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The multifractal box dimensions of typical measures
by

Frédéric Bayart (Clermont-Ferrand and Aubiére)

Abstract. We compute the typical (in the sense of Baire’s category theorem) multi-
fractal box dimensions of measures on a compact subset of R?. Our results are new even
in the context of box dimensions of measures.

1. Introduction

1.1. Formulation of the problem. The origin of this paper goes back
to the work [MRO2| of J. Myjak and R. Rudnicki, where they investigate
the box dimensions of typical measures. To state their result, we need to
introduce some terminology. Let K be a compact subset of R?, and let P(K)
be the set of Borel probability measures on K; we endow P(K) with the
weak topology. By a property true for a typical measure of P(K), we mean
a property which is satisfied by a dense Gs-set of elements of P(K).

For a subset E C R%, we denote the lower box dimension of E and the
upper box dimension of E by dimg(E) and dimg(E), respectively. Also, for
a probability measure p, we define the small and big lower (resp. upper)
multifractal box dimensions of u by

dim, p(u) :H(%EO@B(E)7 dimg (p) = lim H(Ei)r;flfstﬁirrlB(E),
dim, g(p) = “(1En)f>0 dimp(F), dimg(p)= lali% /L(El)n>f17€ dimp(F).
Finally, we define the local upper box dimension of K by

dimp joc(K) = ;g}f{ i1>1f(’) dimp(K N B(z,r)).
THEOREM A (Myjak and Rudnicki). Let K be a compact subset of R?.
Then a typical measure u € P(K) satisfies
dimp o (K) < dim, g(p) < dimp(p) < dimp(K).
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The result concerning the upper multifractal box dimension does not
solve completely the problem for compact sets even as simple as K =
{0} U[1,2]. In this case we just find that, typically,

0 < dim, p(p) < dimp(p) < 1.

In particular, we do not know whether the interval [0,1] is the shortest

possible, or whether dim, g(u) and dimp(u) coincide for a typical measure.
Our original aim was to answer this question. To do that, we need to

introduce the mazimal local upper box dimension of a set E, defined by

di7H1B,loc,max(£?) = sup diimBJoc(E N B(y7 p))
yekE, p>0

Our first main result now reads:

THEOREM 1.1. Let K be a compact subset of R%. Then a typical measure
p € P(K) satisfies

Cﬁim*’B (,U) = di7rnB,loc([()a dl7HI*B (,U) = di7HlB,loc,max([()'

Applying this theorem with K = {0} U [1,2], we find that a typical
measure p € P(K) satisfies

dim, g(u) =0 and dimg(u) = 1.

1.2. Multifractal box dimensions. In [Olsii], L. Olsen has put the
work of Myjak and Rudnicki in a more general context, that of multifractal
box dimensions of measures, which is interesting by itself. Fix a Borel prob-
ability measure m on R? with support K. For a bounded subset E of K, the
multifractal box dimensions of E with respect to m are defined as follows.
For r > 0 and a real number ¢, write

NL(E r)= inf B(x;,7))4.
ﬂ—( ’T) (B(J:i,r))%snacoverofE ;ﬂ-( (:E“T))
The lower and upper covering multifractal box dimensions of E of order ¢
with respect to 7 are defined by
) .. L logNL(E,T) — ) log N%(E, )
dim! 5 (E) = lim inf T logr dim; g(E) = hf?jélp T logr

Let now p € P(K). We define the small and big lower multifractal box
dimensions of p of order g with respect to the measure m (resp. the small
and big upper multifractal box dimensions of p of order ¢ with respect to the
measure ) by

@Z,W7B(N): inf dim? p(E), diim:ffg(/ﬁ):hm inf @Z,B(E)a

., M(E)>O—q7 e e>0 u(E)>1—=¢ .
di = inf di E), dim) =1i inf  dim? 5(E).
lm*,ﬂ,B(:u’) ,u(lEn)>0 lmﬂ',B( )7 lmﬂ',B (:U’) 5138 ,u(E'l)n>lf€ lmﬂ',B( )
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Multifractal box dimensions of measures play a central role in multi-
fractal analysis. For instance, the multifractal box dimensions of measures
in R? having some degree of self-similarity have been intensively studied (see
|[Fal97] and the references therein). In [Ols11], L. Olsen gives estimates of the
typical multifractal box dimensions of measures, in the spirit of Myjak and
Rudnicki. To state his result, we need a few definitions. Firstly, the upper
moment scaling of 7 is the function 7 : R — R defined by

7x(q) = dimy 5 (K).
The local upper multifractal box dimension of K of order q is defined by
-9 . . -9
dlmﬂ,B,loc(K) - mlglf( 71»2{(; dlmﬂ',B(K N B({L‘, T))

This last quantity will also be called the local upper moment scaling of w
and will be denoted by 7; 10c(¢). Finally, let

loginf,cx m(B(z,71))

Dy (—o0) = limsup
r—0 10g r

! B
D, _(4+00) = liminf ogsup,cx 7(B(z, 7“))
r—0 IOgT

Y

Recall also that a measure 7 on R? is called a doubling measure provided
there exists C' > 0 such that

B(x,2
sup sup "BE2) o
z€supp(w) r>0 7T(B(.7}, T))
We can now give Olsen’s result.

