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Abstract. We introduce the concept of geometrically reductive quantum group which
is a generalization of the Mumford definition of geometrically reductive algebraic group.
We prove that if G is a geometrically reductive quantum group and acts rationally on
a commutative and finitely generated algebra A, then the algebra of invariants A is
finitely generated. We also prove that in characteristic 0 a quantum group G is geometri-
cally reductive if and only if every rational G-module is semisimple, and that in positive
characteristic every finite-dimensional quantum group is geometrically reductive. Both the
concept of geometrically reductive quantum group and the above mentioned theorems are
formulated in the language of Hopf algebras and generalize the results of Borsai and Ferrer
Santos. The main theorem of the paper says that in positive characteristic the quantum
group SL4(2) is geometrically reductive for any parameter q.

1. Introduction and a generalization of the Borsari—Ferrer San-
tos results. Throughout the paper K denotes a fixed field which will serve
as the ground field for all vector spaces, algebras, bialgebras, Hopf algebras
and algebraic groups under consideration. All tensor products are supposed
to be defined over K. Given vector spaces V' and W, Hom(V, W) stands for
the vector space of all linear maps V' — W. As usual, V* and End(V') denote
the space dual to V' and the space Hom(V, V'), respectively.

Let H be a fixed Hopf algebra with comultiplication A : H — H ® H,
counit ¢ : H — K, and antipode S : H — H; for basic facts concern-
ing Hopf algebras and their (co)actions, see [7]. We use the following no-
tation: > hy ® hg = A(h), and inductively, > h1 @ -+ @ hp11 = > h1 ®
- ® hp—1 ® A(hy). By an H-comodule we mean a right H-comodule. The
field K will be viewed as an H-comodule, via p(a) = a® 1 for a € K.
For any H-comodules V, W the vector space V @ W will be viewed as an
H-comodule, via p : V@ W — (Ve W)® H with p(v @ w) = > v; ®
w; @ hihy for v € V, w € W, where } v; ® h; = p(v) and >, w; ® h; =
p(w).
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Given an H-comodule (V, p), we denote by V°H the space of coinvari-
ants, that is, Ve = {v € V | p(v) = v®@1}. If A is an H-comodule algebra,
then AH is a subalgebra of A called the algebra of coinvariants. A graded
H-comodule algebra is meant to be an H-comodule algebra A together with
an algebra grading A = @,. A; such that all A;’s are subcomodules of A.
Recall that a graded algebra A = @, A; is called connected if Ag = K. If
(A, p) is an H-comodule algebra, then an ideal I in A is called a comodule
ideal if p(I) C I ® H. Observe that if H is commutative (as an algebra) and
(V, p) is an H-comodule, then the map p: V — V ® H induces a morphism
of algebras p : S(V) — S(V) ® H which makes the symmetric algebra S(V')
a graded H-comodule algebra. If G is an affine algebraic group and K[G]
is the Hopf algebra of all regular functions G — K, then it is well known
that a K [G]-comodule is nothing other than a rational (left) G-module, and
a K[G]-comodule algebra is an algebra A endowed with a rational action of
the group G on A. Moreover, A°KIGl = AG So, of interest is the following
generalization of the fundamental problem of classical invariant theory.

PROBLEM. Assume that A is a commutative and finitely generated H-
comodule algebra. When is the algebra of coinvariants A% also finitely
generated?

As is known, in some cases the algebra of coinvariants is not finitely
generated. For instance, if char(K) = 0, H = K|[T| with T primitive, and
A = K[Xy,...,X5], then the (locally nilpotent) derivation d = X755 +
(X1 X3 + Xg)aix4 + X48LX5 makes A an H-comodule algebra (via p(a) =
> is0di(a) ® T'/i!) such that the algebra of coinvariants A°H (= kerd) is
not finitely generated [2].

In order to formulate our positive results recall (see [4, V-8|, [1]) that
an algebraic group is geometrically reductive (in the sense of Mumford) if
for each epimorphism of rational G-modules A : V' — K there are r > 0
and f € S"(V) with A(f) # 0, where X : S(V) — K is the algebra
morphism induced by . If A(v) # 0 for some v € V&, then G is linearly
reductive. It is known that G is linearly reductive if and only if every ratio-
nal G-module is semisimple, and that in characteristic 0 each geometrically
reductive algebraic group is linearly reductive. Examples of geometrically re-
ductive algebraic groups are finite groups and the classical groups GL(n, K),
SL(n,K), O(n, K) and Sp(2n, K). All the algebraic tori 7" are linearly re-
ductive.

H. Borsari and W. Ferrer Santos [I] carried over the above definition of
geometric reductivity to all commutative Hopf algebras.

DEFINITION ([1, Def. 1.1]). A commutative Hopf algebra H is said to
be geometrically reductive (for coactions) if for every epimorphism of H-
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comodules X : V — K there are r > 0 and f € S"(V)°H with A(f) # 0. If
A(v) # 0 for some v € V°H  then H is called linearly reductive.

REMARK. Throughout the paper we write “geometrically coreductive”
(resp., “linearly coreductive”) instead of “geometrically reductive for coac-
tions” (resp., “linearly reductive for coactions”).

Notice that if G is an algebraic group, then the Hopf algebra K[G] is
geometrically coreductive (resp., linearly coreductive) if and only if G is
geometrically reductive (resp., linearly reductive). The following results are
proved in [I] (for commutative H).

THEOREM 1.1. If the Hopf algebra H is geometrically coreductive and A
is a commutative H-comodule algebra, then the algebra of coinvariants A©H
is finitely generated provided so is A.

Theorem 1.1 is a generalization of the Nagata theorem [§] for geometri-
cally reductive algebraic groups.

THEOREM 1.2. The Hopf algebra H is linearly coreductive if and only if
H is cosemisimple, i.e., if every H-comodule is semisimple.

THEOREM 1.3. If char(K) = 0, then H is geometrically coreductive if
and only if H is linearly coreductive.

Furthermore, Ferrer Santos proved in [3] the following result.

THEOREM 1.4. If char(K) > 0, then every finite-dimensional (commuta-
tive) Hopf algebra is geometrically coreductive.

The first objective of this paper is to extend the concept of geometrically
coreductive Hopf algebra to all Hopf algebras (i.e., not necessarily commu-
tative), and then to generalize Theorems 1.1-1.4 to this case.

