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MEASURABLE ENVELOPES, HAUSDORFF MEASURES
AND SIERPINSKI SETS

BY

MARTON ELEKES (Budapest)

Abstract. We show that the existence of measurable envelopes of all subsets of R™
with respect to the d-dimensional Hausdorff measure (0 < d < n) is independent of ZFC.
We also investigate the consistency of the existence of H%-measurable Sierpifiski sets.

Introduction. The following definition was motivated by the theory of
analytic sets.

DEFINITION 0.1. Let A be a o-algebra of subsets of a set X. We call a
set H C X small (with respect to A) if every subset of H belongs to A. The
o-ideal of small subsets is denoted by Ag. We say that A € A is a measurable
envelope of H C X (with respect to A) if H C A and for every B € A such
that H C B C A we have A\ B € Ay.

I have learnt the terminology “every subset of X has a measurable enve-
lope” from D. Fremlin. Another usual one is “(X,.4) admits covers” (see
e.g. [Ke]), and “measurable hull w.r.t. A” is also used.

For example it is not hard to see that if A is the Borel, Lebesgue or Baire
o-algebra in R™, then Ay is the o-ideal of countable, Lebesgue negligible
and first category sets, respectively. One can also prove that with respect
to the Lebesgue or Baire o-algebra, every subset of R™ has a measurable
envelope, while in the case of the Borel sets this is not true. What makes
these notions interesting is a theorem of Szpilrajn-Marczewski, asserting
that if every subset of X has a measurable envelope, then A is closed under
the Suslin operation (see [Ke, 29.13]). Therefore it is not surprising that the
problem whether every subset of X has a measurable envelope with respect
to a given o-algebra A has been considered for various A for a long time
(see e.g. [Ma] and [Pa]).

In our paper we investigate the case A = A, where p is an outer me-
asure on X and A, is the o-algebra of p-measurable sets (in the sense of
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Carathéodory). To the best of our knowledge this problem was posed by
M. Laczkovich.

It is well known and trivial that in the o-finite case every subset has a
measurable envelope. Therefore we turn to the Hausdorff measures, which
are probably the most natural examples of non-o-finite measures. We prove
that the question of existence of measurable envelopes cannot be answered
in ZFC.

As an application we give a short proof of the known statement that
the existence of an H!-measurable Sierpifski set (see the definition below)
is consistent with ZFC (this is proven for the so-called “one-dimensional
measures” in [DP, 3.11]).

Finally, we investigate the existence of two kinds of Sierpinski sets me-
asurable with respect to Hausdorff measures:

DEFINITION 0.2. A set S C R? is a Sierpinski set in the sense of measure
if S is (one-dimensional) Lebesgue negligible on each vertical line, but co-
negligible (that is, the complement of S is negligible) on each horizontal line.
A set S C R? is a Sierpiriski set in the sense of cardinality if S is countable
on each vertical line, but co-countable on each horizontal line.

On the one hand, we prove that for 0 < d < 2 the existence of H%
measurable Sierpinski sets in the sense of measure is independent of ZFC.
(In the remaining cases the answer is trivial.) On the other hand, we show in
ZFC that in the non-trivial cases (0 < d < 2) there exists no H%measurable
Sierpinski set in the sense of cardinality.

REMARK. Instead of considering Hausdorff measures, it would also be
natural to look at non-o-finite outer measures on arbitrary sets in general.
As the following example shows, there is a ZFC example here.

ExAMPLE 0.3 ([Fr]). Put X = wy X wy and let v be the outer measure
on X that is 0 for countable subsets and 1 otherwise. Define
p(H) = Y [v(HN ({a} x w2)) + v(H N (w2 x {a}))];
acwr
that is, let ;(H) be the number of uncountable horizontal and vertical sec-
tions. Then one can check that wy X wy has no measurable envelope.

1. Measurable envelopes with respect to Hausdorff measures.
Let H? denote the d-dimensional Hausdorff measure in R™. Instead of “me-
asurable envelope w.r.t. A" we will write “measurable envelope w.r.t. HD .

