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RATNER’S PROPERTY FOR SPECIAL FLOWS OVER
IRRATIONAL ROTATIONS UNDER FUNCTIONS OF
BOUNDED VARIATION. II
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Abstract. We consider special flows over the rotation on the circle by an irrational o
under roof functions of bounded variation. The roof functions, in the Lebesgue decompo-
sition, are assumed to have a continuous singular part coming from a quasi-similar Cantor
set (including the devil’s staircase case). Moreover, a finite number of discontinuities is
allowed. Assuming that « has bounded partial quotients, we prove that all such flows
are weakly mixing and enjoy the weak Ratner property. Moreover, we provide a sufficient
condition on the roof function for stability of Ratner’s cocycle property of the resulting
special flow.

1. Introduction. The paper is a continuation of [7], that is, we will
continue the study of Ratner’s property (originally, H-property [13]) in the
class of special flows T/ := (th )ter determined by the rotation Tz = x + «
on the additive circle T, by an irrational number « with bounded partial
quotients and with f a function of bounded variation. In [7], in order to
study Ratner’s property, we used the Lebesgue decomposition

(1) f:ﬁ+fa+fs+s{'}a

where fj is the jump function (with countably many jumps d;), fa is abso-
lutely continuous on T, f; is singular and continuous on [0, 1], S = S’[r fhdA
(X denotes Lebesgue measure on T) and {t} stands for the fractional part of
t € R. In [7], we assumed that

(2) fo=0 and S#0

(in that case S = >.°° d;). We recall that some particular cases of
have already been studied in [2, []. In |7], under the assumptions (2), we
proved the weak mixing property of 7/ and, under an additional condition

concerning the rate of convergence of the series of jumps, the so called weak
Ratner property (WR-property from now on) @ We also proved that
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(*) The WR-property has the same dynamical consequences as the original H-property
of Ratner (see Section 3).
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together with a condition on the set of jumps yields a stability result for
the WR-~property in the class of roof functions studied in [7] (for sufficiently
small bounded variation perturbations satisfying )

The situation becomes more complicated when fs # 0. We have already
noticed in [7] that, in view of [6, [14], it may happen that for an irrational
rotation there exists f = fs with f5(1)— fs(0) # 0 such that the corresponding
special flow T/ is isomorphic to the suspension flow, i.e. a special flow with
constant roof function (in particular such a special flow is not even weakly
mixing).

In the present paper, we always assume fs # 0 and focus on the following
two problems:

1. WR-property and weak mixing for functions of bounded variation with

singular part of devil’s staircase type.

2. The stability of the WR-property under arbitrary (sufficiently small)

bounded variation perturbations, answering a question of M. Leman-
czyk [11].
We now pass to the description of the results.

We deal with the case when fs is naturally defined by a Cantor set. More
precisely, we consider quasi-similar Cantor sets. Each such set is obtained in
the following way. We are given two bounded sequences (m;);>1, (ki)i>1 of
natural numbers satisfying @

2< m; <[ki/2], i>1.

First, divide [0,1) into k; clopen (here by clopen we mean left-closed, right-
open) subintervals of equal length and choose m; of them (including the
first one and the last one) so that the closures (in [0,1]) of any two of
them are disjoint. Then set A; C [0,1] to be the union of the closures of
the selected my intervals. In the next step, we divide each of the previously
selected intervals into ks clopen subintervals of equal length and we select mo
subintervals (including the first one and the last one in each previously chosen
subinterval), with the same configuration choice in each selected subinterval,
so that the closures of any two of them are disjoint. We then set As to be the
union of the closures of all selected subintervals of step two. Clearly Ay C Aj.
Proceeding in the same manner, we obtain a sequence Ay D Ay D --- of
closed subsets of [0, 1] and we define the corresponding quasi-similar Cantor
set C as C := (1,2, 4;. Of course, it has Lebesgue measure 0. As in the
classical case, there is a canonically associated continuous non-decreasing
function f = f(C) : [0,1] — R with f(0) =0, f(1) =1 and f' =0on [0,1]\C
(or alternatively a non-increasing function f with the above properties but
with f(0) =1, f(1) =0).

(?) By [z] we denote the integer part of z € R.
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In this paper, we consider roof functions f of bounded variation and with
Lebesgue decomposition

f:f]+fa+fs+g{}v

where

e fi has finitely many discontinuity points f1,..., 8, (with the corre-
sponding jumps dy, .. ., d),

o fs = f(C) (we consider both possibilities fs(0) = 0 or fs(0) = 1), and
either

e S0, or

o S=0, fi =0, that is, f = fs+ fa (notice that this includes the classical
devil’s staircase).

Note that S = S — do, where S is the sum of the jumps of f (S := Zf:o d;,
where dp = fs(1) — f5(0)). The main results of the paper are summarized in
the following.

THEOREM 1.1. Assume that Tx = x + « is the rotation by an irrational
a € [0,1) having bounded partial quotients. Let f be a bounded variation roof
function, f = fa+ f; + fs + S{-}, where fs = f(C) and C is a quasi-similar
Cantor set. If either

(i) fj has finitely many discontinuities, S > 0 and fs is non-decreas-
ingm or

(ii) f=Ff+fa
then the special flow (th)te]R is weakly mizing and has the WR-property.

The main tool used to prove the WR-property for special flows over
rotations, the so called Ratner’s cocycle property, has been introduced in [3]
(we also used it in [7]). We recall its definition now. Let X be a compact
metric Abelian group (with metric denoted by d) with % the o-algebra of
Borel subsets of X and p Haar measure on X. Let T'x = x+x( be an ergodic
rotation on (X, %, u). Assume that f € L®(X,%B,u) and f > ¢ for some
constant ¢ > 0. Assume P C R\ {0} is a compact set.

