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Abstract. For the functor of upper semicontinuous capacities in the category of
compact Hausdorff spaces and two of its subfunctors, we prove open mapping theorems.
These are counterparts of the open mapping theorem for the probability measure functor
proved by Ditor and Eifler.

1. Introduction. The notion of capacity in its general form was intro-
duced by Choquet [4]. Interest in topological properties of capacities stems,
in particular, from their important applications in mathematical economics
(see, e.g., [6H]]).

The space of upper semicontinuous capacities (see the definition below)
is introduced in [20] and it is proved therein that this construction deter-
mines a functor in the category of compact Hausdorff spaces. The functor
is systematically investigated in [19]. In particular, it is proved in [19] that
the functor of upper semicontinuous capacities has all the properties from
the definition of the normal functor in the sense of Shchepin [14] except the
preimage-preserving property.

The notion of upper semicontinuous capacity is a generalization of that
of probability measure and one can expect that some results known for mea-
sures can be carried over to capacities.

The paper is devoted to the open mapping theorem for upper semicontin-
uous capacities. The corresponding result for probability measures was first
proved by Ditor and Eifler [5] and found numerous applications. It asserts
that, for any open onto map f: X — Y of compact Hausdorff spaces, the
map Pf: PX — PY is also open, where P denotes the functor of probabil-
ity measures. (Recall that a map of topological spaces is open if the image
of every open set is also open.) Our proof is based on ideas different from

2010 Mathematics Subject Classification: 54C10, 28A12, 28A33.
Key words and phrases: capacity, open mapping theorem, Milyutin map.

DOI: 10.4064/fm211-1-1 [1] © Instytut Matematyczny PAN, 2011



2 O. Nykyforchyn and M. Zarichnyi

those of Ditor and Eifler and exploits the properties of so-called Milyutin
maps; see [I8] for an analogous technique. The results of the present paper
(they also include open mapping theorems for U-capacities and N-capacities)
demonstrate the universality of the method and we expect that it can also
be applied to other functors in the category of compact Hausdorff spaces.

Note that an alternative approach to the open mapping theorem for
capacities can be found in [19].

2. Upper semicontinuous capacities. We denote by Comp the cat-
egory of compact Hausdorff spaces and their continuous maps. Unless ex-
plicitly stated otherwise, all spaces and maps under consideration are from
this category. The identity functor in Comp is denoted by lcomp-

We write A C¢ X if A is a closed set in a space X. We denote by I the
unit segment [0, 1] with the natural topology, and 14: A — A is the identity
map from a set A onto itself. Let exp X denote the set of all nonempty closed
subsets of a space X. If X is a compact Hausdorff space, the set exp X is
endowed with the Vietoris topology, whose base consists of the sets of the
form

(Ul,...,Un>:{A6epr‘ACLnJUi,AﬁUHé@,izl,...,n},
=1

where Uy, ..., U, are open subsets in X.
A capacity on a space X is a function c¢: exp X U {0} — I with the
properties:

(1) ¢(@) =0, e(X) = 1;

(2) if F, G are closed in X and F' C G, then ¢(F') < ¢(G) (monotonicity);

(3) if F C X is closed and ¢(F') < a, then there exists an open set U D F'
such that ¢(G) < a for every G C U (upper semicontinuity).

REMARK. A capacity on a Hausdorff space X is often defined (e.g.
in [12]) as a function ¢ on the set of all subsets of X, but the property
of inner reqularity is demanded, which states that for any set A C X the
value ¢(A) is equal to the supremum of ¢(K) for all compact sets K C X such
that K C A. The property (3) is required only for compact sets F' C X and
is called outer reqularity. It is obvious that the restriction of such a capacity
to the set of all compact subsets of X satisfies (1)—(3), and any function that
satisfies (1)—(3) extends to a unique capacity in the latter sense. Thus we will
regard a capacity as a function defined for compact (= closed) subsets of X
only, but inner regularity is considered as a useful convention that extends
a capacity to all subsets.

Any probability measure on a compactum X is a capacity, but the con-
verse is false. Choose upper semicontinuous functions fi,...,f, : X — [



Open mapping theorems for capacities 3

such that max f; =1 for all ¢ = 1,...,n. Then the formulae

¢(F) = min{max fi|p, ..., max f,|r}
and
¢ (F) = max{inf(1 — flx\rs - nf (1= fo)lx\r}
define capacities that are not probability measures in general.

