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Abstract

The work is dedicated to investigating a limiting procedure for extending “local” integral op-
erator equalities to “global” ones in the sense explained below, and to applying it to obtaining
generalizations of the Newton—Leibniz formula for operator-valued functions for a wide class of
unbounded operators. The integral equalities considered have the form

o(e) [ fo(Re) dulz) = (R). W
They involve functions of the kind
X s>z fu(Rr) € B(F),

where X is a general locally compact space, F' runs over a suitable class of Banach subspaces of a
fixed complex Banach space G, in particular F' = G. The integrals are with respect to a general
complex Radon measure on X and the o(B(F), Nr)-topology on B(F), where N is a suitable
subset of B(F')*, the topological dual of B(F). Rr is a possibly unbounded scalar type spectral
operator in F such that o(Rr) C o(R¢g), and for all z € X, f; and g, h are complex-valued
Borelian maps on the spectrum o(R¢g) of Ra. If F # G we call the integral equality (1) “local”,
while if F' = G we call it “global”.
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Introduction

In this work we investigate a limiting procedure for extending “local” integral operator
equalities to “global” ones in the sense explained below, and apply it to obtain general-
izations of the Newton—Leibniz formula for operator-valued functions for a wide class of
unbounded operators.

The integral equalities considered have the form

o(Re) [ £2(Re) du) = h(Re). )
They involve functions of the kind
X 52 fo(Rr) € B(F),

where X is a general locally compact space, F' is a suitable Banach subspace of a fixed
complex Banach space G, for example F' = G. The integrals are with respect to a general
complex Radon measure on X and the o(B(F),NF)-topology (}) on B(F). Rr is a
possibly unbounded scalar type spectral operator in F' such that o(Rp) C o(Rg), and
for all z € X, f, and g,h are complex-valued Borelian maps on the spectrum o(Rg)
of Rg.

If F # G we call the integral equalities (2) “local”, while if FF = G we call them
“global”.

Let G be a complex Banach space and B(G) the Banach algebra of all bounded
linear operators on G. Scalar type spectral operators in G were defined in [DS, Definition
18.2.12] (?) (see Section 1.1), and were created for providing a general Banach space
with a class of unbounded linear operators for which it is possible to establish a Borel
functional calculus similar to the well-known one for unbounded self-adjoint operators in
a Hilbert space.

We start with the following useful formula (3) for the resolvent of T':

0
(T — 1)~ = z/ e AT gt (3)

—0o0

(*) Here N is a suitable subset of B(F)*, the topological dual of B(F), associated with the
resolution of the identity of Rp.

() For the special case of bounded spectral operators on G see [Dow].

(3) An important application of this formula is in proving the well-known Stone theorem
for strongly continuous semigroups of unitary operators in Hilbert space (see Theorem 12.6.1
of [DS]). In [Dav] it has been used to show the equivalence of uniform convergence in strong
operator topology of a one-parameter semigroup depending on a parameter and the convergence
in strong operator topology of the resolvents of the corresponding generators (Theorem 3.17).
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6 B. Silvestri

Here A € C with Im(X) > 0 and the integral is with respect to the Lebesgue measure and
the strong operator topology on B(G) (*). It is known that this formula holds for

e any bounded operator T € B(G) on a complex Banach space G with real spectrum
o(T) (see for example [LN]);

e any infinitesimal generator T" of a strongly continuous semigroup in a Banach space
(see Corollary 8.1.16 of [DS]), in particular for any unbounded self-adjoint operator
T:D(T) C H— H in a complex Hilbert space H.

Next we consider a more general case. Let S be an entire function and L > 0. Then
the Newton—Leibniz formula

R /u " % (tR) dt = S(usR) — S(ur R) (4)

for all uy,up € [—L, L] is known for any element R in a Banach algebra A, where S(tR)
and %(tR) are understood in the standard framework of analytic functional calculus
on Banach algebras, while the integral is with respect to the Lebesgue measure and the

norm topology on A (see for example [Rud, Dieu, Schw]). If E is the resolution of the
identity of R then for all U € B(C) (°),

LEW) ={f:C—C||fxvl% < oo}
Here yy : C — C is equal to 1 in U and 0 in CU, and for all maps F': C — C,

F OEO = F-esssup |[F(\)| := inf sup |[F'(N)].
11 AeC F {5€B(C)\E(5):1}/\65| 9l

1

See [DS].
We say (see Definition 2.11) that A is an E-appropriate set if

e N C B(G)* is a linear subspace;
e N separates the points of B(G), i.e.
(VT € B(G) - {0})(3w € N)(w(T) # 0);
e (Vw e N)(Vo € B(C)) we have
woR(E(c)) e N and wo L(E(0)) €N. (5)
Moreover, we say that A is an E-appropriate set with the duality property if in addition
N* C B(G). (6)

Here for any Banach algebra A, so in particular for A = B(G), we define R : A — A4
and £: A — A4 by

R(T):A>h—The A, L(T):A>h— hT €A, (7)
(*) Notice that if ¢ := —iX and Q := iT, then the equality (3) turns into

(Q+¢1) ' = /Do e e 9 g,

0

which is referred to in IX.1.3 of [Kat] as the fact that the resolvent of @ is the Laplace transform

of the semigroup e~?*. Applications of this formula to perturbation theory are in IX.2 of [Kat].
(°) B(C) is the class of all Borelian subsets of C.
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for all T € A. Notice that for all T,h € A we have |R(T)(h)]|a < |T||allh|la and
IL(T)(h)l|a < [IT]|.al[Po]].4, so
R(T),L(T) € B(A) (8)
with
IRM)eay < 1Tla, LD IBeay < T ||a- (9)
Since £ and R are linear mappings we can conclude that

{ﬁ,R € B(A, B(A)),
IRl B(a,BAY 1] BA,BAY) < 1.

In (6) we mean

(3Yo € B(G))W* = {AIN | A € Yp}),

where (%) : B(G) — B(G)** is the canonical isometric embedding of B(G) into its bidual.

In this work the following generalizations of (4) are proved for the case when R : D C
G — @G is an unbounded scalar type spectral operator in a complex Banach space G, in
particular when R : D C H — H is an unbounded self-adjoint operator in a complex

Hilbert space H. We assume that S : U — C is an analytic map on an open neighbourhood
U of the spectrum o(R) of R such that there is L > 0 such that |-L,L[- U C U and

5 ¢ L (o(R)), (ds) e £3(o(R))

dX
for all t € |—L, L[, where (S);()\) := S(t\) and (%)t(x) = 93(tA) for all t € |—L, L]
and A € U, while for any map F' : U — C we let F' be the 0-extension of F' to C. The
following statements are proved:

o If

71

dr ),
and for all w € N the map |—L,L[ > t — w(%5(tR)) € C is Lebesgue measurable,
then in Corollary 2.33 it is proved that formula (4) holds where the integral is the
weak integral (°) with respect to the Lebesgue measure and the o(B(G), N')-topology

for any E-appropriate set A/ with the duality property. Moreover, in Corollary 2.34 it

is proved that formula (4) also holds when (%) ., € £ (0(R)) almost everywhere on

|—L, L[ with respect to the Lebesgue measure.
e In particular, it is proved that formula (4) holds where the integral is the weak integral

B
dt < oo (11)

o0

with respect to the Lebesgue measure and the sigma-weak operator topology, when G
is a Hilbert space (Corollary 2.35).

e If in addition to (11), G is a reflexive complex Banach space then in Corollary 2.36 it
is proved that formula (4) holds where the integral is the weak integral with respect to
the Lebesgue measure and the weak operator topology.

(°) See formula (21) below.
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=
ax ),
then in Theorem 1.25 it is proved that formula (4) holds where the integral is with

respect to the Lebesgue measure and the strong operator topology.
e In Theorem 1.23 it is proved that if in addition to (12),

E

sup < 00, (12)

te]—L,L[

oo

sup [|(S)el|% < oo,

te]—L,L| H
then for all v € D the mapping |-L,L[ > t — S(tR)v € G is differentiable, and
(Mv e D)(Vt € |-L,L[)

@ =R % (tR)v. (13)
e In Corollary 1.27 formula (3) is deduced from formula (4) for any unbounded scalar

type spectral operator T : D(T) C G — G in a complex Banach space G with real

spectrum.

In these statements %(tR) and S(tR) are understood in the framework of the Borel
functional calculus for unbounded scalar type spectral operators in G. See Definition
18.2.10 in Vol. 3 of the Dunford-Schwartz monograph [DS] (also see Section 1.1).
In order to prove equality (4) when R is an unbounded scalar type spectral operator
in G, we proceed in two steps. First of all we consider the Banach spaces G, := E(0,)G
where o, := B, (0) C C, with n € N, the bounded operators R,, := RE(cy,), and their
restrictions R,, [G,,. Then by Key Lemma 1.7 the operators R, [G,, are bounded
scalar type spectral operators on Gy, , and for all x € G,
S(R)x = },ié% S(Ry, 1Go, ) E(opn)x (14)
and
Y2 ds
(Ran rGon) / ﬁ(t(Ron rGan)) dt = S(u2 (Ran {Gan)) - S(Ul(Ron TGan))~ (15)
w1
The second and most important step is to set up a limiting procedure, which allows one,
by using the convergence (14), to extend the “local” equality (15) to the “global” one (4).
As we shall see below, such a limiting procedure can be set up in a very general context.
First we wish to point out that the following equalities for allm € N and ¢ € |—L, L[, which
follow from Key Lemma 1.7, are essential for making this limiting procedure possible:
O R E@) = 2 1Ry, 1G,,) Bo), .
S(tR)E(on) = S(t(Ro, 1Go,))E(on).

We note that in (15) one cannot replace R, [G,, with the simpler operator R,
for the following reason. Although R, is a bounded operator on G for n € N and
Rx = lim,en Ry, x in G, in general R, is not a scalar type spectral operator, hence the
expression %5 (tR,, ) is not defined in the Dunford-Schwartz functional calculus for scalar
type spectral operators, which turns out to be mandatory when using general Borelian
maps not necessarily analytic.
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Next we formulate a rather general statement allowing one, by using a limiting pro-
cedure, to pass from “local” equalities similar to (15) to “global” ones similar to (4).
We generalize (4) in several directions. We replace

e the operator R to the left of the integral by a function g(R), where g is a general
Borelian map on o(R) (7),

e the compact set [u1,us] and the Lebesgue measure on it by a general locally compact
space X and a complex Radon measure on it respectively,

e the map [uy,us] 3t — (95), € Bor(c(R)) by the map X 3 z — f, € Bor(c(R)) such
that fz € £¥(0(R)) where f; is the 0-extension of f, to C, and the map X > = —
fz(R) € B(G) is strongly integrable with respect to the measure u (®);

e the map S,, — S,, by a Borelian map h on o(R) such that h € £%(o(R)).

One of the main results of the work is Theorem 1.18 where we prove that if {0y, }nen is
an E-sequence (), and (1) for all n € N

R, 1G,, = RE(0,)[(G,, NDom(R)), (17)

and for all n € N the following local inclusion

9(Ro, 1) / fo(Ro, 1Go, ) da(z) € h(Ro, 1Go,) (18)

holds, then h(R) € B(G) and the global equality holds, i.e.

4(R) / f+(R) du(x) = h(R). (19)

Here all the integrals are with respect to the strong operator topology.

Now we can describe the Extension Theorem and the Newton—Leibniz formula for
the integration with respect to the o(B(G), N )-topology, where N is a suitable sub-
set of B(G)*, which, roughly speaking, is the weakest among reasonable locally convex
topologies on B(G) for which the aforementioned limiting procedure can be performed.

In Section 2.2 we recall the definition of scalar essential p-integrability and the weak
integral of maps defined on X and with values in a Hausdorff locally convex space, where
1 is a Radon measure on a locally compact space X.

Here we need just to apply these definitions to the case of o(B(G),N), i.e. the weak
topology on B(G) defined by the standard duality between B(G) and N where N is a
subset of the (topological) dual B(G)* of B(G) that separates the points of B(G).

(") The most interesting case is when the operator g(R) is unbounded.

(%) This means that X > 2 + f,(R)v € G is integrable with respect to the measure u for
all v € G, in the sense of Ch 4, §4 of Bourbaki [INT], and the map G 3v— [ fo(R)vE Gisa
(linear) bounded operator on G.

(°) By definition this means that for all n € N, a,, € B(C); for all n,meN, n>m = 0, Dom;
supp(E) C UnEN or; hence we have limpen E(0n) = 1 strongly.

(*%) By Key Lemma 1.7, R, [Go, is a scalar type spectral operator in the complex Banach
space G, , but in contrast to the previous case where o, := By (0) was bounded, here o, could
be unbounded so it may happen that G, ¢ Dom(R), hence the restriction Ry, [Go,, of Ro, to
G, has to be defined on the set G, NDom(R), and it could be an unbounded operator in Go,, .
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Thus f : X — (B(G),c(B(G),N)) is by definition scalarly essentially u-integrable
or equivalently f : X — B(G) is scalarly essentially u-integrable with respect to the
a(B(G), N)-topology on B(G) if for all w € N the map wo f : X — C is essentially
p-integrable (1), so we can define its integral as the linear operator

N9w0—>/ )eC.

Let f: X — (B(G),o(B(G),N)) be scalarly essentially u-integrable and assume that

(3B € B(G))(Yw € N) (w(B) = / w(f (@) du(w) ). (20)
Notice that the operator B is uniquely defined by this condition. In this case, by definition
f:X = (B(G),0(B(G),N)) is scalarly essentially (1, B(G))-integrable or f : X — B(G)
is scalarly essentially (u, B(G))-integrable with respect to the o(B(G), N)-topology, and

its weak integral with respect to the measure p and the o(B(G),N)-topology, or simply
its weak integral, is defined by

[ f@ duto) = B. (21)
Next we can state the main result of this work (see Theorem 2.25).

THEOREM 0.1 (0(B(G), N)-Extension Theorem). Let G be a complex Banach space, X a
locally compact space, and v a complex Radon measure on it. In addition let R be a pos-
sibly unbounded scalar type spectral operator in G, o(R) its spectrum, E its resolution of
the identity, and N an E-appropriate set. Let X > x — f, € Bor(c(R)) be such that fw €
£¥(0(R)) p-locally almost everywhere on X and X 3 x +— fz(R) € (B(G),o(B(GQ),N))
is scalarly essentially (u, B(G))-integrable. Finally, let g,h € Bor(c(R)) and h €
L£¥(0(R)). If {on}nen is an E-sequence and for alln € N,

9(Ro, 1Go) / fo(Ro, 1Go, ) da(z) € h(Ro, 1Go,) (22)
then h(R) € B(G) and
R) / £+(R) du(z) = h(R). (23)

In (22) the weak integral is with respect to the measure p and the o(B(Gy, ), Ny, )-
topology (12), while in (23) it is with respect to p and the o(B(G), N')-topology.
Notice that g(R) is a possibly unbounded operator in G.

We list the most important results that allow us to prove Theorem 2.25:

e Key Lemma 1.7;
e “Commutation” property (Theorem 2.13):

(vo € BO)| [ (B dut). E)] = 0 (24)

(*!) See for the definition Ch. 5, §1, n° 3 of [INT].
(*?) N, is, roughly speaking, the set of the restrictions to B(G, ) of all the functionals
belonging to N. For the exact definition and properties see Definition 2.20 and Lemma 2.17.
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e “Restriction” property (Theorem 2.22): for all o € B(C) we have f,(R,[G,) € B(Gy)
p-locally almost everywhere on X, X 3 z — f,(R,[G,) € (B(Gy),0(B(Gs),Ny)) is
scalarly essentially (u, B(G,))-integrable, and

[ £BaiGo)duto) = [ () duta) 1o (25)
e the fact that
Dom (g(R) /fE(R) du(x)) is dense in G.

We remark that the reason for introducing the concept of an F-appropriate set is
primarily to obtain the commutation and restriction properties.
Now we define

Nt (G) = (B(G), 7(G))" = Lc({thp,0) | (4,v) € G x G}). (26)

Here (B(G), 7st(G))* is the topological dual of B(G) with respect to the strong operator
topology, ¥(g) : B(G) > T + ¢(Tv) € C, while £¢(J) is the complex linear space
generated by the set J C B(G)*. Then o(B(G), Nst(G)) is the weak operator topology
on B(G), and N (G) is an E-appropriate set for any spectral measure F.

Moreover, we set, in the case where G is a complex Hilbert space,

Npd(G) := predual of B(G),

which is by definition the linear space of all sigma-weakly continuous linear functionals
on B(G).
Note that
Noa(G)* = B(G). (27)

(See Theorem 2.6(iii), Ch. 2 of [Tak], or Proposition 2.4.18 of [BR]). Here we mean that
the normed subspace N,q(G)* of the bidual B(G)** is isometric to B(G), through the
canonical embedding of B(G) into B(G)**.

Hence we can apply the Extension Theorem 2.25 to the case N := N (G) or N :=
Npd(G) and use the following additional property which is proved in Proposition 2.23:

(Nt (@) = Nt (Go)  and - (Mpa(G))o = Nya(Go). (28)

The reason for introducing the concept of duality property for E-appropriate sets is
primarily to ensure that a map f: X — (B(G),o(B(G),N)) that is scalarly essentially
p-integrable is also (u, B(G))-integrable.

