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ON RINGS OF CONSTANTS OF DERIVATIONSIN TWO VARIABLES IN POSITIVE CHARACTERISTICBYPIOTR J�DRZEJEWICZ (Toru«)Abstrat. Let k be a �eld of hrateristi p > 0. We desribe all derivations ofthe polynomial algebra k[x, y], homogeneous with respet to a given weight vetor, inpartiular all monomial derivations, with the ring of onstants of the form k[xp, yp, f ],where f ∈ k[x, y] \ k[xp, yp].Introdution. A. Nowiki and M. Nagata proved in [4℄ that if d is anonzero k-derivation of k[x, y], where k is a �eld of harateristi p > 0,then k[x, y]d, the ring of onstants of d, is a free k[xp, yp]-module. Moroverthey showed that if p = 2, then k[x, y]d = k[xp, yp, f ] for some f ∈ k[x, y].W. Li proved in [2℄ that the rank of k[x, y]d as a free k[xp, yp]-module equals
1 or p.It is natural to ask, for arbitrary p, when a k-derivation of k[x, y] hasthe ring of onstants of the form k[xp, yp, f ], where f ∈ k[x, y] \ k[xp, yp]. Inthis paper we answer this question for derivations whih are homogeneouswith respet to a given weight vetor (Theorem 11, Corollary 12). This is ageneralization of the results of [1℄.In the last setion we obtain a desription, for arbitrary p, of all monomialderivations of k[x, y] with rings of onstants of the form k[xp, yp, f ], where
f ∈ k[x, y] \ k[xp, yp] (Theorem 16, Corollary 17). Note that the rings ofonstants of all monomial derivations for p = 2 and p = 3 were omputedby S.-I. Okuda in [5℄, using his adaptation of van den Essen's algorithm forthe ase of positive harateristi.1. Preliminaries. Throughout this paper k is a �eld of harateristi
p > 0. We denote by k[X] the polynomial k-algebra k[x1, . . . , xn] and by
k[Xp] the k-subalgebra k[xp

1, . . . , x
p
n]. In the ase of two variables we willjust write k[x, y].A k-linear mapping d : k[X] → k[X] is alled a k-derivation of k[X] if

d(fg) = fd(g) + gd(f) for all f, g ∈ k[X]. Every k-derivation d of k[X] is2000 Mathematis Subjet Classi�ation: Primary 12H05; Seondary 13N15.Key words and phrases: derivation, ring of onstants.[109℄
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of the form g1 · ∂/∂x1 + · · · + gn · ∂/∂xn for some polynomials g1, . . . , gn ∈
k[X], that is, d is uniquely determined by the onditions d(x1) = g1, . . . ,
d(xn) = gn. If d is a k-derivation of k[X], then we denote by k[X]d the ringof onstants of d:

k[X]d = {f ∈ k[X] : d(f) = 0}.Note that k[Xp] ⊆ k[X]d, so k[X]d is a k[Xp]-algebra.We introdue the notion of γ-homogeneity analogously to [3, 2.1℄. Con-sider a vetor γ = (γ1, . . . , γn) ∈ kn \ {(0, . . . , 0)}. For every r ∈ k denote by
k[X]γ(r) the k-linear span of all monomials xl1

1 · · ·xln
n suh that

l1γ1 + · · · + lnγn = r.If no monomial satis�es this equality, then k[X]γ(r) = 0. We obtain a gradingof k[X] by the additive group of the �eld k. Polynomials belonging to k[X]γ(r)are alled γ-forms of degree r. In partiular, xi is a γ-form of degree γi for
i = 1, . . . , n. If γ1 = · · · = γn, then the γ-forms are exatly the p-homo-geneous polynomials in the sense of [1℄.A k-derivation d of k[X] is alled γ-homogeneous of degree s, where s ∈ k,if d(k[X]γ(r)) ⊆ k[X]γ(r+s) for every r ∈ k, that is, d(xi) ∈ k[X]γ(γi+s) for
i = 1, . . . , n. Denote by Eγ the derivation of the form

γ1x1 ·
∂

∂x1
+ · · · + γnxn ·

∂

∂xn
,whih is γ-homogeneous of degree 0. Observe that

Eγ(xl1
1 · · ·xln

n ) = (l1γ1 + · · · + lnγn) · xl1
1 · · ·xln

n ,so a polynomial f is a γ-form of degree r if and only if Eγ(f) = rf . This is aweight analog of the Euler formula (ompare [3, 2.1.1℄, [1, 1.4℄). In partiular,
k[x, y]γ

