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Dualization in algebraic K-theory and the invariant e!

of quadratic forms over schemes
by

Marek Szyjewski (Katowice)

Abstract. In the classical Witt theory over a field F', the study of quadratic forms
begins with two simple invariants: the dimension of a form modulo 2, called the dimension
index and denoted € : W(F) — Z/2, and the discriminant e* with values in k; (F) =
F*/F*? which behaves well on the fundamental ideal I(F) = ker(e®).

Here a more sophisticated situation is considered, of quadratic forms over a scheme
and, more generally, over an exact category with duality. Our purposes are:

o to establish a theory of the invariant e! in this generality;
e to provide computations involving this invariant and show its usefulness.

We define a relative version of e' for pairs of quadratic forms with the same value of €°.
This is first done in terms of loops in some bisimplicial set whose fundamental group
is the K; of the underlying exact category, and next translated into the language of
4-term double exact sequences, which allows us to carry out actual computations. An
unexpected difficulty is that the value of the relative e! need not vanish even if both
forms are metabolic. To make the invariant well defined on the Witt classes, we study
the subgroup H generated by the values of e! on the pairs of metabolic forms and define
the codomain for e by factoring out this subgroup from some obvious subquotient of K.
This proves to be a correct definition of the small k; for categories; it agrees with Milnor’s
usual k1 in the case of fields.

Next we provide applications of this new invariant by computing it for some pairs of
forms over the projective line and for some forms over conics.

1. Introduction. To obtain a proper generalization of the classical no-
tion of the discriminant of a quadratic form

el - W(F) = ky(F),
e'((ar, ... an)) = (=1)"=D2q ... an mod F*?
to symmetric bilinear forms over schemes, the framework of exact categories

with duality seems to be the best one, as it involves K-theory.
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Section 2 contains a short review of the required results from K-theory;
the details are partially published [IT]-[13] or will be published subsequently
[14]. The group K;(M) = m1(£2BQ(M),0) of an exact category M is gen-
erated by loops corresponding to short double exact sequences, and the
presentation of K1(M) by these generators and relations, due to Nenashev,
is known (see Section below). In general a double exact sequence of ar-
bitrary length defines a loop in 2BQ(M) (or in another K-theory space
of M). As K-theory spaces we use the G-construction G(M) and its self-
dual version, denoted T (M) here and in [14, App. B], or W(M) in [13].
We are interested in exact categories with a duality functor D (Section
below); in that case an action of the two-element group {1, D} on K;(M)
arises.

The main example of an exact category with a duality functor is the cate-
gory of locally free sheaves of O x-modules of finite rank on a scheme X with
the duality functor D : V — V" ® L (L a line bundle) with either the canon-
ical isomorphism of V' with its double dual (for symmetric L-valued forms)
or the negative of this isomorphism (for skew symmetric L-valued forms).

For each of the Witt groups W+ (X,L) = W(X,L), W= (X,L) of a
scheme X of forms with values in a line bundle L there is a natural homo-
morphism

eV WHX, L) — E°%X, L)
where E°(X, L) is a certain subfactor of Ko(X), a member of the family
E™(X,L)=FE}(X,L),E"(X,L)

of subfactors of K, (X), namely the Tate cohomology groups of {1, D} with
values in the group Ki(X) (see Definition below). The homomorphism
e’ (depending on L) is induced by the forgetful functor and reduces to the
usual dimension index e in the classical case of X = Spec(F), F a field of
characteristic different from 2. The pull-back

Wy(X,L) — W(X, L)

W(X, L)~~~ E°(X, L)
i.e. the set of pairs ([(V, )], [(W,3)]) of Witt classes with equal € values,

may be parametrized by a set W(X, L) of pairs of exact sequences
0—VEBEA 0, «
0—W ” B— A0, 0
/ a/

with the same objects A, B (we call such a pair a common resolution of
V, W) and (skew-)self-dual isomorphisms o : V = V" QL, 3. W — W QL
representing given Witt classes:
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{0<—V<—B<—A%0’ C = (V) (W, 5)

0—W—B«—A—0,p

(Corollary . In this case we define the relative discriminant e!(a < 3) €
FEY(X, L) (Definition by the formula

1 Da Dboaob a
e (a+p)= class of d.e.s. DA§—— DB ¢ B&=A
Da’ Db’ oB0ob’ a’

(we say that the double exact sequence is obtained by gluing the common
resolution with its L-dual along « and (3). This relative discriminant map
el : W(X, L) — EY(X, L) is additive:

e(la@a)+(Bef)) =c'(a+p)+e'(d +5),
it vanishes on pairs of equal forms:

ella+a)=0,

and its value does not depend on the choice of a common resolution (The-
orem , but need not be constant on Witt equivalence classes. In fact,
there exist pairs of hyperbolic forms with the same e? values and nontrivial
relative discriminant (Example .

Let H(X, L) be the subgroup of E'(X, L) consisting of the relative dis-
criminants of pairs of hyperbolic forms with equal e values. Consider the set
of common resolutions of pairs of hyperbolic forms, and the natural map of
this set into £ (X, L). The relative discriminant map is constant on each fi-
bre of this map (Prop. : if a pair of hyperbolic forms with equal e? values
defines the trivial element of the group E° (X, L), then the relative discrim-
inant of the pair is trivial. It follows that E° (X, L) maps onto H(X, L). In
particular H(X, L) is trivial provided E° (X, L) is trivial.

Note that even in the case of a projective line over a field the group
H(X, Ox) is nontrivial (Remark [3.1).

We define (Definition the first k-group of X (with respect to the
dualization D : V +— Homoe, (V, L)) as

kl(X7L) = El(Xv L)/H(X7 L)
and the discriminant map (depending on L)
e I(X,L) — ki(X,L), e'(p)=c'(p=+0)mod H(X, L),
where I(X,L) = Ker ¢” (Definition [3.6). In the classical case of X =
Spec(F), F a field of characteristic different from 2, there is no nontriv-
ial line bundle L, I(X) is the fundamental ideal of the Witt ring W(X),
E°(X)=0, ki (X)=EYX)=F/F? and
et(ar, ... a9,)) = e'({a1,...,ag,) +0) = (=1)2=D/2g, ... q,

is the usual discriminant of a quadratic form (Example [3.2)).
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The discriminant map is clearly functorial: given a morphism f: X — Y
of schemes, the functor f* induces homomorphisms of all groups involved,
and

elof*:f*oel.

In the particular case of a variety X over a field F' such that K;(X) =
K1(F) ®z Ko(X) the E'-groups of X are

El(Xv L) = kl(F) Xz EO(X7 L) @IQ(F) ®z EQ(X’ L),
EY(X,L) = k(F)®z E° (X, L) ® pa(F) @7 E°(X, L),

where po(F') is the group of square roots of 1 in F'.
If X is a variety over F' (so all Witt groups of X are W (F)-modules),
the map e satisfies

I(F)I(X,L) C Kere'

(Theorem [3.9)). The framework of exact categories with duality provides
uniform notation for the cases of symmetric and skew-symmetric forms, and
different line bundles L.

There are some immediate applications of the relative discriminant to
classes of metabolic spaces in a Grothendieck group. The discriminant map
is applied to the Witt group of symmetric bilinear forms over an anisotropic
conic with values in a line bundle.

The paper depends on bisimplicial computations done by Sasha Nena-
shev.

2. Witt groups and K-theory

2.1. Dualization and forms. Exact categories and their higher al-
gebraic K-theory were defined in [I8] by D. Quillen as follows. An ezact
category M is an additive category 9 (with the isomorphism class of each
object forming a set), embedded as a full subcategory of an abelian cate-
gory 2, and closed under extensions in 2. Quillen also gave an axiomatic
definition of an exact category:

DEFINITION 2.1. An ezact category 9 = (9N, €) is an additive category
M (with the isomorphism class of each object forming a set), with a family
¢ of exact (in 2A) sequences

a

(2.1) 0 M SME M -0
(called admissible exact sequences) satisfying the following conditions:

(a) all split exact sequences of objects of 9 are in &; if (2.1 is in €,
then « is a kernel of 3 in 9 and ( is a cokernel of o in IN;
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(b) a composition of admissible epimorphisms (monomorphisms) is an
admissible epimorphism (monomorphism);

A<L>B A-«LB
N B ™ s

Boa\i aoﬁ\\
C C

a (co)base change of an admissible epimorphism (monomorphism) is
an admissible epimorphism (monomorphism);

C—%~C1l, B AxpgC-“s(
T
A ® -B A—*=pB

(c) if M — M" possesses a kernel in 9 and the composition N — M —
M" is an admissible epimorphism, then M — M" is an admissible
epimorphism; the dual statement for monomorphisms holds true.

Ker o — M — S>> M7 Cokera%MjM’
N N

For example, given an admissible exact sequence 1' and a map N RN
M" the sequence

0— M S Mxy N2 N0

is an admissible exact sequence.

It is known now that condition (c) is a consequence of (a)-(b) (Keller,
[5, App. A]).

We will use — and — to denote admissible monomorphisms and admis-
sible epimorphisms respectively.

An admissible subobject is a kernel of an admissible epimorphism.

Recall that an exact functor between exact categories is an additive func-
tor which takes admissible exact sequences to admissible exact sequences.

2.2. @-construction. Given an exact category (9,2, €), the category
QMM has the same objects as MM, and a morphism from M to M’ in QN is
a class of diagrams

MmN

up to an isomorphism which induces the identity on M and M’.
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é
The composition of morphisms M 2 NS M and M <& N5 M” in
QM is defined by fiber product:

M SN oy N2 A

It is clear that composition is well-defined and associative. If we assume

B
that the isomorphism classes of diagrams M « N 5 M’ form a set for each
M, M’ then Q9 is a well defined category.

Each admissible monomorphism N M gives rise to a morphism ay :
N — M in Q91 represented by the diagram

In «@
ar: N« N»— M,
and morphisms of this type are called injective.

Dually, each admissible epimorphism M «ﬁ— N defines a morphism 3' :
M — N in Q91 represented by the diagram

3L NN,
and such morphisms are called surjective.
Note that (M 2 NS M') = oy o B, There is a dual decomposition:
given a map M «[i N % M’ the fiber product

«

N M
% ié
M == Mx M

defines a decomposition
MENS M =5 on.

1
Conversely, a diagram M L N M by means of a fiber sum M Iy M’

B
defines a morphism M « N 2 M = a0 with the decomposition. In fact,
this is an alternative way to define morphisms in Q91. It may be convenient
to regard a morphism in the category Q91 as a bicartesian square

N %=

L
M —= N’

and agree that usually we omit one corner of the square for short. The O
sign indicates that the square is bicartesian.
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ProrosiTioN 2.1.

(a) If a and o/ are composable monomorphisms in M, then (o ') =
a0 in QM.

(b) If 3 and 8 are composable epimorphisms in M, then (FoB)' = Fop"
mn Q.

(¢) (L) = (1) = 1n.

(d) For a bicartesian square

N == pf!

ﬁigia

M >T> N’
with admissible arrows in M we have ay o B =58 oy in QIN. =

2.2.1. The universal property of the Q-construction. Suppose we are
given a category € and for each object M in 91 an object hM of €, and
for each N »— M’ (resp. M 2z N) in 9 a map oy : hN — hM’ (resp.
B': hM — hN) such that the properties (a)—(d) of Proposition hold.
Then it is clear that this data induces a unique functor F' : Q9 — €,
F(M) = hM, compatible with the operations o — ay, § — .

This universal property of the Q-construction shows that an exact func-
tor F: 9 — 9V between exact categories induces a functor QI — QM
M — FM, a) — (Fa);, ' — (FB)". Also for the dual category 9° of an
exact category there is an isomorphism of categories

QM° = QM
such that the injective arrows in the former correspond to surjective arrows

in the latter and conversely.

2.2.2. Isomorphisms. For an isomorphism N = M the maps oy : N —
M and a~ " : N — M are equal, since there is a commutative diagram

N<<iN>LM

ia
ot 1pm

Conversely, a map in @91 which is both injective and surjective is an iso-
morphism and it is of the form ay = o for a unique isomorphism « in M.

2.2.3. Zero maps. Let 0™ : 0 — M and 0p; : M — 0 denote unique
maps in the additive category 9. The set Morgen(0, M) is in 1-1 correspon-
dence with the set of admissible subobjects of M (i.e. admissible monomor-

phisms N M up to automorphism of N over M) since each such mor-
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phism by the definition is given by the diagram

oM. 0N NS A

Thus the set Morgon(0, M) is partially ordered, with the smallest element
OIM and the greatest element O!M. There are decompositions O!M =qo OIN
and 0¥ = oy 0 0 in view of commutativity of

OxyN =0 N=—2M NxyN=N——=N=25 )/

o A i /
0——>N
i % i O
0 0
Dually, given an admissible eplmorphlsm M M" with kernel N » M,

there are decompositions OM =fo OM,, and Ogl = f'o QM in view of
commutativity of

N=KerB=0x M = M
| b
0 M"

PROPOSITION 2.2. An admissible exact sequence (2.1) produces the fol-
lowing commutative diagram in QIM:

0

1"
o

1\4/
OIVI
M 0!]\4/
O]\/I 01\1
o, . !
Proof. We have the decompositions OIM =qo OIM and 0 = oy o O!M,. "

Quillen [18] 1.2, Theorem 1 p. 18] proved
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THEOREM 2.3. The fundamental group w1 (B(QM),0) is canonically iso-
morphic to the Grothendieck group Ko(90). m

It is obvious from the proof that the class [M] € Ky(91) corresponds
under this isomorphism to the loop |0y,] — |0}] formed by the path |0',|
corresponding to the 1-simplex O!M :0 — M and \O,M | corresponding to the
1-simplex O!M :0— M.