DEFINITION 1.2 (J3]). One says that the special flow (T}) given by T
and f has Ratner’s cocycle property (relative to the set P) if for every € > 0
and N € N there exist k = x(e) > 0, § = (e, N) > 0 @ and a subset
Z =Z(e,N) € B with u(Z) > 1 — e such that if z,2' € Z, 0 < d(z,2') < 0,
then there are M = M(z,2') = M(e,N,z,2') > N and L = L(z,2’) =

(%) The same result is obtained for S < 0 and f. non-increasing.
(*) If neccesary, we will write #f(¢), (e, N), etc. to emphasize the dependence of
these parameters on f.
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L(e, N,z,2’) > N such that L/M > k and there exists p = p(e, N, z,2') € P
such that

%]{n €ZN[M,M+L): |f™(z) - f™M () —p| < e} >1—€|®)

As proved in [1I, if (th )ter has Ratner’s cocycle property and is weakly
mixing, then it enjoys the WR-property. All special flows considered in [2]
3, 4, [7] are weakly mixing and have Ratner’s cocycle property. We note in
passing that assuming weak mixing one can ask whether the WR-property
is in fact equivalent to Ratner’s cocycle property; we will not consider this
problem here, postponing it to the forthcoming paper [g].

In the notes [I1], M. Lemarczyk formulated the natural question whether
Ratner’s cocycle property is stable under sufficiently small bounded varia-
tion perturbations. We will provide a positive answer to this question (see
Section 5) assuming that:

e The sets Z = Z(e, N) in Definition [1.2| are equal to X for all € > 0 and
N eN.

e For every € >0, N € N and z,2’ € X the (partial) functions (z,z’) —
M (e, N,z,2")d(x, 2") defined for = # 2/, d(z,2') < §, e >0, N € N are
bounded away from 0 and oo (uniformly in €, N, z, z').

e For every e >0, NeN and z, 2/ as above, we have | f(™ (z)— ) (z') —p|
<eforeachne ZN[M,M + L] @

In Theorem below, we prove that under the above three assumptions,
whenever (T} );er has Ratner’s cocycle property, so does (th *9),cr whenever
g has sufficiently small variation.

Finally, we notice that by using the methods of [2], the assertion of The-
orem in case (i) can be strengthened to the mild mixing property of the

corresponding special flows.

2. Basic notions. We will use the notation from [7]. We denote by T
the circle group R/Z, which will be identified with the interval [0,1), with
addition modulo 1. For a real number ¢ let ||¢]| be its distance to the nearest
integer (note that ||t|| = ||—¢t|| and ||¢t|| < ¢||t|| for ¢ € N). For an irrational
a € T denote by (¢,)5%, its sequence of denominators, that is,

1 _ P 1
2qnqn+1 dn qngn+1 ’

where qo = 1, 1 = a1, ¢n1 = any1@n + Gn—1, Po = 0, p1 = 1, ppy1 =
An+1Pn + Pn—1, and [0;a;, ag,...] is the continued fraction expansion of .
One says that « has bounded partial quotients if the sequence (a,)5; is

< | <

(°) We denote ™) (z) = f(x) + f(Tx) +--- 4+ f(T"  z) for n > 1.
(5) All examples from [2} 4} [7] enjoy the above three properties.
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bounded. In this case, if we set C' := sup{ay : n € N} + 1 then ¢,+1 < Cqy,

and

1 < 1 < || || < 1 < 1
S o gn® —
2CQTL 2qn+1 " dn+1 dn

for each n € N. The following lemma is well-known.

LEMMA 2.1. Let o € T be irrational with bounded partial quotients. Then
there exist positive constants C1, Cy such that for every k € N the lengths of
the intervals Ji, ..., Jy of the partition of T by 0,a,...,(k— 1)« satisfy

Co/k < |Jj| < Ci/k  foreach j=1,... k.

LEMMA 2.2. Let a be irrational with bounded partial quotients. Consider
points x1,...,x; € T such that there exists ¢ € N so that for every s,t €
1,...,1,

xs—x =rg/q with |rg| € NNIO,q].
If Cy is the constant given by Lemma [2.1], then for every m € N the length
of each interval of the partition of T by the points xs + jo, s =1,...,1 and
j=0,...,m—1, is at least Cy/(¢g*m).

Proof. Consider any two points x5 4+ jo, x¢ + i as above. Then

. . T o o Co
e+ o) = (ot )] =a 4 G = ol > lati -l = 22,

by Lemma [2.T] applied to k = gm. =

REMARK 2.3. Take any 21,29 € T with 23 — 29 = r/q for some |r| < ¢
(r € Z). Fix an interval I C T and assume that for some integers to,¢; with
ty < t1, we have z1 4+ tga, 29 + t1x € I. Then

Co
3 th —tg > ——.
) a*|1|

Indeed, by Lemmal[2.2|with [ = 2, 21 = z1+tp, 2 = 2o+t and m = t1—to,
we have

Co
>

.
11> 15+ (4 —to)al| > —2—
Hl Hq (1 = to) q?(t1 — to)

whence holds.

Assume that T is an ergodic automorphism on (X, %, u). We will always
assume that 7T is also aperiodic. A measurable function f : X — R deter-
mines a cocycle fO)(-) : Zx X — R given by f")(z) = f(z)+ f(Tx)+---+
f(T™ 1x),m > 1, and

Frrt (@) = f (@) + FN(T)
for all m,n € Z. If f : X — R is a strictly positive L' function, then

T/ = (th )ter Will denote the corresponding special flow under f acting on
(XI, 287, ul), where X7 := {(z,5) e X xR:2x € X,0 < s < f(z)}, and
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BT (resp. pf) is the restriction of B ® B(R) (resp. u x A) to Xf. Under the
action of the flow 7/, each point in X/ moves vertically with unit speed and
we identify the point (z, f(z)) with (T'z,0). More precisely, if (z,s) € X/
then
T/ (@) = (T2, + t = f™ (@),

where n € Z is unique such that f™(z) < s+t < f"t)(z). Assume
additionally that X is a metric space with metric d. Then X7 is a metrizable
space with the metric

di((,1), (y,)) = d(z,y) + [t — s].
It is not hard to see that 7/ satisfies the following “almost continuity” con-
dition ([3]): for every e > 0 there exists X (¢) € %7 with u/(X(e)) > 1 — ¢
such that for every ¢ > 0 there exists €; > 0 such that

dy (T (2, 1), TS, (1)) < ¢
for all (z,t) € X(e) and u,u’ € [—e1, €1].
PROPOSITION 2.4 (Denjoy-Koksma inequality; see e.g. [10]). If f :

T — R is a function of bounded variation then

Q’VL_l
‘ 3 f(a:+k;a)—qn§fdA( < Var f

k=0 T

for every x € T and n € N.