(0)
is the ring of onstants of Eγ .For every f ∈ k[X] let

Ck(f) = k(xp
1, . . . , x

p
n)[f ] ∩ k[X],where k(xp

1, . . . , x
p
n) is the sub�eld of k(x1, . . . , xn) generated by xp

1, . . . , x
p
n.The following fat immediately follows from [4, Proposition 1.2℄.Proposition 1. If d is a nonzero k-derivation of k[x, y] suh that

k[x, y]d 6= k[xp, yp], then k[x, y]d = Ck(f) for some (and then for any )
f ∈ k[x, y]d \ k[xp, yp].We denote by f the greatest ommon divisor of ∂f/∂x1, . . . , ∂f/∂xn(de�ned up to a nonzero salar fator). We write f ∼ g, where f , g arepolynomials, if f = ag for some a ∈ k \ {0}. We use the same onvention forderivations, i.e. we write d1 ∼ d2 if d1 = ad2 for some a ∈ k \ {0}.It is easy to verify that Corollary 2.4, Proposition 2.6, Theorem 3.2 andCorollary 3.3 from [1℄ hold true for γ-forms, so we obtain the following result.
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Proposition 2. If f ∈ k[X] \ k[Xp] is a γ-form of a nonzero degree,then the following onditions are equivalent :(i) Ck(f) = k[Xp][f ],(ii) f has no multiple fators and no fators from k[Xp] \ k,(iii) f ∼ 1.2. γ-homogeneous derivations of k[x, y]. For a polynomial f ∈ k[x, y]we denote by df the jaobian derivation with respet to f :
df =

∂f

∂x
·

∂

∂y
−

∂f

∂y
·

∂

∂x
.If f is a γ-form of degree r, where γ = (λ, µ), then df is a γ-homogeneousderivation of degree r−λ−µ. Note that df = dg if and only if f−g ∈ k[xp, yp].We an reformulate Proposition 4.1 and generalize Proposition 4.3 from[1℄ in the following way.Proposition 3. Let d be a nonzero k-derivation of k[x, y] suh that

k[x, y]d 6= k[xp, yp], and let f ∈ k[x, y]d \ k[xp, yp]. Then
f · d ∼ gcd(d(x), d(y)) · df ,where f = gcd(∂f/∂x, ∂f/∂y). In partiular , if d(x), d(y) are oprime and

f ∼ 1, then d ∼ df .Corollary 4. Let d be a nonzero k-derivation of k[x, y]. If d(f) = 0for some f ∈ k[x, y]γ(0) \ k[xp, yp], then k[x, y]d = k[x, y]γ(0).Proof. If f ∈ [x, y]γ(0), then Eγ(f) = 0, so k[x, y]d = k[x, y]E
γ

= k[x, y]γ(0),by Proposition 1.Corollary 5. Let γ = (λ, µ) and let f ∈ k[x, y] \ k[xp, yp] be a γ-formof degree 0 suh that f ∼ 1.(a) If λ, µ 6= 0, then df ∼ Eγ.(b) If λ = 0, µ 6= 0, then ydf ∼ Eγ.() If λ 6= 0, µ = 0, then xdf ∼ Eγ .Proof. Applying Proposition 3 to d = Eγ , we obtain the following for-mula:
gcd(λx, µy) · df ∼ f · Eγ .Reall Proposition 2.7 from [1℄ in the ase of two variables.Proposition 6. Let f, g ∈ k[x, y]. Then k[xp, yp, f ] = k[xp, yp, g] if andonly if f − ag ∈ k[xp, yp] for some a ∈ k \ {0}.The following proposition is a generalization of Proposition 4.4 from [1℄.This proof is new; the proof in [1℄ was partially spei� to homogeneitywithout weights.
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Proposition 7. Let f ∈ k[x, y]γ

(0)
\k[xp, yp], where γ = (λ, µ). Then thefollowing onditions are equivalent :(i) k[x, y]γ(0) = k[xp, yp, f ],

