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This work is dedicated to Andrzej Hulanicki, our teacher and friend

Abstract. Symmetric Jacobi matrices on one sided homogeneous trees are studied.
Essential selfadjointness of these matrices turns out to depend on the structure of the tree.
If a tree has one end and infinitely many origin points the matrix is always essentially
selfadjoint independently of the growth of its coefficients. In case a tree has one origin
and infinitely many ends, the essential selfadjointness is equivalent to that of an ordinary
Jacobi matrix obtained by restriction to the so called radial functions. For nonselfadjoint
matrices the defect spaces are described in terms of the Poisson kernel associated with
the boundary of the tree.

Introduction. The classical moment problem consists in the following.

Given a sequence of real numbers my,, find a positive bounded measure (i
on the half-line [0,00) or on the whole real line such that

mnzxa:"d,u(a:) formn=0,1,2,....

Two main issues are the existence and uniqueness of the measure pu.
It is known that such a measure p on the real line exists if and only if the
numbers m,, form a positive definite sequence. The uniqueness of the measure
1 is closely related to the selfadjointness of some operators. The problem
was intensively investigated starting with the work of Thomas Jan Stieltjes
(1894, [12], the case of the half-line) and Hans Hamburger (1920, 1921, [4],
the case of the real line), through that of Marcel Riesz (1921-23, [S]-[10], a
functional analysis approach), Rolf Nevanlinna (1922, [5], a complex function
approach) and Marshall H. Stone (1932, [13], Hilbert space methods), until
recent results of Barry Simon (e.g. [11], 1998).

One of the key concepts that have arisen in the modern investigations is
that of the Jacobi matrix. An infinite matrix J is called a Jacobi matrix if
it has a tridiagonal form
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B X 0 0 0
Ao B/ 00
0 M B2 X O

0 0 X f[3 . ’
0O 0 O

where the diagonal entries (3, are real, while the off-diagonal entries A, are
positive. There exists a one-to-one correspondence between positive definite
sequences m,, and Jacobi matrices J given by

my, = (J"00, do),

where J is regarded as a symmetric unbounded operator on £2(Np).

Uniqueness of the measure y on the line turns out to be equivalent to
essential selfadjointness of J on the subspace of finitely supported sequences
in ¢2(Ng). Moreover, in the case when the moment problem m,, is inde-
terminate, description of all the solutions p is related to description of all
selfadjoint extensions of J.

Selfadjointness of an unbounded operator is an important notion on more
general grounds. If a symmetric operator admits a selfadjoint extension, or
even better, is essentially selfadjoint, then the whole machinery of spectral
theory becomes available.

We take up the problem of essential selfadjointness of a Jacobi matrix on
spaces which are natural generalizations of ¢2(Ng). The linear infinite tree
Ny of nonnegative integers has two obvious extensions. We may consider a
homogeneous tree branching out from each vertex into a fixed number of
edges directed either downwards (the case of a tree I' with one origin) or
upwards (the case of a tree A with one end at infinity). We consider a Jacobi
matrix J as a symmetric operator acting in the space of all square-summable
functions defined on the partially ordered set of vertices of these trees. The
domain of J consists of finitely supported functions. The main goal of this
work is to investigate essential selfadjointness of J. In order to do this we
look at its deficiency space. It is described by a recurrence relation, whose
solutions yield systems of orthogonal polynomials. It turns out that essential
selfadjointness of J depends on the structure of the tree and, surprisingly,
the behavior of J is completely different in the two cases.

In fact, the main result of Section 2 states that

The matriz J in the case of the tree A is always essentially selfadjoint
regardless of its entries. Furthermore, J has a pure point spectrum, i.e. there
s an orthonormal basis consisting of eigenvectors for J.
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In the case of I, essential selfadjointness of J depends on its projection
on the one-dimensional tree Ny. Namely, we associate to the Jacobi operator
J acting on the tree I" some classical Jacobi matrix J" acting in £2(Np) which
corresponds to the restriction of J to the functions constant on levels of I'.

The main result of Section 1 is

The operator J is essentially selfadjoint if and only if J" is essentially
selfadjoint.

One should not be misled by the apparent similarity to the classical
case. The picture becomes clearer when we consider the case when J is not
essentially selfadjoint. Then its deficiency space is much bigger than in the
case of £2(Np), when it is just one-dimensional. We give a description of
the nontrivial deficiency space of J on the tree I'. It resembles the theory of
harmonic functions since a Poisson-like kernel shows up there. We prove that
functions in the deficiency space are determined by their boundary values
via the Poisson integral. The spectral decomposition of selfadjoint extensions
of J is given explicitly. In particular, we show that any such extension has a
pure point spectrum.

Preliminaries

Selfadjoint extensions of symmetric operators. Let H be a Hilbert
space with inner product (-,-). Let A be a linear operator with domain
D(A) C 'H which is dense in H. For a symmetric operator A and a fixed
complex number z ¢ R we define the deficiency space of A by

N. = (Im(A — zI))*,
where * denotes the orthogonal complement in M. It is known that the

dimension of IV, is constant on each of the half-planes Im z > 0 and Im z < 0.
The two numbers dim V; and dim N_; are called the deficiency indices of A.

THEOREM 0.1. The deficiency space N, is the eigenspace of the opera-
tor A* associated with the eigenvalue z.

THEOREM 0.2. A symmetric operator admits a selfadjoint extension if
and only if its deficiency indices are equal.

THEOREM 0.3. Let A be a symmetric operator and B be a bounded self-
adjoint operator. Then A and A+ B have the same deficiency indices.

THEOREM 0.4. A symmetric operator is essentially selfadjoint if and only
if its deficiency space is trivial for any z ¢ R (i.e. its deficiency indices are
zero).

The above facts can be found in many books, for instance in [6], [7], [14].
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Classical Jacobi matrices. A Jacobi matrixz J, i.e. a matrix of the
form

Bo o O 0 O
0 X B2 A O

0 0 0

where 3, are real and A, are positive, can be regarded as a linear operator
in the Hilbert space £?(Ng) with domain D(J) = lin{éy, 41, do, . ..}. Here &,
is the characteristic function of the point n, and

(06) Jdn = )\n—lfsn—l + Bn(sn + >\n5n+17 n >0

(we adopt the convention that A\_y = d_1 = 0).

There are two sequences p,(x) and g, (x) of orthogonal polynomials asso-
ciated with a Jacobi matrix J. They are solutions to the recurrence relation
(07) T ap = Ap—10n-1 + Bpan + Apanyi, n=>1,
with given initial conditions ag and a;. Taking ag = 1 and a1 = (1/Xo)(x—/f)
gives a, = pp; while ap = 0 and a1 = 1/)\¢ give a,, = ¢,. It is known that all
roots of these polynomials are real (see e.g. [3]).

The following basic properties of Jacobi matrices can be found, for in-
stance, in [1], [2], [3], [11], [14].