THEOREM B (Olsen). Let 7 be a Borel probability measure on RY with
compact support K.

(1) A typical measure p € P(K) satisfies

—qD(+00) < dim! p(u) < dim§(p) < —¢Dr(—00) for all ¢ <0,

—qDr(—00) < dim] p(p) < dim §(u) < —qD(+00)  for all ¢ > 0.

(2) If 7 is a doubling measure, then a typical measure p € P(K) satisfies
Tﬂ,loc(q) < diimzm,B(u) < (him:f]z_% (,U) < Tw(q) Jor all ¢ <0.

If moreover K does not contain isolated points, then this result re-
mains true for all ¢ € R.

For ¢ = 0, this implies in particular Myjak and Rudnicki’s theorem.

1.3. Statement of our main results. Of course, the questions asked
after Theorem A also make sense in this more general context. To answer
them, we have to introduce the mazimal local upper moment scaling of =,
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which is defined by
Trr,loc,max(‘]) = sup dimgr,B,loc(K N B(y,p)).
yeK,p>0
THEOREM 1.2. Let w be a doubling Borel probability measure on R?® with
compact support K. Then a typical measure p € P(K) satisfies, for any

qg€R,
EZJ,B(M) = TW,IOC(Q)a M;kr:% (N) = T7r7loc,max(Q)'

Putting ¢ = 0, we retrieve Theorem

We can also observe that Olsen’s theorem does not settle completely the
typical values of the lower multifractal box dimensions. For instance, when
computed for a self-similar compact set K satisfying the open set condition
(see below) and an associated self-similar measure 7, the values of D_(+00)
and D,(—o0) are in general different. Moreover, it has been pointed out
in [Bayl2] that, given a fixed compact set K C R? a typical probability
measure 7 € P(K) satisfies D;(—o0) = +00 and D_(+0o0) = 0!

We have been able to compute the typical value of the big lower multi-
fractal box dimension of a measure. As before, we need to introduce some
definitions, which are uniform versions of D,(—o0c) and D,_(+o0). Let 7 be
a Borel probability measure with support K. Define

Dy mit(—00) =inf  inf limsup inf log(mfxeB(yi’p) m(B(z, 1))

N y1,..yn€K 0 i=1,..,N lOgT’
p>0

)

log(su - ym(B(x,r
D, nif(+00) =sup  sup liminf sup 8(SUPeB(y,,p) T(B( )))
’ N yrynek ™0 =1 . N logr
p>0
THEOREM 1.3. Let m be a Borel probability measure with compact sup-
port K. Then a typical measure € P(K) satisfies

dim G (p) = {

Unfortunately, we do not have a similar result for the small lower multi-
fractal box dimensions. We have just been able to improve Olsen’s inequality.
This improvement is sufficient to conclude for self-similar compact sets. We
need to introduce the following quantities. Let 7 be a Borel probability mea-
sure with compact support K. Define

_qﬁw,unif(_oo) provided g > 0,
_qu,unif(+oo) p’l"O’UZded q <0.

bﬂ',unif,max(_oo)

log(inf - yw(B(x,r
= sup inf limsup inf g(infzep(y,p) T(B( )))’
2K Y1, yNEB(z,6) r—0 i=1,...,N log r
k>0 p>0
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) log inf m(B(x,r

Dmmax(—oo) = sup lim sup g mEB(ly,p) ( ( ))
yeK r—0 ogr
p>0

Qﬂ,unif,min (+OO)

)

log(su m(B(x,r
= inf sup liminf sup & PreB(yi ) (Blz,r))

€Ky, yneB(ew) 0 =1L N logr
p>0

)

log su w(B(z,r
D in(400) = inf liminf BSUPzeB(y.p) T(B( ))
’ yeK 10 log r
p>0
THEOREM 1.4. Let m be a Borel probability measure with compact sup-
port K. Then a typical measure u € P(K) satisfies

_qﬁﬂ,max(_oo) < @3771—7]3(#) < _qﬁvr,unif,max(_oo) vaided q >0,

_qQW,min(+Oo) < @Z7W7B(M) < _qQTr,unif,min(_oo) pr’ovided q< 0.