3. Weak Ratner property. In this section we recall the notion of weak
Ratner property (WR-property) introduced in [3] and we list results from [3]
needed in what follows. Let X be a o-compact metric space with metric d.
Let % denote the g-algebra of Borel sets in and p a probability measure on
(X, A). Assume that S = (S¢)ser is a flow on (X, A, ). Let P C R\ {0} be
compact and tg € R\ {0}.

DEFINITION 3.1 ([3]). The flow (St)ter is said to have property R(to, P)
if for every € > 0 and N € N there exist k = k(€), § = §(¢, N) > 0 and a
subset Z = Z(e, N) € & with u(Z) > 1 — € such that if z,2’ € Z, 2/ is not
in the orbit of z, and d(z,2") < §, then there are M = M(z,2’) > N and
L = L(x,2') > N with L/M > k and there exists p = p(x,2’) € P such that

1
Z|{n EZN[M, M+ L] : d(Snty (), Sntg+p(@')) < e} > 1 —e.

Moreover, we say that (S;)icr has the weak Ratner property or WR-property
(relative to P if the set of s € R such that (S;)icr has the R(s, P) property
is uncountable.

THEOREM 3.2 ([3]). Let (X,d) be a o-compact metric space, B the o-
algebra of Borel subsets of X, and p a probability Borel measure on (X, A).
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Let (Si)ier be a weakly mizing flow on (X, A, 1) that has the WR-property
relative to a compact subset P C R\ {0}. Assume that (St)ier satisfies the
“almost continuity” condition m Let (T})er be an ergodic flow on (Y, €,v)
and let p be an ergodic joining of (St)tcr and (T})icr. Then either p = pux v,
or p is a finite extension of v.

We recall that each special flow 7/ = (th )ter over an ergodic base

T is ergodic. In particular, the set {t € R : th is not ergodic} is count-
able.

PropPOSITION 3.3 ([3]). Let X be a compact, metric (with a metric d)
Abelian group with Haar measure p. Assume that Tax = x + xg is an ergodic
rotation of (X, B, ). Let f € L™(X, B, u) be positive and bounded away
from zero. Assume that the special flow T+ = (th)teR has Ratner’s cocycle
property relative to a compact subset P C R\ {0}. Suppose that v > 0 is
such that the v-time automorphism T«J; - X' — X1 is ergodic. Then T7 has
the R(vy, P)-property. In particular, TT enjoys the WR-property.

3.1. Properties of bounded variation functions. Let T : T — T be
an irrational rotation by o with the sequence of denominators (g,)5° ;, and
f : T — R a function of bounded variation. It follows from the Lebesgue
decomposition (see e.g. [5] and [7]) that f can be written as

(4) f:fa+,flj+fs+5{}7

where fj is the jump function on T with jumps {d;}3°, at {3;}5°, respectively
(81 = 0 and d; can be equal to zero), fs is singular, continuous on [0, 1] (do :=
fs(1) = £5(0)), and f, is absolutely continuous on T. Moreover, S = §p fdX.
Let S := 327°,d; (then S+ dy = S) be the sum of (all) jumps of f. Recall
that the space BV(T) of functions of bounded variation is a Banach space
with the norm || f|| := Var f + || f| .-

We will now focus on singular continuous functions which come from
quasi-similar Cantor sets (see Introduction). By construction, each such set
is of the form C = (;2; A; and for each ¢ € N the endpoints of all chosen
intervals in A; are multiples of 1/(k;...k;), and there are 2m;...m; of
them. For each n € N we define an absolutely continuous function f,, such
that f;, =0 on [0,1]\ U}, A; and f, is linear on each of the intervals of A,;
moreover f,(0) =0, f,(1) =1 and

fulz) = ———|(%)

mi...Mp

(7) The “almost continuity” condition which we gave for 7/ can be naturally carried

over to a more general situation.

(%) On each interval in A,, hence of length —-—, f,, increases by ﬁ, so indeed

fa(l) =1. ki..kn’
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(we can also choose f,(0) = 1, f,(1) = 0 and f)(z) = —%) Then
the sequence ()5 ; converges uniformly to some continuous, singular non-
decreasing function fs : [0,1] — R. Of course, f! = 0 everywhere except on
C (similarly, by considering f,(0) = 0, f,(1) = 1 and f/ (z) = —Ki=kn e

. . mi...Myp’
get a non-imcreasing fs)

REMARK 3.4. Fix ig € N. For each n > iy we will define an equivalence
relation «~ on the boundary 0A,, of A,. Namely for z,y € 0A,, we set
Try

ky .. ki

for some (unique) ryy € Z with 0 < ryy < ki ... k;,.

Notice that if x «~ y and y « z then since |z — z| < 1 we have & « z.
Hence « is an equivalence relation. The set A;, consists of my ... m;, closed
intervals, say I, ... Dy omiy s of length 1/(ky ... k;,) each, separated by gaps
whose lengths are multiples of 1/(k; ...k;,). Clearly 04, C A;,. It follows
that for each i = 1,..., k1 ... k;, and each equivalence class F of «~, we have
1<|ENnI| <2 and |[ENI;| =2iff 0 € E. Hence, the number of classes is
|0A, N 11| — 1 = 2my41...my, — 1. Moreover, the class E containing 0 has
2mq ...m;, elements, while all remaining classes have my ...m;, elements. In
the picture below, ¢g = 2, n = 4. Colors denote different equivalence classes.