As an application of this fact and of the Extension Theorem we obtain the Newton—
Leibniz formula in (4) by replacing A with B(G), R with an unbounded scalar type
spectral operator in a complex Banach space G, by considering S analytic in an open
neighbourhood U of ¢(R) such that |—-L,L[- U C U, and the integral with respect to
the o(B(G), N )-topology, where A is an E-appropriate set with the duality property
(Corollary 2.33).

Finally, in a similar way we obtain the corresponding results for the sigma-weak
operator topology (Corollary 2.35), and weak operator topology (Corollary 2.36). The
last result is a complement to Theorem 1.25.
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Summary of the main results

Let G be a complex Banach space, R an unbounded scalar type spectral operator in
G, for example an unbounded self-adjoint operator in a Hilbert space, o(R) its spectrum
and F its resolution of identity. The main results of the work are the following:

e Extension procedure leading from local equality (22) to global equality (23) for integra-
tion with respect to the o(B(G), N)-topology (Theorem 2.25 if A/ is an E-appropriate
set and Corollary 2.26 if N is an E-appropriate set with the duality property).

e Extension procedure leading from local equality (22) to global equality (23) for inte-
gration with respect to the sigma-weak topology (Corollary 2.28 and Theorem 2.29)
and for integration with respect to the weak operator topology (Corollary 2.27 and
Theorem 2.30 or Theorem 1.18 and Corollary 1.19).

e Newton—Leibniz formula (4) for a suitable analytic map S for integration with respect
to the o(B(G), N)-topology, where N is an E-appropriate set with the duality property
(Corollaries 2.33 and 2.34); for integration with respect to the sigma-weak topology
(Corollary 2.35) and for integration with respect to the weak operator topology (Corol-
lary 2.36 and Theorem 1.25).

e Differentiation formula (13) for a suitable analytic map S (Theorems 1.21 and 1.23).

A new proof for the resolvent formula (3) via formula (4) (Corollary 1.27).

1. Extension theorem. The case of the strong operator topology

1.1. Key lemma

PRELIMINARIES 1.1 (Integrals of bounded Borelian functions with respect to a vector
valued measure). In the following, G := (G,|| - ||g) will be a complex Banach space.
Denote by Pr(G) the class of all projectors on G, that is, the class of P € B(G) such
that P? = P.

Consider a Boolean algebra Bx (see Sec. 1.12 of [DS]) of subsets of a set X, with re-
spect to the order relation defined by 0 > ¢ < ¢ 2O § and complemented by the operation
o' := [o. In particular, By contains () and X and is closed under finite intersections and
finite unions.

The map E : Bx — B(G) is called a spectral measure in G on By, or simply on X if
X is a topological space and By is the Boolean algebra of its Borelian subsets, if

E(Bx) C Pr(G);

(1)

(2) (VO’l,Ug S Bx)( (0'1 N 0'2) = E(O’l)E(O'Q)>;

(3) (VO‘l,O'Q S Bx)( (0‘1 @] 0'2) = E(O‘l) + E(Ug) — E(O’l)E(Ug));
(4) B(X) =

(5) E(0) =

(

See Definition 15.2.1 of [DS].)
If condition (3) is replaced by
(3") (Vo1,090 € Bx | 01 Noy = 0)(E(c1 Uoy) = E(01) + E(02)),

we obtain an equivalent definition.
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Notice that if F is a spectral measure in G on B, then it is a Boolean homomorphism
onto the Boolean algebra E(Bx ) with respect to the order relation induced by that defined
in Pr(G) by P > Z & Z = ZP, and complemented by the operation P’ := 1— P. Indeed,
for all 0,6 € Bx we have § Co = E(§) = E(6No) = E(0)E(c) & E(§) < E(o), while
1= E(cUCo) = E(0) + E(Co).

A spectral measure F is called (weakly) countable additive if for all sequences {&, } nen
C Bx of disjoint sets, all z € G and all ¢ € G* we have

qb(E( U sn)x) = Z d(E(en)x).
neN n=1
If Bx is a o-field, i.e. a Boolean algebra closed under the operation of forming countable

unions, Corollary 15.2.4 of [DS] shows that E is countably additive with respect to the
strong operator topology, i.e. for all sequences {e,}neny C B(C) of disjoint sets and for

all z € G we have (1)
E(U an)x: ZE(En)ZL‘: ZE(En):L‘ (1.1)
neN n=1 neN
Since E(U,en€n) = E(U,pen €p(n)) for any permutation p of N, we have Y0 | F(e,)x =
> ome i E(ep(ny)x for all z € G, therefore by Proposition 9, §5.7, Ch. 3 of [GT] we obtain the
second equality in (1.1). By B(C) we denote the set of the Borelian subsets of C, and by
Bor(U) the complex linear space of all Borelian complex maps defined on a Borelian sub-
set U of C. We denote by TM the space of totally B(C)-measurable maps (?), which is the
closure in the Banach space (B(C), ||+ ||sup) of all bounded complex functions on C with re-
spect to the norm ||g||sup := supyec [g(A)], of the linear space generated by the set {x, | &
€ B(C)}, where x, is the characteristic function of the set 0. (TM, || - ||sup) is & Banach
space, and the space of all bounded Borelian complex functions is contained in TM, so is
dense in it. Finally, (TM, || - ||sup) is & C*-subalgebra, in particular a Banach subalgebra,
of (B(C), || |lsup) if we define the pointwise operations of product and involution on B(C).
Let X be a complex Banach space and F' : B(C) — X a weakly countably finite
additive vector valued measure (see Section 4.10 of [DS]). Then we can define the integral
with respect to F' (see Section 10.1 of [DS]), which will be denoted by [. fdF. The
operator

Ig:TMBfH/CdeGX (1.2)

is linear and norm-continuous (*). We have the following useful property: if Y is a C-
Banach space and ) € B(X,Y’), then

QoIf =12°" (1.3)
(see Theorem 4.10.8(f) of [DS]).

(') By definition (see Ch. 3 of [GT]), v = 3,y E(en)z if v = limjep, ) >, Elen)z,
where P, (N) is the directed ordered set of all finite subsets of N ordered by inclusion.

(?) In [DS] denoted by B(C, B(C)), while by using the notations of [Din2] and considering C
as a real Banach space we have TM = TMg(B(C)).

(3) Notice that if we identify B(G) with B(R, B(G)) and recall that TM = TMg(B(C)),
then with the notations of Definition 24, §1, Ch. 1 of [Din2] we find that IE is the immediate
integral with respect to the vector-valued measure E : B(C) — B(R, B(G)).
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If X := B(G), the case we are most interested in, as an immediate consequence of this
property and the fact that the map Q. : B(G) 2 A — Az € G is linear and continuous
for all x € G, we have

(v € G)(vf € TM)(IE(f)z = I¢ (1)), (14)
Here F* : B(C) > o +— F(o)z. Finally, if F is a spectral measure on C, then IE is
a continuous unital homomorphism between the Banach algebras (TM, || - ||lsup), and

(B(G), || - Il 5(c)) and TE (Xsupp £) = 1 (see (1.5) and Section (2), Ch. 15 of [DS]).

Borel functional calculus for possibly unbounded scalar type spectral opera-
torsin G. If T: D(T) C G — G is a possibly unbounded linear operator then we denote
by o(T) its standard spectrum. A possibly unbounded linear operator T: D(T) C G — G
is called a spectral operator in G if it is closed and there exists a countably additive spec-
tral measure F : B(C) — Pr(G) such that

(i) for all bounded sets 6 € B(C),
E(0)G € D(T);
(ii) (V6 € B(C))(Vxz € D(T)) we have
E(6)D(T) € D(T),

. TE(§):E = E(0)Tx;

(iii) for all § € B(C) we have
o(TI(D(T) N E(5)G)) C .
Here o(T[(D(T)N E(0)G)) is the spectrum of the restriction of T to D(T) N E($)G.

(See Definition 18.2.1 of [DS].) We call any E with the above properties a resolution of
the identity of T. Theorem 18.2.5 of [DS] states that the resolution of the identity of a
spectral operator is unique.

Finally, the support of a spectral measure F on Bx is the set

supp F := ﬂ o
{o€Bx|E(0)=1}
It is easy to see (%) that
E(supp E) = 1. (1.5)

Notice that an unbounded spectral operator T is closed by definition. Now we will show
that T is also densely defined. In fact, if F is the resolution of the identity of T and if
{on}nen C B(C) is a nondecreasing sequence of Borelian sets such that o(T") C |, ey on;
then by the strong countable additivity of E and the fact that E(o(T)) = 1 we can
deduce 1 = lim, ¢y E(0,,) in the strong operator topology of B(G) (see (1.18)). Now we

(*) Indeed, let S := supp E. Then CS = U{aeBX\E(a):l} C&. Moreover, E is order-preserving
so for all ¢ € Bx such that F(c) = 1 we have E(07) < E(Cos) = 1 — E(c) = 0. Hence by the
definition of the order E(C&) = E(C)0 = 0. Therefore by the principle of localization (Corollary,
Ch. 3, §2, n° 1 of [INT]) which holds also for vector measures (footnote in Ch. 6, §2, n° 1 of
[INT]) we deduce that E(CS) = 0. Finally, E(S) =1 — E(CS) = 1.
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can choose {0y, }nen such that o, := B,(0) := {\ € C| |\ < n}, or g, := W(0,2n) :=
{A € C | |Re(N)] < n,|Im(N)] < n}. But by the property (i) of Definition 18.2.1 of [DS],
we know that for all bounded sets o € B(C) we have E(0)G C Dom(T). Therefore we
conclude that for all v € G, v = lim,en E(0op)v, and for all n € N, E(o,)v € Dom(T), so
Dom(T) is dense in G.

We remark that for each possibly unbounded spectral operator T" in G, denoting by
o(T) its spectrum and by E : B(C) — Pr(G) its resolution of the identity, we deduce by
Lemma 18.2.25 of [DS] that o(T) is closed and supp E = o(T'), so by (1.5),

E(o(T)) = 1.

Now we will give the definition of the Borel functional calculus for unbounded spectral
operators in a complex Banach space G, essentially the same as in Definition 18.2.10
of [DS].

DEFINITION 1.2. Let X be a set, S C X, V a vector space over K € {R,C}, and
f S — V. Then we define fX , or simply ]7 when it causes no confusion, to be the
O-extension of f to X, i.e. f: X — V with ]7[5 = f and f(w) =0forallz e X -5,
where 0 is the zero vector of V.

DEFINITION 1.3. Assume that

e F:B(C) — Pr(G) is a countably additive spectral measure and S its support;
e f € Bor(95);

e for all ¢ C C we define f, : C — C by f, :zf-xg;

e J, :=[—n,+n] and

o= figi-160)-
Here (Yo C C)(¥g: D — C)(g~(0) :i= (A €D | g(\) € o)),
Of course f,, € TM for all n € N so we can define the following operator in G:
Dom(f(E)) := {z € G | limyen IE(f,)z exists},
{(Vx € Dom(f(E)))(f(E)z := lim,en IE (fn)x).

Here all limits are considered in the space G. We call the map f +— f(FE) the Borel
functional calculus of the spectral measure E.

(1.6)

In the case where F is the resolution of the identity of a possibly unbounded spectral
operator T, recalling Lemma 18.2.25 of [DS] stating that o(7T') is the support of E, we
can define f(T') := f(E) for any map f € Bor(o(T')) and call the map

Bor(o(T)) > f — f(T)
the Borel functional calculus of the operator T.
DEFINITION 1.4 (18.2.12 of [DS]). A spectral operator of scalar type in G or a scalar type

spectral operator in G is a possibly unbounded linear operator R in G such that there
exists a countably additive spectral measure E : B(C) — Pr(G) with support S and the

property
R =1(E).
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Here 2 : S 2 A — X € C, and «(E) is relative to the Borel functional calculus of the
spectral measure . We call E a resolution of the identity of R.

Let R be a scalar type spectral operator in GG, and E a resolution of the identity of R.
Then we have the following statements by [DS]:

e T'is a spectral operator in Gj
e E is the resolution of the identity of T as spectral operator;
e [ is unique.

DEFINITION 1.5 ([DS]). Let E : B(C) — Pr(G) be a countably additive spectral measure
and U € B(C). Then the space of all E-essentially bounded maps is

LEW) ={f:C—C||fxvl% < oo}
Here xy : C — C is the characteristic map of U, and for each map F': C — C,

F||E .= E-esssup |[F(\)| := inf sup |F'(A)].
1l ssup [P = g dif gy SR F OV
For a Borelian map f : U D o(R) — C with U € B(C), we define f(R) to be the
operator (f[o(R))(R). Let g : U C C — C be a Borelian map. Then g is E-essentially
bounded if

E-esssup |[g(\)] == [|9]|Z, < 0.
ACU

See Definition 17.2.6 of [DS]. One formula arising by Spectral Theorem 18.2.11(i) of [DS],
which will be used many times in this work, is the following: for all Borelian complex
functions f : 0(R) — C and for all ¢ € G* and y € Dom(f(R)),

o(f(R)y) = /Cde(¢,y>- (1.7)

Here G* is the topological dual of G, that is, the normed space of all C-linear and
continuous functionals on G with the sup norm, and for all ¢ € G* and y € G we define
Ey) : B(C) 3 0 — ¢(E(0)y) € C. Finally, if P € Pr(G) then (P(G), | - [|p(g)) with
- llp@) == || - lalP(G), is a Banach space. In fact, let {v,}nen C G be such that
v = lim,en Pv, in || - ||g. Since P = P? is continuous we have Pv = lim, ey P%v,, =
lim,en P, = v, so v € P(G). Thus P(G) is closed in (G, || - [|@) , hence (P(G), | - |p())
is a Banach space. If E : By — Pr(G) is a spectral measure in G on By and o € By,
then we shall denote by GZ or simply G, the complex Banach space F(c)G, without
indicating its dependence on E whenever it causes no confusion. In addition for any
possibly unbounded operator @ in G we define, for all ¢ € By, the following possibly
unbounded operator in G:

Qo == QE(0).
Finally, we shall denote by B,(C) the subclass of all bounded subsets of B(C).

DEFINITION 1.6. Let F' be a C-Banach space, P € Pr(F) and S : Dom(S) C F — F.
Then we define

SP|P(F) := SP|(P(F) N Dom(SP)). (1.8)
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Notice that as P2 = P we have P(F) N Dom(S) = P(F) N Dom(SP), and that
SPIP(F) = S[(P(F) N Dom(S)).
Moreover, if PS C SP then
SPIP(F): P(F)NDom(S) — P(F).

That is, SP|P(F) is a linear operator in the Banach space P(F).
Let E : By — Pr(G) be a spectral measure in G on By, 0 € By, and Q a possibly
unbounded operator in G such that E(0)Q C QE(c). Then
QoG : Go NDom(Q) — G,

In particular, if R is a possibly unbounded scalar type spectral operator in G, F its
resolution of the identity, and f € Bor(o(R)), then by Theorem 18.2.11(g) of [DS], for
all o € B(C) we have

E(o)f(R) C f(R)E(0).
Hence for all o € B(C),

{Rg |Gy = Ry [(Go N Dom(R)) = RI(G, N Dom(R)), (1.9)

f(R)U G, = f(R)U T(Ga N Dom(f(R))) = f(R) r(Go N DOHI(f(R)))

are linear operators in G,. Finally, E(c(R)) = 1 implies E(c) = E(c No(R)) for all
o € B(C), so by (1.9),

{RU TGJ = RO’ﬁO’(R) rGaﬁa(R% (1 10)

f(R)U rGa = f(R)crﬁo(R) FGJOU(R)'
LEMMA 1.7 (Key Lemma). Let R be a possibly unbounded scalar type spectral operator

in G, E its resolution of the identity, o(R) its spectrum, and f € Bor(c(R)). Then for
all 0 € B(C):

(1) R,|Gys is a scalar type spectral operator in G, whose resolution of the identity Eg is
such that for all 6 € B(C),

E,(0) = E(0)!G, € B(G,),

(2) f(R)cr Gy = f(RU fGa%
(3) for all g € Bor(o(R)) such that g(oc No(R)) is bounded, we have

9(R)E(0) =1 (7 xo) € B(G).