From we can see that the operator J is symmetric. In view of
Theorem [0.2]the following theorem implies that J has a selfadjoint extension.

THEOREM 0.8. The deficiency indices of the operator J are either (0,0)
or (1,1). In the former case J is essentially selfadjoint. In the latter case a
selfadjoint extension of J is not unique.

THEOREM 0.9 (The Hamburger criterion). A Jacobi matriz J is es-
sentially selfadjoint if and only if at least one of the series > p,(0)? and
> 4,(0)? is divergent.

THEOREM 0.10. Let J be a selfadjoint extension of J in the indetermi-
nate case and E(z) be the resolution of the identity associated with J. Then
the support of the measure

do(z) = d(E(x)do, do)
s a discrete set and coincides with the spectrum of the operator J.

The selfadjointness of J is important in the theory of classical orthogonal
polynomials. The measure which is the solution to the moment problem
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my, = (J"00,d0) is unique if and only if the Jacobi matrix J is essentially
selfadjoint.

Jacobi matrices on homogeneous trees. The set Ny of nonnegative
integers can be identified with a linear infinite tree with a natural order.

n—1

n—+1

There are two natural generalizations of this configuration: from each
vertex there is a fixed number (greater than 1) of edges either pointing
downward (a tree with one origin) or upward (a tree with one end).

n—+1

1. A Jacobi operator on a tree with one origin. For a fixed d €
{2,3,4,...} we consider an infinite homogeneous tree of degree d, i.e. an
infinite connected graph with a distinguished vertex (root) e and a partial
order such that each vertex = has d successors z; (i = 1,...,d) and one
predecessor xg (unless x = e).

For instance, if d = 3, the top levels of the tree look as follows:

Tr1 T2 I3
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The set of all vertices of the tree will be denoted by I;. There is a
natural distance dist(-,-) in I'y counting the number of edges in the unique
path connecting two fixed vertices. The length of a vertex is, by definition,
its distance from the root e, i.e. |z| = dist(z, e).

The space ¢2(I;) of all square-summable functions on Iy, i.e.

A(ra) = {feCl: 3 (@) < oo},
z€ly
is a Hilbert space with the standard inner product
(f,9) =Y f(=)g(a).
J)GFd

We write J, for the characteristic function of the one-point set {z}. Let F
denote the space of all functions with finite support:

F =1in{o, : x € I4}.
Let Ag, A1, Ag,... be fixed positive numbers and [y, 81, 32, ... be fixed

real numbers. We consider the Jacobi operator J with domain

D(J)=F C (*(I),
which acts as follows:
(11) Jée = o 0e+ Ao (0e; + -+ + dey)s
J(sx:)\n—l'6w0+6n'6:c+)‘n'(5$1+"'+5zd)7 n=>1,
where n = |z|. We adopt the convention that A_; = d., = 0. Then the action

of J can be expressed by the latter formula for all n > 0.
It is elementary that J thus defined is a symmetric operator.

FACT 1.2. The deficiency space N,(J) of the operator J on £*(I'y) con-
sists of all square-summable functions v on I'y satisfying

(1.3) 2v(x) = Ap—10(0) + Brv(x) + Ap(v(z1) + -+ - + v(xg))
for all x with |x| =n and all n > 0.

Proof. A function v € ¢2(I;) is orthogonal to Im(J — zI) if and only if
for each vertex = with || = n,
0= (v,(J —2)0z) = (v, \n—102y + Bnbz + An(0z, + -+ + 0z,) — Z02)
= M—10(20) + Brv(x) + Ap(v(z1) + - - +v(2g)) — 20(2). =
REMARK. Although the domain of J consists of functions with finite

support, note that the formula for J can actually be applied to any function
on I;. Therefore we can write

N.(J)={v e A(Iy): Ju(z) =z -v(x), z € [}
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1.1. The one-dimensional operator. We call a function on I'; radial
if it is constant on each level of Iy, that is, on each set of vertices of fixed
length. We will denote by #2(Iy) the space of all square-summable radial
functions on I'y. Let x, denote the characteristic function of the nth level.
Note that the normalized functions

pn(x) = (Vd) ™ - xu(2) = {

d="2  for |z| = n,
0 for |z| # n,
form an orthonormal basis of £2(Iy). Obviously,
Xn = Z -
|z|=n

Each vertex of length n — 1 is a predecessor of exactly d vertices of length n.
Therefore

Ixn =d-An—1-Xn-1+ Bn - Xn + A Xnt1.
Since xn = (Vd )" jin, we have
(Vd)" T = d(Vd)" N1 pin—1 + (V)" Bupn + (V)" Npin1.
The restriction of J to ¢2(I;) will be denoted by J". Thus
D(J") = lin{po, p, pi2, - - .} C €2(I)

and
(1.4) J i = Vd 1 fin-1+ Bn - pin + VdAn - piny1, n>0.
In other words, we can identify J” with the matrix
Bo  Vdl O 0 0
VdXo B Vd\ 0 0
0 Vdhi B Vd) 0
(1.5) T = 0 0 Vdx B3 VdXs

0 0 0 Vd g3 [

This means that J" on ¢2(I;) can be regarded as a classical one-dimensional
Jacobi operator on £?(Np). In particular, by Theorem its deficiency space
N.(J") is either one-dimensional or trivial.

FACT 1.6. A function v € £2(I'y) belongs to N,(J") if and only if
(1.7) 20(x) = Ap—10(x0) + Brv(x) + Ap(v(z1) + - - + v(xq))
for each n > 0 and each x with |x| = n. Moreover,
N:(J") € Nz(J).
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Proof. Let v € £2(I';) be orthogonal to Im(J" — zI), i.e.
0=(v,(J" = 2)xn), n=0.

We calculate

(v, (J" = 2)xn)
= (v,d - An—1 - Xn—1+ Bn* Xn + An Xn+1 — ZXn)
=d\—1 Z v(x) + Bn Z v(z) + Ay Z v(x) — 2 Z v(x).
lz|=n—1 |z|=n |z|=n+1 lz|=n
Since v is radial, we obtain
0=d\_1-d"1v(z0) + B - d"v(x) + A\ - d"o(21) — 2 - d"0(x).
It follows that 0 = A\p,—1v(x0) + Brv(x) + And - v(z1) — zv(x) for each vertex
z with x| =n. =
THEOREM 1.8. The operator J on £%(I'y) is essentially selfadjoint if and

only if the one-dimensional operator J" on (*(Ny) is essentially selfadjoint.

Proof. By Theorem [0.4] and Fact it suffices to show that if J is
not essentially selfadjoint, neither is the matrix J". To this end, assume
that there exists 0 # f € N,(J). We will construct a special function in
a deficiency space. This will allow us to show that J” is not essentially
selfadjoint.