Ty & |lv—yl=

i HHe gl HH il H e ¥ H e
— — — —
—_ —_ _— —_—
[ : ' i [ : ' i

1
0 Yo % 15 %5 o &

Assume now that xg, yo are in the same equivalence class of «~ and let I C T
be an interval. Given t1,to € Z we then have

Cy
(k1 ... kip)2|I|
Indeed, (B]) follows directly from Remark [2.3] (with 21 = z¢, 22 = yo) because
lzo — yo| =7/(k1 ... ki) for some r < ky ... k.

(5) if xo+tia,yo+tea € I then ’tl — tg‘ >

4. Weak mixing. We will state a criterion which implies weak mixing
of special flows over ergodic rotations and under bounded roof functions.
First we recall a lemma.
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LEMMA 4.1 (|3, Lemma 5.2|). Let T : (X, %B,u) — (X,%B,un) be an
ergodic automorphism and let A € . For every 0,7y, 7 > 0 there exist
N=N(,v,7) eNand Z = Z(0,~,7) € B with un(Z) > 1 — such that for
every M, L € N with M,L > N and L/M > 7 we have

' M+L

23 xa(Tin) — ()| <0
j=M

forallx € Z. m

We will now prove a criterion for a special flow over an ergodic rotation
to be weakly mixing.

PROPOSITION 4.2. Assume that T : (X, B, pn) — (X, B, 1) is an ergodic
rotation of a compact metric Abelian group X (with a translation invariant
metric d) and f € L>®(X, A, u) a positive function which is bounded away
from zero. Let P' C R be a compact set. Assume that there exists ng > 0
such that for every 0 < n < ng, every ¢ > 0 and N € N there exist k =
k(e,m) > 0,0 = 0(e,N) > 0 and a subset Z' = Z'(e, N) € B with n(Z") >
1 — € such that if x,2' € Z' and 0 < d(z,2’) < 0, then there are My =
M (z,2"), My = Ma(z,2') > N and Ly = L(x,2'), Ly = Lao(x,2’) > N such
that L1 /My, Ly/Ms > k and there exists p = p(x,z') € P’ such that

1
El{n €ZN[My, My + L] : |[f™ (@) — fM (@) —p| < e} > 1 e
and
1
L—2\{n € ZN[Ma, My + Lo] : |[f™(2) — fM(2/) —p—n| <e}| >1—e

Then the special flow T = (th)teR 1s weakly mizing . Moreover, it has
Ratner’s cocycle property relative to the set P:= (P'+[—no,n0])\(=10/4,m0/4).

Proof. In view of [12], to prove weak mixing we need to show that the
equation

(6) eZm’sf(:p) _ ¢(T93)
¥(z)
has no measurable solution ¢ : X — S! for any s € R\ {0}. Assume that
such s, exist. Without loss of generality, we can assume that
1
(7) 5> o
Fix 1/3 > ¢ > 0 (one more restriction on ¢ will appear later).

(°) Notice that here we must assume that T is aperiodic since the assumptions of
Proposition are satisfied for X being a finite set, while 77 in this case is not weakly
mixing (it has discrete spectrum).
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By Egorov’s theorem, there exists a set Ac C X with pu(A¢) > 1—( such
that 1|4, is uniformly continuous. Therefore there exists dp > 0 such that
for all z,2’,y,y' € A, if d(z,y),d(2,y") < dp then

5 ’w@:’; v(w) 1' <L

In view of @, for any n € N and z,y € A¢ we get

b(y') Y(x)
2misf(My _ w(Tnx) 2misf(™y _ M
‘ o e o)

whence

(9) 2ris(Fa—fy) _ Y(Tmz) P(y)
P(z) »(Try)

Set n = 1/(2s) and fix € > 0. Then xk = k(e) is determined. We will now use

Lemma with the following parameters: A = A¢, 0< 0 <1/3-(, v=(

and 7 = k. It follows that there exist Ny and Z € £ with u(Z) > 1— ¢ such

that for every M, L > Ny with L/M > k we have

| M+ ‘
\L S xa (i) — p(Ag)| < 0
j=M

(10)

for all z € Z. By (10)), since ¢ < 1/3, for z € Z the number of j € [M, M +L]
for which T7z € A¢ is at least %L. Hence, for any z,y € Z the number of
j € [M,M + L] for which simultaneously T7z, T7y € A¢ is at least %L.
By assumption, there exist 6 = d(e, N) and Z' = Z'(e, N) with pu(Z') >
1 — € such that for any z,y € Z’ with 0 < d(x,y) < 0 there are M; =
My (z,2"), My = Ma(z,2") > No and Ly = L(x,y), Ls = La(x,y) > Ny such
that Li/My, Ly/Ms > k and there exists p = p(x,y) € P such that

1
Ey{n €ZN[My, My + L) : [f"(2) — f™M(y) —p| <e}| >1—¢
and

>1—e.

Ly
Notice that the set Ac N Z N Z’ has positive measure (if ¢ is small enough)
and therefore, since p is continuous, there are different points in this set
arbitrarily close to each other. So fix z,y € AcNZNZ" such that 0 < d(z,y) <
min(é, dg). Then the number of j € [My, M1+ L] such that 77z, T7y € A¢ is
at least éLl. Hence there exists j; € [My, My + L1] such that Tz, T/1y € A¢
and | fU1)(x) — fU)(y) —p| < e By (9,

2mis(fU1) g— 1)) _ w(Tﬂ@“) ¢(y)
(1) ¢ 0@ DTy
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In view of and ,

|e2mis(FVe—100y) 1) 173,

On the other hand, p — e < |fUVz — fUy| < p+ €. Hence, by letting
0 < € — 0, we obtain |e*™*P — 1| < 1/3. Doing the same for My, Ly, we
get ]ezm’s(jﬁi) — 1] < 1/3, or [€2™P(—1) — 1| < 1/3, which is an obvious
contradiction.