Although the above quantities are not very engaging, they can be easily
computed for regular measures 7. This is for instance the case for self-similar
measures on self-similar compact sets. To show this fix an integer M > 2.
For any m = 1,..., M, let S, : R = R? be a contracting similarity with
Lipschitz constant r,, € (0,1). Let (p1,...,par) be a probability vector. We
define K and 7 as the self-similar compact set and the self-similar mea-
sure associated with the list (Si,...,Swp,p1,-..,PM), i.e. K is the unique
nonempty compact subset of R% such that

K= USm(K)a

and 7 is the unique Borel probability measure on R? such that
= Z pmmo St
m

(see for instance [Fal97]). It is well known that supp m = K. We say that the
list (S1,...,Sn) satisfies the Open Set Condition if there exists an open and
nonempty bounded subset U of R¢ with S,,UU C U for all m, and S,,U N.S;U
= () for all I, m with [ # m.

Theorems [I.3] and [I.4] imply the following more appealing corollary:

COROLLARY 1.5. Let K and m be as above, and assume that the Open
Set Condition is satisfied. Let

. log pim, o log pm,
Smin = Min and  Smax = Max .
m - logrm, m - log Ty,
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Then a typical measure u € P(K) satisfies

. . —Smaxq for any ¢ > 0,
dim? = dim™? = e
dim, - p(1) = dim5(1) { —Sming  for any ¢ < 0.
This improves Theorem 2.1 of [Ols11]|, which just says that a typical
p € P(K) satisfies
q

—Smaxq < @Z”ﬂ',B (M) < diim;kr:B(M) < —Sming forall ¢ > 0,

—Sming < diimiﬂ—,B(iu) < dlim::]]g(ﬂ) < —Smaxq for all qg< 0.

1.4. Organization of the paper. In Section 2, we summarize all the
results which will be needed throughout the paper. Section 3 is devoted to
the proof of Theorem [I.2} The proofs of Theorems [I.3] and [T.4] share some
similarities. They will be given in Section 4, together with application to
self-similar measures.

2. Preliminaries. Throughout this paper, P(K) will be endowed with
the weak topology. It is well known (see for instance [Par67]) that this topol-
ogy is completely metrizable by the Fortet—Mourier distance defined as fol-
lows. Let Lip(K) denote the family of Lipschitz functions f : K — R, with
|f| <1 and Lip(f) < 1, where Lip(f) denotes the Lipschitz constant of f.
We endow P(K) with the metric L defined by

L(p,v) = sup ‘Sfdu — Sde‘
f€eLip(K)

for any p,v € P(K). In particular, for p € P(K) and § > 0, Br(p,0) =
{v € P(K); L(,v) < 6} will stand for the ball with center at 1 and radius
equal to 4.

We shall repeatedly use the following lemma.

LEMMA 2.1. For any a € (0,1) and any B > 0, there exists n > 0 such
that, for any Borel subset E of K and any p,v € P(K),

L(p,v) <n = p(E) <v(E(@)) + B,
where E(a) = {z € K; dist(z, F) < a}.
Proof. We set

« provided t € E,
f(t) =14 o —dist(z, E) provided 0 < dist(z, E) < o,
0 otherwise.

Then f is Lipschitz, with |f| < 1 and Lip(f) < 1. Thus, if L(u,v) <mn,

w(B) <\ fdu< [ fdvtn] < u(B) + .

Hence, it suffices to take n = af5. »
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An application of Lemma, is the following result on open subsets of
P(K):

LEMMA 2.2. Let x € K, a € R and r > 0. Then the set {u € P(K);
w(B(z,r)) > a} is open.

Proof. If a ¢ [0, 1), then the set is either empty or equal to P(K). Other-
wise, let u € P(K) be such that u(B(x,r)) > a. One may find £ > 0 such
that p(B(z, (1 —¢&)r)) > a. Thus the result follows from Lemma [2.1] applied
with F = B(z,(1 —e)r), a =¢er and 8 = (u(B(z,(1 —&)r)) —a)/2. =

Finally, we will use the fact that some subsets of P(K) are dense in P(K)
(see e.g. [Ols05, Lemma 2.2.4]):

LEMMA 2.3. Let (xn)n>1 be a dense sequence in K and let (ny)n>1 be
a sequence of positive real numbers going to zero. For each n > 1 and each
i€ {1,...,n}, let p,; € P(K) be such that supp(pn:) C K N B(zi,nn).
Then, for any m > 1, the set |, >, {D iy Pitini; i > 0, > ;pi = 1} is
dense in P(K). B