(ii) λ + µ = 0, f = axy + gor λ = 0, f = ax + gor µ = 0, f = ay + g







for some a ∈ k \ {0} and g ∈ k[xp, yp],(iii) f ∼ 1.Proof. (i)⇒(ii). Assume that k[x, y]γ(0) = k[xp, yp, f ]. If λ + µ = 0, thenall monomials of degree 0 are of the form xmp+lynp+l, where m, n, l ≥ 0, so
k[x, y]γ(0) = k[xp, yp, xy], and, by Proposition 6, f − axy ∈ k[xp, yp] for some
a ∈ k \ {0}. If λ = 0, µ 6= 0, then all monomials of degree 0 are of the form
xlynp, where l, n ≥ 0, and we have k[x, y]γ(0) = k[xp, yp, x], so (Proposition 6)
f − ax ∈ k[xp, yp] for some a ∈ k \ {0}. Analogously, if λ 6= 0, µ = 0, then
k[x, y]γ(0) = k[xp, yp, y], so f − ay ∈ k[xp, yp] for some a ∈ k \ {0}.Now, let λ, µ 6= 0 and λ+µ 6= 0. Note that λ, µ are linearly dependent overthe prime sub�eld Fp of k, beause k[x, y]γ(0) 6= k[xp, yp]. Consider integers
j, l ∈ {2, . . . , p−1} suh that jλ+µ = 0 and λ+lµ = 0. In this ase the mono-mials xjy and xyl are γ-homogeneous of degree 0, so xjy, xyl ∈ k[xp, yp, f ].Following the method from Example 4.3 in [4℄, we onsider polynomials
u(T ), v(T ) ∈ k[xp, yp][T ] suh that xjy = u(f), xyl = v(f). We obtain thefollowing equalities:

jxj−1y = u′(f) ·
∂f

∂x
, xj = u′(f) ·

∂f

∂y
, yl = v′(f) ·

∂f

∂x
,from whih we dedue that u′(f) = cxj−1 for some c ∈ k \ {0}, so xj−1 ∈

k[xp, yp, f ]. This is a ontradition, beause Eγ(xj−1) 6= 0.(ii)⇒(i). Consider arbitrary a ∈ k \ {0} and g ∈ k[xp, yp]. If λ + µ = 0,then k[x, y]γ
(0)

= k[xp, yp, xy] = k[xp, yp, f ] for f = axy + g. If λ = 0 and
f = ax + g, then k[x, y]γ(0) = k[xp, yp, x] = k[xp, yp, f ]. Analogously, if µ = 0and f = ay + g, then k[x, y]γ(0) = k[xp, yp, y] = k[xp, yp, f ].(ii)⇒(iii). Obviously, in eah ase f belongs to k[x, y]γ(0) \ k[xp, yp] and
∂f/∂x, ∂f/∂y are oprime.(iii)⇒(ii). If λ, µ 6= 0, then, by Corollary 5, df = cEγ for some c ∈ k\{0},so we obtain a system of partial di�erential equations ∂f/∂x = cµy and
∂f/∂y = −cλx. Note that

cµ =
∂

∂y

(

∂f

∂x

)

=
∂

∂x

(

∂f

∂y

)

= −cλ,so λ + µ = 0. In this ase the general solution is of the form f = cµxy + g,where g ∈ k[xp, yp].
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If λ = 0, then (Corollary 5) ydf = cEγ for some c ∈ k \ {0}, we havea system ∂f/∂x = cµ, ∂f/∂y = 0, and the solution is f = cµx + g, where
g ∈ k[xp, yp]. Analogously, if µ = 0, then ∂f/∂x = 0 and ∂f/∂y = −cλ, so
f = −cλy + g, where g ∈ k[xp, yp].Corollary 8. Let d be a nonzero k-derivation of k[x, y] suh that
k[x, y]d 6= k[xp, yp], and let f ∈ k[x, y]d\k[xp, yp] be a γ-form. Then k[x, y]d =
k[xp, yp, f ] if and only if f ∼ 1.Proof. This follows from Propositions 1 and 2 if f is a γ-form of a nonzerodegree, and from Proposition 7 and Corollary 4 if f is a γ-form of degree 0.The next two propositions explain some relations between γ-homogeneityof derivations and γ-homogeneity of polynomials.Lemma 9. Let f ∈ k[x, y] \ k[xp, yp]. If df is a γ-homogeneous k-deriva-tion of k[x, y], then there exists a γ-form h ∈ k[x, y] \ k[xp, yp] suh that
f − h ∈ k[xp, yp].Proof. Assume that df is γ-homogeneous of degree s. This means that
∂f/∂x and ∂f/∂y are γ-forms of degrees s + µ and s + λ, respetively.If fr is the γ-homogeneous omponent of f of degree r ∈ k, then ∂fr/∂xis the γ-homogeneous omponent of ∂f/∂x of degree r − λ, so ∂fr/∂x = 0for r 6= s + λ + µ. Analogously, ∂fr/∂y is the γ-homogeneous omponent of
∂f/∂y of degree r − µ, so ∂fr/∂y = 0 for r 6= s + λ + µ. This implies that
fr ∈ k[xp, yp] for r 6= s + λ + µ, and we may put h = fs+λ+µ.Lemma 10. If d is a nonzero γ-homogeneous k-derivation of k[x, y] suhthat k[x, y]d = k[xp, yp, f ], where f ∈ k[x, y] \ k[xp, yp], then there exists a
γ-form h ∈ k[x, y]d \ k[xp, yp] suh that f − h ∈ k[xp, yp].Proof. By γ-homogeneity of d, all γ-homogeneous omponents of f be-long to k[x, y]d. If the γ-homogeneous omponent of f of degree 0 does notbelong to k[xp, yp], then k[x, y]d = k[x, y]γ