Let = be a vertex in the support of f of minimal length, i.e.

f(z)#0 and f(y) =0 for |y| < |zl
Let I, denote the subtree of I'y with root at = (see the figure below).

(&
...

° ° ‘T
® ®© o o o o o o o o o o o o o o o o ¢ o o o o 0o 0o 0o o

In the proof we are going to apply an averaging operator F.
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LEMMA 1.9. The averaging opemtor

(1.10) f(w) dlwl > fly
ly|=[w]
is a selfadjoint projection in £2(I7y).
Proof. For any f,g € F we have

(Ef,9)= > Ef(w)-glw)=>_ (;k, > f(y)) - g(w)
A

wely k=0 |w|=
=1
Y LYY fwatw
k=0 |wl|=k|yl=k
Reversing the order of summation yields
Bra =Y Y (5 X o)1)= ¥ ftw) Bafal = (1 B9
k=0 |y|=k lw|=k wely

which proves the symmetry.
Now, by the Schwarz inequality,

IBAP = X B =Y Y |t Y s

wely k=0 |w|=k ly|=k
2
<ded—2k<z ( ),)
ly|=k
< Zd S (X 1w
ly|=F ly|=k
= Z Yo UWE =Y 1IfWE =117
k=0 |y|=Fk yely
whence ||E|| < 1. Moreover, for f € (2(I;) we obtain the equality ||Ef]|

=71
We denote by f, the restriction of f to the subtree I',. Let k = |x|. The
symbol E, will denote the averaging operator on I7,.. More precisely, E,(g)
is the mean value of a function g on each level of the subtree I:
E, : (*(I,) — 2(I)
and
(1.11) Eg(y) =d W70 %" g(t).

tely
[t|=ly]
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By Lemma [1.9] it is obvious that E, is a contraction on ¢?(I7). Thus the
function E,(f;) is square-summable and radial on I,. Restricting to I, and
averaging in I, does not change the value at x. Therefore E,(f;) takes a
nonzero value at x. In order to belong to a deficiency space it needs to
satisfy appropriate equations. Since f, as an element of N,(.J), satisfies all
the recurrence equations , its restriction f, satisfies those of them which
are related to the restriction of J to .. Indeed, at each vertex of I, different
from x the equations and values remain unchanged. Therefore, only the
equation at x can raise doubts. However, at = we have

2fe(2) = 0+ B fo() + Ae(fa(21) + - + fu(za)),

which is consistent with the convention in (|1.1)) applied to the operator J
with coefficients shifted by k. The corresponding radial operator is expressed
by the matrix

B VdXg 0 0 0
VdXe B Vdeg 0 0
. 0 VdXes1  Bere  Vd Mo 0
(112)  Jp = 0 0 Vdei2  Brrs  VdMigs
0 0 0 Vd N3 Brsa

It is immediate that taking the mean value on levels does not affect the
recurrence relation described above. Hence

0# Ey(fz) € No(J}),

i.e. the matrix J; is not essentially selfadjoint. We add to J;, an extra first
column and first row consisting of zeros. We also add an extra first coordinate
with value zero to the vector E,(f;). We thus get one additional equation in
the description of the deficiency space of the new operator (cf. ) which
is trivially satisfied. Hence, the extended matrix is not essentially selfadjoint
either. Therefore, the matrix with exactly k£ extra zero columns and rows

000 O
0 0
0 0
00 J

is not essentially selfadjoint. Next we add to it a symmetric finite-dimen-
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sional operator of the form

Bo  VdXo 0 0 0
Vid o :
0 Br—1  VdXlg—1 0
0 Vd g1 0 0
0 e 0 0 0

Since it is selfadjoint and bounded, the operator J", by Theorem [0.3] is not
essentially selfadjoint. m

REMARK. We have associated with J in £2(I) the radial operator J"
acting in #2(Iy), which can be identified with ¢?(Np). The two matrices

Bo Ao O O By VdXo 0 0

X B M0 Vdxo B VA 0
J = ) and J' =

0 M B2 - 0 Vdh B

o o0 . - 0 0

do not have to be essentially selfadjoint at the same time. Let us consider
an example. For d = 2 let 8, = A, + An—1 and Gy = Ag. Then

Ao Ao
Ao Ao+ A1 A
J = A1 A1+ Ao Ao

A2 A2 + A3

The recurrence relation associated with J (cf. (0.7)) is
TAp = An—lan—l + (An + )\n—l)an + )\nan—l—l
= (an—l + an)>\n—1 + (an + an—i—l))\nu n > 1.

In particular, for x = 0 we get

An—l
3 (an—1(0) + an(0)) — a,(0).

n
For the sequence p,(0) (cf. (0.7)) we get ag(0) = po(0) = 1 and a1(0) =
p1(0) = —1. Consequently, by induction, p,(0) = (—1)". Hence the series
3" pn(0)? is divergent. By the Hamburger criterion (Theorem, the matrix
J is essentially selfadjoint.

an+1 (O) = -
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The corresponding matrix on the tree I's is of the form (cf. (1.5))

Ao V2o
V2 Ao+ V2
Jr = V2A A X V2

V22X Ao+ g

Let A\, = 2". Then A\,,_1 + A, = 3-2"" 1. Hence for « = 0 the general solution
to the recurrence relation

\@'an_1+3-an+2\f2'an+1:0, n>1,
is

1 n
anp = | — c1 - cosnb + co - sinnb).
<\/§> e ’ )

Thus the series 1

D lan* < (jeaf +leal) Y o

is always convergent. Hence both series >~ p,(0)? and 3 ¢,(0)? (cf. .
are convergent. By the Hamburger criterion, J” is not essentlally selfadjomt

1.2. Description of the deficiency space. We are going to write
down the nontrivial deficiency space N,(J) as a sum of spaces associated
with vertices of Iy.

Fix a vertex z of length k. Let Ji denote the truncated matrix

B M 0O 0 0
Me Brer Mg O 0
0 Mey1 Bry2 Akg2 O

k=10 0 A2 Bre3 kg3

0 0 0 Met3 Brtsa

Observe that the subtree I, of I'y can be identified in a natural way with
the whole tree I'y. Hence £2(I,) can be identified with ¢2(I;).

In this way the matrix J restricted to £2(I7,) coincides with the operator
Jy, on £2(I'y). Moreover, J restricted to ¢2(I;) coincides with the operator
Jy, on £2(Ty). Similarly to and , it can be further identified with
Jy on £2(Np).

From now on we assume that the operator J in £2(I;) is not essentially
selfadjoint. Hence

N.(J) = (Im(J — 2I))* # {0}.
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By T heorem the operator J” on £2(Nj) is not essentially selfadjoint.
Furthermore, from the proof of this theorem, the truncated matrix J; on
¢(Np) is not essentially selfadjoint either. By the above arguments, J on
¢%(I;) is not essentially selfadjoint. Moreover, its deficiency space is one-
dimensional (cf. Theorem .