3. The typical upper multifractal box dimensions. This section is
devoted to the proof of Theorem

3.1. Doubling measures, packings and coverings. When 7 is a
doubling measure, it will be convenient to express the multifractal box di-
mensions of a set using packings instead of coverings. For E C R?, recall
that a family of balls (B(z;,7)) is called a centred packing of E if x; € E for
all 7 and |z; — ;| > 2 for all i # j. We then define

PL(E,r) = sup > m(B(ai,r)).
(B(z4,r)) isapackingof E ™
When 7 is a doubling measure, dim! p(F) and diimfr’B(E) can be defined
using packings (see [Ols11]):

LEMMA 3.1. Let 7 be a doubling Borel probability measure on R with

support K. Then
log PL(E S log PL(E
dim? ;(F) = lim inf L(), dim? 5(E) = limsup log Px(B)
gk r—0  —logr ’ r—s0  —logr

for all E C K and all q € R.
One of the advantages of using packings instead of coverings is that it

helps us to obtain regularity of the map ¢ — dimgnB(E)7 as shown in the
following lemma.

LEMMA 3.2. Let 7 be a doubling Borel probability measure on R with
support K, and let E C K.
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(1) The map q — dimgr,B(E) is nonincreasing, convezr and therefore con-
tinuous.
(2) The maps q — Troc(q) and ¢ — Tr locmax(q) are nonincreasing.

Proof. Part (1) is Lemma 4.2 of [Ols11] and part (2) is trivial. m

As a first application, we show that, in order to find a residual subset R
of P(K) such that any p € R satisfies the conclusions of Theorem for
any q € R, it suffices to find a residual subset which works for a fixed ¢ € R.

PROPOSITION 3.3. Let 7 be a doubling Borel probability measure on R?
with support K. Then there exists a countable set Q C R such that

ﬂ {:u € P<K)a Tﬂ,loc(Q) < ME,W7B(N)}

geR
= () {r € PK); Trioc(q) < dim! , 5(1)},
q€Q
ﬂ {p € P(K); 7'm1oc(q) > HZ,W,B(M)}
q€R
= (V{1 € P(K); Trtoc(q) > dim ; (1)},
q€Q
ﬂ {,u S P(K), 7}r,loc,max(Q) < M;’,%(ﬂ)}
geR
= m {1 € P(K); Trloc,max(q) < dim:,%(ﬂ)}
7€Q
ﬂ {M S P(K); Tw,loc,maX(Q) > ﬁ;’%(ﬂ)}
q€eR

= ﬂ {[,L S P(K), Tw,loc,max(Q) > dlmjr’,% (,LL)}
q€Q

Proof. Let Qi (resp. Q2) be the set of points of discontinuity of 7 joc
(resp. of T loc,max)- Q1 and Qg are at most countable. Set Q = Q1 UQ2UQ.

The first equality is already contained in [Ols11l Prop. 4.3]. Regarding the
second one, let € P(K) be such that 7 10c(q) > dimimB(u) for any ¢ € Q,
and let us fix ¢ € R\Q. Let (g,) be a sequence in Q increasing to ¢. For each
n, we may find E, with u(E,) > 0 and ﬁfﬁB(En) < TrJoc(qn) + 1/n. For
n large enough, we get, by continuity of 7 joc at g,

dim} 5(E,) < dimy"g(En) < Tr10c(q) + 6

for any fixed § > 0, so that MZWB(M) < Trloc(Q)-
The proof of the third equality goes along the same lines and is left to
the reader. Regarding the last one, let 1 € P(K) be such that 7r joc max(q) >
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ﬁ;’%(ﬂ) for any ¢ € Q, and let us fix ¢ € R. Let ¢ > 0, 6 > 0 and let

(gn) C Q be a sequence decreasing to ¢. Let also (g,) C (0,+00) be such
that ) e, < e. For each n, we may find E,, C K such that u(E,) >1—¢,
and M?:B(En) > Trlocmax(qn) + 0. Set E = (), Ey so that u(E) > 1 —¢
and observe that, by continuity of diimi’B (E),

dlmgr’B(E) < llﬂlnlnf Tﬂ,loc,max(Qn) +46 < Tw,loc,max(Q) +0. =

We conclude this section by pointing out that, working with doubling
measures, we can also add a dilation factor when studying the multifractal
dimensions.