This theorem motivates the following definition:

DEFINITION 2.2. The higher algebraic K-theory groups of an exact cate-
gory 901 are the homotopy groups of the classifying space of the category Q91:
KA(9) = 741 (B(QIM), 0).

A K-theory space is a topological space X (91) homotopy equivalent to
NB(QM), i.e. such that

Ki(M) = ms (X (M), %)
(see e.g. Nenashev [13]).

2.3. Duality

DEFINITION 2.3. A duality or a structure of a Hermitian category on M
(cf. [19, p. 241]) is a pair (D, ), where the dualization functor D : 9t — M
is an exact contravariant functor and § : 1oy — D? is a natural isomorphism
such that (Dd) o dp = 1p, i.e. the diagram

D3MD
v
N

6DIL (61VI)
DM DM

commutes for every object M of 91.

Note that by definition the dual of an admissible exact sequence is an
admissible exact sequence.
We focus our attention on the following three examples:

1. Let 9 be the category of finite-dimensional vector spaces over some

fixed field F', DV = V* = Homp(V, F),

D(f)(¢) =¢o f
and 6y : V — D?V = V** the canonical isomorphism of V and its double
dual:

ov(v)(¢) = ¢(v)
for ¢ : V. — F. The condition (Dd) o §p = 1p means that the map defined
by

Y= opv(¥), dpv(¥)(¢) = o(¥),
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composed with D(dy),
D(év)(x) = x ° dv,
produces the map ¢ — (v +— ¥ (v)), i.e. themap p — . If f: VXV — Fis
a symmetric bilinear form, then it is customary to factor out the kernel and
deal exclusively with nonsingular symmetric bilinear forms. For such a form
there is an isomorphism—the adjoint linear map ¢ : V' — DV -—defined by
d(v)(w) = f(v,w). The symmetry f(v,w) = f(w,v) of f is equivalent to
the condition (D¢) o dy = ¢.
2. Let 9 be the category of vector bundles on a scheme X. We set

DY =V" =Homp, (V,O0x),

Dp=¢p " =—o0p: W =V forp:V—=W
and 8y : V — D?V = V"~ is the canonical isomorphism of a V with its
double dual. In this case we define a symmetric bilinear form as its adjoint,
an isomorphism ¢ : V — V" such that ¢ o dy = Dy ody = . Note that on
the fibers a family of usual symmetric bilinear forms arises, parametrized
by points of X.

3. Let 90t be the category of vector bundles on a scheme X, and £ a line
bundle on X. We set

Dy =y~ ®(9X,C:HOH1@X(V,,C), DQOZQOA ®@X 15,
and let
Sy:V =DV =V 20, L) R0y L

be a composition of canonical isomorphisms (note that D?V = V" ®
(L ®oy L£) = V""). An isomorphism ¢ : V — V" ®p, L is an L-valued
symmetric bilinear form if (¢~ ® 1) 0 0y = Dy o §y = .

Changing &y to the negative of the canonical isomorphism

VS5V oy L) @0y L

gives a formalism for L£-valued skew-symmetric bilinear forms.

One may easily generalize concepts known for example 1 to the other
two.

DEFINITION 2.4. For a category 9 with a duality (D,d) a morphism
p:V — DV is a self-dual morphism if Dy o §yy = ¢, or the diagram

V—2>DV
w ll
D
D2V —> DV

commutes. A symmetric bilinear form (or a symmetric bilinear space) is a
self-dual isomorphism ¢ : V — DV.
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Compare [2, Def. 1.1.2] and the following remark.
EXAMPLE 2.1. (0,0) is a symmetric bilinear form for arbitrary (D, J).

There are obvious notions of isomorphism of symmetric bilinear forms
and of direct sum of symmetric bilinear forms. In all three examples there
is a well defined bi-exact tensor product of symmetric bilinear forms.

DEFINITION 2.5. Let ¢ : V. — DV be a symmetric bilinear form. For
an admissible monomorphism « : U »— V an orthogonal complement U+ of

U % V is a kernel of the composition V' 2, DVﬂDU, so there is an exact

sequence
Da)o
0— Ut v 2% py.
The kernel U~ exists, since a is admissible.
A direct generalization of the above notions to self-dual morphisms which
are not isomorphisms is impossible.

ExaMPLE 2.2. Let 91 be a full subcategory of the category of finitely
generated abelian groups, having free abelian groups as objects, and exact
sequences of free abelian groups as admissible exact sequences, with the
dualization functor

DA = HomZ(A, Z)

Multiplication by 2 is a self-dual map, and even a bimorphism (a monomor-
phism and an epimorphism) in 9. It is a symmetric bilinear map which
is not a form. It has a nontrivial cokernel Z/27Z in the ambient abelian
category, but the functor D is not defined on Z/27Z.

ExXaMPLE 2.3. Let ¢ : V — DV be a self-dual morphism. The morphism
© has a kernel in the ambient abelian category, but it need not have a kernel
in the category 2M; even if it does have a kernel in 9, it may differ from
the kernel in the ambient abelian category (e.g. consider the opposite to the
category I of the last example, and the same morphism), unless the kernel
in the ambient abelian category is an object of 9.

To avoid the situation described in the last example, we define admissible
symmetric bilinear maps as follows:

DEFINITION 2.6. An admissible symmetric bilinear map (briefly: an
a.s.bam.) ¢ : V. — DV is a self-dual morphism which has a decomposi-
tion ¢ = pon with p an admissible monomorphism and 7 an admissible
epimorphism.

REMARK 2.1. This is a terminological novelty: a symmetric bilinear form
is nonsingular by definition; a symmetric bilinear map may be singular.
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An a.s.b.m. ¢ has both a kernel and a cokernel, and Coker ¢ = D Ker ¢.
An a.s.b.m. is a symmetric bilinear form iff Kerpo = 0. If ¢ : V — DV is an
a.s.b.m. and ¢ = pomn, then there is a commutative diagram

V—"W —"> DV
ol
D2V = pW 2> DV
with an isomorphism 1 which must be self-dual. Thus every a.s.b.m. is of
the form

p=Dnoyon
for a symmetric bilinear form 1 and an admissible epimorphism 7.

Ifp:V — DV is an a.s.b.m. with a decomposition as above, a: U — V
is a morphism, Ker ¢ = (R — V') factors through «,

(R—V)=RZU%vV)

and 8 : R — U has a cokernel in 91, then [ is an admissible monomorphism.
If, in addition, o : U — V is an admissible monomorphism and Coker § =
U — S, then S — W is an admissible monomorphism. Thus it has an
orthogonal complement S+ in the symmetric bilinear space (W,). Then
V xw S+ is an object of M, V xy S+ — S+ is an admissible epimorphism,
and V xSt — V is an admissible monomorphism. Moreover, V xS+ —
V is a kernel of Daop and R — V xy S+ is an admissible monomorphism.

DEFINITION 2.7. Let ¢ : V. — DV be an asbm. If « : U — V is an
admissible subobject such that Ker ¢ factors through a with cokernel in 91,
then the orthogonal complement UL — V of a : U — V is the kernel of
Daoy,

(U+ — V) = Ker(Da o ).

An orthogonal complement of an admissible subobject is itself an admis-
sible subobject, since the sequence

Ut —V - DS

is admissible. Moreover, Ker ¢ factors through U+~ V with cokernel in 9)t.

If ¢ : V — DV is a symmetric bilinear form and x : V' — V/U is a co-
kernel of an admissible subobject j : U — V, then ¢ induces an isomorphism
Ut = DWV/U):

0— D(V/U) 2% py 24 pu 0

A
I P
! Diogp

0 Ut |4 DU 0

6l
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LEmMA 24. If i : U — V is an admissible subobject such that Ker ¢
factors through U with cokernel in M, then U+ =U.

Proof. Dualization of the exact sequence
0t L v 2% pu—o
yields an exact sequence

oD?; ]
0 — DU 227 py 24 put) —o.

Since Ker ¢ factors through U, it follows from the next lemma that the
sequences
0 — DU 22, pry ke, bty
2i0 jo
0 — U 220, pry BIPe, prty,
(5‘/07:

0— U 2% pry PePe bty
0— UL v 2% pt)

are exact in the ambient abelian category. Hence (U . V) = Ker(Dj o ¢),
ie. U=U . u
LEMMA 2.5. Assume there are morphisms
a:A—B, p:B—-C, ~v:C—D
in an abelian category. If Ker B factors through «, then the exactness of
0-A4%2%c2p
implies the exactness of
0-A5B2X D a

The subobjects U, UL of V may have various mutual positions; two par-
ticular cases are important.

DEFINITION 2.8. Let ¢ : V — DV be an a.s.b.m., and let ¢ : U — V be
a morphism. Then i : U — V is nonsingular if Diopoi: U — DU is an
isomorphism.

Note that every nonsingular ¢ : U — V is a direct summand with com-
plementary summand U+ — V.

DEFINITION 2.9. Let ¢ : V. — DV be an a.sbm., and let ¢ : U — V
be an admissible monomorphism such that Ker ¢ factors through . Then
i : U — V is totally isotropic (or sublagrangian) if it factors through j :
Ut — V (i.e. there exists an o/ : U — U+ such that i = j o /) and the
cokernel UL /U is in 9.
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Of course, for an a.s.b.m. ¢ : V. — DV all nontrivial subobjects are
nonsingular only if it is a symmetric bilinear form. Nevertheless, there are
symmetric forms with singular nontrivial subobjects. If i : U — V is nonsin-
gular, then Diopoi: U — DU is an isomorphism, the induced symmetric
bilinear form ¢|;.

If o : V — DV is a symmetric bilinear form and ¢ : U — V is totally
isotropic, then Diogp induces an isomorphism V/U + — DU and a morphism
V/U — DU. If U — V is totally isotropic, then U — U + is an admissible
monomorphism.

DEFINITION 2.10. Let ¢ : V. — DV be an a.s.b.m. An admissible
monomorphism « : U — V' is a Lagrangian (or a metabolizer) if it is the ker-
nel of Daoy (Daopoa =0 and given §: T — V such that Daoyo S =0,
there exists a unique 3 : T — U such that a o 3 = f3), i.e. the diagram

o Dao
U 1% Y DU
w lso ll
DyoD?« a
DU —~ py —2 DU

with exact rows commutes. An a.s.b.m. ¢ : V. — DV is metabolic if it
possesses a Lagrangian.

If (V, ¢) is a metabolic space (“space” means that ¢ is an isomorphism),
then in addition the map Da o ¢ is an epimorphism and D¢ o D« is a
monomorphism. In such a case Dio ¢ induces an isomorphism V/U — DU.

EXAMPLE 2.4. A hyperbolic form

oy 0

V@& DV - DV@D>V2VqDV

1
is a metabolic space with the Lagrangian V' M Ve DV.

EXAMPLE 2.5. For an arbitrary symmetric bilinear form (V, ¢), the form

e 0
0 —o

1
has the Lagrangian V' —[i]—> V &V, so it is metabolic.

VeV —- DV oDV

EXAMPLE 2.6. For an arbitrary self-dual map o : U — DU (i.e. with
Da o 0y = «v) the split metabolic space
a lpy
oy 0

H@Mﬂ:(U@DU
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is metabolic, since the subobject
0
: DU - U@ DU
Ipu
is a Lagrangian:
0 1 1
Ker [ D COPU) —Ker [ [0,1p2p] | & PY
Ipu| |0u O oy 0
0
= Ker [0y, 0] =
Ipu
EXAMPLE 2.7. For a split metabolic space H(U, o)) = (USDU, | 5 IDU]

>~

éuy O
and an arbitrary map v : U — DU, there is an isomorphism H (U, «)
H(U,a+ ~ 4+ Dvody). The isomorphism is given by

1y 0
U DU —- U @ DU
v lpu
since
D 1y 0 a 1pyl |1y 0
¥ 1pu (SU 0 Y 1pu
_|lpv Dv||a lpu||lv O
0 1pey| v O v lpu
_|lpv Dy ||a+~v lpu| |a+v+Dyody 1lpu
0 1peyl| | ov 0 Sy 0 |

It follows that a split metabolic space need not be hyperbolic; it is so for
symmetric bilinear forms over a field of characteristic 2.