Proof. Let o € B(C). Since E(oc N§) = E(6)E(0) = E(0)E(J) for all § € B(C), and
E(0)!Gs = 1,, the unity operator on G, for all 6 € B(C) we have

E,(8) = E(c NGy € B(Gy). (1.11)

In particular, E,: B(C) — B(G,), and E is a countably additive spectral measure in G,
S0

E, is a countably additive spectral measure in G,. (1.12)
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By Lemma 18.2.2 of [DS], E, is the resolution of identity of the spectral operator R, [G,
so by Lemma 18.2.25 of [DS] applied to R, Gy,

supp E, = 0(R,[Gy). (1.13)

Furthermore, by (1.10) and Definition 18.2.1(iii) of [DS] we have ¢(R,|G,) C o No(R),
and since 7 No(R) =7 No(R), we deduce

0(Rs|Gy) CToNao(R) Co(R). (1.14)

Hence (1.13) and (1.14) imply that the operator function f(EU) is well defined. For all
x € Dom(f(R),[Gos),

(f(R)arGo)x = f(R)LU by (19)
= }lig\lllgm(f%\frl(an)) by (1.6), (1.4)

= }llé%Ig” (f X\f|’1(5n)) by x € G, (112)
= %%“(f X|f|-1(s,))T by (1.4)
= f(Eq)x by (1.6),
So f(R) |Gy C f(Ey). For all z € Dom(f(E,)),
J(Eo)z = imIc™ (F - xig1-15,0) by (16), (14)
. E® /(7. .
=ImIe (f Xi5-1660)
= }Iié%Ig(f'Xm—l(an))fU by (1.4)

= (f(R)o1Go)x by (1.6), (1.9).
So f(Ey) C f(R)s |Gy, hence
f(R)s1Gy = f(E,). (1.15)
Therefore statement (1) follows by setting f = ¢, while (2) follows from (1) and (1.15).
Let g € Bor(o(R)), such that g(c No(R)) is bounded. Then

(3n € N)(Ym > n)(o N |g| 1 (6m) = 0 Na(R)).
Next E(o(R)) = 1, so E(0) = E(0)E(0c(R)) = E(c(R) N o). Since IE is an algebra
homomorphism, for all m € N we have
IE (G Xjg1-1(0,))E(0) = IE(G - Xig)-1(5,)) E(@ N (R)) = IE(G - X|g~(5,)IE (o))
=TE(G - Xig)-2(6,) * Xono(r)) = IE (G - X|g|-* (6, )00 (R))
= I(g(a : X|g|*1(5m)ﬁa)'
This equality implies that
(3n e N)(Vm > n)(IE(G - X|g/-2(6,)) E(0) = TE (T - Xoro(r)))- (1.16)
Furthermore,

IE(G Xoro(r)) = IE (GXoXo(r) = IE (GX)IE (Xo(r)) = IE (GXo)E(o(R)) = IE (9Xo)-
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Therefore by (1.16),

(3n e N)(Ym > n)(IE(G - Xjg-1(5,)) E(0) = IE(G - Xo0))- (1.17)

Moreover, by definition in (1.6) we have, for all x € Dom(g(R)),
g(R)z == lim IE(g " X|g-1(5,))2;
and Dom(g(R)) is the set of x € G such that the limit exists; thus by (1.17) we conclude
that E(0)G C Dom(g(R)) and g(R)E(c) =1£(g- x») € B(G), which is statement (3). m
COROLLARY 1.8. Let R be a possibly unbounded scalar type spectral operator in G, and
f € Bor(c(R)). Then for all o € B(C),
f(R)E(0) = f(R;1G5)E(0).
Moreover, if f(o No(R)) is bounded then
f(Rs1G5)E(0) € B(G).

Proof. Let y € Dom(f(R)E(0)). Then E(o)y € G, N Dom(f(R)), hence by (1.9) and
Lemma 1.7,

f(R)E(U)y = (f(R)arGU)E(O—)y = f(Ra TGU)E(U)ZL

So f(R)E(c) C f(R,1Gs)E(c). Next let y € Dom(f(Rs[Gs)E(c)). Then E(o)y €
Dom(f(R,[Gs)), hence by Lemma 1.7 and (1.9),

f(Ro1Go)(E(0)y) = f(R)E(0)E(0)y = f(R)E(0)y.

So f(R,1Gs)E(c) C f(R)E(0). Thus we obtain the first statement. The second follows
from the first and Lemma 1.7(3). =

1.2. Extension theorem for strong operator integral equalities

NoTATIONS 1.9. Let X be a locally compact space and g a measure on X in the sense
of [INT, II1.7, Definition 2], that is, a continuous linear C-functional on the C-locally
convex space H(X) of all compactly supported continuous complex functions on X, with
the topology of the direct limit (or inductive limit) of the spaces H(X; K) with K running
over the class of all compact subsets of X, where H(X; K) is the space of all continuous
functions f : X — C such that supp(f) := {zr € X | f(z) # 0} C K with the norm
topology of uniform convergence (°). In this work any measure p on X in the sense of

[INT] will be called a complex Radon measure on X. For the definition of u-integrable
functions defined on X and with values in a C-Banach space G see 1V.23, Definition 2 of
[INT], while the integral with respect to u of a p-integrable function f : X — G , which
will be denoted by [ f(z)du(z) € G, is defined in Definition 1, II1.33 and Definition 1,
IV.33 of [INT]. For the definition of the total variation |u|, and definition and properties
of the upper integral [*gd|u|(z) see Ch. 3-4 of [INT]. We denote by Comp(X) the
class of all compact subsets of X and by §, (X; 1) the seminormed space, with seminorm

(®) H(X; K) is isometric to the Banach space of all continuous maps g : K — C equal to 0
on OK, with the norm topology of uniform convergence.
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II - ||31(X%M)7 of all maps F': X — C such that

1Fllg, e = / |F ()] dlpu|(z) < oo.

In this section it will be assumed, unless otherwise stated, that X is a locally compact
space and p is a complex Radon measure over X. Let B C X be a u-measurable set. Then
by writing u-a.e.(B) we mean “almost everywhere in B with respect to the measure p”.
Let f : X — B(G) be a p-integrable map into the normed space B(G) (Definition 2,
Ch. IV, §3, n° 4 of [INT]). Then we denote by

f f(z) du(z) € B(G)

its integral in B(G) (Definition 1, Ch. IV, §4, n°® 1 of [INT]), which is uniquely determined
by the following property: for all ¢ € B(G)*,

o(f 1)) = [otr@)auto)

For any scalar type spectral operator S in a complex Banach space G and for any Borelian
map f: U 2 o(S) — C we assume that f(S) is the closed operator defined in (1.6) and
recall that we denote by f the 0-extension of f to C (see Definition 1.2).

DEFINITION 1.10. Let E : By — Pr(G) be a spectral measure in G on By . Then we say
that {op tnen is an E-sequence if there exists an S € By such that E(S) = 1 and

e (Vn € N)(o, € By);
. (Vn,mGN)(n>m$0n Qo'm)§
e SC UnENgn'

PROPOSITION 1.11. Let E : By — Pr(G) be a countably additive spectral measure in G
on a o-field By, and {0 }nen an E-sequence. Then

lim E(o,) =1 in the strong operator topology. (1.18)

Proof. Let S € By be associated to the E-sequence {c,}nen as in Definition 1.10. So
E(S) = 1 and since F is an order-preserving map, we have E({J,cyon) > E(S) = 1.
Since 1 is a maximal element in (E(By ), >),
E( U O'n) =1.
neN
Set 1y := o1, and for all n > 2, 1, := 0, NCo,_1,s0 foralln €N, 7,, = UZ:1 Mk, and for

alln # m e N, 0, Ny, = 0, and finally U,,cy 1 = Upen(Ur—1 M) = Unen 0n- Therefore
by the countable additivity of E with respect to the strong operator topology,

(U o) = F(U ) = 32000 = i 300 = i F((J ) =t i
neN neN n=1 k=1 k=1

Here all limits are with respect to the strong operator topology, yielding the statement. =

DEFINITION 1.12. Let Gy, Gy be two complex Banach spaces, and f : X — B(G1,G3).
Then we say that f is p-integrable with respect to the strong operator topology if
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e for all v € Gy the map X 3 z — f(z)v € Gy is p-integrable;
o if we set

F:Gi3vw— /f(x)(v) du(x) € Go
then F' € B(G1,G2).

In that case we set [ f(z)du(x) := F, in other words the integral [ f(z)du(z) of f with
respect to the measure p and the strong operator topology is a bounded linear operator
from G to G such that for all v € Gy,

(/ 1@ @) @) = [ )0 duta.

We shall need the following version of the Minkowski inequality:

PROPOSITION 1.13. Let G1, Gy be two complex: Banach spaces, and let f : X — B(G1,G2)
be such that

(1) (Vv € G1)(Vo € G3) the complex map X > x — ¢(f(z)v) € C is u-measurable;

(2) for allv € G; and K € Comp(X) there is H C Gy such that H is countable and
f(z)v € H p-a.e.(K);

B) (X 3z~ [lf(@)lBc1.62) € F1(X; 1),

Then f is p-integrable with respect to the strong operator topology, and

[ @) auta < [ 1@l e @)
B(G1,Gs)

Proof. By hypothesis (3) we have, for all v € Gy,

[ 15@le. @) < Wlo, [ 17@ls@ e did@ <o (119)

By hypotheses (1-2) and Corollary 1, IV.70 of [INT], for all v € G} the map X — f(z)v €
G is p-measurable. Therefore by (1.19) and by Theorem 5, IV.71 of [INT] we deduce
that X — f(x)v € Gy is p-integrable for all v € G1. So in particular by Definition 1,
IV.33 of [INT] for all v € G; we have [ f(z)vdu(z) € G2 while by Proposition 2, IV.35
of [INT] and (1.19),

)
H [ sawanta

Hence the statement follows. =

<ol [ 15@)laic, e dinla).

G

REMARK 1.14. By the above proof, Proposition 1.13 is also valid if we replace hypotheses
(1-2) with the following one:

Yv € G; the map X 3 2 +— f(x)v € Gy is p-measurable. (

1)
LEMMA 1.15. Let XY, Z be normed spaces over the same field K € {R,C}, R : Dom(R) C
Y — Z a possibly unbounded closed linear operator, and A € B(X,Y). Then RoA: D —
Z is a closed operator, where D := Dom(R o A).

Proof. Let {xp}neny € D = {2z € X | A(z) € Dom(R)}, and (x,z) € X x Z such that
x = lim, oz, and z = lim,_. R o A(z,). Since A is continuous we have A(x) =
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lim,, 00 A(2y,); but z = lim, o, R(Ax,), and R is closed, so z = R(A(z)) := Ro A(z),
hence (z,z) € Graph(R o A), which is just the statement. m

LEMMA 1.16. Let X be a normed space, Y a Banach space over the same field K € {R,C},
and U :D C X — Y a linear operator. If U is continuous and closed then D is closed.
Proof. Let {zp}neny C D and & € X be such that ¢ = lim,,—, o . So by the continuity
of U, for all n,m € N we have ||U(z,) — U(zw)| = [U(@xn — zm)l| < U\ ||l2n — zmll,
hence lim(,, p)enz [|U(2n) — U(2:)|| = 0, thus (Y being a Banach space) there is y € YV’
such that y = lim,_,o, U(x,). But U is closed, therefore y = U(z), so z € D, which is
the statement. m

THEOREM 1.17. Let R be a possibly unbounded scalar type spectral operator in G, o(R)
its spectrum, and E its resolution of the identity. Let X > x — f, € Bor(o(R)) be such
that for all x € X, fy € £¥(0(R)) where X 3 x — fz(R) € B(G) is p-integrable with
respect to the strong operator topology. Then:
(1) For all o € B(C) the map X 3z — f,(R,[|G,) € B(G,) is p-integrable with respect
to the strong operator topology and
H / f2(R) du(z)
B(Go)

‘ / fo(Ro1Go) du(z)
B(G)
(2) If g,h € Bor(c(R)), {on}tnen is an E-sequence, and for all n € N,

(o, 1Go,) [ £2(Re, 1Ga, ) i) € b, G, ) (1.20)
then
R) / £2(R) du(z) 1© = h(R)I, (1.21)
where © := Dom(g(R) [ f.(R x)) NDom(h(R)) and all the integrals are with respect

to the strong opemtor topologzes.
Notice that g(R) is possibly an unbounded operator in G.
Proof. Let o € B(C). Then by (1.14),
(Vo € B(C))(c(Ry1G») CTNo(R) Co(R)),
Go),

which implies that the operator functions g(R, | hR,1G,) and f,(R,Gs), for all

x € X, are all well defined. N
Since {§ € B(C) | E(0) = 1} C {6 € B(C) | E,(6) = 15} (by Lemma 1.7(1)), we
deduce, for all x € X,

Ifelle < I falle = Il faxom I < oo,
where the last equality comes from fxxg( R) = fw, while the boundedness from the hy-
pothesis f, € £3(c(R)). Thus f, € £% (C), hence by Theorem 18.2.11(c) of [DS] applied
to the scalar type spectral operator R;[GU,
(Vo € B(C))(fa(Rs1Gs) € B(Go)). (1.22)

A more direct way of obtaining (1.22) is to use Lemma 1.7(2) and the fact that fa €
£¥(o(R)) implies f,(R) € B(G). For all 0 € B(C) we claim that X 5 z +— f,(Rs[Gs) €
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B(G,) is p-integrable with respect to the strong operator topology. By Lemma 1.7 we
have, for all o € B(C) and all v € G,

/ 1 o(Ro 1Go)ollc, dlpal(x / 1 o(R)ollc dlal () < oo. (1.23)

Here the boundedness comes from Theorem 5, IV.71 of [INT] applied to the p-integrable
map X 3z — f,(R)v € G. By Corollary 1, IV.70 and Theorem 5, IV.71 of [INT] applied,
for any v € G, to the p-integrable map X 3 z — f,(R)v € G, we find that for allv € G
and K € Comp(X) there is a countable H” C G such that f,(R)v € H?, p-a.e.(K).
But by Theorem 18.2.11(g) of [DS] and since f,(R) € B(G), we have for all o € B(C),
[fz(R), E(0)] = 0, hence by the previous equation and by the fact that E(o) is in B(G),
so it is continuous, we obtain, for all o € B(C), v € G, and K € Comp(X),

(3HY C G countable)(f,(R)E(c)v = E(o)f.(R)v € HY, p-a.e.(K)).

Here HY := E(o)H". Therefore by Lemma 1.7, for all ¢ € B(C), v € G,, and K €
Comp(X),

(3H? C G, countable)(f.(R, |Gy, )v € HE C Gy, p-a.e.(K)). (1.24)

That HY C G, follows from the fact that G, is closed in G. Therefore we can consider
HY as the closure in the Banach space G,. By the Hahn—Banach theorem (see Corollary
3, I1.23 of [TVS]), for all o € B(C),

{91Go | ¢ € G7} = (Go)™ (1.25)

Moreover, by Corollary 1, IV.70 and Theorem 5, IV.71 of [INT] applied, for any v € G,
to the p-integrable map X > z — f,(R)E(0)v € G, we see that for all ¢ € G*,

X s>z ¢(fr(R)E(0o)v) € C is py-measurable.
Thus by Lemma 1.7, for all o € B(C), v € G, and ¢ € G*,
X 32— ¢(fs(Rs]Go)v) € Cis p-measurable.
Hence by (1.25), for all 0 € B(C) and v € G,
(Voo € (Go)" ) (X 3 & — ¢5(f2(Rs1Gs)v) € C is p-measurable). (1.26)

Now by combining (1.26), (1.23) and (1.24), where HY is to be understood as the closure
in the Banach space G, we can apply Corollary 1, IV.70 and Theorem 5, IV.71 of [INT]
to the map X 3 z — f.(Rs[Gy)v € Gy, to deduce that

(Vo € B(C))(Vwv € G,)(X 2 2 — f.(Rs|Gy)v € G, is p-integrable). (1.27)

This means in particular that its integral exists, so for all o € B(C) and v € G,

/fac o 1Go)vdu(z ‘/ﬁE Yo dp(z
< H [ £® au

Here the inequality follows by the hypothesis that X 3 x — f,(R) € B(G) is p-integrable
in the strong operator topology. Therefore by Definition 1.12 and (1.22), (1.27), (1.28)

by Lemma 1.7

Ivll, - (1.28)
B(G)
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we conclude that

(Vo € B(C))(X 3z — f.(R;1Gs) € B(G,) is p-integrable
in the strong operator topology), (1.29)
I fo(Ro1Go) du(2)lB(c,) < || [ fo(R) di(@)] (o),

so statement (1) follows. It proves that the assumption (1.20) is meaningful, so we are
able to start the proof of (2). For all y € ©,

R) [ £u(R) duta)y
= hm E(on)g /fx ) dp(x by (1.18)
= hm g(R)E(0y,) /fm ) dp(x by Theorem 18.2.11(g) of [DS]
= hm g(R)E(oy, /fm Yy du(x by Definition 1.12
= rlzigﬁllg(R)E(U") /E(Un)fx(R)y du(x) by Theorem 1, IV.35 of [INT]
= hmg E(oy, /fl E(o,)ydu(z) by Theorem 18.2.11(g) of [DS]

= ligklI 9(Ry, 1Gy,) / fo(Ro, 1Go, ) E(0n)ydu(z) by Lemma 1.7

= lim (R, 1G.,) / Fo(Ro 1Go ) du(x)E(on)y by (1) and Definition 1.12
= lim h(Ry, 1Go, ) E(0,)y by (1.20)
= lim h(R)E(oy)y by Lemma 1.7
= lim E(0,)h(R)y by Theorem 18.2.11(g) of [DS]
= h(R)y by (1.18).
Therefore

R) [ £u(R) dulz) 1€ = h()je. =

THEOREM 1.18 (Strong Extension Theorem). Let X be a locally compact space, i a
complex Radon measure on X, R a possibly unbounded scalar type spectral operator in G,
o(R) its spectrum, and E its resolution of the identity. Let X > x — f, € Bor(o(R))
be such that for all z € X, f, € £¥(c(R)), where X 5 z — fy(R) € B(G) is p-
integrable with respect to the strong operator topology. Finally, let g,h € Bor(c(R)) and
he L£¥(o(R)). If {on}tnen is an E-sequence and for alln € N,

9(Ro, 1Gs,) / f+(Ro, 1Go,) da(z) € h(Ry, 1Go,) (1.30)
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then h(R) € B(G) and
R) [ £u(R) dutz) = bR,
Here all the integrals are with respect to the strong operator topologies.

Notice that g(R) is possibly an unbounded operator on G.