If d = 0 or d > n then every subset of R” is H%measurable, hence every
subset has a measurable envelope. If d = n then H? is o-finite, therefore we
get the same conclusion. In the remaining cases we have
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THEOREM 1.1. The following statement is independent of ZFC' for all
n € N and 0 < d < n every subset of R™ has a measurable envelope with
respect to H%.

Before the proof we need two lemmas. (A denotes the one-dimensional
Lebesgue measure here.)

LEMMA 1.2. Let B C R" be Borel such that 0 < HYB) < oc.
Then there exists a bijection f between B and the interval I = [0, H%(B)]
such that both f and its inverse preserve Borel sets and measurable
sets, and f is measure preserving between the measure spaces (B,Hd)
and (I, \).

Proof. See [Ke, 12.B] and [Ke, 17.41]. =

Now we turn to the second lemma.

DEFINITION 1.3. add A is the minimal cardinal x for which there are x
Lebesgue negligible sets A, (o < k) such that |, Aq is of positive outer
measure.

REMARK. Note that if the sets A, (o < \) are Lebesgue measurable
for some A < add N, then so is their union (J,.\ Aq, as can be shown by
well-ordering the sets and noting that all but countably many of them must
be almost covered by the preceding sets.

The following lemma is essentially contained in [Fe, 2.5.10].

LEMMA 1.4. Let 0 < d < n and suppose add N = 2. Then there exists
a disjoint family {M, : a < 2*} of H%-measurable subsets of R™ of finite
H-measure such that a set H C R"™ is H%-measurable iff H N M, is H%-
measurable for every a < 2¥.

Proof. Let {B, : a < 2“} be an enumeration of the Borel subsets of
R™ of finite H%measure, and put M, = B, \ Up<q B These are clearly
pairwise disjoint sets of finite H?measure. Moreover, add N = 2% together
with the above remark and Lemma 1.2 applied to B, implies that M, is
H?measurable for every a < 2¥. The other direction being trivial we only
have to verify that if H C R" is such that H N M, is H%measurable for
every o < 2%, then H is itself H%measurable. Let A C R™ be arbitrary. We
show that

HYA) > HYH N A) +HUHE N A).

We can obviously assume that H%(A) < oo and thus we can find a Borel set
B such that A C B and H%(A) = HY(B), so B = B, for some a < 2¥. Thus
it is sufficient to prove that H N B, is H%measurable, as that would imply

HYA) = HY(HN By) NA) +HY(HN B, NA),
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with (HNB,)NA=HNAand (HNB,)°NA=HYNA. In order to show
that H N B, is H%measurable, note that B, = Up<a Mp, and therefore
HN By = Ug<q(HNM,), which is again easily seen to be H%measurable. m

DEFINITION 1.5. non* NV is the minimal cardinal s such that in every
subset of the reals of positive outer Lebesgue measure we can find a subset
of positive outer Lebesgue measure and of cardinal < k.

cov NV is the minimal cardinal x such that R can be covered by x Lebesgue
negligible sets.

REMARK. non* N < cov N is consistent with ZFC as it holds in the
so-called “random real model” (see [LM, Lemma 8]).

Now we can turn to the proof of Theorem 1.1.

Proof of Theorem 1.1. First we show that add N = 2% implies that
for every n € N and 0 < d < n every subset of R” has a measurable
envelope with respect to H¢. (This proves that this statement is consistent,
as add N = 2¢ follows e.g. from CH or MA.) Fix n, d and H C R". Let
{My : o < 2%} be as in Lemma 1.4. As M, is of finite measure for every
a < 2¥, we can find an H%measurable set H,, such that HNM, C H, C M,
and HY(H N M,) = H4(H,). We claim that A = |J,.9. Hy is a measurable
envelope of H. Clearly A is H%measurable by Lemma 1.4. Suppose H C
B C A, B is H%measurable and C C A\ B. We want to show that C is
measurable; it is sufficient to check that C' N M, is H%measurable for every
a < 2¢, which is obvious, as it is of H%measure zero.