ExXAMPLE 2.8. If
ULv>w

is an admissible exact sequence, then [é Doj} U DW — VaDVisa
Lagrangian for the hyperbolic space (V @ DV, [ 5?/ é]) In fact,

i 0 0 1 Di 0 0 1
D o o
[om]LVJ L WJ[%O]
B 0 Di 0 Di
~|D%ody 0 Swoj 0
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and the sequence

[0 5] [uo; 0| )
vepw 2 vepy — 0 py e pw

is exact, since if for any [1; ] : K — V @& DV the equality

s 2T )T

5W Oj 0
holds, then g factors through Ker Di, g = Djog. Therefore f factors through
Ker(dw o j) =Kerj, f =io f, so
f
g

fl 12 0
g 0 Dy
2.4. Witt groups

PROPOSITION 2.6. Let ¢ : V. — DV be an a.s.b.m. If i : U — V s
totally isotropic and

ULv)y=wLutLv,
and if K : U+ — UJ-/U 1s the natural map, then ¢ induces a unique sym-
metric bilinear form @ : U+ /U — D(U*/U) such that
Dkopokrk=Djopoj.

(Di)oyp
_—

Proof. By assumption there is an exact sequence U+ LV DU.

Hence

0= D(Diopoj)=DjoDyo D?,

0=000y =DjoDypoD?*ody=DjoDpodyoi=Djogoi,
and 7 factors through Ker(Dj o ¢). Moreover

0=Djopoi=Djogojoi,
so 1 factors through Ker(Djopo7) and there is an induced map @ : U+ /U —
D(U%) such that
Por=Djoyoj.

The commutative diagram

i Dio
U 1% s pU
R
gt v 2% pt)
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has exact columns, and the induced map @ : U+/U — D(U"') has the
property
Diogor=DioDjopoj=D(joi)opoj=Diopoj=0,
which yields
Diop =0,
since & is an epimorphism. It follows that @ factors through Dx : D(U+/U)
— D(U*Y); let ¢ : UL/U — D(U*/U) be such that g = Dk o . This
induced map @ is the unique map which has the property that
Dkogpok=Djoypoj.
since Dk is a monomorphism and x is an epimorphism. It follows that ¢ is
symmetric, since D o 071y has the same property:
D(DroFor)ody. = D(Djopoj)ody,
Dro Do D?k0dyL = DjoDypoD?*jod;.,
Dt oDgodyiyyok=DjoDypodyoyj,
Do (DpodyLy)ok=Djopoj
ng/ e} (SUL/U = ‘;5
It is easy to check that ¢ is an isomorphism. =

In the above case (V, ) and (UL /U, §) are said to be directly Witt equiv-
alent.

EXAMPLE 2.9. A metabolic form is directly Witt equivalent to 0 = (0, 0).

ExXAMPLE 2.10. Let ¢ : V— DV be an a.s.b.m. with a kernel k: R — V.
Then R+=V:

Sy (RY) = 6y (Ker(Dk o ¢)) = 6y (Ker(Dk o Dy o 6y/))
— Ker(Dk o D) = Ker(D(p o k)) = Ker D(R > DV)
= Ker(D*V % DR) = D*V
so Rt =V and (V, ) is directly Witt equivalent to (V/R, 3).

In general Witt equivalence is the transitive completion of direct Witt
equivalence.

DEFINITION 2.11. Two symmetric bilinear forms ¢ : V. — DV and
Y : U — DU are Witt equivalent, (V, ) ~ (U, 1), if there exist metabolic
forms y1 : M1 — DM;j and xo : My — DM> such that

(‘/’ SO) D (Mlaxl) = (va) D (M27 X?)
REMARK 2.2. In the classical algebraic theory of quadratic forms, (V, ¢)

> (W, ) or ¢ = 1) denotes isomorphism, (V, ) = (W,1)) or ¢ = 1) denotes
Witt equivalence, and ¢ == a signifies that ¢ represents a. There is no notion
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of representing elements in the present categorical context, so we may reserve
= for the identity relation and =~ for Witt equivalence.

ProrosiTION 2.7. Two a.s.b.m. ¢ : V. — DV and ¥ : U — DU are
Witt equivalent, (V, @) ~ (U,v), iff the space (V & U, & (—1)) is Witt
equivalent to 0.

Proof. Tt is obvious that if for some metabolic (W, i) the form (VoU®W,
© @ (—1) & p) is metabolic, then

Vie)a (U y)e U —v)e W,n)=Ud)e(VeUsW,oa (=) & u)

so (V,¢) and (U, ) are Witt equivalent.

Conversely, if (V, ) ~ (U, ) and (V, p) & (W, ) = (U, ) & (W', ) for
some metabolic (W, u), (W', u'), then the graph of this isomorphism is a
Lagrangian in

(Vi) ® (W, p) @ (U, =) & (W', =),
so (VU pd(—1)) is Witt equivalent to 0. =

Even for projective modules over a ring, Witt equivalence of spaces of
equal rank is weaker than isomorphism.

ExaMPLE 2.11. For X = SpecZ, the well known lattice Iy generated by
all e;+€;, and % Z?Zl e; in the Euclidean space R® with the usual scalar prod-
uct defines a rank 8 free abelian group together with a self-dual isomorphism
B : I's — Hom(Ig,Z) which is not isomorphic to 8- (1) = (1,1,1,1,1,1,1,1)
since the integer B(u)(u) is even for arbitrary u € I's (see [10, Chapt. 2]).
Nevertheless, I's and 8 - (1) are Witt equivalent, since (Theorem 4.3 of [10]
Chapt. 2]) the space I's & 8 - (—1) is hyperbolic.

EXAMPLE 2.12. For X = SpecR|z,y] it is known that W(R) —
W (R[z,y]) is an isomorphism (the Karoubi theorem). Parimala [I5] pro-
duced a sequence of invertible symmetric matrices

449y (1+2%) (1 +y™) 0 Yy (1 + 2%y?")
Sn _ Q?yn(l + y2n) 14+ x2y4n _yn(l + x2y2n) 0
0 —y"(1+2%y*") A+ (1+2%)  zy"(1+y*")
Yy (1 + 2%y*") 0 oy (1 + y*") 1 4 2%y"

such that over R[z, y]:

Sp is congruent to the identity matrix,

if m # n, then S,, is not congruent to S,

for n > 0 the bilinear space P, = (R[z,y]*, S) is not extended from R,
for n > 0 the bilinear space P, = (R[x,]%, S,,) is indecomposable (so
it has no orthogonal base).
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Thus for n > 0 the bilinear space P, is not isomorphic to any symmetric
bilinear space of dimension four extended from R. On the other hand, over
the field R(z,y) the space P, is isomorphic to a totally positive space

1422 4n 4+ 2x2y4” + y n+ y6”x4 4+ 4:U2y4” 16
1+$2 4n 4—|—21’2y4n—|—y2n—|—y6ngj4’ 4+4$2y4n

and the map W(R) = W(R[z,y]) — W(R(x,y)) is an injection, so over
R[z,y] this form is Witt equivalent to 4 - (1).

The symmetric bilinear space P, extends from Spec R[z,y] = A2 to the
whole projective plane P (Theorem 4.1 of [7]).

Note that a space Witt equivalent to 0 need not be metabolic, even in the
exact category of finitely generated projective modules over a commutative
ring.

It is easy to see that Witt equivalence is transitive.

PRrROPOSITION 28. Let ¢ : V. — DV be an a.s.bom. If 1 : U — V s
totally isotropic, has a decomposition

ULvy=wLutiv)
and k : UL — UL /U, then (V, ) and (U /U, 3) are Witt equivalent.
Proof. The a.s.b.m. (V,¢) @ (UL/U, %) is metabolic, since the map

J
K

Ut - VaoUut/u

coincides with its orthogonal complement: first

[Djop —Dkodl H 0,

and secondly U1 = U, so there are exact sequences
. Di . Di
vtLv = pu, v v 2 put,

If [Djop —Dro@|[f]=0foramap [[]:K —Va&U/U, then

Djogpof—Dropog=0,
DioDjoypof—DioDkogog=0,
D(joi)opof—Dixoi)oFog=0,

Diowpo f=0.
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Now, f factors through (U~ EN V) =Ker(Diop),ie f=jofand
Djogpo f—Drogog=0,
Djogpojof—D/{o@og:O,
Dkogokof—Dro@og=0,
DroGo(nof—g)=0,
go(rof—yg) =0,

/{Of—g:(L
g=rof,
and[g]::[gé]::[é]of.Tmm[g]:[ﬂ——»V{BULﬂfﬁthekmnd

of [Dj o — Dk o @], which is an orthogonal complement of [7] : U+ —
VoUt/U. s

DEFINITION 2.12. The Witt group W (I, D, §) of a duality (D,d) con-
sists of all Witt equivalence classes of symmetric bilinear spaces with the
operation @ induced by direct sum.

In the case of vector spaces over a field F' of characteristic different
from 2 every metabolic form is hyperbolic and the Witt ring of the duality
of example 1 is the usual Witt ring W (F) of the field F. In the case of
example 2, of dualization DV = V"~ of vector bundles, we obtain the usual
Witt ring W(X) of a scheme X, introduced by Knebusch [6]. The third
example is less known (but not new, see e.g. [3]); it yields the Witt group
W (X, L) of (Witt classes of) L-valued symmetric bilinear forms of X. Note
that the usual Witt rings of Severi-Brauer varieties are known [16], as also
are the Witt groups of £L-valued symmetric bilinear forms [17].

2.5. Description of Ki(9M). A double short exact sequence, briefly
d.s.e.s., is a pair of admissible short exact sequences with the same objects:

<c£BiA)
clplia
We will abbreviate the above notation to

(%) C%B%A

B 5
and refer to C' «- B << A as the upper short exact sequence, and to C' «

v :
B — A as the lower short exact sequence of the d.s.e.s. (x). We use a quite
unusual convention: if the sequence is depicted vertically, with arrows going
from top to bottom, then the upper exact sequence is to the left of the
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arrow, as if the arrow were rotated like a rigid body together with its upper
and lower sides.

The d.s.e.s. (%) defines a path in the K-theory space of the category I,
e.g. in the G-construction of M from (A, A) to (B, B) and, together with
the d.s.e.s.’s

1 1
A«—AAHO, B« B0

1a 1p

a loop £ = l(a, v; 3,9),

(0,0)

It is easy to realize an element of K;(9) = ma(B(QM),0) produced by
a double exact sequence: each of the exact sequences in the pair produces
a complex of dimension 2 of parachute form, which appears when one glues
together three 0 vertices of the pentagonal diagram of Proposition So

one may put one parachute inside the other and glue together equal paths
«
on the border. The result for the double exact sequence A= B — C'is

a’ B
a B
topologically equivalent to the “pretzel” surface ‘A = B = C } with two
holes as in the figure: @ s
//Ei\

TN
_/

One obtains an element of mo(B(QM),0) putting a baloon inside this
surface and inflating it. More formally this surface results from an octagon
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with sides oriented as the border of the diagram

N\ \
o,Cl 08 ar 0P io,A
NV ¥
C*ﬁ!>B<a|*A
A\

THEOREM 2.9. K1 (9M) may be described as follows:

(a) Ewvery element of K1(9N) is represented by the loop £ = (a,7y; 3, 9)
of a d.s.e.s.

(b) Ki(9M) is an abelian group generated by all d.s.e.s. in M, subject to
the following relations:

(i) the class of (the loop of ) the d.s.e.s. with equal upper and lower
short exact sequences is zero;
(i1) (3 x 3 lemma) for any diagram of six d.s.e.s.’s

Yy Y

4 a
iIi’ hIh’ QIg’
B <d’ B =< CC/ B’
lLl’ kik’ jij’

€
O =<~ C ==

such that the diagram of the upper short exact sequences com-
mutes, and the diagram of the lower exact sequences commuites,
the alternate sums of rows and columns coincide:

la,d;b,b') — e, dsd,d) + e, € f, )
=0(g,93,5") —€(h, Wk, k') + 033,45 1,1).
Proof. (a): [11, Theorem 2.1]; (b): [12, Theorem]|. u
Given an object A of M and « € Aut(A) we put
0a) =00— A0 A; A5 A AS A).

REMARK 2.3. In fact, a pair o,/ € Aut(A) gives rise to two double
short exact sequences:

(2.4) A A0
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and
(2.5) 0« A=A
a/
whose classes are opposite to each other in Kj(9). There is a choice of
signs: we choose the class of (/) !a in K1(9M) to be given by (2.5).
LEMMA 2.10 ([12, Lemma 3.2]). Given an object A of M,

(i) the class {(a) of the automorphism a = [ 2 §] € Aut(A @ A) in
K1(9M) vanishes;
(ii) the class of the d.s.e.s. of the form

1
PP Lol
[=1.0] [9]

vanishes in K1 (). =
We define the action of the dualization functor D on K7 (91) by

A5 B O] = |DC s DB 2% DA|.
o B8 Dp Da

2.6. Nenashev’s K-theory space T'(91). It is difficult to do computa-
tions with spheroids, so we follow the idea of Nenashev: we use a bisimplicial
space, homotopy equivalent to 2B(Q9). Since it is vital to this investi-
gation, we restate here the notions and results of [13| Sect. 2.4], and an
unpublished result of Nenashev, the 3 x 4 lemma.