Proof. h(R) € B(G) by Theorem 18.2.11. of [DS] and the hypothesis h € £ (c(R)), so
by (1.21),

R) / f+(R) du(x) C h(R). (1.31)

Let us set
(Vn € N)(8, = |g| =1 ([0, 7])). (1.32)
We claim that
Unen0n = o(R),
n>m= 0, 2 om, (1.33)
(Vn € N)(g(d,,) is bounded).

In addition, since |g| € Bor(c(R)) we have §,, € B(C) for all n € N, so {J,}nen is an
E-sequence, hence by (1.18),

}llé%E@”) =1 (1.34)

with respect to the strong operator topology on B(G). Indeed, the first equality of (1.33)

follows since Uy,en 0n = Unen 1917 (10, 7]) = 1917 (U enl0: 7)) = |9/~ (R*) = Dom(g)
= o(R), the second by the fact that |g|~! preserves the inclusion, the third since |g|(d,,) C

[O,n] This yields our claim. By the third statement of (1.33), 6, € B(C) and Lemma
L7(3),
(Vn € N)(E(d,,)G C Dom(g(R))). (1.35)

As fo(R)E(d,) = E(65) f2(R), by Theorem 18.2.11(g) of [DS], for all v € G we have

[ B au@EG.)0 = [ L(R)EG)wdue)
= [ B LBdn) = G [ fo(Bvauta

where the last equality follows by applying Theorem 1, IV.35 of [INT]. Hence for all
n €N,

/ f+(R) du(x) E(8,)G C E(6,)G C Dom(g(R)),

where the last inclusion is by (1.35). Therefore
(¥n € N)(¥o € G) <E(5n)v € Dom (g(R) / F.(R) du(x)>>.
Hence by (1.34),

D= Dom(g(R) / £.(R) du(x)) is dense in G (1.36)
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Next [ f.(R)du(z) € B(G) and g(R) is closed by Theorem 18.2.11 of [DS], so by Lemma
1.15,

g(R)/fx(R) du(z) is closed. (1.37)
Moreover, h(R) € B(G), hence by (1.31),
o) [ £.(R) du(z) € B(D,G), (1.35)

Since (1.37), (1.38) and Lemma 1.16 imply that D is closed in G, by (1.36) we have
D = G. Therefore by (1.31) the statement follows. m

Now we give conditions ensuring the strong operator integrability of the map f,(R).

COROLLARY 1.19. Let R be a possibly unbounded scalar type spectral operator in G. Let
{on}nen be an E-sequence and for all x € X, let f, € Bor(c(R)) be such that

(X 32— [IflI5) € 31 (X;m)

and X 3 x — fy(R) € B(G) satisfies the conditions (1-2) of Proposition 1.13 (respectively
for all v € G the map X > z — f.(R)v € G is u-measurable). Finally, let g,h €
Bor(o(R)). If we assume that (1.30) holds for all n € N and that h € L£¥(0(R)), then
the conclusions of Theorem 1.18 hold.

Proof. By Theorem 18.2.11(c) of [DS] and Proposition 1.13 (respectively Remark 1.14)
the map X > z — f,(R) € B(G) is p-integrable with respect to the strong operator
topology and

H [ 1) o)

<t [ IR dil).
B(G)
Here M := sup,cp(c) [[E(0)| B(c)- Therefore the statement follows by Theorem 1.18. m

1.3. Generalization of the Newton—Leibniz formula. The main result of this sec-
tion is Theorem 1.25 which generalizes the Newton—Leibniz formula to the case of un-
bounded scalar type spectral operators in G. To prove it we need two preliminary results;
the first is Theorem 1.21, concerning the Newton—Leibniz formula for any bounded scalar
type spectral operator on G and any analytic map on an open neighbourhood of its
spectrum. The second, Theorem 1.23, concerns strong operator continuity, and under ad-
ditional conditions also differentiability, for operator maps of the type K >t — S(tR) €
B(G), where K is an open interval of R, S(¢R) arises by the Borel functional calculus
for the unbounded scalar type spectral operator R in G, and S is any analytic map on
an open neighbourhood U of o(R) such that K - U C U. Let Z be a nonempty set, Y a
K-linear space (K € {R,C}),U CY, K CKsuch that K-U CU and F :U — Z. Then
we define F; : U — Z by Fy(\) := F(tA) forallt € K and A € U.

If H, G are two C-Banach spaces, A C H open and f: A C H — G a map, we denote
the real Banach spaces Hg and Gg associated to H and G again by H and G respectively,
and by f the map f®: A C Hg — Gg.
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LEMMA 1.20. Let (Y,d) be a metric space, U an open subset of Y, and o a compact set
such that o C U. Then there is Q > 0 such that

K:=|]JBqly) CU, (1.39)

yeco

and if o is of finite diameter then K is of finite diameter.
Proof. By Remark, §2.2, Ch. 9 of [GT] we deduce

P = dist(o,CU) # 0,
where dist(A, B) := inf(,ca,yepy d(x,y) for all A, B CY. Set

Q := P/2.
Then for all y € o, z € Bg(y), z € CU we have
d(z,2) > d(z,y) — dly,7) > P/2 40, (1.40)

Thus by applying Proposition 2, §2.2, Ch. 9 of [GT], Bg(y)NCU =0, i.e. Bo(y) C U, so
A= U EQ(y) cU.
yeo
Moreover, by Proposition 3, §2.2, Ch. 9 of [GT] the map x — d(z,CU) is continuous on
Y, hence by (1.40) for all x € A,
d(x,CU) = ligl\ld(xn,CU) >P/2#0

for all {z,, }nen C A such that x = lim, ey 2. Therefore by Proposition 2, §2.2, Ch. 9 of
[GT], (1.39) follows. Let B C Y be of finite diameter. Then by the continuity of the map
d:Y xY — RT also B is of finite diameter. Indeed, let diam(B) := sup, ¢ p d(z,y). If
sup, , 5 d(z,y) = oo then

(30, yo € B)(d(wo,yo) > diam(B) + 1). (1.41)
Let {(zas¥Ya)taep C B x B be a net such that limyep(Za,ya) = (xo,y0) (limit in
(Y,d) x (Y,d)). Thus by the continuity of d,

d(zo,yo) = lir% d(Zw,Yo) < diam(B),
ac

which contradicts (1.41), so sup, , 5 d(z,y) < oo. Therefore if A is of finite diameter, so
is K. Let z1,22 € A. Then there exist y1,y2 € o such that z; € EQ(yk) for k € {1,2}.
Then

d(21,22) < d(z1,91) + d(y1,92) + d(y2, 22) < 2Q + diam(o) < oco.
Hence A is of finite diameter. m

THEOREM 1.21. Let T € B(G) be a scalar type spectral operator, and o(T') its spectrum.
Assume that 0 < L < oo, U is an open neighbourhood of o(T) such that |—L,L[-U C U,
and F : U — C an analytic map. Then for allt € |—L, L],

(1) we have
F(T) = F,(T); (1.42)
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(2) we have
dF(T) . dF )
e T a(tT)7 (1.43)
(3) for all uy,us € 1—L, L],
T %“2 ij; (tT)dt = F(uoT) — F(urT). (1.44)

Here Fy(T) (respectively ar L (tT) and F(tT)) are the operators arising by the Borel func-
tional calculus of the opemtor T (respectively tT) for all t € |—L, L.

Proof. T is a bounded operator on G so o(T') is compact. Let (C(o(T)), || - ||sup) be the
Banach algebra of all continuous complex valued maps defined on o(7T) with the sup
norm. Set

{5( o(T)):={f:C—C| flo(T) € C(o(T)), f1Ca(T) = 0}, (1.45)

C(o(T)) 3 g — g € C(o(T)).

Notice that C(o(T)) is an algebra, .J is a surjective morphism of algebras, and we have
supyec |J(g)(AN)| = ||gllsup for all g € C(a(T)). Furthermore, J(g) € Bor(C) since g €
Bor(o(T)) and o(T) € B(C). Hence C(o(T)) is a subalgebra of TM, and J is an isometry
between (C(o(T)), | - llup) and (C((T)), | - llup)- Ths (e (T), || - loup) is a Banach
subalgebra of the Banach algebra (TM, | - ||sup) and J is an isometric isomorphism of
algebras. Therefore if E is the resolution of the identity of 7', (1.2) implies that IZ o J
is a unital (°) morphism of algebras such that I¥ o J € B((C(a(T)), || - |lsup), B(G)). For
brevity we will write IZ for IE o J so

IE € BUC(o (D)), || - llsup), B(G)),
I(]g is a unital morphism of algebras, (1.46)

(Vg € C(o(1)))(9(T) =IE(9))-

In particular, Ig is Fréchet differentiable with constant differential map equal to Ig . Let
0 be the zero element of (C(c(T)), || - |lsup)- Let ¢t € | =L, L[ — {0}, and 4 := ¢ - 2, where
1:0(T) 2 X — X So u(T) = IE(t-1) = tIE(1) = tT. Hence by the general spectral
mapping theorem 18.2.21 of [DS] applied to the map 2, in view of the fact that o(T) is
closed and multiplication by a nonzero scalar in C is a homeomorphism, we deduce that
tT is a scalar type spectral operator and E; : B(C) 3 § — E(t~19) is its resolution of the
identity. Finally,
(Vte|-L,L))(c(tT) = to(T) C U);

the inclusion is by hypothesis. So F(¢tT') arising by the Borel functional calculus of the
operator tT is well defined, and by (1.46),

F(IT) = 15 (Flo(tT)) = I~ (Flo(¢T))
—IC(Fozt)_I(C(Ft o(T)) = F(T), (1.47)

(°) Indeed, the unit element in TMis1:C3 A — 1€ Cand IfoJ(1]0(T)) = If (1-xo () =
Ig(l)Ig(Xo(T)) =1
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proving (1.42). Set
A:]-L, L[>t Foy € (C(a(T)),| llsup)-
By the third equality in (1.47),
(Vt € |=L, L))(F(tT) = IE o A(t)). (1.48)
We claim that A is derivable (i.e. Fréchet differentiable) and for all ¢t € |—L, L],

%(t) =1- (ij;)t o (T). (1.49)
Set
Cu(o(T)) :={f €C(a(T)) | f(o(T)) S U},
C:]=L,L[3t—u €Cy(a(T)) C(C(a(T)), | - [lsup),
T:Cy(o(T)> fr— Fofe(C(a(T))| " llsup)
Notice
A=7o¢(, (1.50)
moreover ( is Fréchet differentiable and for all t € |—L, L],
d
di( t) =1. (1.51)

Next for all f € Cy(o(T")) by Lemma 1.20 applied to the compact set f(c(T)), there is
Q¢ > 0 such that

Kr:= |J Bo,(fO) CU, (1.52)
Aea(T)
in particular
Bq,(f) € Cu(a(T)). (1.53)

Thus Cy(o(T)) is an open set in (C(a(T)), || - llsup), so T is Fréchet differentiable and
its differential map Y™ : Cy(a(T)) — B(C(o(T))) is such that for all f € Cy(o(T)),
hEC(()),and/\EJ( ),

TO(F)(R)(N) = %(f(M)h(A),

dF
e
Fix f € Cy(o(T)) and Ky as in (1.52). By the boundedness of f(o(7')) and Lemma 1.20,

K is compact. Morever, dF'/d) is continuous on U, hence uniformly continuous on the
compact Ky, hence (Ve > 0)(36 > 0)(Vh € Bg,(0) N B;(0))

sup sup |40 () +n00) - 95 (FO0)| < & (1.55)
te[0,1] Xeo(T)
indeed, f(A) 4+ th(\) € Ky and |f(N) + th(A) — f(N)] < [h(X)] < § for all X € o(T) and
€ [0,1]. Let us identify for the moment C as the R-normed space R?. Then the usual
product () : C x C — C is R-bilinear, so F : U C R? — R? is Fréchet differentiable and
for all 2z € U and h € R?,

(1.54)
ITH (A Be(ory)) <

sup

dF

Fll @) (h) = 2 (@)

h. (1.56)
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For all h € Bq,(0),

sup [(PFO) +00) ~ FON) = SO0
Aeo(T)
= s (PG + R = FU) = I 00)
< sup sup [FU(FO) + th(N) — IOl sup OV
te[0,1] Aea(T) A€o (T)
dF dF
= s s [ SO+ () - O Al (1.57)

Here in the first equality we use (1.56), in the first inequality we apply the mean value
theorem to the Fréchet differentiable map F : U C R? — R?, and in the second equality
we use a corollary of (1.56). Finally, by (1.57) and (1.55), (Ve > 0)(36 > 0)(Vh €
Bq,(0)N B5(0) — {0})

suPxeq(r) [(F(f(N) +2(N) = F(f (V) = K (SR

<e.
[17lsup
Equivalently,
_ — ll
po [l
Moreover,

1]l sup-

sup

dF
)0 ey < | G5 oS

Thus by (1.58) we have proved (1.54). By (1.50), (1.51) and (1.54) we deduce that A is
derivable; in addition, for all ¢t € |—L, L[ and X € o(T),

dA dF dF

2= (¢ — ’r[l] t _ = Y

00 = 1) = GG =15 ) 0,

proving (1.49). In conclusion, from the fact that I¥ is a morphism of algebras, (1.48),

(1.46) and (1.49), for all t € |- L, L],

dF(ZfT) _ %(15 o A)(t) =1E (Cﬁ(t)) =Ig (@' (ﬁ)tr"(TO

- I&z)l@((ﬁ)trom) _ T(flf)tm.

Therefore statement (2) follows by applying (1) to dF/dX\. The map |—L,L[ > t —
‘fTI;(tT) € B(G) is continuous by (1.43) (replacing F' with dF/d)\), hence it is Lebesgue
measurable in B(G). Let uy, ug € |—L, L. By statement (1) and Theorem 18.2.11 of [DS],

* dF * dF * dF
—(tT)||dt = — i|ldt < 4M —_— T
/[ul,uz] dA ( )H /[ul,ug] (d)‘>t( )H B [w1,uz] (d)‘)tra( )

<4MDlus — u1| < o0,

dt

sup
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where M := SUPse(C) [ £(9)]], and

(g)tram

indeed, [u1, us] x o(T') is compact and the map (¢, \) — <K (¢)) is continuous on |—L, L[ x
U. Therefore by Theorem 5, IV.71 of [INT] , ]—L, L[ 3 t — %E(¢T) is Lebesgue integrable
with respect to the norm topology on B(G), so in particular by Definition 1, IV.33 of
[INT], the integral

F
d(t)\)‘ < 00,

D:= sup sup
sup (t,A)€lur,uz]xo(T)

t€[ug,uz)

dX

]{ %(tT)dt € B(G) exists. (1.59)
Therefore by (8), (1.59), Theorem 1, IV.35 of [INT] and (1.43),
v g [, dF ™ dP(iT)
Tﬁl 5 (tT)dt = 1{1 T (tT) dt = 1{1 Lt (1.60)

By (1.43) the map |—L, L[ 3 t — F(tT) is derivable, and its derivative |—L, L[ 3 t —
dF(tT)/dt is continuous in B(G) by (1.43) and the continuity of the map |—L, L[>t —
dF/d\(tT) in B(G). Therefore [u1,us] 3t — dF(tT)/dt is Lebesgue integrable in B(G),
where the integral has to be understood as defined in Ch. II of [FVR] (see Proposition 3,
n° 3, §1, Ch. II of [FVR]).

Finally, the Lebesgue integral for functions with values in a Banach space as defined
in Ch. II of [FVR] turns out to be the integral with respect to the Lebesgue measure as
defined in Ch. IV, §4, n° 1 of [INT] (see Ch. III, §3, n° 3 and example in Ch. IV, §4, n°® 4
of [INT]). Thus statement (3) follows by (1.60). m

LEMMA 1.22. Let R be a possibly unbounded scalar type spectral operator in G, o(R) its
spectrum, E its resolution of the identity, K # 0, and for all t € K let f; € Bor(c(R))
be such that
N :=sup || fil|Z < . (1.61)
teK

If g € Bor(o(R)) and {op }nen is an E-sequence then for all v € Dom(g(R)),

lim sup || fy(R)g(R)v — fu(R)g(R)E(oy)v|| = 0.

n€Ntek

Proof. By Theorem 18.2.11(g) of [DS] the statement is meaningful. We define M :=
sup,ep(c) |1E(0)lB()- Then M < oo by Corollary 15.2.4 of [DS]. Hypothesis (1.61)
together with Theorem 18.2.11(c) of [DS] implies that for all t € K, f;(R) € B(G) and

sup || fe(R)|[p(c) < 4MN.
tek
Therefore for all v € Dom(g(R)) we have
lim sup || f1(R)g(R)v — fi(R)g(R)E(on)v|
neNc K
< tim sup | fo(R)] - l9(R)o — g(R)E(on)ol] < AMN linn lg(R)v — g(R)E(o)o]
neENtc K neN
=4MN ligﬁlI lg(R)v — E(opn)g(R)v]| by Theorem 18.2.11(g) of [DS]

=0 by (1.18). =
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THEOREM 1.23 (Strong operator derivability). Let R be a possibly unbounded scalar type
spectral operator in G, K C R an open interval of R, and U an open neighbourhood of
o(R) such that K -U C U. Assume that [ : U — C is an analytic map and

sup || fo]| % < oo.

tekK
Then
(1) the map K >t — f(tR) € B(Q) is continuous in the strong operator topology,
(2) if

—_~—

df) o
su — < 00, 1.62
tefg‘(d)‘ tlloo ( )
then for all v € Dom(R) and t € K,
df(tR)v _ _ df
e R d)\(tR)v €aqG.