Let f, denote a nonzero function in this deficiency space. Observe that
fx(x) # 0. Indeed, if v, is the value of f on the nth level of I; D Iy, then
the condition describing the deficiency space

J f T = Zf x
(cf. Fact [1.6)) is equivalent to the system of equations

20 = Bk +d - A\gUk41,
2Up = Ap—1Vn_1 + Bpn +d - Appi1, n > k.

Hence, if vy, = 0, then viy41 = 0, and so fx = 0, which yields a contradiction.
Choose a function fx such that fx(:c) = 1. For each vertex z € Iy we
define f, € (*(I;) by saying that supp f; C I, and f, coincides with f,
on I.
For each vertex x € I'; we also define the linear subspace

A, = {Ed:ai-fwi ca; € C, Ed:ai:O}.
i=1 i=1

For i # j the functions f;; and f;; are orthogonal as their supports are

disjoint. Note that the condition Zle a; = 0 guarantees that each element
g € Ay (x € I'y and |z| = n) satisfies, in addition, the recurrence relation

(1.3) at x, namely

0==z-g(x)
= An—19(20) + Bug(x) + An(g(z1) + - + g(24q))
d
=040+, Y a;=0.
i=1

This means that all A, are (d — 1)-dimensional subspaces of N,(J).
Set
Ao={a- fo:aeC}.
Obviously, it is a one-dimensional subspace of N,(J).

We are going to exhibit some properties of the spaces A,. First, we es-
tablish the following technical lemma.



478 A. M. KAZUN AND R. SZWARC

LEMMA 1.13. Let x € I'y and |x| =n. If g € A, then

> gly) =0

yely
lyl=k

forallk>n+1.

Proof. Observe that for two different vertices x; and x; with the same
predecessor z the values of f;; and f;; on the corresponding levels of I'’;, and
I';; are equal. This is because, by definition, the value f, (z) depends only on
the lengths of y and x. It follows that the sum of the values of g = fu, — fu,
on each level of I, vanishes. It is easily seen that any function g € A, is a
linear combination of the functions f;; — fi,. Therefore the values of g € A,
also vanish on all levels of I.. m

Fact 1.14. Let x,y € I3 U{0} and x # y. Then A, L A,.

Proof. Let g, € Ay for some vertex x € Iy, where |z| = n. Since f. is
radial, we write f.(|t|) = fe(t) for t € I'y. Then

00
(g:rafe = Z Z.gz e = Z fe Z.gm
k=n-+1 \tt€|£k k=n+1 \tte|£k

By Lemma all the sums >, 1y 92(t) vanish, whence
(g:r:v fe) =0.

Consider a function g, € A, for some vertex y different from z. If x ¢ I,
and y ¢ I, then the functions g, and g, have disjoint supports and thus
they are orthogonal. On the other hand, if = € Iy, then

lz| > ly| and supp(gz) C Iy.

g:pagy Z gx

tel,

Hence

and on levels of I, the function g, has constant values g,(k). Therefore,
applying Lemma [1.13] once more, we obtain

(92> 9y) = Z Z 92(t) gy (t) Z gy (k) Z gz(t) =0

k=n+1tel, k=n+1 tely
[t|=k |t|=k

Clearly, the case when y € I, is similar. m

Fact 1.15. Assume that f € N,(J) and f L Ay for all x € I'y U {0}.
Then f = 0.
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Proof. We are going to show that f vanishes on the successive levels of Iy
starting from the root e. The function f. is radial on I';, whence E(fe) = fe

(cf. (1.10)). By Lemma we thus get

0= (f7 fe) = (faE(fe)) = (E(f)a fe)-
By the same lemma, E(f) is square-summable. Moreover, both f. and E(f)
are in N,(J") because taking the mean value on levels does not affect the
recurrence relation (1.7). As N,(J") is one-dimensional, E(f) is a constant
multiple of f,. Let E(f) = afe. Then

0= (B(f), fe) = (afe, fo) = all fel?,

whence o« = 0. Thus E(f) = 0 and in particular

fle) = (Ef)(e) = 0.

Summarizing, the orthogonality of f to f. implies that f vanishes at the
root e, i.e. on the zero level of the tree I'y. Similarly, the orthogonality of f
to the successive spaces A, enables us to show that f is equal to zero at the
corresponding vertices. Indeed, assume that f(z) = 0 for each |z| <n. Fix a
vertex x of length n. Since f € N,(J) and f(z) = f(z¢) = 0, the recurrence

equation at x,
2f (@) = An1f(20) + Buf (x) + An(f(21) + -+ + f(2a),
gives
(1.16) flx1) + -+ f(zq) = 0.
Fix g € A,. Since g is radial on each subtree I,
EyyEyy oo By (9) =g
By the symmetry of these averaging operators (cf. Lemma ,
0=(f,9) = (f, ExyBuy_, - Er9) = (Ey, ... By, f,9).

By (1.16)), the function
1n, - By ... Eyyf,

where 1, denotes the characteristic function of I, O suppg, belongs to
and is orthogonal to the space A, at the same time. Hence it must be zero.
Therefore

foralli=1,...,d. =

We see that the sets A, in a sense, fill up the whole deficiency space
N, (J). To be more precise, the above facts can be summarized as follows.
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THEOREM 1.17. The algebraic direct sum
@ Ay =lin{gy : g € Ay, z € I, U{0}}
$€FdU{O}
of the pairwise orthogonal spaces A is dense in the nontrivial deficiency
space N,(J).

REMARK. In the case when d = 2, not only Ay but also all the remaining
spaces A, for x € I, are one-dimensional. Moreover, the functions

— f(El _fmg
Hle - fzzn’

along with the function go = fo/||fo|| form an orthonormal basis in N,(.J)
on the tree I5.

gz fL’EFd,

Let us now calculate norms of elements of A, in the case when d > 2 is
arbitrary.
Let p,, be the orthogonal polynomials (cf. (0.7)) associated with the ma-
trix
Bo Vdx 0 0 0
Vdxo B Vd\ 0 0
0 Vdx B Vdr 0 ...
(1.18) T =1 9 0 Vde B Vi ... |

0 0 0 VdX3 B4

i.e. let the numbers p,(z) satisfy the equations

(119)  2pu(z) = Vi 1pn1(2) + Bupn(2) + VAApsa (), 0> 0,
p-1(2) =0, po(z) =1L

Dividing by (v/d)" gives

5. pn(Z) -\ ) pn—l(z) ) pn(z) +d-\,- pn-i—l(z) n>0.

v/ dn n—1 A /dn—l A/ dm dn+1 ’
These are exactly the equations describing the unique radial function in