Notice that for every p € R, max(|p|, |p + n0/2|) > no/4. So Ratner’s
cocycle property is satisfied with respect to P as defined in the statement
of the proposition (for every z, 2’ € Z we choose either p or p + 19/2, both
being in P’ + [—n,n]). =

5. Stability of Ratner’s property. In this section we show that Rat-
ner’s cocycle property in the class of special flows over an irrational rotation
by «a having bounded partial quotients and the roof function in BV(T) is
stable under small perturbations in the variation norm. We assume through-
out that o has bounded partial qoutients and C := sup,,;>; an + 1.

LEMMA 5.1. Let f € BV(T) and D € N. Then for every s € N,

max sup |fW(2) - fW(y)] < 2D Var f.
0<k<Dqs ||z —y||<1/qs

Proof. Fix s €¢ Nand k = ¢qs + d with d < ¢s and ¢ < D — 1. We will
prove that for any x,y € T,
(12) max sup |f9(z) — f9(y)| < 2Var f.

ISs ||z—yl|<1/qs

Then and Proposition will give the required result because

[FO @) = fP) < D 10TV 0g) — fa) (D)
=1
+ [f (T ) — [ (T%y)|
<2cVar f +2Var f <2D Var f.

To prove , consider the points z+ia, ¢ =0, ..., j, and reorder them to
get 0 < z+i1a < x+isa < - -+ < x+ija. It follows that the distance between
any two such points is at least 1/(2¢s). Indeed, for every u,v € {0,...,75} we
have )

Iz +ua) = (z +vall| 2 (v —v)al = o -

qs
Set A1 := {x + ixa : k even} and Ay := {z + iy : k odd}. Then the
distance between any two points in A; and in As is at least 1/¢,. It follows
that the points = + g, y + ixa with k even yield a partition of T into some
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intervals, and all intervals [z 4ira, y+ipa) (or with endpoints interchanged)
are members of this partition. Hence

[3/2] [3/2]
Varf > Z |f($ +i27“04) - f(y+i27“a)| > ‘ Z f(-T +Z'27"05) - f(y"‘iQrO‘) .
r=1 r=1

The same holds for As. Finally, we get 2 Var f > |fW)(z) — fU)(y)]. =
REMARK 5.2. Notice that by the cocycle identity, for each N > 1,

max  sup |(fOH(z) - FNTR(y)) — (F) (@) — fN)(y))| < 2D Var f.
k<Dgs |lz—y||<1/qs

Moreover, (by the proof of Lemma 5.1) the same inequality holds if k = Dgs.

THEOREM 5.3. Let P C R\ {0} be a nonempty compact set. Let 1/2 >
n > 0 be such that P C R\ (n,n) and let (th)teR be the special flow over
an irrational rotation by o with f € L>(X, B, ). Assume that (th)teR has

Ratner’s cocycle property (see Definition|1.2)) and there exist Ry, Re > 0 such
that

Ry < M(z,2")||x — 2| < Rs.
Moreover, assume that for every n € Z N [M, M + L],
1F™ () = fM @) —p| <e  for every x, 2’ €T

(this does not depend on €, N, see Introduction). Then Ratner’s cocycle prop-
erty is stable under bounded variation perturbations; more precisely, if g €
BV(T) with Varg < ﬁn then (th+g)eR has Ratner’s cocycle property
relative to some compact set P C R\ {0}.

Proof. Fix e >0 and N € N. Define

€ . 1
511 = Rra0(€) = i (s (e/2), )

and d¢yg = dp4q(€, N) = 0¢(€/2,N) (cf. footnote . Take 0 < |l — 2'|| <
df+g- By assumption, there exist My(x,2’), L¢(z,2") and pg(x,2’) such that
My > N, 1> Ly/M; > ks and for every k € [My, My + Ly,

|f® (@) = f* (@) = pyl < /2.
Let s € N be unique such that

<z =2 <mi]r1<1 5 >
gs+1 qs’ Ira )

Now denote L; = min(gs, Ly) and consider the interval [My, My + L']. It
follows from the proof of , since we have L', < ¢, and |TMsz—TMsg!|| =
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|z — a'[| < 1/gs, that
1
1 > 2Varg > [g(T"2) — g(T™ /)| + |g(T" ) — g (T Ha)]

oo lg(TM ) — g (T ).
Therefore, there exists an interval I, with [My, My + L] D I; = [ag, bg] of
length [eL’;] such that
i >|g(T2)—g(T %) | +|g(T%  a) =g (T )[4 -+]g(TP0) —g(TPa");
in particular, for every k € I,
(13) 9" (z) — ¢ (a') — ") (z) — 1“7 (a')| < €/2.
Let
Myig=ag, Lpig=0by—ag=> [d/f] 2 %L/ = %min(Lf,qS).
Then, by definition, N < My < My, < My + Ly < 2M; and

Lpvg o emin(lygs) € o Ly s

M, =2 2M; P GV VS

Moreover, let P’ := P+ [-n/2,n/2] C R\ (-n/2,7n/2) and
po(z,a') = gMrea) (@) — gMrea) (o),

It follows from Lemma and the inequality Varg < n/(8CR2) (because
Mf+g < 2Mf < QCRQQS) that

= Kftg:

n
< 4CR —n/2.
lpo| < 23RS n/

Let p/(z,2') == py(x,a’) + po(z,2’) € P'. In view of (13), for every k €
(Myig, Mpyg+ Lyyg) C [My, My + Ly],
(f+9) P (@) = (f + 9P (') =
< (@) = F9 @) = psl +19® (2) — 9P (') — po
<€/2+€/2=¢
This completes the proof. m