Proof. Let {0, }nen be an E-sequence of compact sets. Then by Lemma 1.22 applied to
the Borelian map ¢ : 0(R) 3 A — 1 € C, so g(R) = 1, and by (1.42) we have, for all
v € G,

lim sup || f(tR)v — f(tR)E (o )v|| = 0. (1.63)
neNte K

By (1.42) and Key Lemma 1.7, for all n € N,
fAR)E(0,) = fi(R)E(onm) = [i(Ro, G5, ) E(om)
= f(t(Ro,1Go,))E(on). (1.64)

As o0, is bounded, Key Lemma 1.7 shows that R, [G., is a scalar type spectral operator
such that R,, [G,, € B(G,,). Moreover, by (1.14), U is an open neighbourhood of
0(Ry, |Gy, ). Thus by Theorem 1.21(2) the map

K >t f(t(Ry,1G,,)) € B(G,,)

is derivable, so in particular [| - || (g, )-continuous. Now for all n € N and v, € G,,
define &, : B(G,,) 3 A— Av, € G. Then &,, € B(B(G,,),G). Thus as a composition
of two continuous maps, also the map

K3t &pe(f(t(R,1G,,)) € G (1.65)
is || - ||g-continuous, for all n € N and v € G. Hence by (1.64) for all n € N,
K >t~ f(tR)E(0,) € B(Q) is strongly continuous. (1.66)

Finally, by (1.66) and (1.63) we can apply Theorem 2, §1.6, Ch. 10 of [GT] to the uniform
space B(G)s whose uniformity is generated by the set of seminorms defining the strong
operator topology on B(G). Thus we conclude that K > ¢t — f(tR) € B(G) is strongly
continuous, and statement (1) follows.

Let n € N and v, € G, so0 &, € B(B(G,,),G), thus &, is Fréchet differentiable
with constant differential map €Y : B(G,,) > A~ &, € B(B(Gy,),G). Therefore by
Theorem 1.21(2) for all n € N and v € G the map in (1.65) is Fréchet differentiable as
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composition of two Fréchet differentiable maps, and its derivative is, for all t € K,

SR, 16, ) B02)0) = 00,0 U0, 16 )

L F(t(Ro, 1G, ) B0

T dt
daf
- (Ro'n FGU,L)d)\

= (R0, 1G0,))(Ro, 10, ) B (o) by [DS, 18:2.11]

(t(Rs, |Gy, ) E(on)v by (1.43)

- (cczb;)t(R% [Go,)(Ro, 1Go, )E(on)v by (1.42)

= <3];\) (R)(Rs, |Go, ) E(on)v by Lemma 1.7
jﬁ( tR)(R,, 1Go, )E(on)v by (1.42). (1.67)

Thus by (1.64), for all n € N and v € G,

K >t f(tR)E(o,)v € G is differentiable and
T (1.68)

K>t— C%\(tR)(R G, )E(0n)v € G is its derivative.

By (1.62) we can apply Lemma 1.22 to the maps (%)t[a(R) and g =1:0(R) 3> X\ —
A € C, so g(R) = R, hence by (1.42), for all v € Dom(R),

df df
Moreover, for all a € K, let r, € R* be such that B, (a) C K (it exists as K is open).
Then (1.69), (1.68) and (1.63) hold again if we replace K by B, (a). Hence we can apply
Theorem 8.6.3 of [Dieu] and deduce for all v € Dom(R) that the map K 3¢ — f(tR)v € G

is derivable, and its derivative map is

lim sup

=0. (1.69)
neNte g

df
K>tw a(tR)Rv €eG.

Finally, for all v € Dom(R), we have R%(tR)v = %(tR)Rv, from Dom(%(tR)) =G
and the commutativity property of the Borel functional calculus expressed in Theorem
18.2.11(f) of [DS]. Hence the statement follows. m

COROLLARY 1.24. Let R be a possibly unbounded scalar type spectral operator in G, U
an open neighbourhood of o(R), and S : U — C an analytic map. Assume that there is
L >0 such that |—L,L[-U C U and

P

(1) S, € L5 (0(R) and (25, € £5(0(R)) for alit € |-L, L[;

(2) f ||( ) || dt < oo (here the upper integral is with respect to the Lebesgue measure
on |-L L[)
(3) for allv € G the map |—L, L[>t — —(tR)v € G is Lebesque measurable.
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Then for all u1,us € |—L, L],

R /u " ‘;i (tR) dt = S(usR) — S(us R) € B(G).

Here the integral is with respect to the Lebesque measure on [u1,uz] and with respect to
the strong operator topology on B(G) (see Definition 1.12).

1

Proof. Let M := sup,cpc) [|E(0)llc and p the Lebesgue measure on [ug, uz]. Then by
(1.42), the hypotheses, and Theorem 18.2.11(c) of [DS] we have

(a) for all ¢t € [ug,us], S(tR) B(G);
(b) for all t € [uy,us], & i S(tR) € B(G);
(©) ([ur,uz] >t = |5 (tR) | B(c)) € F1([ur, ua]; ).

So by hypothesis (3), (¢) and Remark 1.14 the map
ds
[ug,us] Dt — a(tR) € B(G)

is Lebesgue integrable with respect to the strong operator topology. This means that,
except for (1.30), the hypotheses of Theorem 1.18 hold for X := [u1,ua], b := (Suy —Su, )|
o(R), g :0(R) > A+— A € C and the maps f; = (g) lo(R), for all t € [ug, ug]. Next
let o € B(C) be bounded. By Key Lemma 1.7, R, [G, is a scalar type spectral operator
such that R,[G, € B(G,), and by (1.14), U is an open neighbourhood of o(R,[G).
Thus we can apply Theorem 1.21(3) to the Banach space G,, the analytic map S and
the operator R,|G,. In particular, the map [ui,us] 3 t — L (t(R,1G,)) € B(G,) is
Lebesgue integrable in the || - || (¢, )-topology, that is, in the sense of Definition 2, IV.23
of [INT]. Next we consider, for all v € G, the map

T e B(G,) —TveG,

which is linear and continuous in the norm topologies. Thus by Theorem 1, IV.35 of
[INT], [u1,us] 3t — L (¢(R,]Gs))v € G, is Lebesgue integrable for all v € G, and

/:2 %(t(Ra IGo))vdt = (ﬁu %(t(RU 1Gy)) dt)v,

1 1

Therefore by Definition 1.12, [uy,us] 3 t — 9 (t(Rs[G,)) € B(G,) is Lebesgue inte-
)

dx (
grable with respect to the strong operator topology on B(G,) and

Y2 dS “2 dS
Rt IG ) d = f R
Here fu2 95 (t(R,1G,)) dt is the integral of 95 (t(R,|G,)) with respect to the Lebesgue

measure on [ul, us] and the strong operator topology on B(G, ). Furthermore, by Theorem
1.21(3),

R;1G,)) dt. (1.70)

Uy

(R, 1) f B Ry 160) bt = SRy 1G)) — S (Re 1))

1

Thus by (1.70),

(Rs [Ga)/ a(t(Ra [Gy))dt = S(u2(Rs1Gs)) — S(u1(Ry1Gy)). (1.71)
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This implies (1.30), by choosing for example ¢,, := B,(0) for all n € N. Therefore by
Theorem 1.18 we obtain the statement. m

THEOREM 1.25 (Strong operator Newton-Leibniz formula). Let R be a possibly un-
bounded scalar type spectral operator in G, U an open neighbourhood of o(R) and S :
U — C an analytic map. Assume that there is L > 0 such that |—L,L[- U C U and

(a) Sy € £2(0(R R)) for allte] L, L[;
(b) SUPtel—L,L ||( ) ||
Then

(1) For all uy,us € ]1—L
R / 95 4R) dt = S(usR) — S(uiR) € B(G).

Here the integral is with respect to the Lebesgue measure on [uy,us] and the strong

operator topology on B(G).
(2) If also supye)_p, 1 IS | < oo, then for all v € Dom(R),t € |—L, L]

dS(tR)v ds
pn =R— ™ (tR)v.

Proof. By hypothesis (b) and Theorem 1.23(1) for all v € G the map |-L, L[ > t
%(tR)v € G is continuous. Thus statement (1) follows from Corollary 1.24 and the fact
that continuity implies measurability. Statement (2) follows from Theorem 1.23(2). m

REMARK 1.26. We end this section by remarking that f : X — B(G) is u-integrable
with respect to the strong operator topology as defined in Definition 1.12 if and only
if f: X — B(G) is scalarly (u, B(G))-integrable with respect to the weak operator
topology in the sense explained in Notations 2.1. In Chapter 2 we shall extend the results
of Chapter 1 to the case of integration with respect to the measure p and the o(B(G), N)-
topology, where N C B(G)* is a suitable linear subspace of the topological dual of B(G).

1.4. Application to resolvents of unbounded scalar type spectral operators in
a Banach space G

COROLLARY 1.27. Let T be a possibly unbounded scalar type spectral operator in G with
real spectrum o(T). Then

(1) For all A € C with Im(\) > 0,

0
(T —X\1)"! = z/ e T dt € B(@). (1.72)

—o0
(2) For allv € Dom(T) and t € R
deit(sz\l),U
dt

REMARK 1.28. If we define S()\) := exp(i\) for all A € C then the operator functions in
Corollary 1.27 are T := S,(T) and e*T=*1) := G, (T — A1), in the sense of the Borelian

= i(T — A1) T2V,
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functional calculus for the scalar type spectral operators T and T — A1, respectively, as
defined in Definition 1.3.

The integral in Corollary 1.27 is with respect to the Lebesgue measure and the strong
operator topology on B(G), meaning by definition that

0
/ e T dt € B(G)

and for all v € G,

0 0 0
e e gt Jv = lim e e dt v = lim ety dt.
o U— — 00 u u——oo [

Here the integral on the right side of the first equality is with respect to the Lebesgue
measure on [u, 0] and the strong operator topology on B(G).

Proof. Let A € C and set R := T — 1A. Then R is a scalar type spectral operator (see
Theorem 18.2.17 of [DS]). Let A € C with Im(\) # 0 and E be the resolution of the
identity of R. Then o(R) = o(T) — A, as a corollary of the well-known spectral mapping
theorem. Then for all £ € R,

ds
E-esssup|—(tv)| = E-esssup |S(tv)]
vea(R) A veo(R)
< sup |S(tv)|= sup ‘ei(qu)t|:eIm(>\)t'
veo(R) neo(T)

Therefore the hypotheses of Corollary 1.25 hold with R := T — A1. Thus for all v € G
and u € R,

0
i(T — A1) / T2y dt =y — T2y, (1.73)
u

Here e*T-*1) .= G,(R). One should note an apparent ambiguity about the symbol

eMT=A1) “standing here for the operator S;(R) = S(tR), which could also be seen as a
Borelian function of the operator T. By setting g™ (1) := p — A, so g™ =2 — X\ - 1 with
1:C > XA+ 1, considering that by the composition rule (see Theorem 18.2.24 of [DS]),
we have S;0gN(T) = S;(g™(T)), and finally R = +(T) = A\1(T) = (2— - 1)(T) = gM(T),
we can assert

T -2 =gMN(T):=T -\, (1.74)

T2 = (T — A1) = S, 0 gN(T) = T, '
Therefore we can consider the operator e’ (T=*1) as an operator function of R or of T.
Now for all ¢ € R, sup,,c,(r) lexp(iut)| = 1, so by Theorem 18.2.11(c) of [DS],

sup lexp(iT't)||p(a) < 4M. (1.75)
te

Here M := sup,cp(c) [ £(0)|c- But with the notations adopted before we have, for all
p € C, Sy o g (i) = exp(it(p — N)) = exp(—itA)S;(u), so in view of Si(T) = S(tT) (see
(1.42)), we have S; o gN(T) = exp(—itA)Sy(T) = exp(—itA\)S(tT). Thus by (1.74) we
have, for all t € R and A € C with Im()\) > 0,

T2 — oxp(—itA)S(tT) = exp(—itA)e'T. (1.76)
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By (1.76) and (1.75) we have

lim ||€m(T_>\1)||B(G) <4M lim exp(Im(A)u) =0

or equivalently lim,_, o, e?(T=*) = 0 in the || - | B(c)-topology. Hence by (1.73), for all
v € G,
0
v=i lim (T~ /\1)/ T2y dt i || - . (1.77)
As ITm()\) # 0 we have {u € C | gM(u) = 0} No(T) = 0, so if we denote by F the
resolution of the identity of T, we have F(o(T)) = 1 so F({u € C | g () = 0}) =
F({p e C|gMN(u)=0}no(T)) = F(#) := 0. Thus by Theorem 18.2.11(h) of [DS],

1 1
S N e -
T — N = pEy (T) = T
Finally,
r < o Lol = 2 il = e
- ess sup < sup |———| = sup = -
ueao(T) g[A] (M) neo(T) g[A] (M) uca(T)| K — A 1nf;tEtT(T) [(1 =N
<
= ()] =
SO )
W(T) € B(G).
g

Hence by the previous equation and the fact T'— A =T — A1 (see (1.74)), we obtain
(T — M)~ € B(Q).

Finally, by a standard argument (see for example [LN]) and (1.77) we deduce for allv € G
that

0o 0o
(T —X1)"to =4 lim (T —A\1)"YT — A1) / T2y dt =4 lim e T=A0y gt

U——00 U— — 00
u

So (1) follows by (1.76). By (1.76), the fact that Si(T") = S(tT) and Theorem 1.23(2)
applied to the operator T' and to the map S : C > p — e'*, we obtain statement (2). m

REMARK 1.29. An important application of (1.72) is to prove the well-known Stone
theorem for strongly continuous semigroups of unitary operators in Hilbert space (see
Theorem 12.6.1 of [DS]). In [Dav] it has been used to show the equivalence of uniform
convergence in the strong operator topology of a one-parameter semigroup depending on
a parameter and the convergence in strong operator topology of the resolvents of the
corresponding generators, Theorem 3.17.

Notice that if ¢ := —i\ and @ := T, then the equality (1.72) turns into

(Q+¢1) = /00 e e R gt
0

which is referred in IX.1.3 of [Kat] by saying that the resolvent of @ is the Laplace
transform of the semigroup e~%*. Applications of this formula to perturbation theory are
in IX.2 of [Kat].
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2. Extension theorem. The case of the topology o(B(G),N)

2.1. Introduction. Let R be an unbounded scalar type spectral operator R in a complex
Banach space G, and FE its resolution of identity. The main results of this chapter and of
the entire work are of two types.

The results of the first type are Extension Theorems for integration with respect to
the o(B(G), N')-topology, when N is an E-appropriate set (Theorems 2.25) and when A
is an F-appropriate set with the duality property (Corollary 2.26).

As an application we will prove, by using (2.37), the Extension Theorems for inte-
gration with respect to the sigma-weak topology (Corollaries 2.28 and 2.29), and for
integration with respect to the weak operator topology (Corollaries 2.27 and 2.30).

The results of the second type are Newton-Leibniz formulas for integration with
respect to the o(B(G),N)-topology, when N is an FE-appropriate set with the dual-
ity property (Corollaries 2.33 and 2.34); for integration with respect to the sigma-weak
topology (Corollary 2.35); for integration with respect to the weak operator topology
(Corollary 2.36).

To obtain the Extension Theorem 2.25 we need to introduce the concept of E-appro-
priate set (Definition 2.11), which allows us to establish two properties important for the
proof of Theorem 2.25, namely the “commutation” property (Theorem 2.13), and the
“restriction” property (Theorem 2.22).

Finally, to obtain Corollary 2.26 and the Newton-Leibniz formula in Corollary 2.33
we have to introduce the concept of an E-appropriate set AV with the duality property
(Definition 2.11), which allows us to establish conditions ensuring that a map is scalarly
essentially (u, B(G))-integrable with respect to the o(B(G), N)-topology (Theorem 2.2).
Similar results for the weak operator topology are contained in Theorem 2.5 and Corol-
lary 2.6.

2.2. Existence of the weak integral with respect to the o(B(G),N)-topology.
In this section we shall obtain a general result (Theorem 2.2) about conditions ensuring
that a map is scalarly essentially (u, B(G))-integrable with respect to the o(B(G), N)-
topology, where A/ is a suitable subset of B(G)*.

NoTaTioNs WITH COMMENTS 2.1. Let K € {R,C}, Z a linear space over K, and 7
a locally convex topology on Z; let (Z,7) denote the associated locally convex space
over K. We denote by LCS(K) the class of all locally convex spaces over K and for any
(Z,7) € LCS(K) we write (Z,7)* for its topological dual, that is, the K-linear space of
all K-linear continuous functionals on Z.

Let Y be a linear space over K, and U a subspace of Hom(Y, K). Then (Y, U) denotes
the weakest (locally convex) topology on Y such that U C (Y, a(Y,U))* (Def. 2, 11.42 of
[TVS]), which coincides with the locally convex topology on Y generated by the set of
seminorms I'(U) :={qp : Y 2y — |0(y)| | ¢ € U}.

It is not hard to see that o(Y,U) is the topology generated by the set of seminorms
I'(S) for any S such that U = £x(.5), where £x(S) is the K-linear space generated by S.
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By Proposition 2, 11.43 of [TVS], o(Y,U) is a Hausdorff topology if and only if U
separates the points of Y, i.e.