The definition of the loop corresponding to a four-term double exact se-
quence may also be stated in terms of a self-dual K-theory space T'(90) intro-
duced by A. Nenashev as a bisimplicial set, a mixture of G(9) and G(9°P):
a (p,0)-simplex of T'(9M) is a p-simplex of G(M) and a (0, ¢)-simplex of
T(9M) is a g-simplex of G(9M°P). Both the embeddings G(9M) — T(M) and
G(IM°P) — T(M) are homotopy equivalences. More precisely T'(9) is the
result of the Nenashev mapping cone construction C'~1) applied to the
square

M~ M

diagl Idl
diag

MxM=<=—M

(see [13] Sect. 2.4]).
Let 90t be an exact category. Then T'(90) is the following bisimplicial set.
A (p, q)-simplex is given by five families of objects:

Aiks Ak Ajjier Aiisier Ajrii/i
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fori,7 =0,1,...,p, ¢t < j, k,l =0,1,...,q, £k < [, and eight families of
admissible short exact sequences:

Aig — Ajk = Ajsi ks A — Aig — A,
!/ !/ !/ !
A= Ak = Ajfis Ajie = Aj = Ay,

! !
A — Ajr — Aig, Ak — Aj g~ Aigs

A — Ajum = Ajrigres Ajrige — Ajpik = Ajrigs

such that all diagrams

A — A — Aj/z‘I,l/k Ak — Ajf/k — Ajik
Ak Ajk Aj /i Al Ay Ajfik
Ay Ajy Aj/ig A Al Aj/ig

commute.

In other words a (p, ¢)-simplex is a pair of admissible filtrations-cofiltra-
tions

Ao,o A1 Asp e Apo
Ao A Az e Apa
(2.6)
AO,q Al,q A27q T Ap,q
/ / / !
Apo =41 A5, e Ao
/ ! ! li
Abq Aty Ay Ay
/ ! !
AO,q ALq A2,q T Ap,q
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with fixed common: subquotients A; ; ;,, subkernels A;;/;,, induced cofiltra-
tions of subquotients and induced filtrations of subkernels.

The degeneracy maps are defined by duplicating a row or a column in
both diagrams (2.6 and reindexing. The boundaries are defined by deleting
a row or a column in both diagrams of (2.6 and reindexing.

Obviously all (p, 0)-simplexes for p = 0, 1,2, ... form a simplicial subset
isomorphic to G(9M) and all (0, p)-simplexes for p =0, 1,2, ... form a simpli-
cial subset isomorphic to G(9°P). Moreover, Nenashev proved the following
theorem.

THEOREM 2.11 ([I3 Theorem 2.5]). The embeddings
G(M) = T (M) — T(M)

and

G(MP) = Tp . (M) — T' (M)
are homotopy equivalences. m

Thus the geometric realization of T'(91) is a K-theory space:
Kn(M) = mn (T'(I)).

The main advantage of this particular K-theory space is its self-duality.
Namely, for any bisimplicial set X let X be the bisimplicial set

Xm,n = Anm-
There is a canonical homeomorphism of the geometric realizations
ox | X| = |X|

which takes z x A™ x A" to x x A" x A™ for any x € X, ,. The set T'(M) is
self-dual in the sense that T'(9°P) = T'(M1), which yields a homeomorphism

[ T(P)| = |T(M)| — [T ()]

A duality functor D : 9t — 9°P induces a bisimplicial map

T () — T'(OM°P) = T' (M)

which maps a (p, q)-simplex ([2.6)) onto the (g, p)-simplex
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DA070 >—>DA071 >—>DA072 . >—>DAO,q

DAy oy>—>DA;1>—>DA; > . DA,

)

DA, o>—=DA,1>—>DA,> cee DA, ,

DAE),O >—>DA6’1 >—>DA6’2 — ... >—>DA67q

DA, DA} | =—>DAf g ... == DA}

DAl g =—=DA, = DALyoe DA,

with subquotients DA, ;/, and subkernels DA, /; . Then G(9M) = T. o(9)
is mapped onto G(9M°P) = T .(IM).
There is a commutative diagram of spaces

T(em)| 2 (7| L (7 (om)|

)

|G ()]

|G (MmeP)]|

A vertex (i.e. a (0,0)-simplex) of T'(9M) is a pair of objects (P, P") of M.
Thus, given a pair of objects, think of it as a vertex in the triangulation of

PP’
the geometric realization |T'(9%)|. We indicate this by writing e

Given two vertices (Py, Pj) and (Py, P|), there may generally be edges of
two types connecting (P, F}) to (P1, P), namely (1,0)- and (0, 1)-simplices;
imagine something like

(P07P(;) (P17P1/)
¢ —0

in both cases. The (1,0)-edges are in one-to-one correspondence with the
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pairs of short exact sequences of the form
(2.7) (POle—»PanPéHP{—»Pl/O)?

and it is essential that the cokernel objects in them are identical. The (1, 0)-
simplices in T'(91) are therefore the same as the edges in the G-construction.
In fact, the (—,0)-part of T(90) is isomorphic to G(9M), which gives an
embedding G(9) C T'(M).

The (0, 1)-simplices connecting (P, P)) to (Py, P) are given by pairs of
short exact sequences

(28) (PO “« Pl = PO\la POI “— Pll — PO\l)
in 9 with identical kernel objects. This is the same as the edges in G(9°P),
and in fact, G(9°P) embeds into T'(9M) as its (0, —)-part.

A (1,1)-simplex (a cell of square shape in the geometric realization) is
defined by a pair of diagrams

Ao,Il/o > Alf/o - Al/jl/o Ao,j/o = Ay1/0 > A1/0,1/0
(29) AO,l > A171 —_— Al/(],l A671 > All,l e Al/O,l
A0,0 D ALO e AI/O,O A670 > A/LO e Al/O,O

with identical upper horizontal and rightmost vertical short exact sequences.
The vertices of this “square” are the pairs (4;;, 4; ;) with 7,j € {0,1}. Its
four edges are given by the corresponding pairs of short exact sequences in
these diagrams.

The map D : |[T(OM)| — |T(M)| takes a vertex (P, P') to (DP,DP’). If
a (1,0)-edge e from (Py, Fj) to (Py, P{) is given by (2.7), then

De = (DPy « DPy « DPy 5, DF} « DP] «— DP, ),

which is a (0, 1)-simplex.
Recall that by Theorem given a double short exact sequence u =

B
(C “ B & A), we may associate to it a 3-edge loop
gl

(0,0) e(A) (A,A) e(u) (B,B) e(B) (0,0)
O(u) = ( )

in G(M) = T.o(M), where e(4) = (0 — A4 LAa0—-4L A) is the
canonical edge from the base point (0,0) to (A, A) (similarly for B), and
e(u) is the (1, 0)-simplex given by w.
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The map D : |[T'(9M)| — |T'(M)| takes the loop ¢(u) to the loop

(0,0)
Df(u):( o — Y _ e m TR e TN )

in G(9M°P) = Ty, (M), where De(A) = (0 — DA — DA, 0 — DA — DA)
(the same for B), and
«a D
De(u) = (DA <= DB 22 pC, DA <~ DB 2% DCY).
There is also the dual d.s.e.s.

Du= (DA <% DB 2% DC)
D~y Dé

and its loop

(0,0) (DC,DC) (DB,DB) (0,0)
E(Du) _ ( e(DC) e(Du) e(DB)

We restate here Proposition 3.1, Corollary 3.2 and Lemma 3.3 of [13]:
PROPOSITION 2.12. D/{(u) is homotopic to £(Du) in T(9M).

COROLLARY 2.13. Ifm(u) is the class of ¢(u) in K1(9N), then Dm(u) =
m(Du).

LEMMA 2.14. For any object X in MM put e°P(X) = (O L x L X,0 L
X & X) € Tp,1(9M). Then the loop

( (0,0) ¢(x) (X.X) (0,0) )
O—————<—— 0
eP(X)

in T(9M) is contractible.

Proof. A contracting 2-cell is given by the (1, 1)-simplex

R
1 1

Proof of Proposition By Lemma [2.14] we can replace the edges
De(A) = e°P(DA) and De(B) = €°?(DB) in D{(u) by e(DA) and e(DB)
respectively, and the edge e(DC) in £(Du) by e°?(DC). It then follows that
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D¢(u)¢(Du)~" is homotopic to the contour of the (1,1)-simplex

DC =1~ DC 0 DC =1~ DC 0
S T A A
pC =2~ pB =L pa pc =2~ pB=2"~p4
T T T A
0 DA—— DA 0 DA—=DA *

. C1 b
DEFINITION 2.13. Given a four-term double exact sequence D «— C' <b—1
[65) 2

B <% A, let B 4, X1 be Cokeraq, B 2, X5 be Cokerag, X7 ~L C be
az

Kerc; and Xy 2, C be Ker co. The corresponding element E(D Wil C <—Zi
c2 2

B <& A) of K1(9M) is the class of the loop

az

(B,B)

wm<ii>»WMw

(C.0)
consisting of the paths:

e ¢(B) from (0,0) to (B, B) given by the (1,0)-simplex B «% B —0;
e from (X, X») to (B, B) given by the (0, 1)-simplex

X, & B A\
(XﬁﬁBﬁA)’
e from (C,C) to (X1, X2) given by the (1,0)-simplex
D& C&X\
(Dﬁcﬁxj’
e ¢(C) from (0,0) to (C,C) given by the (1,0)-simplex C «% C 0.
REMARK 2.4. There is another choice of signs: given a double short exact
sequence (),
am%@®de%B%Aﬁm>

and {(a,7; 3,9) is the negative of E(O « C % B & A).
v
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Here are some standard ways to replace a pair of adjoint edges in a
combinatorial path by another pair of edges and get a homotopic path as a
result.

e Suppose we are given a pair of (1,0)-simplices sharing the source:
(2.10) o L o 2 4
(Q.Q") (P,P") (R,R)
Then e; and es are given by data of the form
61:(P>—>Q—»M, P,>—>Q/—»M%
eg=(P— R-— N, PP— R — N).
Following [4] we choose push out objects S = QIlp R, S’ = Q' IIps R’ and
consider the two (2,0)-simplices

(Q:Q’)’ &2 (8,57
31
€1 €1
[
(PP “ (R.R)
given by the diagrams
N N
t1 = M>>—M®&N M>—M&N |,
P Q S P’ Q' S
N N
lyg = M>—M®&N M>—M&N
P R S P’ R’ S’

This enables us to replace the 2-edge path (2.10)) by the homotopic path

€2 €1

(@.Q" (8,5") (R,R)
Note that everything here is happening in the G(9)-part of T'(M).
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e Given a pair of (0, 1)-simplices with a common source

€1 €2

(2.11) - L _ e _
(@Q) (P,P’) (R,R)

where

e1= (P« QM P «Q —~ M),

eg = (P« Q« N, P« Q N,
take the pullbacks S = Q xp R, 8" = Q' Xp/ R’ and form the two (0, 2)-
simplices

N N
| |
t = M<—M&N M<~<—M&N |,
] ]
p Q S P’ Q' S’
N N
| |
ty = M<—M®N M<—M®N
L] ]
P R S P’ R S

The whole picture has the form
(Q?Q,) ég (S7SI)

x_

| tl ya |

el : / : €1
I I
&«

>0
(PP) % (RR)

It follows that the path

& é

- — — — —.<— — — — -
(@Q.Q) (5,8 (@,Q")
is homotopic to the given one. Everything here lies in the G(9°P)-part of
T(M).
e Suppose we are given a (0, 1)-simplex followed by a (1, 0)-simplex:

(2.12) - e P

(P,P") (@.Q) (R,R)
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where
elz(PGHQHM’P/«fQ,(—(M),
eo=(Q—R—-»N,Q — R — N).

Choose pushout objects S = P Ig R, S’ = P/ Il R’ and consider the
(1,1)-simplex given by the diagrams

M > M —-0 M == M —=0

A

Q>—>R‘»N Q’>_>R/4>>N/
I
P>—S§—N P == 9q —= N’

It looks like
(Q,Q" es (R,R)
) CE— {

| |
| |
el | I é1
| |
| |
L )
(P,P") €2 (5,8")

which enables us to replace the path (2.12)) by the homotopic path

D) €1

-~ o — —— — e
(P,P") (8,8") (R,R)
e Given a path of the form
(2.13) o e _ e
(P,P") (@.Q") (R,R)

where
e =(P—Q—»M, P —Q - M),
3= (Q«R N,Q«R N),
choose pullbacks S = P xg R and S’ = P’ x¢ R' and consider the (1,1)-
simplex
—=( N > N'—=0

L]

!
‘»]\j S/HR,‘»M,
M

I

o

P’>—>Q/‘>>M/

N e <=
@«i«E

I

—>
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Thus we can replace (2.13)) by

€2 €1
- - — — — —0

(P,P") (S,8") (R,R)
where
e4=(S—>R—-»M,S — R - M),

éo=(Q« R~ N,Q « R < N).

