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IRREDUCIBILITY OF SOME REPRESENTATIONS OF THE
GROUPS OF SYMPLECTOMORPHISMS AND
CONTACTOMORPHISMS

BY

LUKASZ GARNCAREK (Wroctaw)

Abstract. We show the irreducibility of some unitary representations of the group
of symplectomorphisms and the group of contactomorphisms.

1. Introduction. Any action of a group G on a measure space (X, u),
preserving the class of u, induces an action of G on the space of measurable
functions on X. Under suitable assumptions, this action can be normalized to
yield a unitary representation of G on the Hilbert space of square-integrable
functions L?(X, p1). Many important and well-known irreducible representa-
tions can be obtained in this fashion. Examples of actions giving rise to such
representations are:

e the action of the group of compactly supported volume-preserving dif-
feomorphisms of a manifold M with infinite volume p on M [19],

e the action of Thompson’s groups F' and T on the unit interval and the
unit circle, respectively [12],

e the action of a lattice of a Lie group on its Furstenberg boundary [6 2],

e the action of the automorphism group of a regular tree on the boundary
of the tree [§],

e the action of a free group on its boundary [9, [10],

e the action of the fundamental group of a compact strictly negatively
curved Riemannian manifold M on the boundary of the universal cover
of M [1].

The relationship between irreducibility of such representations and the
properties of the group action is fully understood only in the case of the
action of a discrete group on a discrete space [3, 4, 5]. The case of transitive
actions is understood much better than the general one, via the notion of
imprimitivity system [11], [17].
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In this paper we prove that the representations of subgroups of the group
of compactly supported diffeomorphisms of a smooth manifold, preserving
a symplectic structure (Theorem or a contact structure (Theorem [5.5)),
with their natural actions on the said manifold, are irreducible. We enhance
the argument of [19], which was used therein to establish irreducibility of
representations of the group of volume-preserving diffeomorphisms. Repre-
sentations of various subgroups of the group of diffeomorphisms were also
studied in [16].

The article is organized as follows. Section [2] introduces some notation
used throughout the paper, and comments on the case of volume-preserving
diffeomorphisms. In Section [3]we show in an elementary way that the convo-
lution algebra of compactly supported continuous functions on the Heisen-
berg group contains no zero divisors. We will need this later in the case
of the group of contactomorphisms. Section [] deals with representations
of the group of symplectomorphisms of a symplectic manifold, while Sec-
tion [ff—with representations of the group of contactomorphisms of a contact
manifold.

2. Preliminaries. Let M be a smooth second-countable manifold. There
exists a natural diffeomorphism-invariant measure class on M, consisting of
measures having positive density with respect to the Lebesgue measure in
every coordinate chart. We will refer to them simply as Lebesgue measures.

Let p be a Lebesgue measure on M. For a group G acting on M by
diffeomorphisms we may consider a series 7TZ of unitary representations on
L?(M, 1) given by

1/2+i6
(2.1) m)f = fort (G)

where 6 € R.
If a measure v is equivalent to u, then the operator T: L?(M,pu) —
L?(M,v) defined by
dy 1/2+i6
i)

gives an isomorphism of the representations 7

(22) Tf=f<

0
m

equivalent to a G-invariant measure, the representations
for all 6 € R.

For a diffeomorphism ¢: M — M we define its support supp f as the clo-
sure of the set {p € M : ¢(p) # p}. Compactly supported diffeomorphisms
of M form a group Diff.(M). In [I9] it was proved that for an infinite mea-
sure u the representation 7r2 of the group Diff (M, i) of compactly sup-
ported, measure preserving diffeomorphisms of M is irreducible. It follows

and 7%, In particular, if j is
0

., are equivalent
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that the representations Wz of the groups Diff (M, x) and Diff (M) are ir-
reducible for any 6 € R. The idea of the proof is to take two functions
f,g € L*(M, ) and explicitly find a measure preserving diffeomorphism ¢
such that (f, ﬂg(gb)g) # 0, thus showing that f and ¢ cannot lie in two
distinct orthogonal invariant subspaces. This implies irreducibility of all Wz

representations, since on Diff (M, u) they are equal to 7r2.

3. Convolution on the Heisenberg group. In this section we are
dealing with the problem of zero divisors in the convolution algebra of com-
pactly supported continuous functions on Heisenberg groups. In our recent
paper [13], it has been shown that this algebra contains no zero divisors for
any simply connected supersolvable Lie group. Here we provide an elemen-
tary proof for the special case of Heisenberg groups.

