (S, S∗)-representation type.

Proof. By our assumption, SλG′ = SG′ for every cocycle λ ∈ Z2(G,S∗),
and the set Indn(SG′) is infinite for each n > 1 (see [21]). Since S is a com-
plete commutative noetherian local ring, the Krull–Schmidt Theorem holds
for SG′-modules ([10, p. 128]). Then, arguing as in the proof of Theorem 1,
we prove that for every n > 1 there exists a natural number tn such that
1 ≤ tn ≤ 1

2 |G| and Indntn(SλG) is infinite.
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