Notice that the Borsari-Ferrer Santos definition of geometrically coreduc-
tive Hopf algebra cannot be repeated for an arbitrary Hopf algebra, because,
if V is an H-comodule, then the symmetric algebra S(V) does not, in gen-
eral, admit any natural H-comodule algebra structure (“natural” means here
that V = SY(V) is a subcomodule of S(V)).

EXAMPLE 1.5. Let H be the group algebra kG, where G is an (abstract)
group with gigo # gog1 for some g1,92 € G, and let V be a vector space
with a basis v1,ve. Then p: V -V & H, p(v;) = v; ® g5, t = 1,2, makes V
an H-comodule. Suppose that S(V) admits a natural H-comodule algebra
structure p : S(V) — S(V) ® H. Then 0 = vjva — vav; € S(V), whence
0 = p(v1ve — vov1) = V1v2 @ (9192 — g291) # 0, which is impossible.

In order to overcome this difficulty, we proceed as follows. Given an H-

comodule W and an element w € W, we denote by H(w) the smallest
subcomodule of W containing w. Now let (V, p) be an H-comodule. Recall
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that the tensor algebra T(V) = @,5,T"(V) is a (connected) graded H-
comodule algebra, via -

pU1® - ®@vy) =p(v1) - plon) €ET(V)®H, v €V

It is easy to see that the ideal Iy (V) in T(V) generated by the set
U ey H(v @ v' =" ® v) is a homogeneous comodule ideal, so that we
have the quotient connected graded H-comodule algebra

Su(V)=T(V)/Iu(V) =D Su(V

>0

Also it is easy to verify that Sy (V') has the following properties.
LEMMA 1.6.

(1) Su(V) is a commutative algebra with S}, (V) = V. Furthermore, if H
is commutative, then S (V') is the ordinary symmetric algebra S(V).

(2) If V is finite-dimensional, then the algebra S (V') is finitely gener-
ated.

(3) If A is a commutative H-comodule algebra and X\ : 'V — A is a
morphism of H-comodules, then there exists a unique morphism of
H-comodule algebras X : Sg(V) — A (called the induced morphism)
such that 5\|V = X. In particular, for any morphism of H-comodules
f V. — W we have the induced morphism of graded H-comodule
algebras S (f) : Sy(V) — Sg(W) such that Sg(f)(v) = f(v) for
velV.

In view of the above properties, Sg (V) can be called the symmetric
H-comodule algebra of the comodule V.
Now we introduce the main concept of the paper.

DEFINITION. The Hopf algebra H is called geometrically coreductive if
for any epimorphism of H-comodules j : V — K there exist r > 0 and
f € S5 (V)°H such that j(f) # 0, where j : Sy(V) — K is the mor-
phism of comodule algebras induced by j. If A(v) # 0 for some v € V<°H
(= Sy (V) then H is called linearly coreductive.

Notice that for commutative Hopf algebras this definition and that of
Borsari-Ferrer Santos coincide. It is clear that each linearly coreductive Hopf
algebra is geometrically coreductive. For later use, observe also that the
Hopf algebra H is geometrically coreductive if for any epimorphism of finite-
dimensional H-comodules A : V — K there exist 7 > 0 and f € St (V)<H
such that A(f) # 0.

Now we show that Theorems 1.1-1.4 hold for all Hopf algebras. Theorem
1.1 can be proved similarly to [I, Theorem 4.3|, replacing S(V) by Sg (V)
(also it can be deduced by duality from the proof of Theorem 3.1 in [5]).
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Theorem 1.2 can be proved in the same way as [I, Observation 2.1|, using
the following well known facts.

LEMMA 1.7. LetV be a finite-dimensional H-comodule and let vy, ..., v,
be a basis of V' with p(v;) = 3_; v; @ hyji. Moreover, let vy,... vy be the dual
basis of the dual vector space V'*.

(i) The map p : V* = V*@ H, p(vy) = >, vf @ S(hit), i = 1,...,n,
makes V* an H-comodule (and does not depend on the choice of a
basis). Moreover, if S? = 1d, then the evaluation map e : V. — V**
1 an isomorphism of H-comodules.

(ii) For any H-comodule W the vector space Hom(V, W) admits a unique
H-comodule structure such that the natural map @ : W @ V* —
Hom(V, W), ®(w ® v*)(v) = v*(v)w, is an isomorphism of H-co-
modules. If {wj | j € J} is a basis of W with p(w;) = 3 ;ws @ hi;
and {zy; | 1 = 1,...,n, j € J} is the basis of Hom(V,W) de-
fined by x;j(vr) = d;pwj, then the structure map p : Hom(V, W) —
Hom(V, W) ® H is given by

p(zi;) th3®h S (hit).

Furthermore, Hom(V, W)®°H = HomH(V7 W), where Hompg (V, W) is the
vector space of all morphisms of H-comodules V. — W.

Theorem 1.3 is proved below. As for Theorem 1.4, its proof is a simple
modification of the proof of [5, Theorem 5.12|, applying the main results
of [9]. Observe that Theorem 1.4 is not true if char(X) = 0, because, in
characteristic 0, not all finite-dimensional Hopf algebras are cosemisimple.

Proof of Theorem 1.3. Suppose that char(K) = 0 and let A : V — K
be an epimorphism of H-comodules. By assumption, there are » > 0 and
f € St (V) such that A(f) # 0. It suffices to construct a morphism of
H-comodules 7 : S5(V) = @5, 5% (V) — V such that \y/(y) = nA(y) for
y € S§(V), n > 1. To this end, we define as in [I, Observation 1.3| a linear
map v : TH(V) = @5, T'(V) — V by 7(v) = v and

Y1 ® - R vy) —Z[HA v]}vz, n > 2,

=1 j#i
where v,v1,...,v, € V. Notice that for each n > 1 and 1 < i < n the
map 7" w (V) — V given by 7 (1 ® - @ v,) = [T AMwp)lvs is

a morphlbm of H-comodules, because it can be identified with the map
A®- - RARIdy ®A®- - -® A, where Idy is at the ith position. As v|T™(V) =
py 71-(”), this implies that v : T (V) — V is a morphism of H-comodules.