LEMMA 3.4. Let © be a doubling Borel probability measure on R with
compact support K. Let ¢ >0, E C K and g € R. Then

. log su RN in m(B(zi,cr))d
dlmi]_),(E) — lim sup &€ SUP(B(x;,r)) is a packing of E Zz ( ( i )) .
' r—0 —logr
3.2. The lower bounds. In this subsection, we fix ¢ € R. We shall
prove, at the same time, that quasi-all measures u € P(K) satisfy

(A) dimsz(u) > Tqr,loc(Q)u (B) dim:’%(,u) > TW,IOC,maX(Q)

(we shall prove (A) since we want to dispense with the assumption “K has
no isolated points”).

If we want to prove (A), we consider t < Troc(q) and we set F =
G = K. If we want to prove (B), then we consider ¢ < 7 loc,max(¢), & pair
(y,k) € K N (0,400) such that HZ,BJOC(B(y, k)N K) > t, and we set
F=KnNB(y,k), G=KnNB(y,k/2).

Let now z € K and s > 0.

o If x ¢ F, then we set pi; s = d; and 7.5 = s.
o If v € F, then ﬁi}B(B(x, s) N F) > t, so that we may choose 7, 5 in
(0, s) satistying

- log PL(B(x,8) N F,ry )
—logry s

Thus, there exists a finite set A, C B(x,s) N F which consists of
points at distance at least 27, ; and satisfying

Z m(B(z,7r2,5))? > r;tS

2€Ag s

We then set
1

o e S e, T(B(z100))

Observe that, in both cases, supp(pzs) C B(z, s).

Z T(B(z,75,5))%0;.

ZGAz,s
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Let us denote by F the set of nonempty finite subsets of K. For A € F,
we write

Q(4) = {(pa)acas po € (0,1), S po =1},

€A
Next, for A € F and p = (pz)zea € Q(A), we denote
HAps = ;pxm,s, ras = inf vy € (0,9).

An application of Lemmashows that, for any sequence (n,,) decreasing

to zero and for any m > 1,
U U U {rapm.t
n>m AcF peQ(A)

is dense in P(K). Finally, for any A € F, any p € Q(A), any s > 0 and any
e > 0, we consider a real number 74 p s > 0 such that any p € P(K) with
L(p, 1A ps) < MAp,se also satisfies, for any E C K,

pAps(E(ras/2)) > u(E) —e.

We now set

R = ﬂ U U U BL(:U'A,p,l/VwnA,p,l/n,l/n) n {M € P(K)7 /J'(G) > O}

m>1n>m AcF peQ(A)

This is a dense Gs-subset of P(K) and we pick 1 € R. We shall prove that
either
(A) T, p(u) > ¢ or (B) dmlh(u) >t

In case (A), let E C K with u(E) > 0 and let E' = E. In case (B), we begin
by fixing e > 0 such that any subset E of K satisfying u(F) > 1 — ¢ also
satisfies (£ N G) > 0. Then we let £ C K with u(E) > 1 — ¢ and define
E' = ENG. In both cases, we are going to show that dlm7r g(E") >1t.

Since p € R we may find sequences (A,) C F, (pn) with p, € Q(Ay),
and (s;) going to zero such that

/’L 6 BL(MAn,pn,Sn? nAnypn,Sn,Sn)'

1 — — !/ /
For convenience, we set 7n, = T4, s, T = NAn,pn.sn,sn a0d B, = E'(r,/2).
Our assumption on 7, ensures that

1
[ A posn (En) = p(E') — sp > QN(E/)

provided n is large enough. By construction of y14, p., s, , we may find z,, € A,
such that pg, s, (El) > 3u(E'). Moreover, @, also belongs to F. This is clear
in case (A), and in case (B), it follows from

P50 (Ep) < 02, (G(/2)) = 0q,, (F) = 0,
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provided z,, ¢ F and n is large enough so that E/, C G(k/2). Hence, by
definition of p, s, when x, € F', we obtain

1
> w(Bree)) 2 ZuEN D w(B(i1s,6,)))
ZeAxn,snmEé ZeAlnysn
1 _
2 §M(E,)rm$,sn'

Now for any z € Ay, s, N E, there exists z, € E with |z, — z|| <
27 < T, .- 1t is then not hard to show that (B(z.,7a,.5,/2))zeA,, .. AEL
is a centred packing of E. Indeed, for u # v in A, s,

r T
1w — ol 2 flu—vl| = Ju—zul = [lv=2o|| = 275, 5, =5 = =57 =70, 5,

2 2
We also observe that, for any z € A, 5, N E),,
B(xz?rm,sn/2) C B(Z7 rmn,sn) C B(xz? 2rxn75n)'

Summarizing, we have found a packing (B(u,7))uca of E' with r as small
as we want, and a constant ¢cg € R (¢ =2 if ¢ > 0, and ¢g = 1/2 if ¢ < 0)
so that

> b = e
ueA

This yields miman(E’ ) >t and concludes this part of the proof.
3.3. The upper bounds. We now turn to the proof of the upper bounds

in Theorem [I.2] which are simpler. As before, we fix ¢ € R. We first show
that a generic p € P(K) satisfies

ﬁZ,w,B (n) < TW,IOC(Q)-
Indeed, let t > 71 10c(q). There exists 2y € K and r, > 0 such that
diimfr’B(B(xt, T't)) <t.