The main technical tool for computations with four-term double exact
sequences is the following proposition proved by A. Nenashev:

PROPOSITION 2.15 (3 X 4 lemma). Suppose we are given a diagram

D’ hy ' 91 B fl Al
by g5 15
diIdé CIIICIQ biIbé ay Iaé
h
(2.14) D=t <2 gy

ha P
di | do C1|C2 b1 | ba ai iGQ
1Y gil 1"

1 1
Dl/ C// ~ B// - A//

hy 92 2

which consists of three double four-term exact sequences and four d.s.e.s.,
such that each of the two diagrams with indices i = 1 or 2 commutes. Let
/ /! .

q, q, and q" denote the horizontal double four-term exact sequences and l 4,
I, lo, Ip the vertical double short exact sequences. Then

(") — U(q) + £(q") = —L(1a) + £(I) — L(ic) + €(lD)

Proof. We simplify things and do not display the unnecessary parts of
loops, in the following sense. Let T (M) denote the bisimplicial subset of
T(M) which consists of the diagonal bisimplices, i.e. the bisimplices given
by pairs of identical diagrams. It is easily seen to be contractible and we can
therefore compute K;(9M) = m1(T(M)) as the relative fundamental group:
T (T(M)) = 71 (T(M), T(M)). In this context, we can omit the side edges
of the type e(X) in the definition of ¢(¢) and ¢(I) and work with relative
loops; £(1) (resp. £(q)) amounts then to the single edge e(l) (resp. the pair

of edges (e0,1(¢), e1,0(q)))-
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With the notation of Definition [2.13] the given 3 x 4 diagram may be
cut into two 3 x 3 diagrams:

polt oy x Mgt
ANEKN,

(215) p<l oY X; X;<——pB Ji A (i=0,1)
LA I TR S 2 A

The same argument as in the proof of Proposition lets us replace the
(1,0)-edge e(l¢) from (C',C") to (C,C) by a homotopic (rel. T(M)) (0, 1)-
edge from (C”,C") to (C,C). The element

(q") + ) — t(q) — £(p) + L)
can thus be represented by the following path:

(Berl) € ! (Xl 7X/) (Clvo/)
(2.16) R n
e10(ls) e1,0lq
(B,B)

e0,1(q) > <

(X1,X2 e1,0(q)
(C,0)

leo,1(lc)
e1,0(q"")

(B//7B//) e()71(q//) (Xi/7Xé/) (CN7C//)

We will now construct several homotopies in order to show that the above
expression equals —¢(l4) + {(Ip).
1. Denote by P; a pullback object for

"
Cq

X/ or &) i=1,2
and apply (2.13]) to the edges

— o —— e
in (2.16). We get two other edges
éo,1(lc) é1,0(¢")

(Xi/,Xé/) (P17P2) (C,C)
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the homotopy being provided by the (1, 1)-simplex
1

C c’ 0
|4 |
(2.17) P> C—>D" (i=1,2).
Eii CiL Ll
// // ” h// "

The arrows cz, G, vg’ , and h;’ in this diagram are induced by the arrows ¢},
¢, v, and hl of .

2. As ¢jv; = v'z;, there is a unique arrow Xj 2 P, with ép; = #; and
UZI pi = v; (i =1,2). We leave it to the reader to deduce from Quillen’s third
axiom of an exact category that this arrow is an admissible monomorphism

(see the example after Definition and we have the following pair of
diagrams:

>

—_
-
.

*»D/

D

5
D

1

HPI

(2.18)

.

.
[~

1

O(%N

D//

The arrows r; here are induced by the other arrows in the diagrams.

/

b, /
3. Denote by U; a pushout object for B «— B’ i, X!, i =1,2, and

l
apply (2.12) to the edges oL(B)k _oald) -e in (2.16). We then get
two other edges
eoa(d) €1,0(/)
(B,B) (U1,U2) (X1,X5)

the homotopy being provided by the (1, 1)-simplex

Sy |

A
b/ b//

b/ b//

X/>#>U —= B
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4. Dualizing 2, we get admissible epimorphisms U; % X; with s, =
and s;b, = 2 (i = 1,2) and the diagrams

LRy .

(2.20) A=l pu

The arrows t; here are induced by the other arrows in these diagrams. This
results in the following figure:

(B',B’)

(B//7B//) (X:/l/7Xé/) (C//7C//)
in which:

e the horizontal arrow from (P, P,) to (C,C) is €1,0(¢");
e the horizontal arrow from (X7, X4) to (C”,C") is e1,0(¢");
e the vertical arrow from (X1, X3) to (P1, P») is

e10(p1,p2) = (X1 L Pl D, Xy s Py — 19D,

and the shadowed areas are (1,1)-simplices. The triangular contour with
vertices (X1, X2), (P, P»),(C,C) is an admissible triple of edges in the G-
part of T'(M), in the sense of [12], Definition, p. 207]. By [12, Prop. 4.5], the
diagrams show that the associated d.s.e.s. is [p. Dually, the triangular
contour with vertices (X1, X2), (U1, U2), (B, B) is a (co)admissible triple in
the G°P-part (we leave it to the reader to dualize the definition and related
arguments), the associated d.s.e.s. being 4. Thus by [12, Prop. 4.5] and its
dual version, the path

eo,1(q") é1,0(lc) e1,0(p1,p2) eo,1(s1,82) €10(lB)  e1,0(q)

- e - e e L

(2.21)
(B",B") (X{,XY) (P,P) (X1,X2) (U,U2) (X1,X3) (C,C)
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represents the element £(v') — £(v) + £(v") + £(lc) — £(IB) + £(l4) — £(lp) in
T (T (M), T(M)), and it remains to show that this path is contractible.
5. We leave it to the reader to check the following elementary assertion:
LEMMA 2.16. In an abelian category, given a commutative diagram
B =B —> B
C'——C—="
whose rows are s.e.s’s, there is a natural map C' llgr B — C x¢cn B"” and
this map is an isomorphism. =

Let F;, i = 1,2, denote a choice for the pullback/pushout object of the
lemma applied to the i-th arrows in the B-C-part of diagram ([2.14)). Then

C' Ty, Ui 2 C' My, (X] 1y B) = C' Il B2 F,
-Pi XXZ{/ B// =~ (C Xon X{/) XXZ{/ B// =~ C X o B// =~ F,L

and we get the following picture:

(X17X2)

(X{.XY) & e (X.X5)

(B//,B”) (0/701)
where the shadowed rectangles are as in (2.11]) and (2.10)) respectively. The
remaining rectangular contour can be filled by the (1, 1)-simplex

A 1 A 0

¢ ] ]

Uy > F,— [ (i=1,2).

R

Xi>L>pi4l»D/

Thus the path (2.21)) is homotopic to the two-edge path

(B",B") (F1,F2) (c.cn
- — — — <@
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The latter can be contracted to T(M) by means of the (1,1)-simplex

1

c’ C’ 0
]
C, Fz BH (’L: 1,2). ]
Lo
1
0 B// B//

COROLLARY 2.17.

€<D«§CiB%A>+£(H%GiF<LE)

b/ g/ f/
( [6 ] 5] [6 9] )
=/ DEBH*—/—C@G<I—B€BF</—<AEBE .=
¢ o 6 4] [5 7]

COROLLARY 2.18.

E(D«?C?BHA>+£<D«%{C<%IB<%A):O.-

LEMMA 2.19. For arbitrary automorphisms «, o/ € Aut(A) and arbitrary

b
exact sequences A « B < C,F«FE < A we have

0(0 A A —0) —é(F«?E e g lo)
Proof. Apply the 3 x 3 lemma and the 3 x 4 lemma to the diagrams
0 <~ A<2 <A 0 0 —C
I eIe 1|1 I I I 111
f eoq f eoaob c
FﬁE ﬁA F 7 E<—" B < C
S O
F<<—1F<—<O F ;E:jj,A o =
LEMMA 2.20.

E(D%C%B%A)%—E(D«TC?BHA)

£<D«—C<—B<—<A)

C” b//
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Proof. Apply the 3 x 4 lemma to the diagram

D a C = B e A
[61]19] [31119] [31119] [81119]
c 0 b0 a 0
D&D bﬂ CacC Eﬁ B& B bﬁ Ad A
15 5] k¥a (4]
01]|[~10] 01]|[~10] 01]|[~10] 01]|[~10]
D < C : B “ A m

3. The group E'(X) and the invariant e!. For the sake of complete-
ness we state the following obvious fact:

LEMMA 3.1. Let O be a small exact category. For A, B € Ob(IM) the
following conditions are equivalent:

(i) the equality [A] = [B] in Ko(9M) holds;
(ii1) there exist P,Q,R € Ob(M) and «, B,a/, 3 € Mor(IM) such that
the sequences

0—REQE Aa P —o,
0—rL 0 BaP—0

are exact admissible;
(iig) there exist P,Q, R € Ob(M) and ~v,u,', ' € Mor(IM) such that
the sequences

3.1) 0<—A@P<iQ<lR<—O,
3.1 ' /
0—BaPL QL R—0

are exact admissible.

Moreover, if (I, D,§) is an exact category with duality, then one may as-
sume that in each case P carries a hyperbolic form x : P — DP.

Proof. It is obvious that each of conditions (ii; ), (iiz) implies [A] = [B] in
Ko(9). Assume that (i) holds. By [I8], Theorem 1], Ko(9) = A/B is a factor
group of the free abelian group A generated by the classes of isomorphic
objects in Ob(2) modulo the subgroup B generated by the expressions

Y] - [Xx]-12]
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for all admissible exact sequences Z « Y «< X. Thus if [A] = [B], then
there exist two admissible exact sequences

ZeY X, WeViUu
and an isomorphism

p:BoXoZoV S AeoYaUaW.

Thus for
P=XalU,
Q=AdYaeUasW=BgXaZaV,
R=ZaW,
14 0 O
0 ¢ O
o= Ao XU —-AaY oUW,
0 0 1y
0O 0 0
1 O 0
7 =po |0 Y Bexevu—aavevew
0 0 0
0 0

(ii1) holds. Analogously (i) implies (iiz) for the same @,
P=ZaoW, R=XoU

and suitable morphisms.

If there is a duality in 991, then substitution of P & DP for P, Q & DP
for @, and a & 1pp for a, etc., yields an analogous exact sequence with a
hyperbolic form y defined on P. u

We will refer to the pair of exact sequences AG@ P « Q «— R, BA P «
@@ — R with hyperbolic P as a common resolution of A® P, B® P. Let us
rephrase the last result in a more convenient form:

COROLLARY 3.2. Given two a.s.b.m. o : A — DA, ¢ : B — DB such
that [A] = [B] in Ko(9M), there exist:

a hyperbolic form (P, x),

an object @,

admissible epimorphisms w4 : Q — A® P, and ng : Q — B & P with
kernels R = @ having a common source R,

a.s.b.m. Dmgo(p®x)oma : Q — DQ and Drgo(v@®x)omp : Q — DQ
Witt equivalent to ¢ and 1 respectively.
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For Witt equivalence compare Example [2.10]

DEFINITION 3.1. Let 9 be an exact category with a duality (D, d). With
a.s.bm. a:Q — DQ, 5:Q — DQ with respective kernels v, : R — Q,
we associate a self-dual double exact sequence

D
(3.2) DR« DQ & Q 2~ R.
D~/ B v

In particular, with symmetric bilinear forms ¢ : A = DA, ¢ : B> DB
such that [A] = [B] in Ky(9M), and a common resolution A @ P « @ — R,
B @® P « @ «— R with hyperbolic (P, y) we associate a self-dual double
exact sequence

D~ Dpo(p®x)o
D po(p®x)op 2R

D~ Du/o(p@®x)op’ 4

(3.3) DR

with admissible 7,~". We will refer to this double exact sequence as gluing
a common resolution with its dual.

We want to refine this to a map defined on Witt equivalence classes, so
we shall define an appropriate target group.

3.1. E-groups. An exact dualization functor D : 91 — 9 defines an
action of the two-element group {1, D} on the K-groups of 9 (by action
on d.s.e.s.) One of the objectives of this paper is the study of the following
groups for n = 1:

DEFINITION 3.2. For D : K,,(9) — K,,(9M) the E"-groups of the exact
category 9 with duality D are
E™(9; D) = EY(9M; D) = Ker(1 — D)/Im(1 + D),
E™(M; D) = Ker(1 4+ D)/Im(1 — D).
Equivalently one may define the E"-groups as the homology groups of
the complex

(3.4) L HD K, (90) 1-D, K (M) 4D, K, (M) 1-D ..

or the Tate cohomology groups
E™(9; D) = H?({1, D}, Ku(9M)),  E™(M; D) = H~ ({1, D}, Ko (M)).

Note that the case n = 0 was used extensively in [2I]-[23]. Let us recall
that in those papers we used the map

e W(M) — E°(M)

induced by the forgetful functor, and more general maps € : W* (9, D, §)
— E%(9; D). The group

E2(9; D) = {x € Ko(M) : Dw = —x}/{y — Dy : y € Ko(9M)}
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also occurred. Each pair of hyperbolic spaces (M & DM, [524 (1)}), (N @
DN, [5?\, o]) such that

[M @ DM] =[N @ DN] in Ko(9)

defines an element [M] — [N] of EY (90; D).
Now we are interested in the case when for two symmetric bilinear forms
(4,¢), (B,¢) the equality

e"(A, ) = e"(B,v)

holds. By Corollary eV (A, p) = e%(B, 1) iff there exist M, N € Ob(901)
such that

[A® M @®DM]=[B®&N @DN] in Ko9).