The set of all capacities on X is denoted by M X. We endow the set M X
with the topology whose subbase consists of the sets of the form

O_(F,a) ={ce MX | c¢(F) < a},
where F' is a closed subset in X, a € R, and
O+(U,a) ={ce MX | c(U) > a}
={ce MX | ¢(F) > a for some closed subset F' C U},

where U is an open subset in X and @ € R. Then M X is a compact Hausdorff
space.

Given a continuous map f: X — Y of compact Hausdorff spaces, we de-
note by M f: MX — MY the map acting as follows: M f(c)(F) = c¢(f~1(F))
for any closed subset F in Y. This map is continuous, and we obtain a functor
M in the category Comp. We let M? = M M.

The functor M is part of the capacity monad M = (M,n, ) that was
investigated in detail in [19].

If X is a compact Hausdorff space, then the mappings nX: X — MX
and pX: M?X — MX are defined by the formulae

@ ={y T

puX(C)(F)=sup{aecl|C({ce MX |c(F)>a})>a}

for C € M?X and F € exp X U {0}.

The collections of nX and puX for all compacta X are natural transfor-
mations [11] n: 1comp — M and pX: M? — M. This means that for any
continuous map f : X — Y of compacta we have M f onX = nY o f and
MfouX = pY o M2f. Moreover, the triple M = (M, n, 1) is a monad [19],
ie. uXoMnX = puX onMX = 1yx and uX o MuX = puX o uMX for
each compactum X. For general questions concerning monads (also called
triples) see [L1].

A capacity ¢ on a compactum X is called a U-capacity if ¢(F UG) =
max{c(F),c(G)} for any closed sets F,G in X. The set M, X of all U-
capacities on X is closed in M X, and for any continuous map of compacta
f: X =Y we have M f(M,X) C M_)Y. Therefore we obtain a subfunctor
M., of M. Moreover, the inclusions nX (X) C M X and puX(M,(M,X)) C
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M, X allow us to define a submonad M, = (M, ny, p,) of the capacity
monad M = (M, n, u) [10].

A capacity ¢ on a compactum X is called a N-capacity if ¢(F N G) =
min{c(F),c(G)} for any closed sets F,G in X. The set M,X of all N-
capacities on X is closed in M X, and for any continuous map of compacta
f: X — Y we have M f(M-X) C M.Y. Therefore we obtain a subfunc-
tor M, of M. The inclusions nX (X) C M,X and pX(M,(M.X)) C M, X
allow us to define a submonad M, = (M, 1., i) of the capacity monad
M = (M, 5, p) [10].

The functors M, and M, have all the properties of normal functor (see
[14] for the definition). Similarity between M, and M, is not accidental. For
a capacity ¢ € M X, the function ¢: exp X U{()} — I defined by the formula

¢F)=1—-sup{c(G) | GCa X, GNF =0}

is a capacity on X as well. It is called the dual capacity to c. The map
»X: MX — MX that sends each capacity to its dual is a homeomorphism.
We use the facts from [19] that X o %X = 1x and »X (M X) = M, X for
any compactum X. In fact, the collection of maps (»X) for all compacta X
is a natural isomorphism between the functors M, and M.

U-capacities are called sup-measures in [12], but we prefer a non-standard
terminology to emphasize the duality between U- and N-capacities.

Let C1(X) denote the set of all nonnegative continuous functions on X.
The Choquet integral of p € C(X) with respect to ¢ € M X is defined as

follows:

L(¢) = {¢(@) de(@) = | e({z € X | p(2) = a}) da.
0
One can identify every capacity ¢ with the corresponding Choquet inte-
gral I.. If ¢ € C4(X), we write ¢(p) instead of I.(¢). The diagonal map
¢ = (c(¥))pec, (x) embeds the set MX into the product RE+(X) . We en-
dow M X with the topology induced by this embedding (weak* topology).
A subbase of this topology is formed by the sets of the form

O_(p,a)={ce MX | c(p) <a} and Oi(p,a)={ce MX |c(p)> a},

where ¢ € C(X), a € R. It is known [19] that the weak* topology on M X
coincides with the previously defined topology. The space PX of probability
measures on X endowed with the weak™ topology is clearly a closed subspace
of MX.