We set Uy = {u € P(K); u(B(wy, 7)) > 0}. Then U; is dense and open.
Moreover, any p € U; satisfies dimimB(u) < t. The residual set we are
looking for is thus given by

R= (]

te@vt>7'rr,loc(q)
We now show that a generic p € P(K) satisfies
dlm:’%(ﬂ) < Tw,loc,max(Q)-
As before, let t > T 1oc max(q). We just need to prove that a generic u € P(K)

satisfies dim:,% (1) < t. Let (y,) be a dense sequence of distinct points in K,
and let (k) be a sequence decreasing to zero. For each n, we may find
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Zp, € B(yn, kn) and 1, > 0 such that dim?T,B(B(xn, ) < t. We may assume
that the sequence (r,) is going to zero.

We set
=1 =1

so that, by Lemma the set U,,>,, An is dense for any integer m > 1.
Moreover, Lemma tells us that, for any m > 1, one may find 7,, > 0
such that, for any p € A,, and any v € P(K) with L(u,v) < np,

V(LnJ B(xi,rn)> > ,u([] B(xi,rn/Z)) — % >1-— %
i=1 i=1

We then set

R = m U U BL(N?”WL)‘

m>1n>m pueA,
We observe that R is a dense Gg-set. Pick v € R and € > 0. Let also m > 1

with 1/m < e. We may find n > m and p € E, such that L(u,v) < np.
Thus, defining E = {J!_; B(z;, ), we get

1 .
WE)Z21-—>1-¢ dim} 5(E) < t.

Therefore, dim:y%(v) <t

4. The typical lower multifractal box dimensions. This section is
devoted first to proving Theorem We begin with a lemma which helps
us to avoid the assumption “7 is a doubling measure” throughout the proofs.

LEMMA 4.1. Let w be a Borel probability measure with compact sup-
port K. Then

ﬁﬂ',unif ( _OO)

log(inf . n(B(x,r
=inf inf limsup inf BNt (.10 B 20 (B ))),
N yl,...,y](\)rGK r—0 t=1,...,.N IOgT’
0>

_ log inf w(B(x,r
D e(—00) = sup Timsup ginf B(o ) nB(y,0)20 T(B( )).
yeK 10 logr
p>0
Proof. Let t > Dy upif(—00). One may find y1,...,yv € K, p>0,a >0
such that, for any r € (0,a), there exists ¢ € {1,..., N} such that any
x € B(y;, p) satisfies

log(m(B(z,7)))

4.1
(41) logr

<t
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We set pp = p/2 and ap = min(pg, v). Let 7 € (0, ap), let ¢ € {1,..., N} be
as above and let x € K with B(x,7) N B(y;, po) # 0. Then = € B(y;, p) so
that 1} holds true. Thus, since t > Dy ynif(—00) is arbitrary,

log(inf p(z r)nB(y; B(z,
inf inf limsup inf 08(Inf B (a,r)B(y: )20 (B (2 r)))

N y1,..yneK ;0 i=1,..,N log r
p>0

< 57r7u1'1if(_oo)-

The opposite inequality is trivial, and the proof of the second assertion fol-
lows exactly the same lines. m

4.1. Proof of Theorem part 1. In this subsection, we shall prove
that a generic measure p € P(K) satisfies

o Dz unit(—00)  provided ¢ > 0,
dlimﬂ_:% ( M) > { uni

_qu,unif(+oo) pI‘OVided q < 0.

Firstly, let ¢ > Dy umt(—oc) and let us prove that a generic u € P(K)
satisfies dim™%(p) > —qt for any ¢ > 0. Let N > 1, y1,...,yn € K and
p > 0 be such that
log(inf , w(B(x,r
lmsup inf g(fBrnBEp2 7B 1))
r—0  i=1,..N log r

We set U = N, {u € P(K); u(B(yi, p)) > 0}. Then U is a dense and open
subset of P(K); let us pick u € U. There exists € > 0 such that u(E) > 1—¢
implies u(E N B(y;,p)) > 0 for any ¢ = 1,...,N. Let now E C K with
w(E) > 1—¢ and let r be sufficiently small. There exists i € {1,..., N} such
that