3.1. Zero divisors for R”. On R” the following well-known statement
holds. We include its simple proof, which we will try to adapt to the case of
the Heisenberg group. (It can also be immediately deduced from the much
stronger Theorem 4.3.3 of [15], describing the convex hull of the support of
the convolution of two functions in terms of their supports).

THEOREM 3.1. If f,g € LY(R") are compactly supported and nonzero,
then f * g is nonzero.

Proof. Let h(§) = {h(z)e™™ dz denote the Fourier transform of h €
L'(R™). Suppose that f*g=0. As f and g are compactly supported their
Fourier transforms extend to entire functions. Since f g = f *g =0 on R",
it follows by holomorphy that f g =0 on C", and either f or § must vanish.
This contradicts the assumption that f and g are nonzero. =

3.2. The Heisenberg group. Let n be a positive integer. The multi-
plicative group of all matrices of the form

1z 2
(3.1) 0 In 9],
0 0 1

where z € R, Z,y € R™, and I,, denotes the n x n identity matrix, is called
the Heisenberg group H,. It is a unimodular Lie group diffeomorphic with
R27+1and its Haar measure is the (2n + 1)-dimensional Lebesgue measure.
We will identify H,, and R?"*! as manifolds. The convolution of functions
f,g € L'(H,) will be denoted f *f g.
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3.3. Convolution of compactly supported functions on H,,. Let
f € LY(R). Define

x

(3.2) Tf(x)= | f(t)dt.

—0o0

If f € L?(R) is supported in [a,b], then it is integrable; furthermore, if
{ f(t)dt =0, then supp T'f C [a,b] and we may write

(3.3) Tf(z) =\ f(t) Koyt z) dt,

where

1 fora<t<z<b
3.4 Ky py(t,x) = - -
(34) [a’b]( ) {0 otherwise.
Hence, Tf € L*(R) and ||T'f|l2 < [|Kjqull2ll fll2, where || Kqyll2 stands for
the L?-norm of Koy € L?(R?). We may iterate the process of applying T
to f as long as it yields a function integrating to 0. The next lemma shows
that unless f = 0, this process terminates.

LEMMA 3.2. If f € L?(R) s nonzero and compactly supported, then there
exists k > 0 such that T7 f is compactly supported in L*>(R) for j < k, and

(T f(z)dx # 0.

Proof. If there is no such k, then T*f € L*(R) and {T*f(x) dz = 0 for
all k. Suppose this is the case. We may assume that supp f C [0,1], and
replace T' with a bounded operator of the form (3.3) with kernel Kjg ;.

Since f is compactly supported, f extends to an entire function on C.
We now have

(3.5) TH(E) = ()" (©).
and by the Plancherel theorem

f(e))? de

1

(3.6) 4m?|THFIE = IT*£13 >

~1

But ||T]| < [[K[p,jjll2 < 1, so the left-hand side of the above inequality can be

made arbitrarily small. Therefore f = 0, as it is an entire function vanishing
n [—1,1]. This contradicts the assumption that f is nonzero. m

Let f € L?(H,) be compactly supported. Define Sf € L!(R?") by
(3.7) Sf(@,9) =\ £(z,9,2) dz.
R

This is just the pushforward of f, thought of as a measure on H,, through
the quotient map H,, — H,/Z(H,) = R?", and is still compactly supported.
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If Sf = 0, we may also define Tf € L?(H,) by applying the previously
defined operator T to each coset of the center of H,, i.e.

(3.8) Tf(z,g,2)= | f@5.1)dt

The proof of the next lemma consists of a straightforward application of
the Fubini theorem. Part (1) is just the fact that the pushforward map corre-
sponding to a group homomorphism is itself a homomorphism of convolution
algebras.

LEMMA 3.3. If f,g € L?>(H,) are compactly supported, then:

(1) S(f *m g) = Sf =Sy,
(2) if Sf =0, then (Tf)*g g="T(f *m g),
(3) if Sg =0, then fxg (T'g) =T(f *u g)-

THEOREM 3.4. If f,g € L*(H,) are compactly supported and nonzero,
then [ xg g # 0.