(VT e Y)(T'# 0= (3¢ € U)(¢(T) #0)). (2.1)
Also by Proposition 3, I1.43 of [TVS],
VoV, U)) =T, (22)

Let X be a locally compact space and pu a K-Radon measure on X (Definition 2,
§1, n°® 3, Ch. 3 of [INT] where it is called just a measure). We denote by |u| the total
variation of y (§1, n°® 6, Ch. 3 of [INT]), and by f* the upper integral with respect to
a positive measure, for example |u| (Definition 1, §1, n°® 1, Ch. 4 of [INT]). By f' we
denote the essential upper integral with respect to a positive measure (Definition 1, §1,
n° 1, Ch. 5 of [INT]) (}). For the definition of essentially u-integrable map f: X — K
we refer to Ch. 5, §1, n° 3 of [INT].

Let (Y,7) € LCS(K) be Hausdorff. Then f : X — (Y, 7) is scalarly essentially -
integrable or equivalently f : X — Y is scalarly essentially p-integrable with respect to
the measure u and the T-topology on Y if for all w € (Y, 7)* the map wo f : X — K is
essentially p-integrable, so we can define its integral as the following linear operator:

(¥, )" 3w / w(f(2)) dp(z) € K.

See Ch. 6, §1, n° 1 of [INT] for K = R, and for the extension to the case K = C see the
end of §2, n° 10 of [INT].

Notice that the previous definitions depend only on the dual space (Y, 7)*, hence both
the concepts of scalar essential p-integrability and integral will be invariant if we replace
7 with any other Hausdorff locally convex topology 72 on Y compatible with the duality
(Y, (Y, 7)*), i.e. such that (Y, 7)* = (Y, m)*.

Therefore as a corollary of the well-known Mackey—Arens theorem (see Theorem 1,
IV.2 of [TVS] or Theorem 5 §8.5 of [Jar]), given a locally convex space (Y, 7) and denoting
by N := (Y, 7)* its topological dual, we see that scalar essential p-integrability (respec-
tively integral) is an invariant property (respectively functional) under the variation of
any Hausdorff locally convex topology 7 on Y such that

a(Y,N) <7 <7(Y,N).

Here a < b means a is weaker than b, and 7(Y, N') is the Mackey topology associated to
the canonical duality (Y, ).
Let f: X — (Y, 7) be scalarly essentially u-integrable and assume that

B8 € V) € vor)") (wl2) = [[w(fa) dul) ). (23)

Notice that by the Hahn—Banach theorem (Y, 7)* separates the points of Y, so the element
B is uniquely defined by this condition. In this case, by definition f : X — (Y,7) is
scalarly essentially (u,Y')-integrable (or f : X — Y is scalarly essentially (u,Y')-integrable

(') In general [* < [*, but if X is o-compact, in particular compact, then [® = [
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with respect to the T-topology on'Y'), and its weak integral with respect to the measure
and the T-topology, or briefly its weak integral, is defined by

/f(x) du(z) := B. (2.4)

We shall use this integral for (Y, 1) := (B(G),o(B(G),N)), where N is a linear subspace
of B(G)* which separates the points of B(G). Notice that by (2.2), (B(G), oc(B(G),N))*
=N.

Let G be a K-normed space. Then the strong operator topology 7s(G) on B(G) is
defined to be the locally convex topology generated by the set of seminorms {¢, : B(G) >
A — ||Av|l¢ | v € G}. Hence 7(G) is a Hausdorff topology; a base of neighbourhoods
of A € B(G) consists of the sets Uy .(A) := {B € B(GQ) | supy_; _, (A — B)ux|lg < ¢}
wen G™ and € over R* — {0}. So B € {0}, the closure of {0} in the
strong operator topology, if and only if || Bv||¢ < € for all e € Rt — {0} with v € G, that
is, B = 0. Hence {0} = {0} and so 74 (G) is Hausdorff. By Ch. 6, §1, n° 3 of [INT],

Nat(G) = (B(@), 7(G))" = Lx({¥o.0) | ($,v) € G x G}). (2.5)

with ¥ running over | J

Here

Vg : B(G) 2 T+ ¢(Tv) € K.

Here if Z is a K-linear space and S C Z then £x(.9) is the space of all K-linear combina-
tions of elements in S.

The first locally convex space we are mainly interested in is (B(G), o(B(G), Nt (G))),
for which by (2.2) we have

(B(G),0(B(G), Nst(G)))" = Nat(G). (2.6)

Notice that by what was said above, o(B(G), Nst(G)) is the topology on B(G) gener-
ated by the set of seminorms associated to the set {¢(4.) | (¢,v) € G* x G}, hence
o (B(G), N (G)) is just the usual weak operator topology on B(G).

Notice that by (2.1), and the Hahn—Banach theorem applied to G, we see that
o(B(GQ), Ny (G)) is a Hausdorff topology.

Let G be a complex Hilbert space. We define
Nod(G) := B(G)..

Here B(G). is the “predual” of the von Neumann algebra B(G) (see for example Defi-
nition 2.4.17 of [BR], or Definition 2.13, Ch. 2 of [Tak]). So every w € N,4(G) has the
following form (see Proposition 2.4.6 of [BR] or Theorem 2.6(ii.4), Ch. 2 of [Tak]):

w:B(G)>Bw~— i(un,Bwn> eC. (2.7)

n=0

Here {up }nen, {wn }nen C G are such that > oo [Jun > < oo and Y oo [|w,[|? < oco.
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We say that w is determined by {un tnen, {Wn}tnen if (2.7) holds. Notice that w is
well-defined: indeed, for all B € B(G) we have

S [{un, Bun)? < ||B|2(§||un||2> (gwﬁ) < oo,

n=0

hence w(B) exists and w € B(G)*, so
Noa(G) € B(G)™. (2.8)

The second locally convex space we are mainly interested in is (B(G), 0(B(G), Npa(GQ))),
for which by (2.2) we have

(B(G),0(B(G), Npa(@)))" = Npa(G). (2.9)

As every w € Ny (G) is determined by {u, }2_;, {w,})_, for some N € N, we have
Nt (G) C Npa(G). Since o(B(G), Ny (G)) is Hausdorff we conclude by (2.1) that so also
is 0(B(G), Npa(G)).

Notice that by the above, o(B(G), Npa(G)) is the topology on B(G) generated by
the set of seminorms associated to the set Npq(G), hence it is just the usual sigma-weak
operator topology on B(G) (see for example Section 2.4.1 of [BR]), so we shall often refer
to it just as the sigma-weak operator topology on B(G).

We remark that as a corollary of the aforementioned invariance property of weak inte-
gration, when we change the topology 7 on Y to any other Hausdorff topology compatible
with it, we deduce by (2.5) that f : X — B(G) is scalarly essentially (i, B(G))-integrable
with respect to the measure p and the o(B(G), N5 (G)) topology on B(G) if and only if
it is so with respect to the strong topology 75 (G) on B(G), and in this case their weak
integrals coincide.

Let A be a K-Banach algebra. Then for all A, B € A set [4, B] := AB — BA. The
map R : A — B(A) and £ : A — B(A) have been defined in (7). Let G be a K-Banach
space and N’ C B(G)* a linear subspace of the normed space B(G)*. Then we introduce
the following notations:

N* C B(G) & (3Yy € B(Q))(N* = {AIN | A € Yy});
ll-11
N* C B(G) &
(3% C B(G))(V6 € N*)(3A € Yo) (¢ = AIN) A ([ 6llar = [ Alln(e)).
Here (%) : B(G) — B(G)** is the canonical isometric embedding of B(G) into its bidual.
By Theorem 2.6(iii), Ch. 2 of [Tak], or Proposition 2.4.18 of [BR],

Noa(G)* d B, (2.10)

Let H : By — Pr(G) be a spectral measure in G on By . We write
(Vo € B(C))(G, :=H(0)G),

without expressing the dependence on H whenever it causes no confusion.

In this chapter we fix a complex Banach space G, a locally compact space X, a com-
plex Radon measure p on X, a possibly unbounded scalar type spectral operator R with
spectrum o(R) and resolution of the identity E.
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For each map f: U C C — C we denote by fthe 0-extension of f to C.
Finally, we denote by Fo.(X; 1) the seminormed space of all maps H : X — C such
that

Hw%ﬁm:/Wmm&mm<m

By writing p-l.a.e.(X) we shall mean “locally almost everywhere on X with respect to p”.
Moreover, if f: Xo — C is defined p-l.a.e.(X), then we say that f € o (X;p) if there
exists a map F': X — C such that F| Xy = f and F € F..(X; ). In that case we set

15 e i) = I N5 xi- (2.11)

ess

The definition is independent of the choice of F' by Proposition 1(a), n° 1, §1, Ch. V
of [INT]. Moreover, let (Y, 7) be a locally convex space and f : Xg — Y a map defined
p-l.a.e.(X). Then for brevity we say that the map f : X — (Y, 7) is scalarly essentially
(1, Y)-integrable if there exists amap F : X — Y such that F'[Xg = fand F: X — (Y, 1)
is scalarly essentially (u,Y)-integrable. In this case we define

/ﬂmwmmz/F@mmm. (2.12)

This does not depend on the choice of F. Indeed, for k € {1,2} let F}, : X — Y be such
that Fy[Xo = f and Fy : X — (Y, 1) is scalarly essentially (u,Y)-integrable. Then for
all we (Y, 7)* and k € {1,2},

o [ B@au) = [wmie)aue = [ @) ).

Next for all z € X, xx,(z)w(Fi(x)) = xx,()w(Fa(z)), so for all w € (Y, 7)*,

W (/ Fi(z) d,u(x)) —w </ Fy(z) du(z)) .

Then (2.1) yields [ Fi(z)du(z) = [ Fa(z) du(z).

Now we show some results about functions which are scalarly essentially (i, B(G))-
integrable with respect to the o(B(G),N)-topology. Here N' C B(G)* separates the
points of B(G) and N* C B(G). Then we apply these results to the case when G is a
Hilbert space and N = N,a(G).

THEOREM 2.2. Let G be a complex Banach space, and N C B(G)* be a subspace such
that N separates the points of B(G) and

N* C B(G).

Let F : X — B(G) be such that for allw € N the map wo F : X — C is u-measurable
and

(X 22— |[F(2)lBe) € Fess(X: 1) (2.13)
Then the map F : X — (B(G),c(B(G),N)) is scalarly essentially (u, B(G))-integrable.

I-1l
If in addition N* C B(G) then the weak integral of F satisfies

H/F(x)d“(x) ) 3/. 1E (@)l 3o dlul(x). (2.14)
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Proof. For all w € N we have |w(F(x))| < ||w|| [|F(z)||p(q), hence for all w € N,

/ w(F())dlul(z) < o] / 1) (e diil (2). (2.15)

Moreover, the map w o F' is y-measurable by hypothesis, therefore by (2.15) and Propo-
sition 9, §1, n°® 3, Ch. 5 of [INT] we see that w o F is essentially p-integrable.
Hence we can define the following map:

\I/N9w|—>/ ) du(x) € C,
which is linear. Moreover, for any essentially p-integrable map H : X — C,
[ < [ ). (2.16)
hence by (2.15),
U e N (2.17)

Finally, as N* C B(G), the statement follows from (2.17) and (2.15). m

REMARK 2.3. Let G be a complex Hilbert space. Then the statement of Theorem 2.2
holds if we set N := M,q(G). Indeed, we have the duality property (2.10).

Now we give similar results for N' = N (G).

LEMMA 2.4. Let G be reflexive, that is G** is isometric to G through the natural injective
embedding. In addition, let B : G* x G — C be a bounded bilinear form, that is,

(3C > 0)(V(¢,v) € G x G)(|B(¢,v)| < Cll9lla-[lvlc)-
Then
(3L € B(G))(Vp € G*)(Yv € G)(B(¢,v) = ¢(L(v))
and |[L||p(c) < |BIl, where || B|| :=supg () | 1g] 6+ Jollc<1y [B(@,0)].

Proof. Forallv e Glet T'(v): G* > ¢ — B(p,v) € C,s0 T'(v) € G** with [|T'(v)] g+~ <
IB|l - llvllg. As G is reflexive, we have (Vv € G)(3L(v) € G)(Vé € G*)(¢(L(v)) =
T(v)(¢)), in addition ||L(v)|l¢ = |T(v)||(G+)« < |IB|l - |v]la. The operator L is linear by
the linearity of T" and by the fact that G* separates the points of G by the Hahn—Banach
theorem. Thus L is linear and bounded and ||| g(e) < [|B]|. This implies the existence
statement. Let now L' € B(G) be another operator with the same property, so for all
¢ € G and v € G, ¢(L(v)) = ¢(L'(v)). Thus by the Hahn-Banach theorem for all v € G
L(v) = L'(v), which shows the uniqueness. m

THEOREM 2.5. Let G be reflexvive, F' : X — B(G) be a map such that for all (¢,v) €
G* X G the map X > x — ¢(F(x)v) € C is u-measurable, and assume that (2.13)
holds. Then the map F : X — (B(G),c(B(G),Nx(Q))) is scalarly essentially (u, B(G))-
integrable and its weak integral satisfies (2.14).

Proof. For all ¢ € G*, v € G, and z € X we have [¢(F(x)v)| < ||| |[v][[F(2)]BG)
hence

/ 6(F()o)| dlul(z) < || |lv] / 1P () e dlul (): (2.18)
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Furthermore, X 3 z — ¢(F(z)v) is p-measurable by hypothesis, therefore by (2.18) and
Proposition 9, §1, n°® 3, Ch. 5 of [INT] we infer that X > z — ¢(F(x)v) is essentially
p-integrable.

We can thus define the map

BiG xG3 (60) ~ [o(Pla)du(o) e C.
which is bilinear. So by (2.16) and (2.18),

[B(,v)] < llo]l [|v]] / 1E (@)l () dlpl(2)-

Hence B is a bounded bilinear form with |B| < [°||F(2)|p(q) d|p|(z), proving the
statement by Lemma 2.4. m

COROLLARY 2.6. Let G be reflezive, F : X — B(G) a o(B(G), Nyt (Q))-continuous map,
ie. X 3 x — ¢(F(x)v) € C is continuous for all (p,v) € G* x G, and assume that
(2.13) holds. Then the map F : X — (B(G),0(B(GQ),N«(G))) is scalarly essentially
(1, B(G))-integrable and its weak integral satisfies (2.14).

Proof. By definition of p-measurability, the continuity condition implies that for all
(p,v) € G* x G the map X > x +— ¢(F(x)v) € C is y-measurable, proving the statement
by Theorem 2.5. m

2.3. Commutation and restriction properties. Let H : By — Pr(G) be a spectral
measure in G on By . We shall introduce a special class of subspaces of B(G)*, the class
of “H-appropriate sets”, which allows one to show two properties important for proving
the main Extension Theorem 2.25. These are

e “Commutation” property, Theorem 2.13, for a general E-appropriate set A, and Corol-
lary 2.14 for N' = Npa(G) or N' = Ny (G);
e “Restriction” property, Theorem 2.22, for a general E-appropriate set A

LEMMA 2.7. Let A € B(G) be such that AR C RA and f € Bor(o(R)). Then
Af(R) C f(R)A
Proof. By Corollary 18.2.4 of [DS],
(Vo € B(C))([A, E(0)] = 0). (2.19)
By (8) of the introduction, for all T' € B(G), R(T),L(T) € B(B(G)), so by using the
notations in Preliminaries 1.1, for all n € N we have
IE (fn) A = (L(A) o IE)(fn)
=IE V() by (13), £(A) € B(B(G))
R(A)OE(fn) by (2.19)
= (R(A) o IZ)(fa) by (1.3), R(A) € B(B(G))
= ATE(fn). (2.20)
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Let = € Dom(f(R)). Then by (1.6), the fact that A € B(G), and (2.20),
Af(R)z = lim_ IE(f.)Ax.
Hence (1.6) implies Az € Dom(f(R)), and
f(R)Az = lim_ IZ(f.) Az = Af(R)z. =
LEMMA 2.8. Let N C B(G)* be such that o(B(G), N') is a Hausdorff topology, A € B(G),

and let the map X > x — f, € Bor(c(R)) be such that f, € LF(c(R)), p-la.e.(X).
Assume that

(a) X 22 f.(R) € (B(G),0(B(G),N)) is scalarly essentially (p, B(G))-integrable;
(b) poR(A) €N and po L(A) €N forallp € N;

(¢) ARC RA.
[ #wduto). 4] -

Proof. By the hypothesis f, € £¥(0(R)), p-la.e.(X) and Theorem 18.2.11(c) of [DS]
applied to the scalar type spectral operator R, we have f,(R) € B(G), p-la.e.(X). Set
Xo:={z e X | f.(R) € B(G)}. By (a) there is F': X — B(G) such that

o (Vo e Xo)(F(z) = fz(R));
e FF: X - (B(G),s(B(G),N)) is scalarly essentially (i, B(G))-integrable.

Thus by definition

Then

/ f2(R) dy(z) = / F(z) du(z). (2.21)
Notice that for all x € X and ¢ € N,
Yo (2)6 0 L(A)(F(2)) = xx ()6 0 R(A)(F(2), (2.22)

since by Lemma 2.7 for all z € X,

F(2)A = fo(R)A = Af,(R) = AF(x).
Moreover, for all ¢ € N,

{f ¢ o LIA)(F(x)) du(x) = [ Xx,(2)p 0 LIA)(F () du(),
J o R(A)(F(x)) du(x) = [ xx,(2)¢ 0 R(A)(F () dp(x).