IOg(infB(a;,r)ﬂB(yi,p)#@ W(B(l’, ’l“)))

<t.
log r

Now,
logNZ(E,r) > logN.(E N B(yi, p),r)

>1lo ( inf w(B(z,r q) > gtlogr.
& B(z,r)NB(yi,p)#0 (B(z.)) arios
Hence, dim?! 5(E) > —qt, which yields dim % (1) > —qt.
The proof for ¢ < 0 is similar, but now we have to take ¢t < D ,;¢(+00).
As before, there exist y1,...,yny € K, p > 0 and « > 0 such that, for any
r € (0,«), there exists s € {1,..., N} with
10g(SUP B(2,r)NB(yi,p) 20 T(B(2,7)))
log r

> 1.

We then carry on the same proof mutatis mutandis, except that now

logN?r(E,r)quog<B( )rigl() #@W(B(I,T))).
z,r Yi,P
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4.2. Proof of Theorem [1.3], part 2. In this subsection, we shall prove
that a generic measure p € P(K) satisfies

_qﬁﬂ,unif(_oo) provided g > 0,

dim”4 <
77r,B('“) = { —qD ; ypif(+00)  provided g < 0.

We just consider the case ¢ > 0 and let ¢ < D ynie(—00). Let also (y,,) be a
dense sequence in K, let (p,) be a sequence decreasing to zero, and let (g,,) be
a sequence of positive real numbers with ) e, < 1. By assumption, for any
n > 1, we may find r, € (0,n™") and points z7,..., 2] with ' € B(y;, pn)
such that, for any ¢ =1,...,n,

log(m(B(x}, 1)) < tlogry,.

We set .
Ap = {széxfa Zpi =1, pi > 0}
i=1 i
so that (s, An is dense in P(K) for any m > 1. We also set E, =

{z%,..., 2} so that u(E,) = 1 for any p € A,. Lemma gives us a
real number 7, > 0 such that
Vu € Ap, L(p,v) <np = v(Ep(rn)) >1—ep.
We let F,, = E,(r,) and we consider the dense Gs-set
R= U U Belum).
m>1n>m pueA,

Pick v € R. There exists a sequence (ny) going to +o0o and a sequence
(ftn,,) with L(v, pn, ) < np, for any k. Hence, v(F,,) > 1 — &,,. We define
Gi = (> Fny, so that v(G;) — 1 as | — +00. On the other hand, for any
E>1,

ng
G CF, C UB(:U?’“,rnk).
i=1
Using this covering of G, we get

Nk

log N4 (G, ) <Y w(B(a]*,rn, ) < gl
i=1
Taking the logarithm and then the liminf yields
@Z7B(Gl) < —tgq.
Since v(G)) can be arbitrarily close to 1, this implies dim*%(v) < —qt.

4.3. Proof of Theorem part 1. We turn to the study of the
small lower multifractal dimensions of a generic measure. More specifically,
in this subsection, we prove that a generic p € P(K) satisfies dim? (1) >
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—qDx max(—o0) for any ¢ > 0. Hence, let t > Dy max(—00). Let (y,)n be a
dense sequence in K and let (p,), be a sequence of positive real numbers
decreasing to zero. Let us fix n > 1. One may find o, > 0 such that, for any
re (0,a,), k€ {l,...,n}, and z € K such that B(x,r) N B(yk, pn) # 0,

log(B(x,7)) > tlog.

We then set
n
i=1 i

Any p € A, satisfies u(F,) = 1. Hence, we may find n, > 0 such that
v(F,(pn)) > 1 —1/n provided L(u,v) < n,. We finally consider

R = m U U BL(:ua'r/n)'

m>1n>m uei,

Pick v in the dense Gs-set R and let F C K with v(E) > 0. We may find n
as large as we want such that v(E N F,(py)) > 0. Now, for any r € (0, ay,),

logNZ(E,r) > logNLi(E N F,(py),r)

> inf B(z,r))?) > gtlogr.
> Og(B(x,r)%I}n(pn#@W( (z,7)) ) > qtlogr

Hence, dim? _(v) > —qt.