Now we show that I (V) C ker~. Recall that the ideal Iy (V') is gener-
ated by the set X =, ey H(v®v" — v ®v) and observe that v(X) = 0,
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because y(v ® v' —v' ® v) = 0 for all v,v" € V and ~ is a morphism of H-
comodules. Hence Iy (M) C kery provided y(u ® ) = 0 = vy(z ® u) for all
rekeryNVE, n>2 andueV.Letz =3 v, ®---Quj, € kerry, v;; € V.
Then

’Y(UC@U):Z’Y(vz’l@"'@Uin@U)
n

=3 (2@ X [T M) |oi + Awi) - Awi, Ju)

k=1 j#k

= A(w)() + - Al())u =0,

Similarly, v(u ® x) = 0. Thus we have shown that there exists a morphism
of H-comodules ~/' : SE(V) — V such that 7/ (v; ® - @ v, + Ig(V)) =
Y(01®- - -@vy,) forv; € V and n > 1. Certainly My (y) = nA(y) fory € 7 (V).
The theorem follows.

REMARK 1.8. In [5] the authors introduced the notion of a geometrically
reductive Hopf algebra L (geometrically reductive for actions) in which the
category of L-modules is used. It is not difficult to see that a Hopf algebra
L is geometrically reductive if and only if its finite dual L is geometrically
coreductive and that Theorems 2—4 in [5, Introduction| are consequences of
the above mentioned Theorems 1.1, 1.3, 1.4.

In the following section, we study the natural question when the Hopf
algebra K[SL,(2)] of the quantum group SLy(2) = SL,(2, K) is geometri-
cally coreductive. Since the algebraic group SL(2) = SL1(2) is geometrically
reductive, we know that the Hopf algebra K[SL;(2)] is geometrically core-
ductive. Further, it follows from [II] that the Hopf algebra K[SL4(2)] is
cosemisimple (= linearly coreductive) whenever the parameter ¢ € K is not
a root of unity or if ¢ = 1 and char(K) = 0. Our main result is the following
theorem.

THEOREM 1.9. If char(K) > 0, then the Hopf algebra K[SLy(2)] is geo-
metrically coreductive for each parameter q (# 0). Moreover, the Hopf algebra
K[SL_1(2)] is geometrically coreductive in any characteristic.

2. On the geometric coreductivity of K[SL,(2)]. We begin with
some auxiliary results.

Let f : H — D be a morphism of Hopf algebras. It is clear that every
H-comodule (V, p) can be considered as a D-comodule, via (1® f)p:V —
V @ D (and then every morphism of H-comodules becomes a morphism of
D-comodules). In particular, we have the space of coinvariants VoD which
will be denoted by V7. If (A, p) is an H-comodule algebra, then (1 ® f)p
makes A a D-comodule algebra and we have the algebra of coinvariants A7.
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In particular, we have the algebra H/ = {h € H | (1® f)A(h) = h ® 1},
Recall that for a given H-comodule U and u € U we denote by H(u) the
smallest subcomodule of U containing u.

LEMMA 2.1. With the above notation, if (U,p) is an H-comodule, then
p(UN c UoHS. Moreover, if HY is a Hopf subalgebra of H, then p(H (u)) C
H(u) ® H for each uw € U7,

The proof of the lemma is an easy calculation and we omit it.
The following theorem (and its proof) is similar to [I, Theorem 2.3|.

THEOREM 2.2. Assume that f : H — D is a morphism of Hopf algebras
such that H' is a Hopf subalgebra of H. Furthermore, assume that D and
H' are geometrically coreductive (resp., linearly coreductive). Then the Hopf
algebra H is geometrically coreductive (resp., linearly coreductive).

Proof. Let A : V — K be an epimorphism of H-comodules, and let
A 2 Sp(V) — K and Ap : Sp(V) — K denote the induced morphisms
of H-comodule and D-comodule algebras, respectively. Obviously the nat-
ural inclusion V' C Sy (V) viewed as a morphism of D-comodules induces
a morphism of graded D-comodule algebras = : Sp(V) — Sy (V). Since
Agm(v) = A(v) = Ap(v) for v € V|, we have A\gm = Ap. By the geometric
coreductivity of D, there are r > 0 and ¢ € ST, (V)P such that Ap(¢) = 1.
Let = 7(¢). Then z € S% (V) and Ag(z) = Ag(7(¢)) = Ap(¢) = 1.
Now set U = H(x) C Sy(V) and L = H/. In view of Lemma 2.1, if
p:Sy(V) — S;(V) ® H is the structure map, then p(U) C U ® L, so
that (U, p") with p'(u) = p(u) is an L-comodule. Let w = Ag|U : U — K.
Then w(z) = 1 and by the geometric coreductivity of L, there are [ > 0
and y € SL(U)°L with &(y) = 1, where @ : S (U) — K is the induced
morphism of L-comodule algebras. Furthermore, the inclusion U C Sy (V)
induces a morphism of H-comodule algebras

g:8.(U) — Su(V)

such that g(St(U)) c StH(V) for all ¢ > 0. Hence g(y) € S5H(V)*H and
Ar(9(y)) = w(y) = 1. Consequently, the Hopf algebra H is geometrically
coreductive. Moreover, if Hf and D are linearly coreductive, then so is H. m

Now observe that if the antipode S : H — H is involutive, i.e., S? =
Id, and if V is a finite-dimensional H-comodule, then by Lemma 1.7, the
evaluation map e : V. — V** is a morphism of H-comodules and for any
v € VI the map e(v) : V¥ — K is a morphism of H-comodules. In

particular, we can take the induced morphism of H-comodule algebras e(v) :
Sy (V*) — K. Hence one easily obtains the following theorem.

THEOREM 2.3. If S? = 1d, then the Hopf algebra H is geometrically
coreductive if and only if for any finite-dimensional H-comodule V and
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any nonzero vg € VH there exist 1 > 0 and T € Sy (V*)°H such that

e(vo)(T') # 0.

REMARK 2.4. If G is an affine algebraic group, then the above theo-
rem applies to the (commutative) Hopf algebra K|[G] and amounts to the
well known fact that G is geometrically reductive if and only if for any
finite-dimensional, rational G-module V and any nonzero vy € V& there
is a nonconstant and G-invariant regular function 7' : V' — K such that

T(vg) # 0 (see, e.g., [10]).