Next we prove that for n = 2 and d = 1 it is consistent that there
exists a subset of the plane without an H!-measurable envelope. We assume
non* N < cov V. One can easily find a set A C R of full outer measure and
of cardinal non* AV, and we claim that A xR has no H!-measurable envelope.
Otherwise, if M is such an envelope, then it is (one-dimensional) Lebesgue
measurable on each vertical and horizontal line, therefore it is Lebesgue
negligible on all vertical lines over R\ A and co-negligible on all horizontal
lines. As non* N < cov N, R\ A is not negligible, hence we can choose a
set B C R\ A of positive outer measure and of cardinal non* N'. Then the
projection of the set (BxR)NM to the second coordinate consists of non* A/
zero sets, but on the other hand, it is the whole line, a contradiction. =

REMARK. The second direction of this proof (the last paragraph, in
which we exhibit a set without a measurable envelope) is due to D. Fremlin
([Fr]). In fact, it is not much harder to see that non* NV < cov N implies
the existence of subsets of R" without H%measurable envelopes for any
0 < d < [n/2] and n > 2. Indeed, we can replace R x R by the square of
a d-dimensional Cantor set in R["/2) of positive and finite H%measure, and
repeat the above argument.
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However, we do not know the answer to the following question.

QUESTION 1.6. Is it consistent that there exists a subset of R™ without
an H%-measurable envelope forn=1,0<d<1 and forn>2, [n/2] <d<n?

2. Hausdorff measurable Sierpinski sets. As all subsets of the plane
are H%measurable for d = 0 and d > 2, the existence of H%measurable
Sierpinski sets in the sense of cardinality for these d’s is equivalent to the
existence of Sierpinski sets in the sense of cardinality, which is known to be
equivalent to CH (see [Tr]). The following theorem answers the question for
the other d’s.

THEOREM 2.1. For 0 < d < 2 there exists no H%-measurable Sierpiriski
set in the sense of cardinality.

Proof. For d = 2 the statement is obvious by the Fubini Theorem. Let
0 < d < 2 and Cy/p be a symmetric self-similar Cantor set in [0, 1] of
dimension d/2. We now show

LEMMA 2.2. There exists 0 < ¢ < oo such that
Hd’Cd/Q X Cgjp=c (Hd/Q\Cd/z X Hd/2|Cd/2)'

Proof. Since K = Cg/5 x Cyo is also self-similar, it is easy to see that
0 < HYK) < oo, and therefore if we let

HY(K)
(HY2(Cyy2))?’
then 0 < ¢ < oo and the above two outer measures agree on K. By the
self-similarity of K they also agree on the basic open sets, and as any open
set is the disjoint union of countably many of these, the outer measures

agree on all open sets; hence (by finiteness) on all Borel sets as well, from
which the lemma follows.

Now we can complete the proof of Theorem 2.1 as follows. Note that if S
is an H%measurable Sierpinski set in the sense of cardinality, then SN K is
an H%measurable set which is countable on each vertical section of K and
co-countable on each horizontal section of K. But this gives a contradiction,
once we apply the previous lemma and the Fubini Theorem. u

The question concerning Sierpinski sets in the sense of measure is more
complicated. Just as above, for d = 0 or d > 2, H%measurability is not really
a restriction, and we know that the existence of Sierpinski sets in the sense
of measure is independent of ZFC (see [La, Theorem 2]). For d = 2 no such
set can be H%measurable by the Fubini Theorem, while in the remaining
cases we have the following.
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THEOREM 2.3. For 0 < d < 2 the existence of H%-measurable Sierpiriski
sets in the sense of measure is independent of ZFC.

Proof. On the one hand, for example non* N' < cov N implies that there
are no Sierpinski sets of any kind ([La, Theorem 2]).

On the other hand, we assume add A/ = 2% and prove the existence of
H%measurable Sierpinski sets in the sense of measure, separately for all
0<d<l,d=1landalll<d<?2.

If d = 1, then our statement is a consequence of [DP, 3.10], but we
present another proof here. By [La, Theorem 2] and add N = 2¥ we can
find a Sierpinski set in the sense of measure, and by 1.1 this set has an
H%measurable envelope. It is not hard to check that this envelope has the
required properties.