(0)
by Corollary 4, so f ∈ k[x, y]γ

(0)
,and we may apply the impliation (i)⇒(ii) from Proposition 7.Now assume that the γ-homogeneous omponent of f of degree 0 belongsto k[xp, yp]. Let fr be the γ-homogeneous omponent of f of degree r 6= 0,so fr ∈ k[x, y]d, and, by the assumption, fr = u(f) for some polynomial

u(T ) ∈ k[xp, yp][T ]. Then rfr = Eγ(fr) = Eγ(f) · u′(f).Assume that fr 6= 0. Then deg fr ≤ deg Eγ(f), where deg denotes theordinary degree of a polynomial, so the above equality implies that rfr =
cEγ(f) for some c ∈ k \ {0}. Hene Eγ(f) is a γ-form of degree r and fr isthe only nonzero γ-homogeneous omponent of f of a nonzero degree, so wemay put h = fr.Now we are ready to prove the following theorem.



114 P. J�DRZEJEWICZ
Theorem 11. Let k be a �eld of harateristi p > 0, let d be a nonzero

γ-homogeneous k-derivation of k[x, y] suh that d(x) and d(y) are oprime,and let f ∈ k[x, y] \ k[xp, yp]. Then
k[x, y]d = k[xp, yp, f ]if and only if d ∼ df .Proof. (⇒) If k[x, y]d = k[xp, yp, f ] for some f ∈ k[x, y] \ k[xp, yp], then(Lemma 10) there exists a γ-form h ∈ k[x, y] suh that f−h ∈ k[xp, yp], thatis, k[x, y]d = k[xp, yp, h]. Then h ∼ 1 by Corollary 8, so, by Proposition 3,

d ∼ dh ∼ df .
(⇐) If d ∼ df , then (Lemma 9) d ∼ dh for some γ-form h ∈ k[x, y] \

k[xp, yp] suh that f −h ∈ k[xp, yp]. Sine d(x) and d(y) are oprime, that is,
h ∼ 1, we dedue by Corollary 8 that k[x, y]d = k[xp, yp, h] = k[xp, yp, f ].Corollary 12. Let d be a nonzero γ-homogeneous k-derivation of k[x, y]suh that d(x) and d(y) are oprime. Then k[x, y]d = k[xp, yp, f ] for some
f ∈ k[x, y] \ k[xp, yp] if and only if d is a jaobian derivation.

3. Monomial derivations of k[x, y]. A k-derivation d : k[x, y] → k[x, y]is alled monomial if d(x) = xtyu and d(y) = xvyw for some integers
t, u, v, w ≥ 0. We will onsider a slightly more general ase:
(∗)

{

d(x) = αxtyu,

d(y) = βxvyw,where α, β ∈ k.Now onsider an arbitrary nonzero k-derivation d of k[x, y] and a polyno-mial f ∈ k[x, y] \k[xp, yp]. By Corollary 8, if ∂f/∂x and ∂f/∂y are oprime,
d(f) = 0 and f is a γ-form for some γ, then k[x, y]d = k[xp, yp, f ]. This isthe way one an easily verify the following fat.Example 13. Let m, n, r, s be nonnegative integers, m, n 6≡ −1 (modp),let α, β ∈ k \ {0}. The following k-derivations of k[x, y] have the rings ofontants of the form k[xp, yp, f ], where f ∈ k[x, y] \ k[xp, yp]:

{

d1(x) = αxrp,

d1(y) = βysp,
k[x, y]d1 = k[xp, yp, βxysp − αxrpy],

{

d2(x) = αx,

d2(y) = −αy,
k[x, y]d2 = k[xp, yp, xy],

{

d3(x) = αyn,

d3(y) = βxm,
k[x, y]d3 = k[xp, yp, (n + 1)βxm+1 − (m + 1)αyn+1],

{

d4(x) = αxrpyn,

d4(y) = β,
k[x, y]d4 = k[xp, yp, (n + 1)βx − αxrpyn+1],
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{