For later use we also need the following theorem.

THEOREM 2.5. Let V be an H-comodule of dimension n > 0 and let
V1, ..., Uy be a basis of V with p(v;) = Zj v; ® hj;, © =1,...,n. Moreover,
let E denote the H-comodule End(V') (see Lemma 1.7) and let {x;; | i,j =
1,...,n} be the basis of E given by z;;(v,) = 03rv;.

(i) A(h”) = Zs his ® hsj and E(hij) = 52']‘ foralli,j.

(ii) Suppose that the set {h;j,S(hij) | 1,7 = 1,...,n} is contained in a

commutative subalgebra B of H. Then we have:

(a) The element F' = det(x;5) € Su(E) is a homogeneous coinvari-
ant (of degree n) such that j(F) = det(j(z;;)) for any morphism
of H-comodules j : F — K.

(b) If S? =1d, then the map ¥ : E — E* defined by ¥(z;;) = :L'ﬂ is
an isomorphism of H-comodules. Furthermore, F* = det(z};) €
Sy (E*) is a homogeneous coinvariant (of degree n?) such that
for any f € E©°H the map e(f) : E* — K is a morphism of

H-comodules and e(f)(F*) = det(f).

Proof. Part (i) is a (well known) simple exercise. For (ii), if A denotes
the matrix (h;;) € My(H) and S(A) = (S(hi;)), then AS(A) = I, by (i)
(I = (6i5)). Furthermore, from Lemma 1.7 we deduce that

10 mz] ths b2y thS zt ths & S zt sy
t,s

In particular, all p(x;;)’s belong to the commutative subalgebra Sy (F) ® B
of Sg(E)® H. Further, the matrix (p(z;;)) equals (1®S(A4))(X®1)(1® A),
where X = (z4;) and 1® C = (1 ® ¢rs), C @1 = (¢5 ® 1) for any matrix
C = (¢rs). Hence
p(F) = det(p(x;;)) = det(1 ® S(A)) det(X ® 1) det(1 @ A)
=det(X ®1)det(1 ® S(A)A) =det(X @ 1)det(1 @ I)
—det(X)®1=F®1,

which means that F' € Sy (E)®°H . The second statement of (ii)(a) is obvious.
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It remains to prove (ii)(b). Suppose that S? = Id. By Lemma 1.7,
p(ay) =Yt @ S(hjsS(hui)) Z 25y @ hiiS(hyjs) = > 2% @ haiS(hje).
t,s s,t

It follows that the map ¥ : E — E*, ¥(x;;) = };, is an isomorphism of H-
comodules, which in turn implies that F* = Sy (¥)(F) is a coinvariant. Now
let f € ECOH. Then e(f) : E* — K is a morphism of H-comodules, again by
Lemma 1.7, so that we have the induced morphism of H-comodule algebras

e?/f) : Sp(E*) — K. Furthermore, f = 3, - ay;z;; for some > aij € K,
which means that f(v;) = 3_; ayjv; for ¢ = 1,...,n. Hence e(f)(F*) =
det(e(f)(x7;)) = det(x};(f)) = det(a;) = det(f). =

REMARK 2.6. Part (ii)(a) of the above theorem and its proof are a simple
generalization of [3, Lemma 2.1].

Now let 0 # g € K be a fixed parameter. Following [6, Section IV], we
denote by K[M,(2)] the algebra generated by the symbols a,b, ¢, d subject
to the relations

ba = qab, db=qgbd, ca=qac, dc= qcd,
be=cb, ad—da= (¢ —q)bc.
Observe that the algebra K[M,(2)] has a natural grading such that the

degree of the generators a, b, c,d is equal to 1. Furthermore, the following
lemma holds.

LEMMA 2.7 ([6, Theorem IV.4.1]). The set {a™b™c"2d" | n; > 0} is a
(linear) basis of the algebra K[M,(2)].

As is known, the algebra K[M,(2)] is a bialgebra with comultiplication

and counit defined by

Ala) =a®a+b®c, Ab)=a®@b+bxd

Alc)=c®@a+d®ec, Ad)=c®b+dx®d,

gla) =1=¢(d), ¢eb)=0=¢(c).
It is easy to verify that the element det, = ad — ¢~ 'bc € K[M,(2)] (called
the quantum determinant) is in the center of K[M,(2)] and that A(det,) =
det, @ dety, e(det,) = 1. Hence we obtain the quotient bialgebra K[SL,(2)]
= K[M,(2)]/(dety — 1), which turns out to be a Hopf algebra with antipode
S defined by
S(a)=d, S(b)=—qb, S(c)=—-qte, S(d)=ua.

K[SL,(2)] is called the Hopf algebra of the quantum group SLg(2).
An easy consequence of Lemma 2.7 is the following.
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LEMMA 2.8. The set {a"b'c/, b'c?d™ | i,§,n > 0, m > 1} is a basis of
K[SL,(2)].

The above basis will be called the standard basis of K[SLy(2)].

Obviously the Hopf algebra K[SL4(2)] is geometrically coreductive for
q = 1, because the algebraic group SL(2) = SL1(2) is geometrically reduc-
tive. Moreover, the following result is due to M. Takeuchi.

THEOREM 2.9 ([11]). The Hopf algebra K[SLy(2)] is linearly coreductive
(= cosemisimple) whenever q is not a root of unity.

Below we are going to prove that in positive characteristic the Hopf
algebra K[SL,(2)] is geometrically coreductive for any g. The idea of the
proof is as follows. Making use of Theorem 2.2, we will construct a morphism
of Hopf algebras f : K[SL,(2)] — D such that D is a finite-dimensional Hopf
algebra and K[SL,(2)]/ is a Hopf subalgebra of K[SL,(2)] isomorphic to
K[SL.(2)] for some € € {1,—1}. Then we prove that for both € € {1, —1} the
Hopf algebra K[SL.(2)] is geometrically coreductive (in any characteristic).
The conclusion will follow by Theorem 1.4.

Let us start by recalling the definition and properties of the Gauss poly-
nomials (:f) ;- Denote by Q(t) the field of fractions of the polynomial ring
Z[t] and set

=" wzl =1
_ 2 _ n _
()l = (D@ . (), = L= D ; _”15,;‘“ Do s,

<n)t:(r)'t(”>!te@(t), 0<r<n.

r L(n —r)l

It is clear that () .= () , = 1 and M, =0 = (nf”i;),r, The following

T
lemma lists the basic properties of (:f) .