DEFINITION 3.3. Given two symmetric bilinear forms (4, ¢), (B, ) and
admissible exact sequences

A2plg pBLplo
denote

15 o
g(A&<PHw}@>:€OX2DQIH,DMWﬁpeiQ)
BL P w Dp Dvogor  p

THEOREM 3.3. Given two a.s.b.m. (A, p), (B,), and two common res-
olutions

Alplg alris,
L plg BERELS
we get
B o b a
51<A«:P7Q7 SD) —€1<A€:R:<S’ SO) € (1+ D)K1(9M).
B« P—=Q,¢ B« R~S,

Proof. The class

ﬁ 6% b a
61<A«—PHQ7 @)_€1<A*R<—<S, @)

v d c
B&P&Q Y B&RES,
ﬁ 6% d C
1<A“—P<—<Q7<P) 1<B«—R<—<5,¢>
=€ v 1% Te b a
B« P—=Q, ¢ A« R—S, ¢

corresponds to the double long exact sequence:



Dualization and the invariant et 275

Loow 5071 5 9]
Y mad |15 ]
v 0
KA 53] [39]
DQ & DS [DMO] DP@DRT R[MO] QS
0 Da {Of] 0a
[ B | L Dal
. DQ & DS DQ & DS
whnere

p=DBopof, w=Dboypob, ) =Ddotod, Y =Dvoiov.
It follows that if

(50 8] i (39]
t:dDQ@DS DP@DRe———P@Re£i<Q@S)

[ e 5ol [6 2]

5 Be] [ Dal
u:%(DQ@[w DP @ DR DA@DB)

[ Da [5 7]

Da 0 DBop 0
vzzwa@Ds [ 5 DP zn%i_i_gﬂdu4 B)

Dp 0 0 Dvoy

0 Da] [Dbogo 0 ]

then u = v (since these d.s.e.s.’s are isomorphic) and ¢t = u + Dv = u + Du
by the 3 x 4 lemma, since there is a commutative diagram

DA DB (%6 ol 52l S
@ <<—[ 5 @ob] P@R<—<[MO] Qe
Yor 0 0a
[ pal | L5 %]
® 0
% 8.] 53] [59]
0 Da [0 £:| 0a
5 Bel |12 )
DQ & DS DQ & DS

with exact rows and columns. =
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DEFINITION 3.4. The relative discriminant e'(p = 1) of a pair (A, p),
(B, ) of a.s.b.m.’s with common resolution is

A«ﬁ—PiQ, %

S G
BLPLEQ w

) mod (1 + D)K1(M).

This is well defined by Theorem Clearly
(3.5) el(p + 1) € Ker(1 — D)

by the very construction.

LEMMA 3.4. If (A, ) is metabolic and v : L — A is a Lagrangian, then

ool

Proof. If L = A is a Lagrangian, then the sequence

Doy L
DL «—— A— L
is exact. Thus one may form exact sequences

[1.,0] 9]
A«— APL+—=L,

Lo DL «—— AL +——L.
1 0 [L]
DLogoO] 0
Since

DyoD? 08, =Dypodsor=pou,

gluing them with their duals yields a double exact sequence

Di,0 v 0 0
pr LY paepr ixd A@LQL,
0.1] (L2, %] (5]
Dwop 0

which may be “resolved” as follows: apply the 3 x 4 lemma to the commu-
tative diagram
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[~1,0] 9]
DI T
(%1 1%] | o8] 1
DL DA® DL ADL<—=<L
1l-1 [DOL (1)] [%L(l]] [Diow,0] | [Derop,0]
[0,1] (5]
DL <~———_DL& DL DL
[~1,0] 9]

Then Lemma (b) applied to the upper and the lower d.s.e.s. shows that
0 1
ey )= @+ ey = a+ ox-nizy

(here {—1} € K (M) corresponds to —1 € Aut(L)), so a metabolic form
and its hyperbolic form produce exactly 0 in E*(9, D). =

PROPOSITION 3.5. If (K @ DK, [} §]) and (L & DL, [ §]) are hy-
perbolic spaces such that [K & DK| = [L @ DL] in Ko(9), and

[K] — [L] = 0 mod (1 — D)Ky(IM),
then
e ([ 6]+ [s 6]) =0mod (1+ D)K;(M).

Proof. Denote H(X) = X®DX for an object X. The second assumption
implies the existence of objects X,Y of M such that [K] — [L] = ([X] —
[DX]) = (Y] = [DY]), ie.

[KeoDXaY]=[Lo X o DY].
The common resolution may be chosen in a special way: as a direct sum

HEK®XdY®R®S)« PO P ®DR®DS —~QdQ,
HL®XPYPROS)« PO P @DRODS —~QaQ
of exact sequences
[l _ a
(K®DX@Y)®R«— P —Q,

F
(LeX@eDY)dR«—— P —Q,
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and

[5]

(DK@ X®DY)a S« P 2L,

ll
(DLEDXaY)a S o P,

with added DR « DR «— 0 and DS «- DS « 0 respectively.

This common resolution glued with its dual yields the double exact se-
quence

0" pw 0

[D 00
0 D’OO

0 wu
Du 0
|:6o 0
0 doo
0
Dv

DQ ® DQ’ DP®DP &oR® S

DODO a 0
o 0

0 0 {006]
0 0 00
Dp a 0
0 a
0

0

" PoP ® DR® DS ———Q® Q'
0 Ds 0 !
o 00
|:60 625 8 :| 00
which is a direct sum of the double exact sequence
Du Do a
Da’,0 °
pg LY pprar 5 7] g pg 161 20
[Da/, 0] [31; Dos] [8]

with one isomorphic to its dual. =
The assumption on the class in the group E° (90; D) is necessary:

ExAMPLE 3.1. Let X be a projective line X = Proj F|z,y| over a
field F', where z,y are homogeneous coordinates. Consider vector bundles
on X with the dualization

DA = A" =Hom(A,Ox)
and the canonical isomorphism A — A”" as d4. The equality
[Ox(—1)] + [Ox(1)] = 2[Ox]
in Ko(X) follows from the exactness of the sequence

[z,4] =l
Ox(1) «— Ox @ O0x «—=Ox(-1).
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Consider the hyperbolic forms

Y = |:(1) (1):| : Ox(—1> @Ox(l) — Ox(l) (2] Ox(—l),

01
P = L O] :0x®0x — Ox ® Ox.

The common resolution

1
930) 2]
Ox®0x Ox(—l)@OX@OX<—<Ox(—1),
[90) Bl

Ox(-1)® Ox(1) Ox(-1)®O0x®O0x «——O0x(-1)

glued with its dual yields the double exact sequence

[1,0,0]

Ox(1) ® 0%

(3.6) Ox(1) — [

Ox(~1)® 0% Ox(—1)® 0% 0

produces 0 in K;(X), the class of (3.1) in K;(X) is, by the 3 x 4 lemma,
the same as the class of the double exact sequence

[1,0,0] ) [
«—— Ox (1) ® Ox

0
T
Yy

[0,—y,z] Ozy 0
z 00 -y
y 00
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which in turn is the middle row of the commutative diagram

03 (1) < o2 1]

[y,x]

[Ly.~a] | [Ly.~a] 18697118691
T e AT

It follows that the relative discriminant is the class of the short double exact
sequence

[_*Tvy]

[z,y] [2Y]
which occurs in the commutative diagram
0 0 0
Ox(1) <21 2 -] Ox(-1)
. [w.9] X X
11 (9] 1]-1
[2,9] A [ %]
Ox (1) > 0% Ox(-1)

It follows from Theorem that the relative discriminant equals
—{=1Ox] = {=1}[Ox (=1)] = {=1}([0x] = [Ox(=1)])
({—1} has order 2 in K;(F')), which is not 0.

REMARK 3.1. It is easy to see that if the classes of symmetric bilinear
forms ¢, 1 are equal in the Grothendieck group of symmetric bilinear spaces,
then e!(¢+1) = 0. It follows that the Grothendieck ring of symmetric bilin-
ear spaces of the projective line over a field F' differs from the Grothendieck
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ring of symmetric bilinear spaces of the field F', in contrast to the case of
Witt rings.

As an example shows, to define an invariant of Witt equivalence one
must factor out the relative discriminants of pairs of hyperbolic forms.

DEFINITION 3.5. Let H(9; D,d) be the subgroup of E*(9M; D) gener-
ated by the classes of all the relative discriminants e'(u + v) of pairs of hy-
perbolic spaces (the class of hyperbolic spaces depends on §). The k1-group
of (M; D, ) is the factor group

k1 (9%; D) = EY(ON; D) /H(I; D, 6).

For applications it is important (by Proposition |3.5)) that to compute
the group H(9M; D, ) it is enough to compute the relative discriminants of
pairs of hyperbolic spaces corresponding to nonzero elements of E° (9; D).

COROLLARY 3.6. There is a natural surjective homomorphism E° (90; D)
— H(OM; D, §). In particular H(I; D, 8) = 0 whenever E° (9; D) = 0.

Proof. Consider the pullback X = X(9t; D 6)
Ko(M
ll
(M
There are two homomorphisms defined on X:

o ([K],[L]) = [K] = [L] mod (1 — D)Ko(9M) € E2(M; D),

o (K], [L]) = e'(H(K),H(L)) € E'(9; D).
Proposition states that the kernel of the first is contained in the kernel
of the second, so there is a homomorphism E° (9; D) — EY(9; D).

Whenever two hyperbolic forms H(A), H(B) such that [H(A)] = [H(B)]
in Ko(M) are given, we have

[A] + D[A] = [B] + D[B],
[A] - [B] = D[B] — D[A] = —D([A] - [B])

so [A] — [B] defines an element of E°(91; D) which maps onto the class
el(H(A) =~ H(B)). =

For instance, for the projective line X = IP’}D from Example the group
(3.7) H(X) = H(M; D,6) = pa(F) - E°(X)
has two elements: 0 and {—1}([Ox] — [Ox(—1)]).

COROLLARY 3.7. If for symmetric bilinear spaces (A, p) and (B, 1)) there
are metabolic forms (M, pn), (M', 1), (N,v) and (N',v') with common res-

Ko(M )ﬂKo
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olutions
A®M « P—~Q, B&®N« P —~Q,
Ao M « R«—~S, B@®N « RS,
then the difference
popsvov)—c(poy ~var)
belongs to H(IM; D, 6).

Proof. This is a formal consequence of Theorem and the fact that
the difference of the double exact sequences

DQ« DP+—P—Q, DS« DR+—R—S

is the class of the direct sum of the first one and of the second one turned
upside-down:

DQ® DS « DP®DR— POR —Q®S.
Denote by u its class in K;(9). Next choose a common resolution
MeNeW«U—~T, M&NeW«U—~T
for some metabolic (W, w). Since
W ovow+per ®w)=0mod H(M;D,J),
the class v in K1(9) defined by the direct sum
DQeDS® DT «~ DPeDR®DU — PO ROU QST

is congruent to u modulo H(9M; D, ). But this class corresponds to the
common resolution of the isomorphic forms

(X, &)= (Ao MoBoN oM ONOW,pdudvdvV oy ovow),
Y,v)=(BONGAOM o MoON oW dvdedu dudr ow).
By Theorem this class is congruent modulo H(; D, §) to the class of

okprxHa

It follows that w = 0 modulo H(MM; D,6). =
The goal of this paper is to define the discriminant map:
DEFINITION 3.6. Let I(9; D, §) = Ker €. The discriminant map
el I(9; D, 8) — k1 (9M; D)
is defined as follows:
if [A® M © DM] =[N @ DN] in Ky(9M),
then e'(A,¢) =¢e'(¢ ® p+v)mod H(IM; D, ),
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where p: M@ DM — DM @M andv: NG DN — DN @ N are hyperbolic
forms.

Let us state several elementary properties of these notions.

PROPOSITION 3.8. For arbitrary exact categories with duality (9, (D, 0)),
(M, (D', 4)),

(i) the E™-groups are elementary 2-groups (groups of exponent 2).
(i) of f: 9 — N is an exact functor which commutes with the duality,
then f induces homomorphisms

f:WOD,6) — WOL D', ), f:I1(M;D,6) — I(M; D', §),
f:E"(O; D, — E"O, D',¢8"), f:E"(O; D, — E" (O, D', d),
fiki(9 D, 0) — k1 (M D, 0)

such that the diagrams

W D, §) —— EO(M; D) (M D, 6) —%~ k1 (9M; D)

fi if fl if
W (O D', §') < EO(N; D) I D', §) > ki (W D)
commute.
Proof. (i) If (1 4+ D)a =0, then 2a = (1FD)a=0modIm(1F D). m

The following example provides a motivation for the notation e! and
I(OM; D, d), and shows that the above defined notion generalizes the usual
notion of the discriminant of a quadratic form.