Proof. By Lemma there exist minimal k and [ such that 7% f and TV g
are compactly supported in L?(H,) for i < k and j < [, and ST*f, ST!g €
L'(R?") are nonzero. From Lemma and Theorem we obtain (using
the observations preceding Lemma 3.3)

(3.9) ST (f v g) = S(T*f x T'g) = ST* f x ST'g # 0,
which implies that f g g # 0. u

4. Symplectic manifolds

4.1. Symplectic manifolds. Let M be a symplectic manifold, that is,
a 2n-dimensional manifold equipped with a nondegenerate closed 2-form w.
A symplectomorphism of (M,w) is a diffeomorphism ¢ € Diff (M) satisfying
¢*w = w. The group of all compactly supported symplectomorphisms will be
denoted by Sympl.(M,w). Since w is nondegenerate, w™ defines a positive
measure g on M, invariant under the action of Sympl.(M,w).

A standard example of a symplectic manifold is R?", with coordinates
denoted by 2%, y* for i < n, endowed with the symplectic form wy = > 1, da’
A dy'. Tt is a theorem of Darboux that any symplectic manifold is locally
symplectomorphic to (R??, wp):

THEOREM 4.1 (|7, Theorem 8.1|). For every p € M there exists a chart
¢: U — R®™ centered at p such that w|y = ¢*wp.

The chart satisfying the conditions of Theorem [1] is called a Dar-
boux chart. The pushforward of p through a Darboux chart is the standard
Lebesgue measure, up to a constant factor.
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The flow FLX of a complete vector field X € X(M) consists of symplec-
tomorphisms if and only if

(4.1) Lxw = 0.

There is an easy way to produce such vector fields. Namely, consider a com-
pactly supported smooth function f € C*°(M). Since w is nondegenerate,
there exists a unique vector field Xy € X(M) such that X; sw = df. This

field satisfies (4.1]).

For more information on symplectic manifolds see |7}, [18].

4.2. The representation 772 of Sympl.(M,w). As pisa Sympl,.(M,w)-
invariant measure, the only interesting representation is 7r2, taking the form

-1
(4.2) (N f=fov
Notice that the space of constant square-integrable functions is wg—invariant.

It is nontrivial when p(M) < oco. Let us denote its orthogonal complement
by H.

THEOREM 4.2. The representation 772 of the group Sympl.(M,w) on the
space H is irreducible.
Denote by B;' € R" the ball of radius  around 0.

LEMMA 4.3. Letp € M and let ¢: U — R?*™ be a Darbouz chart centered
at p. Then there exist v > 0 and for every x € B3" a symplectomorphism
7 € Sympl, (U, w|yr) € Sympl (M, w) such that

(1) BE C o[U),

(2) ¢m20 ' (y) =y +a for ally € B,

Proof. Take r > 0 satisfying (1) and a bump function h € C*(R?*")
supported in @[U] and equal to 1 on B2". On R?" there exists a linear
function f such that X; = x is a constant field. Then X, = z on B3" and
supp X ¢n, C ¢[U]. The desired symplectomorphism is 7, = QS_lFlff "p. m

By using a standard local argument we obtain the following well-known

corollary:

COROLLARY 4.4. The action of Sympl.(M,w) on M is k-transitive for
all k> 1.

LEMMA 4.5. Let ¢: U — R?®" be a Darbouz chart. Then for every non-
trivial ﬂg—mvariant subspace Hy of H, there exists f € Hy such that f # 0
and supp f C U.

Proof. We may assume that 0 € U = ¢[U] C R?". Let » > 0 be as
in Lemma Take a nonzero g € Hy. The 2-transitivity of Sympl,(M,w)
allows us to assume without loss of generality that there exists ¢ € R such
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that the sets A = {p € B>" : Reg(p) < c} and B = {p € B>" : Reg(p) > ¢}
both have positive measure. By the Lebesgue density theorem there exist
a € A and b € B with the property that A (resp. B) has Lebesgue density 1
at a (resp. b). Lemma asserts the existence of a symplectomorphism
T = Tp_, that takes a onto b and preserves the Lebesgue density on Bgﬁ
The function f = g — 772(7')9 € Ho then satisfies the conclusion of the
lemma. =

Proof of Theorem . Suppose that H = Ho®Hp is a nontrivial decom-
position into w¥-invariant subspaces. Let ¢: U — R?™ be a Darboux chart,
and let r > 0 and 7, € Sympl,.(M,w) be as in Lemma Without loss
of generality assume that U = ¢[U] C R?". By Lemma e may choose
nonzero f € Hp and g € Hé supported in B2". We have

(4.3) (for0(m)g) = | fWelm' ) dy = f*g"(x),
B%"
where ¢*(y) = g(—y). But from Theorem we know that this is nonzero

for some x € supp f * g* C B3". We obtain a contradiction, since wg(rx)g

EH(J]'.I

5. Contact manifolds

5.1. Contact manifolds. Let dim M = 2n 4+ 1. A contact form on M
is a 1-form a € 21(M) suct that a A (da)" is a volume form. Consider a
2n-dimensional distribution £ < T'M. There exists an open cover U = {U;}
of M such that for every U € U the restriction {|y is the kernel of a 1-form
ay € 2Y(U). If the forms ay are contact forms, we call (M, &) a contact
manifold. Unless £ is the kernel of a globally defined contact form, there is
no distinguished measure on M.