N.(J) (cf. (1.7)), hence

+ Bn

i _p|x\(z)
(1.20) folo) = follah) = P2
Then . . , .
1ol = S dfom)P = 3 a2 Z S .
0 nZ:% 0 nz:;) \/d7 TLZ:;)P
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The norm of an arbitrary g € Ay can be expressed as

lgll = ao(2) - |g(e)],
ap(z) = (Z Ipn(Z)\2)1/2.

n=0
Let gy, be the orthogonal polynomials of the second kind (cf. (0.7))) asso-
ciated with the matrix J", i.e.

an(z) = \/g)‘n—l%b—l(z) + BnQn(Z) + \/a)\nQn—i-l (Z)v n>1,
q@(z) =0, q(z)=1/Xo.

where

As before, dividing by (v/d )"~ ! gives
L odn(2) _ N Aogn—1(2) L8, Aogn(2) don,- Aogn+1( )7 n>1
dan—1 dn—2 dn—1 v dm
Therefore, for a fixed ¢,
N . ] Q|x|(2)
(1.21) fei(@) = fe,(|z]) = et
Hence

Ifeil? = D @) = d" | fes ()
n=1

:EEF&Z

_Zdnl dn )

-1

2 [oe)
=N Y lan(2)
n=1

Let

12 o1() = 2o(Xlan)?)

Since the functions f,, are pairwise orthogonal, the norm of an arbitrary
function g € A, is equal to

lgll = | Zg (e,

Now we con51der a function g € A, for a fixed vertex = # e, i.e. |x| =
k > 1. Since

= ai(2) - Vlglen)? + - +g(ea) -

) fais

”M:“

where f;, are pairwise orthogonal, we get

d
lgl® = 1l £ - Y g (),
=1
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because the values of f;, on the subtree I, depend only on the length of
vertices and on k which is the length of the root of this subtree. These values
are determined by the equations

2fa;(n) = Anafo;(n = 1) + Bufo, () + dAnfo;(n + 1), n=k+1,
and
Joi(k) =0, fo,(k+1)=1
(cf. and the definition of f;). Note that the numbers

Me(Dk(2)an(2) — qr(2)pn(2))

(1.23) —

n>k

Y )

satisfy these equations. Indeed, p,(z) and g, (z) satisfy the recurrence start-
ing with n = 1, in particular, for n > k. Therefore, the same holds for any
linear combination of them. Since |z;| = k + 1, there are exactly n — (k+ 1)
vertices on the nth level of I’;,. This accounts for the exponent in the de-
nominator. Furthermore, for n = k the value of the expression is 0.
Finally, from the formula

Pr(2)an+1(2) = prr1(2)an(2) = 1/An
(see e.g. [I] or [14]), we get the value 1 for n = k + 1. Consequently,
(1.24) fo(n) = M (P (2)an(2) = 4 (2)pn(2))

, n>k+1,
dn—(k+1)
and thus
Izl = D D) =2 Y Ipk(2)an() — an(=)pa(2)].
n=k+1 n=k+1
Hence
lgll* = (g(@)* + -+ lg(@a) ) - NF D pw(2)an(2) — an(=)pa(2) .
n=k+1
Let a41(2) denote the positive number such that
(1.25) i1 (2) =8 D Ie(2)an(z) — ar(@)pa(2)]?, k=1
n=k+1

Then

lgll = ar+1(2) - VIg(e) P + - + lg(aa)
for any g € A,, where |z| =k > 1.

Note that for £ = 0 the right hand side of gives exactly the number
a1(2) defined already by so the numbers oy (z) may be defined by the
common formula for all k > 0.

The following fact summarizes the previous considerations concerning
norms.
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FacT 1.26. We have
| foll = gz for x € Ty U {0},

and

ao(z) - [g(e)| if g € Ao,

lgll = g 2o
a|:l?|+1 (Z ) ng € Axy T € Fda

where the coefficients ag(z) do not depend on functions and are as follows:
= Z [pa(2) %,

= N 1Z’pk 1 ) — o1 (2)pn(2)|> for k> 1.

1.3. The deficiency space and the boundary of the tree. A path
in a tree is, by definition, a sequence {z,} of vertices such that for any n,
the vertices x,, and x,41 are joined by an edge. The boundary 2 = 0Iy of
the tree I'; is the set of all infinite paths starting at the root e.

Note that at each level on the way downward from the root e we have
to choose one of d edges, hence the boundary {2 can be identified with the

Cantor set
2~{0,1,...,d -1}

(which is the classical Cantor set in an interval when d = 2). Clearly, to
each vertex x and thereby to each subtree I, there is associated a cylinder
2, C {2, i.e. the set of all those paths which contain z.
Let u be the probability measure on {0, 1,...,d — 1} such that
1
p= 0+ 0+ 4 da).

Let dw denote the natural probability product measure on the boundary {2,
(o]
dw = ® dpi, — pi = p,

i.e. the values of dw on cylinders are given by
dw(2,) =d®, zery

For each subspace A, C N,(J) we define the corresponding subspace
B, C L?(02, dw). Namely, let By denote the one-dimensional linear subspace
of constant functions on {2 and for x € I’y we put

d d
- {;bi-n% . b; € C, ;b :0}.
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Similarly to A,, each B, is a linear space of dimension d—1. Another analogy
is given by the following property of any element F' of B,:
d d
VFPl)do=>Y" | Flw)dw=d.> b =0.
[0 i=1 2, i=1
Fact 1.27. The subspaces By for x € I'y U {0} are pairwise orthogonal
and fill up the whole L*(£2,dw), i.e. the algebraic direct sum

P B.=1in{G.: G, € By, z € [,U{0}}
IEFdU{O}
is dense in L*(£2,dw).

Proof. Let G, € B, and G € By, for x # y. Two cylinders with different
vertices are either disjoint or one is a proper subset of the other. If £2, N {2,
= (), then G, and G, are orthogonal. On the other hand, if £2, & (2, then
there exists 7 such that {2, C §2,,. Let b; denote the value of G, on §2,,.
Then

(Ge,Gy) = S Gz (w)Gy(w) dw = b; - S Gy(w)dw =0,
2y 2
which completes the proof of orthogonality.
Assume that F' € L?(£2,dw) is orthogonal to every B, for x € I'; U {0}.
In particular, for the function Gg = 1 belonging to By we obtain
d
(1.28) 0=(F,Go) = | Flw)dw=>" | F(w)dw.
19 i=1 £,

The orthogonality of F' to 1, — 1 2, € B, for i # j gives

OZ(F,]}._QEi—]ler): S F(w)dw — S F(w)dw,

whence

Since all the numbers S-Qei F(w) dw are equal and sum up to 0 (see ),

they all vanish. Similar considerations applied to & = e; and its successors
z; yield {2, F(w)dw = 0 for dist(y,e) = 2. In this way one can show that
integrating F' over an arbitrary cylinder gives 0. Hence F' = 0 dw-almost
everywhere. m