)1ty

4.4. Proof of Theorem part 2. We conclude the proof of
Theorem by showing that a generic p € P(K) satisfies dim? 5(p) <

—qﬁmunif,max(—oo) for any ¢ > 0. We begin by fixing ¢ < ﬁmunmmax(—oo).
There exist z € K and k > 0 such that

log(infxeB(yi,p) W(B(x7 T)))

t < inf limsup inf
Y1,-yNEB(z,6)  r—0 =L, N logr
p>0

The proof now follows part 2 of the proof of Theorem except that we
“localize” it in K N B(z, k). Specifically, we now consider a dense sequence
(yn) in K N B(z, k). We construct the sequences (p,,), (€,), (rn) and (%) as
above, but starting from this sequence (y,) and from the property

> ¢,

log(inf ) B(z,r
Vn > 1, limsup inf 8( 2€B(Yi,pn) m(B(z,7)))
r—0 t=1,..n logr
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We also ask that for any n > 1 and any ¢ € {1,...,n}, B(z},ry,) is contained
in B(z, k). Next, for any n > 1, we now set

An = {)\ipzéxf + (1 - )\)9, /\api € (07 1)7 Zpi = 1: 0 P(K)7

i=1
supp(0) N B(z,k + 2ry,) = @},
E,={a",...;25}, F,=E,(r,).

It is not hard to show that, for any m > 1, the set |J,,~,,, An remains dense
in P(K). Moreover, for any u € A,, we may find 7, , > 0 such that

v(Fp) > M1 —egy),

L(v,p) < =
(1) < o {Z/(B(z,/{)) <A(1—g,) L,
Let R be the dense Gs-subset of P(K) defined by
R=() U U Belsdnu) n{veP(K); v(B(z k) > 0}.
m>1n>m pueA,
Let v € R and let (ng) be a sequence growing to +oo such that
v(Fn,) 2 (1= en,)*v(B(2, K))

for any £ > 1. We finally define G = (), Fy,,.. Since any F), is contained in
B(z, k), the previous inequality ensures that v(G) > 0 provided (e,) goes
sufficiently fast to 0. On the other hand, for any k > 1,

n

GCF,,C UB(m?’“,rnk).

i=1

This yields (see part 2 of the proof of Theorem 1.3])
NL(G, 1y, ) < nkrg';

so that dim? o (v) < —qt.

4.5. Application to self-similar sets. We now show how to apply
Theorems and to self-similar compact sets. Let M > 2, and let
Si,...,8u : R* = R? be contracting similarities with respective ratios
r1,...,7m € (0,1). Let (p1,...,pam) be a probability vector. Let K be a
nonempty compact subset of R¢ and let 7 be the probability measure in
P(K) satisfying

M M
K = U Si(K), w= ZpﬂroS;ll.
m=1 m=1

We just need to prove the following proposition.

PROPOSITION 4.2. Let K and 7 be as above and assume that the Open
Set Condition is satisfied. Define
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. log pm log pm
Smin = Min and  Smax = Max .
m  logry, m logry,

Then

D unit(—00) = D umit max(—00) = Dimax(—00) = Smax,
D inie(+00) = Do g min (+00) = Do i (=00) = Smin.
Proof. We just give the proof of the first inequality. It is straightforward
to check that
Drmax(—00) 2 D unif max(—00) > D unif (—00).
Thus we just need to prove that
Dy unit(—00) > 8max  and Dz max(—00) < Smax-

Without loss of generality, we may assume that the diameter of K is less
than 1. We shall use standard notations which can be found e.g. in [Fal97].
For a word m = (mq,...,my) in {1,..., M}" of length n, let

Sm:Smlo"'OSmn7 Pm = Pmy X X Pmy, Tm = Tmy X == X Ty,

If the word m is infinite, then Spm(K) = ;2 S, (K) reduces to a single

point zy, € K and each point of K is uniquely defined by such a word. Let
now y € K, p > 0 and let [ be such that iggfﬁ = Smax. There exists a word

m = (my, ..., my) such that Sy, (K) C B(y, p). We then define

m=(my,...,mp,l...), mg=(my,...,mpl....10)
where [ appears k times at the end of my. We define z, as Sm(K). Now, for
any k > 1, there exists z € K such that © = Sm;z, so that B(xy, rmy;) =
Stz (B(%,1)). Now the definition of  and the open set condition ensure that
m(Smy(B(2,1))) = pagm(B(2,1)) = pmy
since the diameter of K is less than 1. Thus, for any & > 1,
m(B(ay,ri ™)) < m(B(ay, rmy)) < P = Py -+ PP
Finally, let N > 1,'let Yi,---,yn € K and let p > 0. To each y;, we can
associate a word m® of length n’ and a point z; as above. Let n = max(n’).
Then for any i =1,..., N,
log 7(B (x4, 7)) S C N k
s
(k+n)logry, ~k4+n k4+n 7

where C does not depend on k. Letting k — +00 gives Dy unit(—00) > Smax.

On the other hand, it is well known that D,(—00) < spax (see for in-
stance [Pat97]). By the homogeneity of self-similar sets and self-similar mea-
sures, this implies Dy max(—00) < Spax. ®
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