6. Weak mixing and Ratner’s property for some roof functions
in BV(T). In this section we prove weak mixing and Ratner’s property of
a special flow 77, where f € BV(T) is of the form f = fo + fi + fs + S'{},
where f, is absolutely continuous on T, f; is piecewise constant (finitely
many jumps) and fs is a singular, continuous function on [0, 1] which comes
from a quasi-similar Cantor set (fs = f(C)). Consider C = ;2 4; (with
bounded sequences (m;)i>1, (ki)i>1, see Introduction). Take z < y € T and
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let n =n(x,y) € N be unique such that

(14) <[z —yll <

ki...ky kv...kp_1

Then fs(z) # fs(y) iff [z,y] N 0A, # (. Indeed, at step n > 1 of the con-
struction of C, [0, 1] is divided into ki ...k, intervals of length 1/(k; ...ky)
each, my ... my, of which, say I1, ..., Iy, m,, form A,. Now, z and y cannot
belong to the same I;, hence either

o [z,y]NOA, =0, ie. [xz,y]NI; =0 for each j and then
(15) fs() = fs(v);

or
e [z,y] NOA, # 0. In this case

(16) fi(@) # fs(y).
Indeed, there is some interval I;, such that [z, y] N I;, # 0.

Moreover, it follows from that

1
17 - < less 0 € .
0D W - A@I < (s 0€ 1))
Indeed, by definition, for every n € N, f; is constant on each connected
component of C \ A,_1, and for every interval I' = [a/,’) chosen at step
n — 1, we have f4(b') — fs(a') =1/(my ... mp_1).

To prove both weak mixing and the WR-property for (th ) we need a
lemma.

LEMMA 6.1 (|2, Lemma 6.1]). Let T : T — T be the rotation by an
wrrational o with bounded partial quotients and let f : T — R be absolutely
continuous. Then

sup sup  |fM(y) = fM(@) =0 as s — oo
0<n<gs+1 |ly—=(<1/gs

REMARK 6.2. Following (step by step) the proof of Lemma 6.1 in [2] one
can prove that for every b € N we have

sup sup  |f™(y) — fON(@) =0 ass— oo.
0<n<qs4s [|y—z||<1/gs

Denote by {8;}¥_, the (finite) set of discontinuities of f with the corre-
sponding jumps {d;}¥_, (we recall that By = 0 and dy may be equal to 0).

Proof of Theorem . We will use Propos}tionwith P':=[-2C Var f,
2C Var f]. It follows that f = fac+ fj+ fs + 5{-} + ¢, where f,. is absolutely
continuous with zero mean (¢ := ST fa(x) dp). Let fo(z) := fj(x)+S{z} +c,
SO

(18) f:fac+fs+fpl~
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Assume that S > 0. Let
S 1
19 0<n:=mi , = -
(19) 7 mm<50(20+ D(k+1) 8)
Fix ¢ > 0 and N > 1. By Lemma there exists sg such that for every
s > sg, we have

(20) sup sup |fP(y) - fP(@)] < <.
0<n<gsr1 ly—=|<1/gs 8

Let ng = np(€) be the unique natural number such that
2K 2K

(21) <8< — (1)

miy...Mp, myp...Mpo—1

(i) First we have to define k = k(¢) @ Set

(22) k(€) min( C: < ! )
€ = ) ~ )
Clky...kny)? 4SC 2(2C 4+ 1)(k+1)
(see Lemma [2.1). Let s; € N be smallest with
(23) )
= 16S N 1 1

51 > Sqsy, —, — dlet 6(e, N):=mi , .

s, _max( Gs0, — R) and let (e, N) := min <q31+1 kl---kn())

Take any x,y € T with ||z — y|| < 0. Let s € N be unique such that

1
<z —yl| < = |2
gs+1 H H gs ( )

Consider now the points T 5 8; — ja, e = 0,...,k, j =0,...,qs+1 — L.
Note that for every j,t € {0,...,qs+1 — 1},

Bi —ja) — (B —ta)|| = ||(t — 5)e| > min val| > .

18— o) = (B = to)]| = e =all = min fva] >

Therefore, for every 4, the number of j = 0,...,¢gsy1 — 1 such that §; — ja €
[z,y) is at most

(24)

[2(]s+1

Barallo—ol] +1°2 |2 11 <20 41

So we can divide the time interval [gs, gs4+1] into (2C' + 1)(k + 1) clopen @
intervals I1,..., [oc41)(k+1) Such that 8; —va & [z,y) for all u = 1,...,
2C +1)(k+1), v € int I, and ¢ = 0,...,k. One of them, say I =

10y K is a constant such that m; < K for every i € N.

1Y Note that here x does not depend on 7 > 0.

")

)

(*?) Note that g > ¢, by (23).

(**) Here by clopen intervals we mean those of the form [A, B) N Z, where A, B € N,
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[My, Ko|, has length at least (20+171)(k+1)(q5+1 — ¢s). We have My < gs41

(since [My, Ko] C [gs, gs+1])- Let
Caqs

25 Lo := kMo < Kgss1 < #Cgs < ——2%
(25) 0:= KMo < RGsy1 < KOG S

Moreover, by (23)) and (24)),
1_ N N
(26) MOquZqSIZSZ*ZN and Lo > KMy > kqs, > k— > N.
K K

We define p(z,y) = fMo)(y) — f(Mo)(z). Then |p| < 2C Var f (by Lemma
. Denote by n := n,, the unique natural number such that

(27) < lz =yl <

ki...kp kv...kp_1

If fo(x) # fs(y) then 04, N [z,y] # 0. Recall that |0A4,| = 2m;...m,.
Take z € 0A,. It follows from Remark with 27 = 29, 7 =0, ¢ = 1 and
I = [z,y] and from that there exists at most one vy € [My, Mo+ L] such
that z + voar € [z, y]. Note that by the choice of the interval [My, My + Lo]
(Bi —va ¢ [x,y) for i = 0,...,k and v € [My, My + Lg]), for every v €
[Mo, Mo + Lo| we have {—va} ¢ [z,y] (taking ¢ = 0, recall that Sy = 0).
Therefore, by and (17), for every v € [My, Mo + Lo we have

1

|fs(y +va) — fs(z +va)| < ey

Consider now Remark 3.4 with ig = ng and the corresponding equivalence
relation « for n. Note that by and we have

o
ki kn

and therefore n > nyg.