Assume for the rest of this section that (M, &) is a contact manifold.
A contactomorphism of (M,¢) is a diffeomorphism ¢ € Diff (M) such that
¢+& = & The group of compactly supported contactomorphisms will be
denoted by Cont.(M,¢).

An example of a contact manifold is the Heisenberg group H, with the
distribution ¢ = ker ap, where ap = dz — Y, y'dz’ is a right-invariant form
on H,.

There is an analogue of Darboux theorem for contact manifolds:

THEOREM 5.1 ([14, Theorem 2.5.1]). For every p € M there exists a
chart ¢: U — H,, centered at p such that &|y = ker ¢p* .

Let U C M be such that &|; = ker a for some o € 2(U). There exists
a unique vector field R € X(U) such that a(R) = 1 and R Jda = 0, called
the Reeb vector field. If X € X(U) is a complete vector field, then its flow
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FI¥ consists of contactomorphisms if and only if
(5.1) Lxa = ua

for some u € C*°(U). If we take any f € C°°(U), by nondegeneracy of da
there exists Xy € X(U) satisfying a(X¢) = f and Xy o da = df (R)o — df .
These conditions imply . Conversely, if X satisfies , then it is of
the form X for f = o(X).

For more information on contact manifolds see [14].

5.2. Representations of Cont.(M,¢)

LEMMA 5.2. Letp € M and let ¢: U — H,, be a Darboux chart centered
at p. Then there exist an open set V C H,, a convex open neighborhood W
of 0 in the Lie algebra of H,, and for every x € exp[W] a contactomorphism

pz € Cont. (U, &|y) C Cont.(M, &) such that

(1) 0 €V CVV Cexp[W] C Vexp[W] C ¢[U],
(2) ¢pa¢~'(y) =y for ally €V .

Proof. Existence of V' and W satisfying (1) is obvious. Let x = expwv,
where v € W. Then v extends to a left-invariant vector field X € X(H,),
and FltX = Rexptv, Where Ry is right multiplication by y. If f = hao(X),
where hly e = 1 and supph C ¢[U], then Xy = X on Vexp[W]. The

contactomorphism p, = ¢*1Fli(f ¢ satisfies condition (2). =

COROLLARY 5.3. The action of Cont.(M,§) on M is k-transitive for all
k>1.

Now, fix a Darboux chart ¢: U — H,, and a Lebesgue measure p on M

such that 0 € ¢[U] and ¢, p is the standard Lebesgue measure on ¢[U] C
R2n+1.

LEMMA 5.4. Let ¢: U — H, be a Darboux chart. Then for every non-
trivial Wz-invam’ant subspace Ho C L*(M, ) there exists f € Ho such that
f#0andsupp f CU.

Proof. Without loss of generality assume that 0 € U C H,, and {|y =
ker ag. Let 84(Z, 77, 2) = (e'Z, e!y, e?'2) be the flow of the field X = (7,7, 2z).
We have 6} ag = e**ap, so X = X, for some function g € C*°(H,,).

There exist V = B?"*! C V C U and a smooth function h supported in
U such that hly = g|y. Let ¢y = Fli(h. Then |y = &y for t < 0. Now,
by transitivity of Cont.(M,&), we may take a nonzero f € Hg such that
supp f NV # (. Since

(5.2) VImp ) flPdu=\ |fPdp —— 0,
Vv Y_¢[V]
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there exists ¢ > 0 such that f — wﬁ(zbﬁ f satisfies the conclusion of the
lemma. =

THEOREM 5.5. For every 6 € R the representation 772 of Cont.(M,§) on
the space L*(M, i) is irreducible.

Proof. The proof is analogous to the proof of Theorem Lemma [5.2
gives us V C U and contactomorphisms p,, such that for f and g supported

in V' the matrix coefficient (f, wZ(pw)g) is nonzero for some p, because of
Theorem 3.4 =
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