Let 2 € I'y. To the function f, corresponds the function F, € L?(£2, dw)

defined by
F, = Qg| =V dlzl . 1q,.
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Then
IFPe|? = | Fr(w) Fo(w) dw = ol (2)d™ - dw(2:) = ol (2) = || f2]1*.
2

Clearly, if z; # x; have a common predecessor, then F;, and Fj; are orthog-
onal as their supports are disjoint. Thus

d d
(1.29) Amazaifmi:g o G:ZaiFIieBm
i=1 i=1
is a one-to-one correspondence. Furthermore,

IGI = IFzll - V]ar? + - + |aal?
= 1ol - Va1 + -+ laal? = |lg].-

It follows that the mapping G — ¢ is a linear bijection between B, and A,
which, in addition, preserves the norm. We also define a mapping from Ag
onto By by

(1.30) for=Fo=0a9-1g,

which, clearly, is also a norm preserving linear bijection.
In view of Theorem and Fact all these bijections have a unique

extension to an injective isometry

(1.31) U: L2(2, dw) 22 NL(J).
For a fixed vertex y € I'y we define a functional on L?(£2, dw) by
F— (UF)(y).

As it is linear and bounded, it determines, by the Riesz Theorem, a unique
function P, (y,w) € L*(£2,dw) such that for all F € L%(§2, dw),

(1.32) UF)(y) = | Py, w) F(w) do
9
In particular, for a function g € A, and the corresponding G € B,,
(1.33) 9(y) = | P:(y,w)G(w) dw.
9]

In view of this formula, it is natural to call P,(y,w) the Poisson kernel.
It describes a relationship between functions in the deficiency space and
functions on the boundary of the tree.

We now state some of the properties of this kernel.

FacT 1.34. For a fized y € Iy,
(JP:(w))(y) = z- Pa(y,w)

dw-almost everywhere.
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Proof. Let y € I'; U{0}. It is sufficient to show that for all x € I'; U {0}
and G € B,

(JPz(ya ')7 G) = (ZPz(ya ')7 G)
Set g =UG € A,. Since A, C N,(J), g satisfies, in particular, the recurrence

relation ([1.3)) at y, i.e.
(J9)(y) =z - g(y).

In view of , we have
(J(g P.(-,w)G(w) dw)) () =2 | Py w)G(w) dw.
2 2

By the linearity of the integral, we get
J JP:(y,w)G(w) dw = | 2P (y,w)G(w) dw,
2 [0}

completing the proof. =

Now we are going to make use of automorphisms of I'y. By an automor-
phism we mean a mapping k: Iy — Iy such that

(Vo,y € I'y)  dist(kz, ky) = dist(x, y).

Observe that the root e is the only vertex in I'y of degree d. Clearly, auto-
morphisms preserve the degree of vertices. Therefore k(e) = e. In addition,
each automorphism of I'y extends to the boundary 2.

Note that J commutes with all isometries of I'y;. Each automorphism of I';
acts on functions in A, and in B, in a natural way. Namely, let k: [ — Iy
be an automorphism of I';. For any g € A, we put

(k9)(y) = g(k™'y).
Then
kg € Az and  rg(ky) = g(y).

Similarly, k& acts on functions in B,. Hence for the corresponding function
G € B, we have

G € By, and (;G)(kw) = G(w).
LEMMA 1.35. For any fized vertexy € Iy and an arbitrary automorphism
k of I,
P, (ky, kw) = P, (y,w)
dw-almost everywhere.

Proof. Let x € I;; U {0} and g € A,. By (1.33)) and the property of the
automorphism k, we have
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| P2y, w)G(w) dw = g(y) = rg(ky) = UG) (ky) = | Po(ky,w) - (xG)(w) dw.
2 (0]

Replacing w by kw in the last integral yields
| P.(y,w) - G(w) dw = | P.ky, kw) - (4G (kw) d(kw)
9 9}
= | P.(ky, kw) - G(w) d(kw).
2
By the invariance of the measure dw, we obtain

S P,(y,w) - G(w) dw = S P,(ky,kw) - G(w) dw.
(9} 2
Since G was an arbitrary function, the conclusion follows. m

Fix a path w € {2 and a vertex y € I';. Number the consecutive vertices
in w with the numbers 0,1, 2, ... starting with the root e,

w={wy, w1, wa,...}, wo=e.

The relative position of the path w and the vertex y can be described by two
nonnegative integers. Let n = n(y,w) denote the distance between y and w
and let m = m(y,w) be such that the vertex w,, € w realizes this distance,

n = dist(y,w) = dist(y, wm).

Obviously, |y| = m + n. One can say that on the way from the root e to the
vertex y we do exactly m steps along the path w and exactly n steps off w.

wo
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For instance, for y and w in the figure above (d = 2) we get n = m = 2.
Note that replacing y by ¥ gives the same numbers n and m.

FAcT 1.36. The value of the Poisson kernel P,(y,w) depends only on the
numbers m(y,w) and n(y,w) defined above.

Proof. Let y,y' € I'y and w,w’ € 12 satisfy
m(y,w) =m(y,«') and n(y,w)=rn(y,o).
Let k; be any automorphism on I; mapping w to w’. By assumption,

dist(k1y,w") = dist(y, w’) and both distances are realized by the same point
in the path w’. Hence, there exists an automorphism ks which fixes w’ but

maps k1y to y'. By Lemma we thus get
Pz(y,, w/) - PZ(kQ(kly)a k2w,) = Pz(klva/) = Pz(k1y7 k1w> = Pz(y, w)' u
To give an explicit formula for P,(y,w), we introduce some projections.
Let 7, denote the projection of £2(I;) onto the deficiency space
N.()= P 4
$EFdU{0}
(cf. Theorem [1.17)). Then for every f € £2(I;) we have
Wz(f) = Z Wz,x(f)v
el ,U{0}

where 7, ., denotes the projection of £2(I';) onto A,; in particular, 7, o is the
projection onto Ag.