<lz—yl| <0 < ———,
o=yl <6< g

Note that in each equivalence class there is at most one point zg € 0A,
for which there exists wy € [Moy, My + Lo| such that zp — woax € [x,y].
Indeed, if for some zgp, z1 in the same equivalence class, there exist wg, wy €
[Mo, My + Lo] such that zp — woa, 21 — wiax € [x,y], then, by with
I =z,y], and (24), we have

Cags Ca Caqs

T gz > Mol 2 w0 —wn| = g 2 e e
a contradiction. So there are at most 2my,41...my, — 1 (the number of
equivalence classes by Remark points z € dA,, for which there exists a
(unique) w, € [My, My + L] such that z — w,a € [z, y].

For each such w,, we have

[+ w0,y + w.a] NOA, # 0,
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and therefore, by and ,
1
(28) 0 # fs(y + wee) — fo(z + w.a) <

mi...Mp—1

There are at most 2mpy41...my — 1 < 2myyq1...my such w = w, €
[Mo, My + Lo| and for r # w, (z as above),

[z +ra,y+ra] N4, = 0.

Therefore, by , fs(x +ra) = fs(y + ra) for r # w,. Hence, for every
r € [My, My + Lo] (remembering that f,(TMo+iy) — f(TMo+iz) = 0 for
MO +] # w2)7

(20)  1f7@) = 10 (@) = (f (y) — £ ()]
= | (o) — g0 (7o)
r—Mp—1

< Z | f(TMHy) — fo(TYOH )|
=0
Lot
< Z |[f{(TMHy) — fo(TYOH )|
j=0

B

(2E) 1 2mn,
< 2Mpg41..- My = <
mi...Mp-1 myp...Mnpgy

< £
1

col o

REMARK 6.3. Note that if I = [A, B] is an interval such that |I| <
Coqs/ (k1 ... kny)? and for any v € [A, B] we have {—va} ¢ [x,y), then for
every r € [A, B],

() = 17 (@) = (S () = FEP @) < ¢/4.
Indeed, these are the only assumptions that were used to prove .

Moreover, it is easy to see that (because fp) is piecewise linear and there
is no discontinuity point of f in [T"x,T"y| for r € [My, My + Ly)) for r €
[Mo, Mo + Lo],

30) 15 @) — £ @) — (P8 ) — 15 ()]
r—Mo—1
< S (@ (y)) — f(TM0H (2)))
=0

. - ~ 1 -
< (r— Mo)S|ly — z|| < LoS|ly — =|| < SkMo— < kSC <
q

S

= o
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Finally, by , , , we get, for r € [My, My + Lo,

(31 1/7(y) ~ f(’"( )=l = 1(f ) = FO (@) = (FM(y) = MO ()]
= (£ (y) = £ (@) = (f2(y) = £ @) + (£ (y) = £ (=)

<§M°<> PO @)+ (£ () — £ (@) = (FY () — 157 (@)
<Stitic ge<e

EMARK 6.4. Notice that if M" < gs11 is such that for all v € [M', M’ +
} we have 8; —v'« gé [z,y) fori =0,...,k, and if we set p’ := fM) () —
N

f( (x), then for any ' € [M’, M'+HM] we have
/ / 5
£ ) = f (@) — ] < ge

Indeed, these are the only assumptions on M, that were used to prove (31)).

Consider again the interval I = [My, Ky]. We recall that none of the
points of the form §; — va with ¢ = 0,...,k and v € [My, K] belongs to
[z, ]. Therefore, using the fact that S > 0 and f; is non-decreasing, for every
r € [My, Kol, by (17), we have (using n > ng)

(32) Slly =2l < (for + S (T"y) = (fn + f)(T72)
1
mi...Mp—1

~ K ©3).eD ¢ € €
<Sh+—m— < —— ==
my ... My, 16 16 8

The length of I is at least m(qs+1 — gs), so by and , for
every r > My we have

(33) [(f7(y) = fD () = (FM(y) — fMO) ()]

|(fEe M (T Moy) — i MO (TMor))

+ ((for + £)UHNTMoy) = (i + f)7 MO (T M0w))

-+ igj%(fpl FRITMOY) — (f 4+ L))
> (r — Mo)S|ly — z|| — ¢/4.

In particular, for ro = My + [Ky/2], by and the fact that

< Sy — x| +

v

ds+1 > Qs+ gs—1 > qs + QS/Q

we get
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[(FUO(y) — fIo (@) — (fOMO) (y) — fM0) ()]
S
> 2(20+ 1)(k i 1) <QS+1 - QS)Hx - yH

> S (1— q5>> S (1— © >77.
—22C+1)(k+1) gs+1/) — 22C+1)(k+1) cC+1) —
Notice that if we set
H(r) = (f7y) = [T (@) = (fM)(y) = 0 (x)),
then for every r € [My, My + 9],
(34) |H(r+1) — H(r)| < €/4.

Indeed, |H(r+1) — H(r)| = |f(T"y) — f(T"x)|, and follows from
and . By and (by considering r = My, ..., My+1rg) we see that
there exists Ry € [My, ro] such that

(35)  mte/d=|(fH(y) - fHN (@) — (FMI(y) — M) (@) = .