LEMMA 2.10.

(i) <Z>t e Z[t].
o (3),=(")
0 (-G (), ),

for 0 <r <n.
(iv) Assume that A € K is a primitive mth root of unity. Then (T))\ =0
for 0 < r < m. Moreover, (n)y =0 if and only m|n forn > 1.
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Parts (i)—(iii) of the lemma are contained in [0, Proposition IV.2.1|. Part
(iv) is obvious.
Below we shall also need the following lemmas.

LEMMA 2.11 (|6, Proposition IV.2.2]). Let A be an algebra and let x,y €
A be such that yx = Axy for some nonzero A € K. Then

(x_’_y)nzz<n> J:rynir, n>0.
r=0 r A

LEMMA 2.12. The following equalities hold in K[SLg(2)]:
(i) We have

S S

(1) a’d® = Z (Z) qk2_2ks(bc)k, d’a’® = Z <Z> qu(bc)k, s > 0.

k=0 7 k=0 q?

(ii) a™d™ = d™a™ and amdm—q_memcm = 1 whenever ¢ is a primitive
mth root of unity.

Part (i) of the lemma easily follows by induction on s and by Lemma

2.10(iii). Part (ii) is a consequence of (i) and Lemma 2.10(iv), because ™ =
g
Now assume that the parameter ¢ is a root of unity and let
m =min{k > 1| (¢*)* = 1}.

Moreover, let

Note that € € {1, —1}.
LEMMA 2.13. There exists a unique morphism of Hopf algebras
6 s K[SL.(2)] - KISLy(2)
such that ¢p(u) = u™ for u € {a,b,c,d}. Moreover, ¢ is injective.
Proof. By Lemma 2.12(ii), there exists a unique morphism of algebras
6 KISL.(2)] - K[SL,(2)]

satisfying the above conditions. By Lemmas 2.10 and 2.11, ¢ is a morphism
of Hopf algebras. In view of Lemma 2.8, ¢ is injective. m

REMARK 2.14. The above lemma can be deduced from [12] Section 5.

Now let L = im¢ and let H = K[SL,(2)] for simplicity. In view of
the above lemma, L is a Hopf subalgebra of H isomorphic to K[SL.(2)]
with ¢ € {1, —1}. Furthermore, the Hopf ideal L™ = ker(¢ : L — K) in
L is generated by the set {a™ — 1,b™,¢™,d™ — 1}. This implies that J =
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H(a™m™—1,0",c™,d™—1)H is a Hopf ideal in H, so that we have the quotient
Hopf algebra D = H/J and the natural projection

f:H—D.

This gives the algebra of D-coinvariants H/ = {h € H | (1&f)A(h) = h®1}.
Of importance is the following theorem.

THEOREM 2.15. In any characteristic we have Hf = L. In particular,
H/ is a Hopf subalgebra of H isomorphic to K[SL.(2)] for somee € {1,—1}.

Proof. If m =1, that is, ¢> = 1, then D = K, f =c and Hf = H = L.
So we can assume that m > 2. Observe that L € HY, because

(1d® f)A@@™) = a™ ® f(a™) + " @ f(e") = a" © 1

(see Lemmas 2.10 and 2.11), and similarly 6™, ¢™, d™ € HY.
For k = (ki, k2, k3), n = (n1,n2,n3) € N we write k < n when k; < n;

for i = 1,2, 3. Moreover, for A € K, by (Z)A we mean (Zi))\(z;))\(zg))\

Now let © = Y Asa®1b%2¢%3d% € HI (A\s € K). We are going to show
that x € L. Set t = max{s; | As # 0} and choose an integer k& > 0 such
that mk > t. Then clearly y = d™*z = Y onens Anb™c2d™ € HY for some
An € K, by (1). From Lemma 2.11 and (1) we infer that

Z (Z) Ck2 dﬂz—kz akl bn1—k1 Ck3 dna—k3

k<n 7

® akzcng—kg bkl dnl—kl bk3 dn3—k3

_ n k1pni—Fk1 ko+ks motns—(ka+ks)
_Z)\n2ﬂ<k>q2albl 12T g2 rna =iy

n k<n
Q a2 pk1tks gn2—ke qna+nz—(k1+ks)

k
DL SRR () s CICR U

n k<n a* u=0

k1+ko+k3<ni+ns
® bk‘1+k3 C'ng—kz (bc)udn1+n3—(k1+k2+k3)

n1+nz—(k1+k3)

+Z A Z T <Z> 2 Z 5uak1 pri—k1 ka2tks dn2+n37(k2+k3)
q

n k<n u=0

k1+ko+ks>ni+ns
® akl +ko+k3—(n1+n3) bk1 +k3+ucn2 +u—ko

for some ay,, B, € K (depending on n, k) such that ag = Sy = 1. Moreover,

71,72 € K are some integral powers of the parameter ¢ (also depending on
n, k).
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Now observe that all elements of H appearing in the above formula on
the right hand side of the tensor products belong to the standard basis

By = {a®V'dd, b'dd |0 <i,j,s, 1 <t}
of the Hopf algebra H. It is obvious that
By = {a®b'd b'dd |0<i,j,s<m—1,1<t<m—1}

is a basis of D. Furthermore, if w € B; and f(w) # 0, then f(w) € Bs.
Consider the set

T:{asc,cdt|0§s,1§t§m—1}CBg
and notice that 1 ¢ T and f~1(T) N By = S, where
S ={a‘c,cd" | 0 < s,t} C By.
Further, by (2), A(y) = >, cp,
[(1d® NHA(Y) =Dy, @ fF(N+ Y @ f() =ye1,
yes v€S

because y € H/. But f(vy) € T if and only if v € S for v € By, whence
> ves Yy = 0. Again by (2), this implies that

ni n2 n3 niy mo—1 ma+1
0= = AnT: bt s T,
Zy’y Z 2<0>q2<n21>q2<0>q2

yeS n, na7#0

Yy ® 7y for some y, € H and

no—1

Hence A, (," )q2 — )\n(”12)q2 = Ai(n2)2 = 0 for n > 0 with ny # 0.