FacT 1.37. Let x be a vertex in I'y and k = |x|+ 1. If y € I, is different
from x and y € I,, then

mealt) =250 1, - Zf%]

a2 (z)

Moreover, for all y € I'y we have

fe(y)
ag(z)

Proof. Since 7, ;(0,) € Az, there exist constants a; such that

7rz,0(5y) = - fe

Let g = Z;-lzl bj fz; be any element of A,. Then
(gvdy) = (Wz,:c(g)a(sy) = (gyﬂz,a:<(5y))~
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Since supp(fz;) € Iz, and y € I%,, we obtain

d
6y) = ijij(y) = bzf:m(y)

On the other hand, (fz,, fz,;) = 0 for i # j. Hence

d
(9, 72,2(0 Zb aj ||f:v]H = Z)'ijaij'
j=1

We thus get the equation

bi fo, (y ) = ai(z Zb a;

for any coefficients b; such that ijl ; = 0. Let b; = 1. Then setting
bj, = —1 for an arbitrary jo # ¢ yields

Fa(y) = ak(2) (@ — 5).
This means that the coefficients a; for all j # ¢ have the same value, as

Jo was chosen arbitrarily. Set a = a; for j # 4. Since the sum of all the
coefficients a; vanishes, we have a; = —(d — 1)a. It follows that

fai(y) = 0i(2) - [-(d — Da —a] = —da - ai(2),

whence
R ()
dai(z)
Summarizing,
_@-Dfl) o SuW)
Wz,m(éy) = W fa:Z ; dai(z) fm]

fai(y)

i (2)

The formula for 7, (d,) is clear as the vector generating the one-dimensional
subspace Ag is equal to (ag(z)) ! fe. Hence

T — (5y7f€) . — fe( ) -
2000) = e e = Gz e

In order to describe the action of 7, on d, it is necessary to consider all
the subspaces A, such that y € I',.
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COROLLARY 1.38. Lety € Iy have length n > 0. Let yo, y1,...,Yn be the
path from the root e to y = y,. Then

n d
fe() fui(y) 1
72 (0y) = 02 (2) 'fe“‘; a2(2) : fyi_djz::lf(yil)j ’
where (yi—1)j for j =1,2,... are all the successors of the vertex y;_.

Proof. Tt is sufficient to apply Fact to the sum

Wz(éy) = Z Wz,w(‘sy) = (WZ,yo + oy + o WZ,yn)(‘Sy)- L
wEFdU{O}

Note that in view of ((1.29) and (1.30)), the isometry U defined by (|1.31))

can be expressed by the formula

d d
U(ak(z)\/ch . Zai . llgxi) = Zaifzia
i=1 i=1

where k = |x;| = |z| + 1, and

(1.39) Uag(z) - 1g) = fe.

As the supports are disjoint for ¢ # j, the first formula can be written as
(1.40) Uloa(2)Vd* 10, ) = fu,-

Here comes the promised explicit formula for the Poisson kernel.

THEOREM 1.41. Let w € 2 and y € I'; be of length n. Then

Pz(yaw) = iz((yz)) : ]IQ—I_Z!Zh((Zy)) ’ \/Cﬁ |:]19y1 o (li]lﬂyi—l]’
i=1

where {Yo, Y1, ..., Yn} S the only path from the root e = yo to y = yn.
Proof. Applying (1.39)) and (|1.40) in Corollary yields
m=(dy) = U(S(y)),

where

AN SV T 1
S(y)_ O(Z) ]lQ+izl Oéi(Z) |:]l~Q~ 11992‘1:|'

o Vi d
For any F € L?(£2,dw) we have
UF(y) = (UF,6y) = (UF,m,(dy)).
On the other hand, by ,

]
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Hence
(F, P.(y,)) = (UF,m(dy)) = (UF,U(5(y))) = (F, S(y)),
which completes the proof. =

1.4. The spectrum of a selfadjoint extension. Our next aim is to
describe the spectral properties of J.

Recall that we are considering the case when J is not essentially selfad-
joint. For a fixed vertex x € I'; we define the linear subspace H, of £2(Iy)
to consist of those functions f € ¢?(I';) which satisfy

(1) Supp( ) C I\ {z},

(2) Zz 1 f(xl) - 0
(3) f is radial on each subtree I,
(4)

the value of f on a level of I, equals the value of f on the corre-
sponding level of I';; multiplied by f(z;)/f(x;).

Moreover, we set Ho = (2(I;).
FACT 1.42. The spaces H, C (*(I';), where x € I'; U{0}, satisfy

(1) J[H;] C Hy for every z,

(2) H, is closed for every x,

(3) Hy L Hy forxz #y,

(4) Doeruqoy Ho = lin{f € Hy :x € I3U{0}} is dense in 2(Iy).

Proof. Properties (1) and (2) are clear. Property (3) may be proved in
much the same way as Fact To prove (4), assume that g € ¢2(I}) is
orthogonal to every H, for x € I'; U {0}. In particular, as 6. € Hy,

0= (g:9c) = g(e).
The orthogonality to e, — d¢; € H gives

0= (ga(gei - 56]') = g(el) - g(ej)7
whence the values on the first level are all equal. Furthermore, since the
characteristic function yp of the first level is an element of Hy, we get

(9, x1) Zg (€i).

This means that g vanishes also on the ﬁrst level of I'y. Similar considerations
show that g is equal to 0 at each level of Iy. »

Let J, denote the restriction of J to H, N D(J). For x = 0 the operator
Jz has the matrix J" = Jj. For x € I'; the action of J, is associated with
the restricted matrix J7, where n = |z| + 1 (cf. (1.12))).

Since J is not essentially selfadjoint, neither is any of the matrices J
(cf. the beginning of Section . It is known that there exists a selfadjoint
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extension .J,, of J} and the spectrum of each selfadjoint extension is a discrete

set (cf. Theorem (0.10)).

Let J, be the operator with domain D(JNI) C H, associated with the
selfadjoint extension J|, 4. Hence its spectrum o(Jjy41) is a discrete set, so

J has a pure point spectrum (i.e. there exists a basis consisting of eigenvec-

tors). Define
I = > L

IEFdU{O}
with domain
=@ D(J,) =lin{f € *(Iy) : f € D(Jo)}.

Since the H, are invariant under J and their Hilbert orthogonal sum is the
whole ¢2(I’;), the operator .J is a selfadjoint extension of .J. Moreover, the
spectrum of this extension

o(J) = | o(Jx)
is also a pure point spectrum.
2. A Jacobi operator on a tree with one end. For a fixed number
d=2,3,4,... we consider an infinite homogeneous tree of degree d which is

partially ordered and locally looks like the one in the previous section but
upside down. For instance, if d = 3, the top levels of the tree look as follows:

$1 .TQ 333

VUV VVVVY
NS
//

In view of the figure above, it is intuitively clear what the partial order
in this tree is. All vertices with only one edge are on the zero level. Those at
distance 1 from the zero level have length 1, and so on. To be more precise,
this time we distinguish not a vertex but an infinite path w = {wg, w1, w2, ...}
where wq is any vertex with only one adjacent edge. The natural distance
dist(-, -) enables one to calculate the distance between a given vertex x and
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the path w, i.e. dist(z,w). Then, by the length of a vertex z we mean
|z| = n — dist(z,w),
where n is the index of the element of w which realizes the distance
dist(z,w) = dist(z,wy,).

In the figure above the fixed path w is indicated by a bold line. We have
|z] =3 —2 =1 and for y = wy we have |y| =2 — 0 = 2. It is clear that the
length | - | defined in this way is independent of the choice of w.

The set of all vertices with this partial order is denoted by Ag.

In the tree Ay, each vertex of length at least 1 has exactly d predecessors
and one successor. Each origin, i.e. a vertex with no predecessor, has length 0
and exactly one adjacent (downward) edge so also one successor. This time
there are infinitely many vertices of length 0. At each vertex, however, there
is just one downward edge so A4 can be said to be a homogeneous tree with
one end.