d5(x) = 0,

d5(y) = β,
k[x, y]d5 = k[xp, yp, x],

{

d6(x) = α,

d6(y) = βxmysp,
k[x, y]d6 = k[xp, yp, βxm+1ysp − (m + 1)αy],

{

d7(x) = α,

d7(y) = 0,
k[x, y]d7 = k[xp, yp, y].We will show in Theorem 16 that the above derivations are, up to multi-pliation by a monomial, all derivations of the form (∗) suh that k[x, y]d =

k[xp, yp, f ], where f ∈ k[x, y] \ k[xp, yp]. Note the following adaptation ofProposition 2.1.6 from [3℄. The original proof remains valid in our situation.Lemma 14. Let d be a k-derivation of k[x, y] of the form (∗). Then thereexists a vetor γ ∈ k2 \ {(0, 0)} suh that d is a γ-homogeneous derivation.Reall that if d is a k-derivation of k[x, y], then the polynomial
d∗ =

∂(d(x))

∂x
+

∂(d(y))

∂yis alled the divergene of d, and reall Lemma 5.1 from [1℄.Lemma 15. Let d be a k-derivation of k[x, y] and let
d(x) =

∑

0≤j,l<p

ajlx
jyl, d(y) =

∑

0≤j,l<p

bjlx
jyl,

where ajl, bjl ∈ k[xp, yp]. Then d is a jaobian derivation if and only if
(∗∗) d∗ = 0, a0,p−1 = 0, bp−1,0 = 0.Finally, we an prove the following theorem.Theorem 16. Let k be a �eld of harateristi p > 0, and let d bea k-derivation of k[x, y] of the form (∗). Then

k[x, y]d = k[xp, yp, f ]for some f ∈ k[x, y] \ k[xp, yp] if and only if d = xjyl · di, where j, l ≥ 0,
i ∈ {1, . . . , 7} and di is a derivation from Example 13 with m, n, r, s ≥ 0,
m, n 6≡ −1 (modp), α, β ∈ k \ {0}.Proof. We may assume that d is a nonzero derivation. If α, β 6= 0, weput j = min(t, v) and l = min(u, w), if α = 0, we put j = v, l = w, and if
β = 0, we put j = t, l = u. Then d = xjyl · d0, where d0 is a k-derivation of
k[x, y] suh that d0(x) and d0(y) are oprime. By Lemma 14 the derivation
d0 is γ-homogeneous for some γ ∈ k2 \ {(0, 0)}, so, by Corollary 12, the ringof onstants of d is of the form k[xp, yp, f ], where f ∈ k[x, y] \ k[xp, yp], ifand only if d0 is a jaobian derivation. We verify the onditions (∗∗) from
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Lemma 15 for all possible forms of d0:
(a)

{

d0(x) = αxm,

d0(y) = βyn,where m, n ≥ 0, α, β 6= 0. We have d∗0 = mαxm−1 + nβyn−1, a0,p−1 = 0 and
bp−1,0 = 0. The onditions (∗∗) hold in two ases:

• m ≡ 0 (mod p) and n ≡ 0 (mod p), that is, d0 = d1,
• m = 1, n = 1 and α + β = 0, that is, d = d2.

(b)

{

d0(x) = αyn,

d0(y) = βxm,where m, n ≥ 0, α, β 6= 0. In this ase d∗0 = 0. The onditions (∗∗) areequivalent to m, n 6≡ −1 (mod p), that is, d0 = d3.
(c)

{

d0(x) = αxmyn,

d0(y) = β,where m, n ≥ 0, β 6= 0. We have d∗0 = mαxm−1yn, bp−1,0 = 0. The onditions
(∗∗) hold in two ases:

• m ≡ 0 (mod p) and n 6≡ −1 (modp), when d0 = d4,
• α = 0, when d0 = d5.

(d)

{

d0(x) = α,

d0(y) = βxmyn,where m, n ≥ 0, α 6= 0. We have d∗0 = nβxmyn−1, a0,p−1 = 0. The onditions
(∗∗) hold in two ases:

• m 6≡ −1 (mod p) and n ≡ 0 (mod p), when d0 = d6,
• β = 0, when d0 = d7.Note that in eah ase a polynomial f suh that k[x, y]d = k[xp, yp, f ]an be easily obtained from the ondition d0 = df , that is, ∂f/∂x = d0(y)and ∂f/∂y = −d0(x).Corollary 17. All monomial k-derivations of k[x, y] suh that k[x, y]d

= k[xp, yp, f ] for some f ∈ k[x, y] \ k[xp, yp] are of the form xjyl · di, where:(1) j, l ≥ 0,(2) i ∈ {1, . . . , 7}, but i = 2 only in the ase of p = 2,(3) d1, . . . , d7 are derivations from Example 13 with m, n, r, s ≥ 0, m, n 6≡
−1 (modp) and α = β = 1.
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