Consequently, if A, # 0, then ¢®"2 = 1, which means that m | ns.
Now consider the sets

T={d,ad|1<i<m-—1}C By,
S=fYT)nB ={d, a'|mti} CBy.

Similarly to the above, f(v) € T if and only if v € S for v € By. It follows
that 3. gy, = 0, whence

Z )\n7'2(n1> (nZ) <n3) b d™ = 0.
0 2 na ¢ 0 a2

n, mf(n1—n2+n3)
Since we know that m |ngy for A, # 0, the above equality reduces to
> Aamb™emd™ = 0.
n,mf(n1+ns)

Therefore, if A, # 0, then ny + ng is divisible by m. Further, by considering
the sets

T = {a', bd' | 0 <i<m—1} C By,
S=7"YT)N B, = {a'b, bd' | i >0} C By,
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one can verify that

0= Z Am<n1> <n2> (n3> prinetlgna=t
0 q2 n2 q? 1 g2

n, n3#0

* Z )‘n7'2<7;1> <n2> (n3> ab™ ez,
. q2 n2 q? 0 q?

In view of the relation ad = 1 4+ ¢~ 'bc it follows that

0= E AnT2(n3)2b™ cnetlgns—t
n1,n22>0,n3>1

D Ao Te(n)gab e

n22>0,n12>1

+ E )\nTg(nl)qzbm*lcmd”S*l
n22>0,n1,m3>1

+ Z )\n7'4(n1)q2b"10”2+1d"3_1

n2>0, n1,nz>1

B Z )\(nlan2—1,n3)7-2(ng)ngnlc”an:s—l

n120,n2,n3>1

+ Z /\(nl’m’O)TQ(nl)q2abnlflcn2

n22>0,n12>1

T Z )‘(n1+1,n2,n3)7'3(n1 + 1)q2bnlcn2d”3*1

n1,n2>0,n3>1

+ Z A(n17n2_17n3)T4(n1)qun1cn2dn3—1‘

ni,nz,n3>1

where 1,73, 74 € K are some integral powers of ¢. Suppose that A\, # 0.
We already know that m | na and m | (ny + ng). For the proof that y € L
we have to show that m | ny and m | ng. To this end, it clearly suffices to
check that m | n;. One can assume that ni,ns3 > 1. In the above sum the
coefficient of ™1~ 1d™~1 equals T3A\(n1,0,n3)(121)g2, Whence m | n1 whenever
ns = 0. So let ny > 1. But the coefficient of the monomial 4™ ~1¢"2dm3—1
(again in the above sum) is equal to

A(nl—l,ng—l,n3)7-2(n3)q2 + >‘(n1,n2,n3)7—3(n1)q2 + )‘(nl—l,nz—l,n3)7—4(n1 - 1)(12 =0.

Hence A,73(n1)g2 = 0, because A, _1pny—105) = 0 (m 1 (n1 — 1+ n3)).
Consequently, (n1),2 =0 and m |n;.

Thus we have proved that y = d™*z € L for some k > 0. In view of
Lemma 2.12(ii) it follows that
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k
a™y = ™A™y = (a™d™) e = (1 % (be)™)*x = Zai(bc)imx €L
i=0
for some «; € K with ag = 1. Using the standard basis of H, we can write

T = Z ﬁjajlbj20j3dj4
JEN4, j174=0

for some 3; € K. Let T = {j € N* | B; # 0A 3,=1_am { j-}. If the
set T is not empty, choose a t € T with to = min{js | j € T'}. Then the
element Zf:o a;(be)™x does not belong to L, because its presentation in the
standard basis contains the summand ogB;at1b?2ct3d*. This contradiction
makes it clear that the set T is empty, and therefore x € L. The theorem
follows. m

THEOREM 2.16. Suppose that char(K) > 0. Then the Hopf algebra
K[SL,(2)] is geometrically coreductive for each q, provided the Hopf alge-
bra K[SL.(2)] is geometrically coreductive for both ¢ € {1, —1}.

Proof. In view of Theorem 2.9, we can assume that ¢ is a root of unity.
In that case we have the natural morphism of Hopf algebras f : H — D,
where H = K[SLy(2)] and D = H/(a™ —1,b™,c™,d™ — 1) for some m > 1.
By Theorem 2.15, H/ is a Hopf subalgebra of H isomorphic to K[SL.(2)]
for some € € {1, —1}. Furthermore, it is easy to see that the Hopf algebra
D is finite-dimensional. The conclusion now follows, using Theorems 1.4
and 2.2. m

We are now going to prove that if e2 = 1, then in any characteristic the
Hopf algebra K[SL.(2)] is geometrically coreductive (obviously only the case
e = —1 requires proof). The proof given below is patterned on Springer’s
proof of the geometric reductivity of the algebraic group SL(2) presented
in [I0]. Again some preparations are needed.

Let Ky[x,y] be the algebra generated by the symbols x,y subject to the
relation yx = gzy (the algebra K,[z,y] is called the quantum plane). It is
easy to see that the algebra K, [z,y| is a K[SL,(2)]-comodule algebra, via

plr)=z®@a+y®c, ply)=z0b+yxd.
By Lemma 2.11 it follows that
s t
3)  platyt) = Z Z g <5> <t> gyt 49) @ gipd s —igt=i
i=0 j=0 )2 NI/ ¢

for any s,t > 0. Given an n > 0, we denote by K[z, y]n the subspace of
K [z, y] spanned by the set {z'y"~" |i=0,1,...,n}. By the above formula,
K[z, y]n is a subcomodule of K[z, y].
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REMARK 2.17. If ¢ = 1, then K[z, y] is nothing other than the symmet-
ric algebra S(K?) with the SL(2) action induced by the standard action of
the group SL(2) on K? given by [24] (z,y) = (az + by, cz + dy).