ExaMPLE 3.2. Let 9t be the category of vector spaces over a field F
with the usual dualization. In this case it is obvious that ¢ coincides with
the usual dimension index, so I(9) = I(F). Moreover, E°(F) = 0, so
k1(90) = E1(OM). Note that D acts trivially on Ki(F), so

E'(F) € B'(M) = K1(F)/2K1(F) = ki (F),
hence the new notation k1 (F') is consistent with the one introduced in [9].
Moreover,
EY(F) € EL (M) = o (F) = {1, -1}
The group E'(F) = F*/F*? is usually denoted by g(F) (the square classes
group) in the theory of quadratic forms. If e®(A, ¢) = 0, then A is an even-
dimensional vector space, dim(A) = 2k, so there exists an isomorphism

p: B®B* — A of aspace B @ B* supporting a hyperbolic form y, with A.
Thus one may choose the exact sequences (3.1]) in a special way:

AL BB 00, BaB*LBaB «—0«0.
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The double exact sequence (|3.3))

X
0s«— BOoB*—— B®B"=0
p*opop

defines the element
det () det(x) = (=1)F det() = (—1)2F1/2 det () mod 2K, (F),
which is exactly the discriminant of (A, ¢).

The additional El-group E!(F) = us(F) = {1, -1} has no direct inter-
pretation yet.

ExAMPLE 3.3. If 91 is the category of vector bundles on a scheme X
with the usual dualization (D =~ = Homp, (—, Ox)), then we write

W(X)=w@), [(X)=IM), E"(X)=E"M), k(X)=~rn@n).

Let f : Y — X be a morphism of schemes, and 91 be the category of
vector bundles on Y. The exact functor f* : 9 — 9 commutes with the
dualization, so it induces homomorphisms on E-groups and Witt groups, and
homomorphisms of £ and W commute with ¢. Thus the homomorphism of
Witt groups maps I(X) into I(Y), and commutes with e!. This means that
if, in particular, Y is a point, then the above defined discriminant reduces
to the usual discriminant on fibers.

It is known that there exist symmetric bilinear forms of even rank (and
hence with €° trivial on fibers) which have nontrivial global €, say on split
projective quadrics of even dimension. So there is no reason to expect in
general that local discriminants determine the value of el.

The following property of e! provides a motivation for adopting the clas-
sical notation I(X) for the notion defined above:

THEOREM 3.9. Consider the category Px of locally free sheaves of finite
rank on a variety X over a field F with a line bundle L (possibly trivial),
the usual duality functor DA = Homo, (A, L) and ¢ either the canonical
isomorphism, or its negative. Let moreover ¢ € F be a nonzero constant.
Then for each form (A, @) such that e(¢) = 0 we have

el(c-¢) = el(p) in ki(X).

Proof. Choose metabolic (M, u), (N,v) such that A@® M and N have a
common resolution:

Aem<iplg NEPLQ.

Note that (M, c- ) and (N,c - v) are metabolic forms, and the four-term
double exact sequences needed to compute discriminants are the rows of the
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commutative diagram

Dp cDmo(pdp)om Dp

D
Q Dy’ Dp cDr’o(p®u)on’ P Do’ Q
1J{1 1l1 clc clc
Dmo(p®p)om p
DQ<L-pp P
@ 4 Dn’o(pdp)on’ I @

with isomorphic vertical arrows. It follows from the 3 x 4 lemma that both
rows define the same class in K1(X), so e'(c- @) =e'(p). u

COROLLARY 3.10. Under the assumptions of the theorem,
I(F)-I(X) C Ker(e'). m

4. The map e! : I(X) — ki1(X) for a certain projective variety X.
Here we assume that the dualization (D, d) is fixed, and suppress it in the
notation. It is easy to compute the E'-groups in the following particular
case:

THEOREM 4.1. Assume that X is a quasiprojective variety over a field
F such that K1(X) = Ko(X) ®z K1(F). Then

ENX)= EY(F)® E°(X) @ BL(F) ® E°(X),
EY(X)2EYF)® E°(X)® EL(F)® E°(X).
Proof. The E-groups are the Tate cohomology groups of the group {1, D}:
ENX) = H({1, D}, K:(F) ® Ko(X)),
EL(X) = H'({1,D}, Ki(F) ® Ko(X)).
By the universal coefficients formula there are exact sequences
0 — Ki(F) ® H'({1, D}, Ko(X)) — EL(X)
— Tory (K1 (F), H ({1, D}, Ko(X))) — 0,
i.e. exact sequences
0 — Ki(F) @ E°(X) — E'(X) — Tory (Ki(F), E2(X)) — 0,
0— Ki(F)® E°(X) — EL(X) — Tor (K (F), E°(X)) — 0.
EY(X) and EY (X) are elementary 2-groups (groups of exponent 2), so
K\(F) ® BL(X) = g(F) @ EL(X),
Tory (K1(F), EL(X)) = pa2(F) ® B3 (X),
and the assertion is proved. =

It is obvious that H(X) = H(IM) C p2(F) @ E° (X).
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CONJECTURE 4.2. Under the assumptions of Theorem [4.1],
H(X)=E' (F)® E°(X), k(X)=E"(F)®E(X).

ExXAMPLE 4.1. The projective space X = P} = Proj Flzo,x1,...,Zy]
with the usual dualization functor (D = Homoe, (—, Ox)) satisfies the as-
sumption of Theorem In this case the EY-groups are known:

{ 0 for even n,

E%X) = 7./27 d E°(X)=
(X) [2Z[Ox] an - (X) Z/2ZH"™ for odd n,

where H = 1 — [Ox(—1)] is the class of a hyperplane section (|21, Prop.
2.1.3], [23| Prop. 5.1], [22, Cor. 3.4]). Thus:

FL(X) = {g(F) -10x] for even n,
g(F) - [Ox] ® ua(F) - H" for odd n,

HX) — 0 for even n,
(X) = po(F) - H™ for odd n,
EL(X) = {,ug(F) - [Ox] for even n,
ua(F) - [Ox] @ g(F)H™  for odd n.

It is known that the canonical map W (F') — W(X) induced by the inverse
image functor V — V ®p Ox for the structure map X — Spec(F) is
an isomorphism ([I, Satz]). Therefore I(X) = I(F) @ Ox and the map
el 1 I(X) — k1 (X) is surjective for even n.

For a field F' of characteristic different from 2, the classes of hyperbolic
spaces form a cyclic direct summand of even order in the Grothendieck group
of symmetric bilinear spaces generated by hyperbolic planes ([24, Th. 1.1]).
This is not so for odd-dimensional projective spaces. First of all, there is an
infinite sequence of hyperbolic planes

by = Ox(k) ® Ox(—k) for k=0,1,2,....

COROLLARY 4.3. On the projective space X = P of odd dimension n
there exists a hyperbolic space whose class in the Grothendieck group of sym-
metric bilinear spaces is not a multiple of the standard hyperbolic plane

ho = (0%, [15])-

Proof. For the case n = 1 see Example 3.1} For n > 1 there exists a
pair of hyperbolic spaces with relative discriminant {—1}H™ # 0, since ‘H
is nontrivial.

Let n =2k —1 and

(4.1) A= <2k2; 1) bi,

i

E
—_

I
=)
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(4.2) B = Z(2z+1>

The identity H"*! = 0 implies that A and B define equal classes in Ko(X).
The proof of Corollary shows that e!(A + B) is nonzero. Thus A, B
cannot both be multiples of the standard hyperbolic plane hg. =

4.1. A conic. We compute the Ey-groups and E7-groups of a projective

conic X:

q= 2 —az? — b3

for the anisotropic quadratic form (1, —a, —b) over a field F' defined on the
space V over F' with base vg,v1,v2 (20, 21,22 is the dual base of the dual
space V*), so that the projective conic

X =ProjS(V*)/(q)

has no rational points.
The Clifford algebra C(¢) has generators

1, vg, v1, v2, VoU1, VU2, V1 V2, VU1 V2,

and relations

vv; = —vv;  for i # j,
vi=1, vi=—a, vi=-b

The elements 1, vgvy, vove, vovy form a base of the even Clifford algebra Cp,
which is isomorphic to the quaternion algebra (aﬁb):

(vov1)® = a, (vov2)(v2v1) = —(v2v1)(voV2),
(vov2)? = b, (vov1)(vov1) = —(v1v2)(voV1),
(vav1)? = —ab,  (vov1)(vova) = —(vov2)(vov1) = Vauy.

We denote as usual
i =vov1, J=uov2, Kk =vou1.

Let
© = 2oUp + 21V1 + 22V € F(X, Ox(l) X Cl)

be the “generic zero vector” of g,
4,02 = (zov0 + 2101 + 221)2)2 = zg - az% - bzg =0.
The complex
-5 Ox(=n) @p Chya 25 Ox(1 —n) @ Chyt
L5 0x(2-n)@p Cy 5 -+
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(subscripts in C), are taken modulo 2) is exact and splits locally ([20, Prop.
8.2(a)]). For the bases 1,1, j,k of Cy and vy, v1,va, vav1v9 of C; the maps
@ - — have the matrices

20 —az; —bz 0
_ 0 b .
A0 2 for Ox(zs—l) Qp Cq RAR O)((QS)@C(),
—z2 0 20 —az
0 Z9 —2Z1 20

zo az1 bzg 0

0 —b .
A0 2 for Ox(2s) ®@p Cy s0—>(9X(25—l—1)®01.
z9 0 zo az
0 —Z2 Z 20

DEFINITION 4.1. The Swan sheaf U is defined as the cokernel
U = Uy = Coker(Ox(—2) @ Co == Ox(=1) @p C1).
Let Ef(X), EX (X, L) be the E-groups of the dualization
A" =Hom(A4,0x), Al =Hom(4,0x(-1)),
with canonical §, §;, respectively.
PropPOSITION 4.4. The E-groups of X are:
Eo(X) = (2/2)-[0x], By (X) = (2/2)- (2~ ),
Eo(X,L)=0, E,(X,L)=0.
Proof. There is an exact sequence
0— Ox(1) — 0% — Ox(=1)° — Ox(-2) <0

inherited from the projective plane. Now to use the results of [20], note that
the sheaf Ox (1) has the truncated canonical resolution

(4.3) 0— Ox(l) — O% —U 0.

The Swan sheaf U is a right module over

Endx () = Co((1, —a, —b)) = <"“‘I;b>.

The quaternion algebra D = (‘}b) is a skew field, so U/ is an indecompos-

able vector bundle. The sheaf &/ has rank 2, so there is a nonsingular skew
symmetric pairing Y o, U — /\2 U given by exterior multiplication. Thus

U = Homo (U, N U).

Taking the highest exterior powers in the truncated canonical resolution
yields

Ox(M @ NU=Ox, NU=Ox(-1).
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It follows that
U = Homo, (U, Ox(-1)) 22U @ Ox(-1).

The formula for the determinant of the tensor product shows that in
general

Nu(n) = N U Ox(n) = (NU) @ (0x(n)** = Ox(2n - 1)
and
U(n) = Homp, (U(n),0x(2n—1)) ZU(n)" ® Ox(2n — 1),
so U(n) carries a skew symmetric Ox (2n — 1)-valued bilinear form.

It follows that Ky(X) is a free abelian group of rank 2 with a free base
1 = [Ox], [U] and identities

H? =0,
[Ox(M] =3+ [U=0 or [Ox(DH =2 [U]

where H = 1 — [Ox(—1)] is the class of the hyperplane section, as above.
By [21, Corollary 3.4.3] there is an additional identity

(4.4) U +[U =4 or [U]+[U1)] =4
Thus
U]+ [U1)] =3 = [Ox (D] +3[0x(1)] - [Ox(2)] = 4,
1-2[0x()]+[0x(2)]=0 or H?>=0.

The same result (that H2 = 0) may be obtained easily by checking locally
that the sequence

0 0x(1) << 0% L 0y(-1)—0, a=[02], B= [21 ]
2
is exact. Here z; € I'(X,0x(1)) = Homx(Ox(k),Ox(k + 1)) are global
morphisms of O x-modules under consideration.
The condition H2 = 0 implies 2 — [U] = [Ox(1)]H = H, and

0= (2 [U])>
It follows that
U = 4[u] - 4,
[Ox (V)] =3 = [U] =1+ (2 - [U]),
[Ox(=D] =[U -1=1-(2-[U]).
There is a ring isomorphism Ko(X) 2 Z[u]/(u?) which maps 2 — [i/] onto

the coset of u and, by (4.4)),
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Denote L = Ox(—1). With respect to the base 1,2 — [U] the involutions

and "L have matrices
10 1 0
I R
0 -1 -1 -1
respectively.