Now let 0 < d < 1. Enumerate the Borel subsets of R? of positive finite
He-measure as {B, : a < 2¢} and also R as {z, : @ < 2*}. We can assume
that S is a Sierpinski set in the sense of measure such that the cardinality
of every vertical section is less than 2¢ (the proof in [La] provides such a
set). Then put

$1=8U UJ [Ba\ (U BsU({zs: 8<a} xB))|.

a<2w B<a

S1 is a Sierpinski set in the sense of measure as its horizontal sections con-
tain the horizontal sections of S, the vertical section over x is still of (one-
dimensional) Lebesgue measure zero, since add N = 2% and = = xz, for
some a < 2% so this section is increased only in the first « steps, and always
by a set of finite H%-measure, hece of zero Lebesgue measure. What remains
to check is that S; is H%measurable. As above, by the Borel regularity of
H? it is sufficient to show that

HYB) = HY (S, N B) + HY(SC N B)

for every Borel set B of finite and positive H%measure. Hence we only have
to prove that S; N B, is H%measurable for every o < 2. We show this by
induction on « as follows. Put

A, = U BgU({xg:ﬁ<a}><R).
B<a
Then
SiNB,=5nN [(Ba \ Aa) U (Ba M Aa)]
— 511 (Ba\ Aa)] U [S1 M (Ba N Ag)] = [Ba \ Aa] U [S1 M (B N Ag)]

= [Ba\ 4] U U (BanBsn S)| U U (Ban ({5} x R) N 81)].
B<a B<a
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Now we apply Lemma 1.2 to B, in view of add N/ = 2%. Then the first expres-
sion in the last line is clearly H%measurable (we may apply Lemma 1.2 and
the Remark following Definition 1.3 to B,), and the same conclusion holds
for the second expression by our induction hypotheses. In order to check
measurability for the last expression we note that B, N ({zg} x R) NS is
of cardinal less than 2% for every 8 < a, thus H%negligible, but when we
construct B, N ({zg} x R) NSy from this set, we increase it only in the first
(3 steps, and always by an H%measurable set.

Finally, let 1 < d < 2. As above, let {B, : @ < 2} = {B C R :
B Borel, HY(B) < oo} and also {z, : a < 2¢} = R. Put

Do=Ba\ | | BsU({as: B <a} x R)U(Rx {zg: 8 < a})
<o
for every a < 2¥. Since D, C B,, it follows that D, is (two-dimensional)
Lebesgue negligible, and therefore {z € R : A(({z} x R) n D,) > 0} is
Lebesgue negligible, thus contained in a Borel set N, of Lebesgue measure
zero. Define

$1=(SU U Da\ e x RD)\[ U (Da 0 (N x R))].

a<2v a<2v¥

First we check that S is a Sierpinski set in the sense of measure. If R x {z}
is a horizontal line, then & = z,, for some av < 2*. The sets D¢ and R x {z4}
are disjoint for every £ > «, so our set is not modified after the first « steps.
Hence

[\ S11N (R x {wa}) € [ | (Den (Ne x R)| 1 (R x {wa}),
é<a

which is Lebesgue negligible on this horizontal line because add N = 2%,
Similarly, on a vertical line {zq} X R,

10 ({za} x R) C [SU [ (De\ (Ng x R))| N ({za} x R),
¢<a

which is again a zero set. What remains to show is the H%measurability
of S7. It is again sufficient to prove by induction on « that S N B, is
H%measurable for every o < 2¢. Just as above, we apply Lemma 1.2 to B,:

SiNB, = [SlﬂDa]
U[S1nBan (1 BsU({zs: 8 <a} xR)URx {ag: < a}))],
<o

where the expression in the first brackets equals D, \ (N, x R), which is
clearly H%measurable (N, is Borel and to D, we can apply the usual ar-
gument in B,). As for the H%measurability of the second expression, it
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equals
B, N

([UBsnSH]Ul{zs: B<a} xR)NSTU[R x {z5: B < a}) N S1)).

[B<a

We apply the usual argument in B,. The set Bg N S is H?%measurable
for every 8 < « by the induction hypothesis. Moreover, as d > 1,
{z5: B < a} xR as well as R x {z5 : B < a} are of H%measure zero
in B, for every 3 < a. Thus the proof is complete. »

However, we do not know the answer to the following.

QUESTION 2.4. Let 0 < d < 2. Is it consistent that there exists a Sier-
pinski set in the sense of measure, but it cannot be H%-measurable?
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