Let, as above, H = k[SL,(2)] and fix an n > 0. Below e, = z*y"* ¢
Kz, ylp for k= 0,...,n, and the elements {hg | s,k =0,...,n} C H are
defined by

n
pler) =D es@hg, k=0,...,n.
s=0

Furthermore, we set (7)), = 0 for A € K whenever i > n or i < 0. From (3)
we obtain

(4) hsk = Z q(s—i)(k—i) (k> <n o k) aibS—ick—idn—k_S_H'
i=0 ] q2 S —1 q2

for s,k =0,...,n. As ad — ¢~ 'bc = 1, it follows that

n A .
i k n—=k - ,
5 hs — bs—z—i—r k—z—i—rdn—k—s
o n=y3a()) (5 (20h) e

1=0 r=0
whenever n — k — s > 0, and similarly

n n—k—s+i .
n—k—s4+1 k n—=k
6 hgr, = . .
O m=d Y w(" ) () (1)

i=0 =0
. a—(n—k—s)bs—i-‘rrck—i—i—r
whenever n — k — s < 0 (again 71,79 € K are some integral powers of q).

LEMMA 2.18. Suppose that M is a nonzero subcomodule of the H-co-
module Kq[x,yln. Then z™,y" € M.

Proof. Let 0 # m =", axer € M. By (5) and (6), we know that

n n
p(m) = Zozk Zes ® hgp,
k=0 s=0

o~ (i (K (n—k : :
— s—(i—r) k—(i—r) jn—k—s
S mee 2 3n()) (7) (125 prreea

k+s<n i=0 r=0
n—k—s+i
+ Z apes ® Z Z 7'2)\(/’{:,s,z',r)a_("_k_s)bs_(i_r)ck_(i_”,
k+s>n k—n+s<i r=0

where

Akesion) = (" () ()
T qz 1 q2 S 1 q2
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Now set kg = max{k | ay # 0 and write p(m) as the sum » __ - z,®y,, where
I' is the standard basis of H and z, € M. If kg = 0, i.e., m = ageg = apy”,
then it is easily seen that x, = agma™ for v = b". Similarly, if kg > 0, then
Ty = ag,Ty" for v = cfod" k0 and x, = ag,ma™ for v = a*b" %0, Hence
zhy" e M. n

COROLLARY 2.19.

(i) Suppose that ¢ is a primitive mth root of unity. Then the Hopf
algebra H = K[SLy(2)] is not cosemisimple in the following cases:
(a) m > 2, (b) m =1 and char(K) > 0.
(ii) Ifg*> =1, then the H-comodule Ky[z,y], is simple whenever char(K)
=0 or if char(K) >0 and n = p" — 1 for some r > 0.
(iii) If q is not a root of unity, then the H-comodule K,[x,yl, is simple
for each n > 0.

Proof. (i) Let T'= Kz + Ky™. Then T is a subcomodule of K[z, y|m,
by Lemmas 2.10 and 2.11. If m > 2, then clearly T' # K[z, y|m. Sup-
pose that Ky[z,y], =T @& M for some subcomodule M C K[z, y|m. Then
2™, y™ € M, by the above lemma, which is impossible. If p = char(K) > 0
and m =1 (i.e., ¢> = 1), then p(2P) = (2 @ a+yR@c)P = 2P @ aP + yP @ P
and p(y?) = (z @b+ yRd)P = 2P @ bP 4+ yP ® dP, because y ® ¢ commutes
with £ ® ¢ and y ® d commutes with x ® b. This means that T'= KxP + KyP
is a proper subcomodule of K[x,yl,, and as above, we show that T" is not
a direct summand of K[z, y],. Therefore, in either case H is not cosemi-
simple.

(ii) Suppose that ¢?=1 and let M be a nonzero subcomodule of K[z, y],.
By the above lemma, ™ € M. Since

n
p($n) — § : <i>xzyn—z ® atc
=0

and, under our assumption, (’Z)l xk # 0 for i = 0,...,n, it follows that
'yt € M for i = 0,...,n. Consequently, M = K[z, y],. This means that
K[z, y]n is a simple H-comodule.

(iii) can be proved in the same way as (ii). =

LEMMA 2.20.

(i) We have
"V S(he) = (=) (") Bppnes,  0<ks<n.
k qz S q2 ’

(i) If (Z)qﬁéo for k=0,...,n, then the map f : Kqx,yln— (Kqlz,yln)*
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given by

—1
f(ek) = (—q)k (Z) 6;’;_]“ k= O7 B N
q2

is an isomorphism of H-comodules.

Proof. By (3),

n

st =m0 (5) (175 st
; 1 2 S —1 2
1=0 q q
= (—q)*7* Z qs—D(k=0) <k> <” - k) ks ips—i k=i gi
i 4 q? S—1 e

Seti=n—k—s+i, s =n—k kK =n—s. Then
s—i=n—kK -G 4+n-kK—-5)=5 -4,
k—i=n—§—@G+n—-K-§)=kK -4

and

which implies that

n / !

_(_ (sfk) (slii/)(kliil) mn—s S
S(har) = (=)™ g (k’—i’>q2(">q2

. 1
/=0
. ai/ bs'—ilck/—i’di’+n—k’—s'

Further, one easily checks that

(), G0, (0= (6,620, 0),

for all A € K and s, k,7 > 0. Hence

n n
S hfs = S hs
(1), 50 =(3) s
— () (" (—iyw—iy (K (n—F
( Q) (k/>quZ/q (i/>q2<$/—i/ g

TR WY} ol gt
. ab bs zck zdnk s +i

s—k [T s—k[T
= (— hs/ /= | — hnf n—s-
(—9) (k,> el (—9) <8>q2 k,
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Thus (i) is proved. Since

onten =Co(}) ol = o ()z & S 1)

q? s=0

:<—q>’“(2);§ez®<—q>n-s-k( i () -

n —1
P n s[T
= Z(_Q)n €s & < ) hn—s,k — Z(_Q) < > €n—s & hsk’
s=0 s q? § q?

s=0

= 3" Fles) @ ha = [(f @ Td)p) (ex)

for k=0,...,n, also (ii) is true. m

COROLLARY 2.21. Assume that ¢> = 1. Moreover, assume that either
char(K) =0 and n > 0 is arbitrary, or char(K)=p >0 andn=p" — 1 for
somer > 0. Then (Z)qQ = (Z) 1k #0 for k=0,...,n and the linear map

-1
* n *
i Byfoal = (Kl fle) = (0 (1) i b=0.0om
is an isomorphism of H-comodules.