Just as for I';, the predecessors of a vertex x are denoted by z1,...,xq
and the successor by xg. In analogy with the previous section we also define
the action of the Jacobi operator J on the characteristic function ¢, of a
vertex |x| = n, namely

J(sx = /\n—1(5:c1 +-+ 5zd) + ﬁn(sa: + )\n(smo-
The domain of J consists of functions with finite support, i.e.
D(J) =1in{6, : & € Ag} C £2(Ag).

We keep the convention that A_; = 0, which makes the formula for J valid
also for vertices of length 0.

FACT 2.1. The deficiency space N,(J) of the operator J on £2(Aq) con-
sists of all square-summable functions v on Ay satisfying

(2.2) 20(x) = Ap—1(v(z) + - +v(2q)) + Bnv(x) + Apv(20)
for all x with |x| =n and all n > 0.
Proof. Just as for Iy, this follows by calculation:
0= (v,(J - 2)dz)
= (v, An—1(0zy ++ + 0zy) + Bnda + Anda, — 204)
= A—1(v(@1) + -+ v(zq)) + Buv(z) + Apv(zg) — 20(x). =
REMARK. Clearly, an equivalent formulation of the assertion is:
N.(J) = {v € P(Ag) : Ju(z) = z-v(z), x € Ag}.

Let A, denote the subtree of A; which ends at the vertex x. The subtree
A, is emphasized in the figure below.
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The following technical lemma is a direct preparation for the main the-
orem of this section.

LEMMA 2.3. Assume that v € (*(/Ay) satisfies the recurrence relation
(12.2)) for some z € C (possibly real). Let x € Agq have length n. Assume that
the values pi(z) of the orthogonal polynomials associated with the matriz J"
are nonzero for k =1,...,n. Then the values of v are constant on each level
of Ay. Moreover, if y € Ay and |y| =k > 0, then

v(y) = Vd* pi(z) - vo,
where vy is the value of v on the zero level of A,.

Proof. The proof is by induction on n.
(1) Fix a vertex x with |z| = n = 1. For each i = 1,...,d, by (2.2) for

T = x; we have
(z — Bo)v(x;) = Nov(z).

v(z) = z ;050 co(xy) = \/&pl(z) - U

Hence

as po(z) =1 and
2po(z) = Bopo(2) + Vd Ao pi(2).

(2) Assume that the assertion holds for some n > 1. Let = be any vertex
in A, of length n + 1. Each of its predecessors x; has length n so the values
of v on the kth level of A,, are constant and equal to VdF - pr(2) - v, where
va is the value of v on the zero level of A,,. By assumption, the recurrence

equation (2.2)) at x;,
d
(z = Bn) - v(z;) = Zv +)\n v(z),

7j=1
yields

(2= Bn) - V" pp(2) - vh = dAp—1 - VA" pp1(2) - vh + An - v(2).
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Hence
(Z — 5n)\/d7"pn(2) —dAp—1v dn_lpnfl(z) i

*Un.
A 0

v(z) =

Since {p, ()} satisfies (1.19), we get
v(z) = v - Vdr ! pii(2). =
Here is the main theorem.
THEOREM 2.4. The operator J on Ay is always essentially selfadjoint.

Proof. For a complex number z ¢ R all the coefficients \/dikpk(z) appear-
ing in Lemma [2.3] are nonzero, as all roots of the orthogonal polynomials p,,
are real. By Lemma if there existed a function satisfying all the equa-
tions , it would have to be nonzero and constant on levels of the whole
tree Ay. However, there are infinitely many vertices on each level, so such a
function cannot be square-summable. Therefore, N,(J) = {0}. =

THEOREM 2.5. The Jacobi operator J on Ay has a pure point spectrum,
i.e. there is an orthonormal basis consisting of eigenvectors for J. More-
over, o(J) coincides with the closure of the set of all roots of the orthogonal
polynomials p, associated with the matriz J.

Proof. Since J is essentially selfadjoint it suffices to find a set of eigen-
vectors which is linearly dense in D(J).

Fix x € Ag of length n > 1. We consider the subspace M, C D(J)
consisting of the functions with support in A,. Clearly,

dmM, =1+d+d>+ -+ d"

It is known that p, has exactly n real simple roots ti,...,t,. For a fixed
predecessor x; of x and for a fixed t; let f; ; € M, be given by

fiily) = @‘pk(tj) for y € Az, and |y| =k,
A I} fory ¢ Ag,.

Of course, f; ; satisfies (2.2]) with z = t; and for any « € A, different from x;.
Furthermore, since

fij(@) = 0= Vd" - pa(ty),
the equation also holds at x;. Hence, the linear combinations
fij—fiy fori=2,...,d
satisfy at x, i.e.
0=(z = Bn)(fr(@) = fij(®)) = An—1(f1(21) — fij (@) + An - O

because f1;(x1) = fi ().
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By the above, when j is fixed and ¢ varies from 2 to d, the functions
f1,j — fij satisty for z = t; at every vertex of Ag, i.e.
Hence they are eigenfunctions associated with the eigenvalue t;. Clearly,
there are d — 1 of them and they form a linearly independent system since
the functions f; ; are pairwise orthogonal for i = 1,...,d as functions with
disjoint supports.

In this way, for a fixed vertex of length n, we have indicated exactly
n - (d — 1) linearly independent eigenfunctions associated with this vertex.
In the entire subtree A, there are d”~* vertices of length k. Of course, the
eigenfunctions corresponding to two such vertices of the same length k are
orthogonal as their supports are disjoint. Moreover, if two vertices are such
that one is in the subtree associated with the other, the corresponding eigen-
functions are also orthogonal, because on each level of the smaller tree one
function has a constant value while the values of the other sum to zero (cf.
the proof of Fact . Therefore, the number of all eigenfunctions of J thus
defined with support in A, is equal to

d—1)-> k-d"™*
k=1

and they are all linearly independent.
Let V, C M, denote the linear subspace spanned by the eigenvectors
defined above and with support in A,. Then

dimV, =(d-1)-) k-d"F=1+d+d+---+d") - (n+1).
k=1

Since there are n+ 1 levels in A, there exist exactly n + 1 linearly inde-
pendent functions in M, which are constant on the levels of A,. Therefore,
the equality

dim M, = dimV, + (n + 1),
obtained above, means that the orthogonal complement of V,, in M, consists
only of functions constant on levels of A,.

To complete the proof it suffices to show that no square-summable and
nonzero function is orthogonal to every V. Assume that f € £2(Ay) satisfies

Ve € Ay fJ_Vx.

Then f is constant on levels of A, for each x € A4. Hence f is constant on
levels of Ay4. But f is square-summable. Therefore f =0. »
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