Indeed, ¢ o L(A) € N, hence X > x +— ¢ o L(A)(F(x)) is essentially u-integrable, so by
Proposition 9, n° 3, §1, Ch. 5 of [INT)]

/'|XXO<x>¢>o£< (P ()] dll /|¢oc ()] d]ul(z) < oo.

Furthermore, by Proposition 6, n° 2, §5, Ch. 4 of [INT], X 3> = — xx,(z)¢o L(A)(F(x))
is p-measurable. Thus by Proposition 9, n°3, §1, Ch. 5 of [INT] the map X > z
Xx,(x)p o LIA)(F(x)) is essentially p-integrable, and we obtain the first statement of
(2.23) by the fact that two essentially p-integrable maps that are equal p-l.a.e.(X) have

(2.23)
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the same integral. In the same way one can show the second statement of (2.23). Therefore
for all ¢ € NV,

¢( / fo(R) du(x) A> — $o L(A) ( / f+(R) du(sc))
= ¢oL(A) </ F(z) d,u(x)> by (2.21)
_ / 60 LIA)(F(z))du(z)  since do L(A) € N
— [ooRU)(F@)dutz) by (223), (222)
— $oR(A) ( / Fx) d,i(x)> since ¢ o R(A) € N

= ¢<A/fz(R) du(:c)> by (2.21).
Then the statement follows by (2.1). m

REMARK 2.9. By definition of Ny (G) (see (2.5)), hypothesis (b) of Lemma 2.8 holds for
all A € B(G) and for N' = N (G). Moreover, o(B(G), N (G)) is a Hausdorf topology
on B(G).

Let G be a Hilbert space. By (2.7) we note that for all A € B(G) we have wo L(A) €
Npd(G) and w o R(A) € Npa(G). Indeed, if w is determined by {uy, fnen, {wn fnen, then
w o L(A) (respectively w o R(A)) is determined by {un}nen, {Awn}nen (respectively
{A*up tnen, {wn nen). Hence hypothesis (b) of Lemma 2.8 holds for all A € B(G) and
for N' = N4 (G). Furthermore, o(B(G), Npa(G)) is a Hausdorff topology on B(G).

REMARK 2.10. By Definition 18.2.1 of [DS], E(c)R C RE(o) for all ¢ € B(C), thus
hypothesis (c¢) of Lemma 2.8 holds for A := E(0).

DEFINITION 2.11. Let H : By — Pr(G) be a spectral measure in G on By (see Prelimi-
naries 1.1). Then we define N to be an H-appropriate set if

e N C B(G)* is a linear subspace;
e N separates the points of B(G), that is,
(VT € B(G))(T # 0 = (3¢ € N)(¢(T) #0));
e for all p € N and o € By,
poR(H(c)) e N, ¢oL(H(s))eN. (2.24)
Furthermore, N is an H-appropriate set with the duality property if N is an H-appropriate

set such that
N* C B(G).

Finally, N is an H-appropriate set with the isometric duality property if N is an H-
appropriate set such that

N Ba).
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REMARK 2.12. Some comments about the previous definition are in order. The separation
property is equivalent to requiring that o(B(G),N) is a Hausdorff topology on B(G),
while (2.24) is equivalent to requiring that for all o € By the maps R(H(o)) and L(H(0))
on B(G) are continuous with respect to the o(B(G), N)-topology. Moreover, the duality
property N* C B(G) ensures that suitable scalarly essentially u-integrable maps with
respect to the o(B(G), N)-topology are (i, B(G))-integrable (see Theorem 2.2).

Finally, by Remark 2.9, if G is a Hilbert space, N (G) and N,q(G) are H-appropriate
sets for any spectral measure H, and by (2.10), N,a(G) is an H-appropriate set with the
isometric duality property.

THEOREM 2.13 (Commutgtion 1). Let N be an E-appropriate set, and let X > x +— f, €
Bor(o(R)) be such that f, € £F(0(R)), p-l.a.e.(X). Assume that X > x — f(R) €
(B(G),0(B(G),N)) is scalarly essentially (u, B(G))-integrable. Then for all o € B(C),

[ [ Ry (o). B(&)] <o (2.25)

Proof. N being an E-appropriate set ensures that hypothesis (b) of Lemma 2.8 is satisfied
for A := E(0) for all o € B(C), so the statement follows by Remark 2.10 and Lemma
2.8. nm

COROLLARY 2.14 (Commutation 2). (2.25) holds if we replace N in Theorem 2.13 with
Nt (G) or Npa(G) and assume that G is a Hilbert space.

Proof. By Remark 2.12 and Theorem 2.13. =

Now we give some results necessary to show the restriction property in Theorem
2.22, namely that the map X 3 = — f,(R,|G,) € (B(G,),0(B(Gy),Ny)) is scalarly
essentially (i, B(G,))-integrable, where A is an E-appropriate set, and N, could be
thought of as the “restriction” of N to B(G,) for all o € B(C).

In particular, when N = N (G), respectively N' = N,q4(G), we can replace N, with
Nt (Go), respectively Npa(Go) (Proposition 2.23).

LEMMA 2.15. Let H: By — Pr(G) be a spectral measure in G on By (see Preliminaries
1.1). Then for all ¢ € By, G = G4 ® G4/, where o' := Co.

Proof. We have H(o) + H(¢’) = H(c Uo’) =1 so H(¢') =1 — H(s) and H(c)H(0') =
H(o')H(o) = 0. Hence for all v € G, v = H(o)v + H(¢')v, or G = G, + G,+. But for
any 0 € By we have Gs = {y € G | y = H()y}. Then G, NG, = {y € G |y =
H(o)H(¢o')y} = {0}. Thus G, + G = G, & Gy m

DEFINITION 2.16. Let H : By — Pr(G) be a spectral measure in G on By, o € By and
o' := Co. Then Lemma 2.15 allows us to define the operator ¢ : B(G,) — B(G) such
that for all T, € B(G,),

¢NT,) =T, ®0, € B(G). (2.26)

Whenever it causes no confusion we shall denote ¢ simply by &,. Here 0,/ € B(G,) is
the null element of the space B(G,-), while the direct sum of two operators T, € B(G,)
and T, € B(G,) has the following standard definition:

(Ty ®Ty): Gy ® Gor 3 (Vg D Vgr) = Tty ® TV € Gy @ Gor.
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LEMMA 2.17. Let H : By — Pr(G) be a spectral measure in G on By. Then for all
o € By and T, € B(G,) we have
&N(T,) = T,H(o). (2.27)
Hence & is well-defined, injective, & € B(B(G,), B(G)) and || 5Bc.),B(c) <
H(o)lBc)-
Proof. Let 0 € By. Then for all v € G we have
(T, ® 05)v = (T, ® 0, )(H(c)v ®H(c')v) = (T,H(c)v @ ) T,H(o)v,

proving the first part. Let T, € B(G,) be such that &,(T,) = 0. Then T,H(c) = 0,
which implies that for all v, € G, we have T,v, = T,H(o)v, = 0 So T, = 0,. Let
H(o) € B(G,G,) and T, € B(G,,G). Then T,H(o) € B(G) and |[T,H(o)||p) <
1751 5c,.c) - IH(0)Bc.c.) = TolBG,) - IH(O) B =

Notice that by (2.27) and the fact that B(G,) is a Banach space, one can show that
¢+(B(Gy)) is a Banach subspace of B(G), thus &, has a continuous inverse.

REMARK 2.18. Let H : By — Pr(G) be a spectral measure in G on By, and o € By.
Consider the product space G, x GG, with the standard linearization and define

Loy Lot = ||Te + Ty )
Iz 2o}l = iz + 2l 29
I:G, X Gy 3 (T5,2') — Ty + 24 € G.

As G = G, ® Gy (see Lemma 2.15), the spaces (G, X Go, | - |lg) and (G, || - ||¢) are
isomorphic, thus isometric and I is an isometry between them. It is not difficult to see
that the topology induced by the norm || - ||g is the product topology on G, x Gy (2),
which implies the following property that in any case we prefer to show directly.

PROPOSITION 2.19. Let H: By — Pr(G) be a spectral measure in G on By and assume
the notations in (2.28) and Definition 2.16. For all T, € B(G,) and T, € B(Gy) set

Ty X Ty : Gog X Gor 3 (X5,%51) = (ToXo, Torxer) € Gy X Gy
Then

{To' D To” = I(To- X To./)_[_l = TG-H(O') + TU’H(U/) € B(G)’ (2 29)

T, x Ty = I_l(To'H(O-) + TUIH(O'/))I S B(C:(7 X GUI).
Proof. We have I(T, x Ty ) I Nwo ® 251) = [(Tys, Ty2g) = Tyxe ® Tyrxy for all
T, € G, and z, € G, proving the first equality. For all z € G,
I(Ty, x T, Hz) = I(Ty x T,) I~ (H(o)z + H(o')x)
= I(T,H(o)x, T, H(c")z) = T,H(0)z + T, H(c")z.
This yields the second equality. The third equality follows from the second and the fact
that I is an isometry. m

Notice that by the first statement in (2.29) we obtain (2.27).

(?) Indeed, let 0 € By be such that H(o) # 0, set M := max{||H(o)||, ||H(c")||} and for
all 7 > 0 define BY(0) := {(z0,7,/) € Go X Gor | ||[(To,700)|l@ < 7}. Thus for all € > 0
by setting n := ¢/2 we have B,(0,) x B,(0,) C B®(0), while for all 1,62 > 0 by setting
¢ :=min{e1,e2}/M we have B (0) C B, (05) x Be,(0).
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DEFINITION 2.20. Let H : By — Pr(G) be a spectral measure in G on By and N C
B(G)*. For all 0 € By and ¥ € N we define

Y=ot € B(G,)*, NP :={yl|veN}, (2.30)

where ¢ has been defined in (2.26). We shall express ! and N simply by 1, and N,
respectively, whenever it causes no confusion.

PROPOSITION 2.21. Let H : By — Pr(G) be a spectral measure in G on By, N C B(G)*
a subset that separates the points of B(G), and o € By . Then N, separates the points of
B(G,).

Proof. Let T, € B(G,) — {0,}. By Lemma 2.17, &, is injective so &,(T,) # 0. But N
separates the points of B(G), so there is ¢ € A such that (£, (T5)) #0. =

THEOREM 2.22 (Restriction). Let N' be an E-appropriate set, and let X > x — f, €
Bor(o(R)) be such that f, € L£¥(0(R)), p-l.a.e(X) Assume that the map X > = —
fz(R) € (B(@),0(B(G),N)) is scalarly essentially (u, B(G))-integrable. Then for all
o € B(C) the map X 3 z — [,(R,[G,) € (B(Gy),0(B(Gy),Ny)) is scalarly essentially
(1, B(Gy))-integrable and

/ Fo(Ra1Go) dpi() = / fo(R) du(x) 1 G (2.31)

Proof. Let o € B(C). Then (1.142 implies that for all x € X the operator f,(R,[G,) is
well-defined. By the hypothesis f, € £%(0(R)), p-l.a.e.(X) and Theorem 18.2.11(c) of
[DS] applied to R, we have f,(R) € B(G), p-l.a.e.(X). Set

Xy = {z € X | f.(R) € B@G)}.
Then by Lemma 1.7(2) we obtain
(Vz € Xo)(f2(Ro1Go) € B(Gy)). (2.32)

Hence f,(R,!G,) € B(G,), p-la.e.(X). So by Proposition 2.21 and (2.1) it is well-

defined the statement that X > z — f.(R,]G,) € (B(Gy),c(B(G,),Ny)) is scalarly

essentlally (1, B(G,))-integrable is meaningful. By hypothesis we deduce that there is
: X — B(G) such that

o (Vo€ Xo)(F(z) = fo(R));
e F': X — (B(G),0(B(G),N)) is scalarly essentially (1, B(G))-integrable.

Thus by (2.12),
[ £ du) = [ Fe)duto) (2.33)
Now for all o € B(C) define F'? : X — B(G,) by setting, for all z € X,
F?(z) := E(0)F(2)]G,.
By (2.32) we can claim that

(1) (Vo € Xo)(F7(2) = fo(Rs[Go));
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(2) the map F? : X — (B(G,),0(B(G,),N)) is scalarly essentially (u, B(G))-inte-

grable, and
[ Fo@duta) = [ 1B duta) 1o (2.34)

Then the statement will follow by setting, according to (2.12),

/ fe(RoGo) dpu(z) := / FO () du(x).

F(z) = E(0) f+(R)|Gs
= f+(R)E(0)|G, since [f,(R),E(c)] =0
= fo(Ro[Go) by Key Lemma 1.7.

For all z € X,

Hence (1) of our claim follows. For all ¢y € N and = € X,
o L(E(0)) o R(E(0))(F(x)) = ¢(E(0)F(x)E(0)) = ¢ (E(0)F(2)]Go)
= 4y (F7 (2). (235)

From the second equality we deduce by Lemma 2.17 that for all T € B(G) we have
¢ (E(0)T1Gy) = E(0)TE(0). Since F : X — (B(G),0(B(G),N)) is scalarly essentially
p-integrable, and ¢ o L(E(0)) o R(E(c)) € N for all ¥ € N, by (2.35) the map

F?: X — (B(G,),0(B(G,),Ny)) is scalarly essentially p-integrable.
Now by (2.25) we have, for all v € G,

/fw ) dp(x U—/fw ) dp(x /fg; )du(z)v € G, (2.36)
Moreover, [ f.(R)du(z) € )so [ fz(R)du(x) | G» € B(G,). Therefore for ally) € NV,
m(/huwwwnea

:%@@/mmwwWQ by (2.36)
_ ¢(E(cr) / Fo(R) dp(x) E(o)) by Lemma 2.17

:/woamwwnwwmn@mmm as ¥ o L(E(0)) o R(E(0)) € N
:/%wwwwm by (2.35).

Hence (2.3) and (2.4) yield (2.34), and the statement follows. m
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PROPOSITION 2.23. For all o € B(C),
(Nt (@))o = Nt (Go)  and  (Npa(G))o = Npa(Go). (2.37)

Proof. By the Hahn-Banach theorem,
(Go) ={9IG, | ¢ € G*}. (2.38)

Then we have

Nt (G))o = Lc({WYig,0) 0 &0 | (B,0) € G x G}) = Lc({V(p1cy.w) | (H,w) € G* X Go})
= S(C({w(p,w) | (p,w) € (GU)* X GU}) iJ\/St(GU)'

Here in the third equality we used (2.38), while in the second equality we applied the
fact that for all (¢,v) € G* x G and for all T, € B(G,),

7/’((15,11) © fo‘(Ta‘) = ¢(TJE(U)U) by (227)
= ((era)(TaE(U)U)
= V416G, ,E(0)) (Ts)- (2.39)

Let G be a complex Hilbert space. Then

(Npa(G))o
-{ iw whiony) © & | {nInen {wnknen € G, f} lunl?, i JwallZ < oo}
{f; Yty 060) | {umbness {nbnes € G, Z ||un||G,ZOHwnHG <o)

= {i}m ¢ Bloyany | {tn}nen {wn}nen € G, Z a1 Z % < oo}
= {i)lb( (o) un) 1Ga B(own) | Ltn}nen, {wn}nen C G, z; 12 Z) Jlewal% < oo}
{Z Vet oy | 1antnens (bubnen € G Z laali, ,Z lenll, < oo

pd(Ga)-

Here for any Hilbert space F we let u! € F* be such that uf(v) := (u,v) for all u,v € F,
and the series in the first equality is converging with respect to the strong operator
topology on B(G)*, while all the others are converging with respect to the strong operator
topology on B(G,)*.

The first equality follows by (2.7), the third by (2.39), the fourth by the fact that
E(0)|Gy = 1,, the identity operator on G,. Now we show the fifth equality. Notice that

o0 &S]
D E@wallE, = 1E(@)wallE < |E@)] Z [wn & < oo
n=0 n=0
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As t: H — H* is a semilinear isometry, for all n € N there exists only one a,, € G, such
that af = (E(0)*u,)' |Gy, and moreover

lanllc, = [I(E(0) un)" 1G]

Gz -
Next,
I(E(0) un) G lc; = sup (E(o) un, v)| = sup [(un, v)]
{veGs [ llvlla, <1} {veGo | llvlla, <1}
< sup o upeo)| = [lufller = llunlle

 {veG||lvllc<1}

Hence Y07 lanllg, < 2002 lunllg < co and the fifth equality follows. m

2.4. Extension theorem for integral equalities with respect to the o(B(G),N)-
topology. In the present section we shall prove the Extension Theorems for integration
with respect to the o(B(G), N)-topology, when N is an E-appropriate set (Theorem
2.25) and when A is an E-appropriate set with the duality property (Corollary 2.26).
As an application we shall consider the cases of the sigma-weak topology (Corollaries
2.28 and 2.29) and weak operator topology (Corollaries 2.27 and 2.30). In this section we
adopt all the notations defined in Section 2.2.

THEOREM 2.24. Let N be an E-appropriate set and {0, }nen be an E-sequence (see Def-
inition 1.10) and let X > & — f, € Bor(c(R)) be such that f, € £5(c(R)), p-la.e.(X).
Let X > x — fz(R) € (B(G),0(B(G),N)) be scalarly essentially (u, B(G))-integrable
and g,h € Bor(o(R)). If for alln € N,

9(Ro, 1Go,) / fo(Ro, 1Go, ) da(z) € h(Ro, 1Go,) (2.40)
then
o) [ £.(R)du(z) 1© = h(R)Te. (2.41)

In (2.40) the weak integral is with respect to the measure p and the o(B(Gy, ), Ny, )-
topology, while in (2.41),

© := Dom (g(R) / fz(R) d,u(x)) N Dom(h(R))
and the weak integral is with respect to the measure p and the o(B(G), N)-topology.