Define M7 := Ry and L1 := kM. Then, from M; > M, and , we have
M; > qs > N and L; > kM; > N. Hence, by ,

(36) |fO () — FM) (y) —p — | < €/4.
It follows from Remark and that for any r € [My, My + L4],
(37)
[fD (@) = fOy) —p—nl < |(FO (@) = FT () = (FM (@) = fA ()]
+ M (a ) FM(y) —p =)

<5 +1 <
86 46 €.

(ii) First note that there exist b € N, b < C, such that for every s > 1,

(38) [q“’] > 6C + 4.
qs+1

By Remark [6.2] there exists sg such that for every s > sp we have
(39) sup sup S0 (y) - £ (2)] < ¢/,

0sn<gs+p [ly—zl|<1/gs

Define
Co 1

4 = = 1
(40) Kk = k(€) mm(Cb(kl...k‘no)Q’(20+1)b>’

with ng coming from . Let s; € N be smallest with
(41) gs, > max(¢sy, N/k) andlet 6(e, N):=1/qs,+1.
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Take any z,y € T with ||z — y|| < . Let s € N be unique such that

1
< lz =yl < —.

42
( ) gs+1 ds

Consider the time interval [gs, gs14]. Denote by
(gs <) Ro < -+ < Ry (< qsyp)

all natural numbers in [gs, ¢s4p] for which {—R;a} € [z,y). These num-
bers divide [gs,qs + b] into some clopen subintervals @ Iy,.... I; (I; =
[R;, Ri+1)). By Remark 2.3 with 21 = 2o = 0 and I = [z,y), using we
get, for i =0,...,t —1,

C
(43) | = Rig1 — Ry > —>— > Cqs,
lz =yl
and similarly, by ,
(44) 11i] < gst1 < Cgs.
Hence, by and ,
Cb qs+b [QS+b:|
45 — > >t>|—| > 6C+4.
( ) CQ QSCQ gds+1

Let j; := qs1p — Ry It follows that j; < gs4+1 and Ry < 2¢s41. Using
and the fact that {—R;a} € [z,y) for i = 0,...,t, we get (using fs(0) = 0,
fs(1) = 1 and the construction of f;)

(46) (S (@) — LD () — (fF) (@) — £ ()]
= Ifulo + Rio) = iy + Rio)| > £,

fort=0,...,t.
Moreover, there exists an i € {0,...,¢t — 1} such that

(R @) = K ) = (F0) () = 170 () = =3/4.
Indeed, if not, then by Lemmawith D = C (using the fact that j; < gsy1)
and by , we get

|fs(*jt)(TqS+bx) — fs(*jt)(TQS+by) - ’fs(jt)(qu+rjtx) _ fs(jt)(quJrrjty”
<2C Var f.

Therefore, by Proposition [2.4

(**) Of the form [A, B) N Z, where A, B € Z.
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2C +2 = (2C + 2) Var fs = 2 Var fs + 2C Var f;
> | 90 (@) — L) ()| 4 £ (T m) — I (Tosv0y))
> | a0 I gy — plerr I () = | RO () — fLRO ()]

t—1
= | Yo (R (@) = f{Re) ) = (1) (@) — ) ()
w=0

+ (7 (z) = £ (y)

(45)
> t| — 3/4] —2092C+2,
a contradiction. Hence such an i € {0,...,t — 1} exists. Then, by (46),
‘ . 1
(a7) (F0 @) — fD () — (D (@) - ) > L2 =
Let us define My := R; + 1 < qgyp (Ri € [¢s,qs1p) for every i = {0,...,
t—1}) and
s+b Cs Caq
4 Lo := kM sth < — < > .
(48) 0= R0 S Flstd S 0 G R 2 (Rr s o)

Then Lo > KMy > kqs > kqs, > N. It follows from Remark [6.3| that for
every r € [Mo, My + Ly,

(F7 (@) = £()) = (fE) (@) = £ ()] < e/4.
Define p = p(x,y) := fMo)(z) — f(Mo)(y). Then for r € [My, My + Ly], by
and , we have

(FD (@) = FD () = (M) (@) = FM) ()] < /2.
Set

H(r) = (1) = [7(y) = (F) (@) = M)

for r € [Mo, Ri41] (we have H(R; +1) = 0, H(R;4+1) > 1/8 > 27). By the
choice of 7 and li (with f1 =0, S = 0), there exists R, € [My, R;41] such
that \fS(R”)(:U) —fs(R”)(y) —p—n| < €/2. Then defining M; := R,,, L1 := kM
(My > qs > N, Ly > KMy > N), we deduce (proceeding as in and using
([39)) that for every r € [My, My + L],

|f (@) = Fy) —p—nl <e
The proof of Theorem is complete. m

7. Absence of partial rigidity and mild mixing. In this section,
we will show the absence of partial rigidity of some special flows over the
irrational rotation by o having bounded partial qoutients (sup,>;a, + 1
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< 00) and with roof functions of the form f = f, + f; + fs + S{-}, where f;
has finitely many jumps, fs = f(C) is non-decreasing and S > 0 . The
proof of the theorem below is a repetition of the proof of Theorem 7.1 in [2].

THEOREM 7.1. Assume T : T — T is an ergodic rotation by o having
bounded partial quotients. Suppose f = fa+ fi+ fs+S{-}, where f; has finitely
many jumps, fs = f(C) is non-decreasing and S > 0. Then the special flow
(th)teR is not partially rigid.

Combining Theorems and with the main argument used in [2] to
prove Theorem 7.2 therein, we deduce the following result.

COROLLARY 7.2. Suppose thatT : T — T is the rotation by an irrational
number o with bounded partial quotients and f : T — R is a positive function,

bounded away from zero, of the form f := fo+ fs+ f;+S{-} with S # 0 and
fs = fs(C) for some quasi-similar Cantor set C. Then (th) is mildly mizing.
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