Now the assertion follows immediately. m

Note that the discriminant map e! is defined on the whole W (X, L).
The argument used in the above proof can be reformulated as follows:

~

COROLLARY 4.5. In Ky(X) the action of the involutions induced by the

duality functors ~, ~L respectively, is given by

(@ +ylU])" = (z+4y) —y[U), (z+ylU) " =—z+ (@ +y)[U].
More precisely: the map ~ on Ky(X) is induced by the functors:

e the identity from F-modules to F-modules (the summand x),
e the forgetful functor from D-modules to F-modules (the summand 4y),
e the identity functor from D-modules to D-modules (the summand

y[U]),

while the map %

is induced by the functors:

e the identity from F-modules to F-modules (the summand x),
e the natural functor from F-modules to D-modules (the summand
z[U)),
e the identity functor from D-modules to D-modules (the summand
y[U]).
Proposition states that £, (X, L) = 0. Hence the group H is trivial
and kl(X, L) = El(X, L)
To compute E'-groups let us recall some facts from the K-theory of
quaternion algebras.
The reduced norm is an injective homomorphism

Nrd : Kl(D) — Kl(F)

such that for any splitting field £ (F ®p D = My(F) is the matrix algebra
over E), if E/F is finite, then the diagram

K1(M5(E)) =——= K (E®pD)

NT iN

K| (E) K1(D)
wr| i

K1 (F)
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commutes [8]. It follows that K(D) = D/[D, D] is isomorphic to the group
B of values of the quadratic form (1,—a,—b,ab) in K1 F = F, and the
involution " acts trivially on K5 (D).

Note that the composition K;(F) — K;(D) LN Ki(F) is the map
x — 22 We will identify K;(D) with B via the map Nrd.

For example:

e If the involution ~ : Ko(X) — Ko(X) maps z + y[U] € Ko(X) to
x + 4y — y[U], then * : K1(X) — Ki(X) maps = + y[U] € K1(X) to
z+ Npyp(y) —ylUl; if © = {£} € Ki(F), y = {C} € Ki(D), then

z + Npyr(y) = {€Np/r(Q)} = {EN1d(¢)?} € K1(F),
Y= {Cil} € Kl(D)7
and we write Nrd((~!) € B instead of {(~'} € K;(D).

e If the involution “* : K¢(X) — Ko(X) maps = + y[U] € Ko(X) to

—z + (z +y)[U], then "L : K1(X) — K1(X) maps x + y[U] € K1(X) to

—a+ (r(z) +y)[U] = {71} + {3 U,
where r : Ki(F) — Ki(D) is the canonical map; after identification of
K1(D) with B we write Nrd(£¢) = ¢2Nrd(¢) € B instead of {£¢} € K1(D).
Tt follows from Corollary that in K1(X) = K1(F) ® K1(D)[U] =
F&B-[U] forteF, ue B we have
(tulU])” =t u” ' U]),  (GulU]) = @ PulU).

Thus the following result is obvious.

THEOREM 4.6. For a projective conic X: x% —ax? — br3 = 0 given by
the anisotropic quadratic form (1, —a, —b) over a field F' and the line bundle
L = Ox(-1) let EL(X) = EL1(Px;",0) and EL(X,L) = EL(Px; " E,6L).
Then

EYX) = g(F)[Ox] & (n(F)NB)[U], E{(X)=p(F)[Ox]® B/B?
EYX,L) = us(F) @ B/F?[U), E;(X,L) = ps(F) @ B/F%. u

The following computation looks strange, but will be used below, in the

proof of Proposition [4.13

Consider two O x (—1)-valued bilinear forms: the first is a skew symmetric
form

U U RO0x(-1)=U"T

given by exterior multiplication U x U — N*U = Ox(—1), and the second
is the symmetric hyperbolic form

[(1) (1)} : Ox ®0x(~1) = Ox(~1) ® Ox = (Ox ®Ox(-1))"".
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Then use the common resolution

0« Ox(l)

[z0,—21,22]
JEOTELE2

O%LUHO,
0z
0% L 0y 3Oy (~1) — 0

to produce a four-term double exact sequence.

[20,—21,0]

0« Ox(l)

PROPOSITION 4.7. The class of the double exact sequence

0 —22 —21

Z0
PR ey
(4.6)  Ox(1) Ox x(=1)? ———= 0x(-2)
[20772170} |:8 8 Zl:| [—221:|
Z1 20 Z(? 0

in K1(X) = K1(F)[Ox] ® K1(D)[U] equals {—1}[Ox] + {1}U].
Proof. Two resolutions

[20,—21,22]
JEOTELE2

0% Ly o,

53]
L0° Ox®Ox(=1) <0

glued with their ““-duals along 7 and [{ ] give the double exact sequence

0« Ox(l)

[207_21 70}

0— Ox(1) 0%

0 —z9 —21 20
[20,—21,22] {? ZO 50] {_zzl]
4.7y  0x(1) 0% — =2 Ox(—1) —= 0x(-2).
[ZO’_ZLO} |:8 8 Zl:| |:f21:|
21 20 6) 0
It may be resolved as follows: in the commutative diagram
[207721} 2 [2(1)]
Ox(1) Ox o —Ox(-1) 0
o] 2]
10 10 0 0
1 il L8]]l
Ox(1) 0% Ox(-1)° Ox(-2)
0,0,1] | [0,0,1 (6981|6981 1
[21,20] 2 [jgl]
0 Ox Ox(—l) OX(_2)
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all displayed d.s.e.s.’s but one have equal upper and lower part. Thus the
double exact sequence defines the same element of K;(X) as the one
defined by the split d.s.e.s.

B

~1

I
x(—1) ———=Ox(-1).
58] 4]

The same element of K;(X) is defined by the automorphism of taking the
negative on Ox(—1), since there is a commutative diagram of d.s.e.s.’s

Ox(—1)

-1

0 Ox(—l) N Ox(—l)
11
0
.98 Lo
Ox(-1) oo Ox(=1) 5 Ox(-1)
(07 0] M
L1 59011690
Ox(—1)? Ox(—1)? 0

Since
{(=1O0x(=1)] = {=1}({U] = 1) = {Nrd(=1)}[U] + {~1}[Ox]
in K;(X), the assertion follows. m

This computation is important for determining discriminants of genera-
tors of the Witt group W (X, L) found by Susane Pumpliin [I7, Cor. 4.4].

A (skew) symmetric isomorphism ¢ : U — DU(—1) yields an involution
* = x? on Endy (U): if 9 € Endx (i) then

V=67 o (DY @ Loy (-1)) 0 ¢

PROPOSITION 4.8. The involution x™ coincides with the conjugation o +—
@ on the quaternion algebra Endx (U) = Cp = (a};b).'

(g0 + q1i + q2j + qsk)™” = qo — @i — q2§ — qsk.
Proof. Replace U with isomorphic ol C Ox ® Cy. The exact sequence
- U—>0xCyH—U(T)

splits locally, so it yields an exact sequence on each of the principal affine
open subsets

D(zm) ={(20:21: 22) : 2y #0}  for m =0,1,2.
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Locally, in D(zy,), the module ¢ - U(D(zy,)) as a submodule of O(D(zy,))
®F Cy is generated by products of ¢ times vg, v1, V2, Vov1V:

1 1
7(20—/31@.—22]'), —(—az1+zoi+sz‘),

Zm Zm

(4.8) : :
—(=bza + 20j — z1k), —(bz2i — az1j + 20k).

Zm Zm

The module U(1)|p(z,,) = Ulp(z,) is generated by the cosets of 1,i,j,k

modulo ¢-U|p(.,,)- Thus the module N U D(zm) 18 generated by the exterior
products
LAG, 1Aj, 1Ak, iAj, ink, jAk

subject to twelve identities of the form
(generator ) A (one of 1,i,7,k) =0,
e.g.
i(,211/\1'—1—221 Nj)=0, i(zol/\i—l—,le/\k) =0,

Zm m

1 1
— (20l Ni+20iNj) =0, —(az1iANj+20iNk)=0,

Zm m

1
—(bzol ANj— 215 Nk)=0.

Zm

Thus exterior multiplication
AUQU— NU=0x(-1)

has in D(zy,,) the “Gram matrix”

0 Zo —2z1 —2p
1 |—29 0 —z9 —az;
% Z1 20 0 —bZQ
zo az bz 0

Now it is easy to see that
aiNB=—aNpPi, ajANB=-aABj akANB=—-aApk
for all o, B € U(D(2p)), so
(g0 + qvi + q2j + qsk)*" = qo — q1i — q2f — g3k

holds in every D(z,,), m = 0, 1,2, and hence holds globally. =

COROLLARY 4.9. For every pure quaternion -y € (“}’,b) the map

7o () U — U (1)

defines a nonsingular symmetric bilinear form with values in Ox(—1).
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Proof. Locally

(mo ((@)(B) =m(a-7)(B) = (a-N)AB=—ar(B-7)
=By hNa=(mo(-7)(B)(a) =

Susane Pumpliin proved the following fact:

PROPOSITION 4.10. The Witt group W (X, L) is generated by the classes
of the forms

(4.9) p = (trp/p(Ox/(-1)), trpp(cid)), ceF'
Here F'/F is a quadratic extension which splits (1, —a,—b) (splits (a};b)).
Proof. [17, Cor. 4.4]; the canonical bundle Z is our U. =

We will refer to forms of the kind (4.9) as Pumpliin generators.

COROLLARY 4.11. For every pure quaternion y € (aﬁb) there exists a

constant ¢ € F' such that

mo()=cp
for a suitable Pumpliin generator p.

Proof. The bundle U is indecomposable, so the assertion follows imme-
diately from [17, Prop. 4.1]. =

Note that if mo(-7) = ¢-p, then wo (- ¢~ 1) = p. Moreover the quadratic

extension F’ needed to define the Pumpliin generator p is F' = F(y) &
F[/=Nrd(v)].

PROPOSITION 4.12. For every Pumpliin generator p there exist a pure
quaternion 1 € (al;b) and a constant c € F" such that

po(-n)=en.
Proof. By the Noether—Skolem theorem every involution of the algebra

(al;b) is the composition of the canonical involution with an inner automor-

phism. Let v € (

) be a quaternion such that
(& =7TEy
forall £ € ( ) A priori there are two cases. If ¥ = , then %P is conjugation,

and 7 is any pure quaternion. If 7 # , then n =% — v is a pure quaternion
and

«P

nt =q"tey =
and in any case p o (-7n) is skew symmetric, since locally
(po (-m)()(B) = plan)(B) = p(a)(=Bn) = —p(Bn)(e) = —(po () (B)(c).

Hence p o (-n) must be a scalar multiple of 7. =
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REMARK 4.1. It follows that the first case (when *P is conjugation) never
occurs: if p = o (-n~!) for a pure quaternion 7, then
(4.10) play)(8) = w(ayn™)(8) = m(a)(Byn~1) = =7 (a)(Bn~'7)
= —n(a)(Bn~ A ) = —m(en=t)(Bn~ m)
= m(en™")(Bn~ ) = p(a)(Bn~ '),

where

v =0 =gy,

SO

rloalor= —a,

while the composition m o« : U — U ¥ is a symmetric bilinear form.

PROPOSITION 4.13. If a is an invertible anti-selfadjoint endomorphism
of the sheaf U, then

el(moa) = (—1,Nrd(a)F?) € uo(F) ® B/F>.
Proof. The commutative diagram
0 0
UIAL — }1 0
1le ai
UL

U 0

(4.11) 0

1

0

™
m
o

implies that ¢ (O U — U — 0) is the element of K (D) corresponding to
a € Aut(U), which is obviously the reduced norm Nrd(«). By Lemma

o

the element ¢ (0 «“—U — U — O) coincides with the element defined by

20
[20,—21,22] fomoaoD f 3 {2’;1 }
4.12 Ox(1 3 —1)° «—— O0x(-2).
( ) X() [z0,—21,0] * fomoDf X( ) [fgl} X( )
0

Moreover by Lemma the sum of the element of K;(X) defined by (4.12))
and the element defined by (4.7 coincides with the element defined by the
double exact sequence

[20,—21,22] 3 fomoaoDf

X X —_
[zo,—zl,O] 0 0 =1 20
0 0 zo —Z1

z1 20 0

Ox(1
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which represents e!(7 o «). Thus

01
el(woa):£1<7rooz+[

X OD = (~1,Nrd()). =

REMARK 4.2. The group B is generated by the reduced norms of pure
quaternions; in fact, every nonzero quaternion is either a pure quaternion
or a product of two pure quaternions.

COROLLARY 4.14. If Nrd(af) is not a square, then the forms o« and
mo (3 are not Witt equivalent.

This corollary may be partially reversed:

PROPOSITION 4.15. If v, 0 are pure qualernions such that Nrd(y) =
Nrd(d), then for some c € F' the spaces (U, mo (-7)) and (U,c-mo (-0)) are
isomorphic.

Proof. If v+ 60 = 0 then ¢ = —1. The condition Nrd(y) = Nrd(¢) yields
7% = —Nrd(y) = — Nrd(d) = 6°.
If v+ 6 # 0 then for A =y + 4,
A=A, ie. =AML
Thus locally
(mo (-7))(@)(8) = m(a)(8) = m(ardA™H)(5)

1 — 1
= o (A)w(a)\éA)(ﬁ) = Ned( A)vr(oM)(ﬁA)
1

which means that - A € Endx () is an isomorphism of Nrd(A)7 o (-+y) and
mo(-d). m

COROLLARY 4.16. The discriminant map ' : W(X, L) — po(F)®B/F?
is given by the formula

el (f: mo(- am)> — ((=1)",Nrd(a; - - - ).
m=1

COROLLARY 4.17. If n is odd or Nrd(aq - --ay,) is not a square, then
the element Y " 7o (- ) is not zero in W(X, L).
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