Proof. (2.40) is meaningful by Theorem 2.22.
By (1.18), for all y € ©,

o) [ (B dule)y = lim E(@)o(B) [ F.(F) dula)y

by Theorem 18.2.11(g) of [DS] and (2.25)

neN

— lim ¢(R) / f+(R) du(x) E(on)y
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by (2.31) and Lemma 1.7 applied to g(R)

— i 9(Re, 1G,) [ FolBa, 1Gi, ) dia) E(a)y

by hypothesis (2.40)

= }ngﬁl! h(Rs, 1Gs,) E(0n)y

by Lemma 1.7 and Theorem 18.2.11(g) of [DS]

= rlllgll\l E(on)h(R)y

= h(R)y. (2.42)
In the last equality we have applied (1.18). m
MAIN THEOREM 2.25 (o(B(G), N)-Extension Theorem). Let R be a possibly unbounded
scalar type spectral operator in G, E its resolution 0~fthe identity, and N an E-appropriate
set. Let X 3 © — f, € Bor(o(R)) be such that f, € £¥(c(R)), p-l.a.e.(X), and X >
z — fz(R) € (B(G),0(B(G),N)) is scalarly essentially (u, B(G))-integrable. Finally, let
g,h € Bor(c(R)) and h € £F(c(R)). If {on}nen is an E-sequence and for allm € N,

9(Ra, 1Ga,) [ f2(Ba, G, dils) € bR, G, (243)
then h(R) € B(G) and
g(R)/fr(R) du(z) = h(R). (2.44)
In (2.43) the weak integral is with respect to the measure p and the o(B(G,, ), N, )-
topology, while in (2.44) it is with respect to p and the o(B(G), N)-topology.
Notice that g(R) is a possibly unbounded operator in G.

Proof. Theorem 18.2.11 of [DS] and the hypothesis h € £%¥(o(R)) imply h(R) € B(G),
so by (2.41) we can deduce that

o(B) [ F.(F) duta) € h(R). (2.45)
Set

(Vn € N)(8, := |g|~1([0,n])). (2.46)
We claim that

UneN 0n = o(R),

n>m= 6, 2 o, (2.47)

(Vn € N)(g(d,,) is bounded).
Since |g| € Bor(o(R)) we have 6, € B(C) for all n € N, so {0, }nen is an E-sequence,

hence by (1.18),

lim E(6,) =1 (2.48)

in the strong operator topology on B(G).
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Indeed, the first equality of (2.47) follows from (J,cydn = U,eylgl™'([0,n]) =
197 (Unenl0,n]) = |g| ' (RT) = Dom(g) := o(R), the second from the fact that |g|~*
preserves the inclusion, and the third from the inclusion |g|(d,,) C [0,n]. By the third
statement of (2.47), 6, € B(C) and Lemma 1.7(3),

(¥n € N)(E(5,)G C Dom(g(R))). (2.49)
By (2.25) and (2.49), for all n € N,
/fz ) dpu(z) E(6,)G € E(6,)G C Dom(g(R)).
Therefore
(¥n € N)(Yv € @) (E((Sn)v € Dom (g(R) / £.(R) du(x))).

Hence by (2.48),

D= Dom(g(R) / £.(R) du(x)) is dense in G. (2.50)

But [ fi(R)du(z) € B(G) and g(R) is closed by Theorem 18.2.11 of [DS], so by Lemma
1.15 we find that

R)/fw(R) du(x) is closed. (2.51)
But we know that h(R) € B(G) so by (2.45) we deduce
R)/fI(R) du(z) € B(D,G). (2.52)
Now (2.51), (2.52) and Lemma 1.16 imply that D is closed in G, therefore by (2.50),
D=G.

Hence by (2.45) we conclude that the statement holds. m

Now we give conditions on the maps f, ensuring that f,(R) € B(G), and that
X 3 =z — fz(R) € B(G) is scalarly essentially (u, B(G))-integrable with respect to
the o(B(G), N)-topology.

COROLLARY 2.26 (0(B(G), N')-Extension Theorem—duality case). Let N be an E-appro-
priate set with the duality property and X > x — f, € Bor(o(R)). Assume that there
is Xo € X such that CXy is p-locally negligible and fz € £¥(o(R)) for all x € Xo.
Moreover, suppose there exists F': X — B(Q) extending Xo 3 © — fz(R) € B(G) such
that for allw € N the map X > x — w(F(z)) € C is p-measurable and

If g, h € Bor(a(R)) are such that h € L£¥(0(R)) and {op nen is an E-sequence such that
(2.43) holds for all n € N then the statement of Theorem 2.25 holds. Moreover, if N is
an E-appropriate set with the isometric duality property, then

\ [r@a| < [C1®lse dale)
B(G)
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Proof. The map X > z +— f,(R) € (B(G),c(B(G),N)) is scalarly essentially (u, B(G))-
integrable by the duality property and Theorem 2.2. Hence the first part of the statement
follows from Theorem 2.25. The inequality follows by (2.14), (2.12) and (2.11). =

Now we will give corollaries in which N' = N (G) or N' = N,q(G) and G is a Hilbert
space.

COROLLARY 2.27. The statement of Theorem 2.25 holds if N is replaced by N4 (G) and
N, is replaced by Ny (Go,,) for all n € N.

Proof. By Remark 2.12 we know that N (G) is an E-appropriate set, therefore the
statement follows from (2.37) and Theorem 2.25. m

COROLLARY 2.28. The statement of Theorem 2.25 holds if G is a complex Hilbert space,
N is replaced by Npa(G), and Ny, is replaced by Npa(Gy,) for all n € N.

Proof. By Remark 2.12 we know that N,q(G) is in particular an E-appropriate set,
therefore the statement follows from (2.37) and Theorem 2.25. u

THEOREM 2.29 (Sigma-weak Extension Theorem). Let G be a Hilbert space. Then the
statement of Corollary 2.26 holds if we set N := Npa(G) and Ny, := Npa(G,,,) for all
n € N.

Proof. By Remark 2.12, N,q(G) is an E-appropriate set with the isometric duality prop-
erty, so we obtain the statement by Corollary 2.26 and (2.37). m

COROLLARY 2.30 (Weak Extension Theorem). Let G be reflexive. Then the statement of
Corollary 2.26 holds if we set N := Ni(G) and Ny, := Ny (G,,) for alln € N.

Proof. By Theorem 2.5 the map X 3 x — f,(R) € (B(G),o(B(G),Ns(Q))) is scalarly

essentially (u, B(G))-integrable. Hence the first part of the statement follows from Corol-
lary 2.27, while the inequality follows by (2.14), (2.12) and (2.11). =

REMARK 2.31. If G is a Hilbert space we can obtain Corollary 2.30 as an application
of the duality property of the predual N,q(G). Indeed, as we know, Ny (G) C Npa(G),
hence by the Hahn-Banach theorem for all ¥y € Ny (G)* there exists U € N,q(G)*
such that WIN(G) = Wo. Thus by the duality property NMp,a(G)* = B(G) we obtain
(V¥ € Ny(G)*)(IB € B(G))(Vw € Ngt(GQ))(¥o(w) = w(B)), which ensures that the
weak integral with respect to p and the weak operator topology of the map X > z —
f=(R) € B(G) belongs to B(G).

REMARK 2.32. Let D C G be a linear subspace of G and F : B(C) — Pr(G) be a
countably additive spectral measure. Then by (1.3) for all f € TM, ¢ € G* and v € D,

[6(IE(f)o)] = ‘/f(A) AP 0 E)A)| < AM||f[lsup Il [[0]], (2.54)

where M := supsepc) [E(9)|l, Yoo @ B(G) 2 A ¢(Av) € C and TM is the space of
all totally B(C)-measurable complex maps on C. Next we know that

H(C) C TM. (2.55)

Here H(C) is the space of all compactly supported continuous complex functions on C,
with the topology of the direct limit of the spaces H(C; K) with K running over the
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class of all compact subsets of C; here H(C; K) is the space of all continuous functions
f: C — C such that supp(f) C K with the topology of uniform convergence. Set
FP?.=B(D,G) in £,(D,G),

where £,(D,G) is the Hausdorff locally convex space of all linear operators on D with
values in G and with the topology generated by the following set of seminorms:
{£,(D,G) 3 B = lgp0(B)| | (¢,v) € G" x D},
where ¢4 ,(B) := ¢(Bv) for all (¢,v) € G* x D and B € £,(D,G), while B(D,G) is the
space of all bounded operators belonging to £,,(D, G). By (2.55) we can define
mg: H(C) > f— (IE(f)ID) € FP.

Moreover, by (2.54), with the notations of 1.9, the operator mg[H(C; K) is continuous
for all compact K. Therefore as a corollary of the general result in Proposition 5(ii), n° 4,
§4, Ch. 2 of [TVS] about locally convex final topologies, so in particular for the inductive
limit topology, we deduce that mg is continuous on H(C), i.e.

mpg is a vector measure on C with values in FB .

Here, by generalizing to the complex case Definition 1, n°® 1, §2, Ch. 6 of [INT], a vector
measure on a locally compact space X with values in a complex Hausdorff locally convex
space Y is any C-linear continuous map m : H(X) — Y. Furthermore, for all (¢,v) €
G* x D,
2O F
Qo 0mp = Yy, o IEIH(C) = """ [H(C) by (L3).

Hence

£1(C g0 omp) = £(C1pg,0 0 E),
where the left hand side is understood in the sense of Ch. 4 of [INT], while the right hand
side is in the standard sense, and for all f € £,(C; gy, c mg),

/ (V) d(gg0 0 mp)( / F) d(s.0 0 B)N) (2.56)

Finally, assume that D is dense. Then for all f € Bor(supp E) such that Dom(f(E)) =D
by (1.6) we have

f(B) € Fp,
and by Theorem 18.2.11 of [DS] for all (¢,v) € G* x D we have f € £,(C; ¢4, 0 E) and
G (F(E)) = [ 1N oo EYV). (257)

Therefore by adopting the definitions in n° 2, §2, Ch. 6 of [INT], we deduce by (2.56)
that each f € Bor(supp E) such that Dom(f(E)) = D is essentially integrable for mpg

and
E) = / () dmp ()

Here [ f(A\)dmpg(\) is the integral of f with respect to mp. Thus if R is an unbounded
scalar type spectral operator in G, then for all f € Bor(c(R)) such that Dom(f(R)) = D,
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f is essentially integrable for mp and
£R) = [ 50 ().

2.5. Generalization of the Newton—Leibniz formula. In this section we shall apply
the results of the previous one to prove Newton—Leibniz formulas for integration with
respect to the o(B(G), N )-topology when A is an E-appropriate set with the duality
property, for integration with respect to the sigma-weak topology, and for integration
with respect to the weak operator topology.

COROLLARY 2.33 (o(B(G),N)-Newton-Leibniz formula 1). Let R be a possibly un-
bounded scalar type spectral operator in G, U an open neighborhood of c(R), S : U — C
an analytic map, and N' an E-appropriate set with the duality property. Assume that
S : U — C is an analytic map and there is L > 0 such that |—L,L[-U C U and

—~—

(1) 5 € L5 (0(R)), (R), € LF(o(R)) for all t €]-L, L[;

(2) f* (%)tﬂi dt < oo (the upper integral is with respect to the Lebesgue measure on
]_L7 LD;

(3) for allw € N the map |—L,L[ > t — w (% (tR)) € C is Lebesque measurable.

Then for all uy,us € |—L, L],

R /u " %(m) dt = S(usR) — S(uR) € B(G).

1

Here the integral is the weak integral of the map [u1,us] 3 t — %3 (tR) € B(G) with respect
to the Lebesgue measure on [uy,us] and the o(B(G),N)-topology. Moreover, if N is an
E-appropriate set with the isometric duality property and M := sup,cpc) || E(0)| ()

then
“2 dS ds
[ (%),

Proof. Let u be the Lebesgue measure on [ug, us]. By (1.42), the hypotheses, and Theorem
18.2.11(c) of [DS] we have

(a) (Vt € [u1,u2])(S(tR) € B(G));
(b) (Vt e [uhuQ])(%(tR) € B(G));
(©) ([ur,u9] 3t = [|F(tR)B(c)) € T ([ur, ual; ),

So by hypothesis (3), (¢) and Theorem 2.2 the map

E
dt. (2.58)

oo

*

<A4aM
B(G) [u1,uz2]

[y, us] 3 ¢ %(t}%) € (B(Q), o(B(G),N)) (2.59)

is scalarly essentially (u, B(G))-integrable, and if A is an F-appropriate set with the
isometric duality property then its weak integral satisfies (2.58).

This means that, except for (2.43), all the hypotheses of Theorem 2.25 hold for X :=
[ur, uz], h:= (Su, — Suy)[0(R), g: 0(R) 2 A — A € C and the map [uj,us] 2t — fi :=
(), 1o(R).
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Next let 0 € B(C) be bounded, so by Key Lemma 1.7, R, [G, is a scalar type spec-
tral operator such that R,|G, € B(G,), and by (1.14), U is an open neighborhood of
0(Ry1Gy). Thus we can apply Theorem 1.21(3) to the Banach space G, the analytic map
S and the operator R, [G,. In particular, the map [uy, uz2] 3 ¢t — %(t(R(7 IGy)) € B(Gy)
is Lebesgue integrable in the |- || g(,)-topology, that is, in the sense of Definition 2, n° 4,

§3, Ch. IV of [INT]. By Lemma 2.17, &, € B(B(G,), B(G)), so
N, C B(G,)".

Therefore by using Theorem 1, IV.35 of [INT] we deduce that for all w, € N, the map

[ur, us] 3t — wg(%(t(Rg FGU))) € C) is Lebesgue integrable, and for all w, € N,

/uu? Wo (fli(t(Ra rGU))) dt = wy (}1{“2 %(t(R(, 'G,)) dt).

1 1

Thus [uj,us] 2 t — %(t(R(7 IG,)) € (B(G,),0(B(Gs),N,)) is scalarly essentially
(1, B(G,))-integrable and its weak integral is such that

“2 48 “2 48
]Cl dA<wzawGU»(u-—;€1 % (Re1G) (2.60)
Moreover, by Theorem 1.21(3),

(RalGo) § 2 (URo1G)) dt = S(ua(Re 1G2) = (1 (e o).

1

Thus by (2.60),

(Ra1Go) [ DR 1G) dt = S(ua(Re1Ga) = S(ua(RlGo)). (260)

1

This implies exactly the hypothesis (2.43) of Theorem 2.25, by choosing for example
on = By, (0) for all n € N. Therefore by Theorem 2.25 we obtain the statement. =

COROLLARY 2.34 (0(B(G),N)-Newton—Leibniz formula 2). Let R be a possibly un-
bounded scalar type spectral operator in G, U an open neighborhood of c(R), S : U — C
an analytic map, and N an E-appropriate set with the duality property. Assume that
there exists L > 0 such that |—L,L[-U C U and for all t € |—L,L[, S, € £¥(o(R)) and
there exists Ko C |—L, L] such that CKq is a Lebesque negligible set and for all t € Ky,

—_~—

(%)t € £¥(0(R)). Moreover, suppose that

o there is ' :]—L, L[ — B(G) extending Ko 3t — % (tR) € B(G) such that

/Hﬂmm@ﬁ<m

(the upper integral is with respect to the Lebesque measure on |—L, L),
o for allw € N the map |—L,L| >t — w(F(t)) € C is Lebesgue measurable.

Then for all uy,us € ]—L, L],

R /u " %(tR) dt = S(usR) — S(uR) € B(G).

1
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Here the integral is the weak integral of the map [u1,u2] > t — 9 (tR) € B(G) with
respect to the Lebesgue measure on [u1,us] and the o(B(G),N)-topology. Moreover, if N
is an E-appropriate set with the isometric duality property then

/ Buryal| < / ds
up AA B(G) [u1,uz2]

1 ﬁ(tR)
Proof. By Theorem 2.2 and (2.12),
[ur,u2] 3¢ — %(tR) € (B(G),o(B(G),N))

is scalarly essentially (u, B(G))-integrable, and if N is an E-appropriate set with the
isometric duality property its weak integral satisfies the inequality in the statement by
(2.11). Thus the proof goes as that of Corollary 2.33. m

dt.
B(G)

COROLLARY 2.35 (Sigma-Weak Newton-Leibniz formula). The statement of Corollary
2.33 (respectively Corollary 2.34) holds if G is a complex Hilbert space and N is replaced
by Npa(G).

Proof. By Remark 2.12, N,q(G) is an E-appropriate set with the isometric duality prop-
erty, which yields the statement by Corollary 2.33 (respectively Corollary 2.34). m

COROLLARY 2.36 (Weak Newton-Leibniz formula). The statement of Corollary 2.33
(respectively Corollary 2.34) holds if G is a reflevive complex Banach space and N is
replaced by Ny (G).

Proof. By using Corollary 2.6 instead of Theorem 2.2, we obtain (2.59) and (2.58) by
replacing N with A (G). Then the proof proceeds similarly to that of Corollary 2.33
(respectively Corollary 2.34). m
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