Proof. If char(K) = p > 0, then (})1x # 0 since (prl;l) = (—=1)* mod p.
Therefore, the corollary is a consequence of the above lemma. m

Now fix an ¢ € {1, -1} and set H = K[SL.(2)]. Note that the antipode
S of H has order 2, that is, S? = Id. This will allow us to apply Theorem
2.2 to H. Also notice that the algebra H admits a Z-grading determined by
deg(a) = deg(b) = 1, deg(c) = deg(d) = —1. In particular,

H = H,,

neZ
where H,, is the vector subspace of H spanned by the set

{anlbmc%dm ’ ni + ng — (n3 +nyg) = n}
It is easy to see that each H,, is a subcomodule of the H-comodule (H, A).
LEMMA 2.22. The subalgebra B = @,

Proof. Let X = a*'b*2¢*3d** € Ho, and Y = a’'b’2c3d™ € Hy. Then
clearly

Hs,, of H is commutative.

XY = gti(sats2)tta(satsi)+ta(satsi)+ta(sa+s2)y x

_ €(t1+t4)(83+82)+(t2+t3)(84+81)YX.

Since the numbers s1 + s4 + So + s3 and t1 + t4 + to + t3 are even, s1 + S4 is
even if and only if so + s3 is even, and 1 + t4 is even if and only if ¢ + 3
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is even. Consequently, the number (¢; + t4)(s3 + s2) + (t2 + t3)(s4 + 51) is
even, whence XY =Y X. n

For u > n we define H,, , to be the subspace of H,, spanned by the set
{a™ 0™ c"d™ | ny +ng — (ng+n4) =n, 0 <ny +ne < u}.

Observe that H,,,, C Hyyt1 and Hy, = |J
subcomodule of H,,.

LEMMA 2.23. The set By, = {a’b" 'c/d* "7 |0<i<wu,0<j<u—n}
is a basis of Hy .

u>n H,, . Moreover, Hy, , is a

Proof. Let us assume that ), Aaijaib“_icjd“_"_j = 0 for some «;; € K.
As H = K[M.(2)]/(ad — ebc — 1), 1t follows that in the algebra K[M.(2)] we
have the equality

> aydbTidd I = h(ad + be — 1)
0<i<u,0<j<u—n
(for some h € K[M_(2)]). This implies that h = 0, using the natural grading
in K[M.(2)] given by deg(d) =1 for ¢ € {a,b,c,d} C K[M(2)]. Therefore,
> aia’b" I d I = 0
0<i<u, 0<j<u—n
in K[M.(2)], so that ;; = 0 for all ¢, j, by Lemma 2.7. It remains to prove
that the set B, spans the subspace H,, ,. Notice that given ny,n2,n3,ns > 0,
a™ b d™ = a™b"? (ad — ebc)c™d™
— aa"1+1b”20"3 dn4+1 + Banl bn2+1cn3+1dn4

for some «a, # € K. By induction on u—(n;+ng), it follows that a™ "2 ¢"3d"™
€ H,,, is a linear combination of elements from B,,. =

LEMMA 2.24. For each n > 0 the linear map g : Hy, — K.[z,y]l, ®
K[z, yln given by

g FeSdn ) = e @es, k=0,...,n,

18 an wsomorphism of H-comodules.

The proof is straightforward computation, using (3) and Lemma 2.23.
Now we are ready to prove the announced theorem.

THEOREM 2.25. The Hopf algebra H = K[SL.(2)] is geometrically core-
ductive for any field K.

Proof. Let (V,p) be a finite-dimensional H-comodule and let 0 # vy €
Veol  Ag 82 = 1d, by Theorem 2.3, it suffices to find » > 0 and T €

St (V*)H such that e(v)(T) # 0. Choose a linear map [ : V — K with
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[(vg) = 1. Then we have the morphism of H-comodules

¢:V —HS Hy, () :W(Zl(vi)hi)7

where 7w : H — Hj is the projection on the 0-component of the grading H =
@D,.cz Hn and > v; ® hy = p(v). Certainly 1)(vg) = 1. Since Hy = UJ,, Hon,
im C Hpy, for some n > 0, and we can assume that n = p™ — 1 for some
m > 0, provided char(K) = p > 0. By Lemmas 2.24, 1.7 and Corollary
2.21, it follows that the H-comodules Hy, and E = End(K.[z,y],) are
isomorphic. Therefore, there exists a morphism of H-comodules

p:V-oFK

such that u = p(vg) # 0. It is clear that u € E°H = Endy(K.[r,y],),
because vy € V°H . Furthermore, in view of Corollary 2.19, the H-comodule
K_.[z,y], is simple. Hence, u is an isomorphism of H-comodules. The mor-
phism ¢ induces a morphism of graded H-comodule algebras

Su(¢®) : Su(E") = Su(V7)
(determined by Sp(¢*)(9) = gy for g € E*). By Theorem 2.5(ii)(b), we
know that there exists a coinvariant F* € Sy (E*) of degree r = dimV > 0
such that for any f € EH the map e(f) : E* — K, e(f)(e*) = e*(f), is
a morphism of H-comodules and e/(\/f)(F*) = det(f). Set T'= Sg(p*)(F™).

—_—~—

Then T € S}"{(\i’"\)j‘)H and it is easily seen that e(vg)(T) = det(u) # 0,
because S (¢*)e(vg) = e(u). =

The main result of the paper is the following theorem.

THEOREM 2.26.

(i) If char(K) > 0, then the Hopf algebra K[SLy(2)] is geometrically
coreductive for any parameter q. Moreover, the Hopf algebra
K[SL_1(2)] is geometrically coreductive for any field K.

(ii) Assume that q is a primitive mth root of unity. Then K[SLq(2)] is
not linearly coreductive if m > 2 or if m = 1 and char(K) > 0.

Part (i) is a consequence of Theorems 2.16 and 2.25. As for (ii), it follows
from Corollary 2.19.

REMARK 2.27. From [I1], Theorem 5.8] it follows that if ¢ is not a root
of unity, then for any n > 2 the Hopf algebra K[SL,(n)] of the quantum
group SLy(n, K) is cosemisimple (= linearly coreductive). Furthermore, if
char(K) > 0, then we know that the Hopf algebra K[SLi(n)] is geometrically
coreductive, because the algebraic group SL;i(n) = SL(n) is geometrically
reductive. So it is natural to conjecture that if char(K) > 0 and ¢ is a root
of unity, then the Hopf algebra K[SL,(n)] is geometrically coreductive for
each ¢ and n > 2.
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