For a closed subset A C X we identify a capacity ¢ € MA with its
image Mi(c) € M X, where i: A — X is the inclusion map. Then M A is a
closed subspace of M X. The same identification is applicable to probability
measures.
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An onto map of compacta is open if and only if the preimage of each point
depends on this point continuously with respect to the Vietoris topology [17].
For onto maps of compact metric spaces, the property of openness of an onto
map is equivalent to that of 0-softness [I5]. A map f: X — Y is 0-soft if
for any zero-dimensional paracompact space Z, a closed subset Zy of Z and
maps go : Zp — X and g : Z — Y such that f o gy = g|z,, there exists a
map g : Z — X such that g|z, = go and fog=g.

Given continuous maps of compacta f: B — A and g: C — A, we denote
by B x 4 C the subspace {(b,c) |b € B,ce C, f(b) =g(c)} C B x C. Below,
the notation B x 4 C' is used when there is no ambiguity about the maps
f:B—Aandg: C — A.

Let p1: BxaC — B, po: B x4 C — C be the restrictions of pr?xc
and prfxc. Then B x 4 C along with p1, p2 is the pullback [I1] of f, g in
the category of compacta. If w : D — B and v : D — C are such that
fou=gouw,ie. the outer square in the diagram

D - C
X /
b2
U BXAC g
b
B 7 A

commutes, then the map h : D — B x4 C, h(t) = (u(t),v(t)) for t € D, is
called the characteristic map of this square. It is the unique map such that
proh =uwuand py o h =wv. If it is a surjection, then the square that consists
of u,v, f, g is called bicommutative |14 15].

Recall that an inverse o-system S = {Xa, Pag}a,geA is an inverse system
satisfying the conditions:

(1) the directed set A is o-complete (i.e., each of its countable subsets
has the least upper bound);
(2) all X, are metrizable compacta;
(3) S is continuous, i.e., for any v € A, im{Xq,pagta,s<y = Xy
(see [14]). A morphism of a o-system S = {Xq,Pas}ta,gea into a o-system
S = {X4. P, ptapea s a collection (fa)aca of maps such that p;fo =
fapap forall a, € A, B < .

3. Milyutin maps. Recall that a map f: X — Y is called a Mi-
lyutin map if there exists a map s: Y — PX such that, for any y € Y,
s(y) € P(f~Y(y)) € PX (see [13]; the term “Milyutin map” was first used
by Shchepin [16]). It is known [I3]| that for any compact metrizable space
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X there exists a Milyutin map f: Z — X, where Z is a zero-dimensional
compact metrizable space.

We call a map f: X — Y a Milyutin map for capacities if there exists a
map s: Y — MX such that, for any y € Y, s(y) € M(f~(y)) € M(X). As
PX is a subset of M X, and s(y) € P(f~!(y)) implies s(y) € M(f~(y)),
we immediately obtain

ProproSITION 3.1. Let X be a compact metrizable space. There exists
a Milyutin map for capacities f: Z — X, where Z is a zero-dimensional
compact metrizable space.

A map f: X — Y is called a Milyutin map for U-capacities if there exists
amap s: Y — M_X such that, for any y € Y, s(y) € M (f~'(y)) € M,X.

PROPOSITION 3.2. Let X be a compact metrizable space. There exists a
Milyutin map f: Z — X for U-capacities, where Z is a zero-dimenstonal
compact metrizable space.

Proof. Actually, the proof is a modification of that of [I, Lemma 8] (see
also [2] and [3]). One can easily construct a sequence (W, )necw, where each
W,, is a finite set of pairs (A, B) such that:

(1) Wo ={(X, X)};

(2) A,BCq X, ACIntB for any (A4, B) € Wy, n € w;
(3) diam B < 1/n for any (A, B) € W,, n € N;

(4) {A](A,B) € W,} is a cover of X for each n € w.

We denote by [] the topological sum of disjoint copies of topological
spaces. Let X,, = [[{B | (A4,B) € Wy}, n € w, in particular, Xy = X.
Define a map f,,: X,, — X so that its restriction to each B for (4, B) € W,
is the inclusion map B < X. Denote by Z the subspace of [], ., X, that
consists of all (z,) such that there exists xg € X with f,(x,) = x¢ for each
n € N.

Let px: Z — Xk be the kth projection: pg((x,)) = xx, and denote
po: Z — X by f. It is obvious that Z is a zero-dimensional metrizable
compactum, and f is a continuous surjective map.

We also choose a sequence of continuous maps ¢, : X, — I, n € N, such
that for any (A, B) € W,, we have ¢, (4) C {1}, pn(B\Int B) C {0} (Int B
is taken in X, but A and B\ Int B are regarded as subsets of X,,).

For any = € X define a function ¢, : exp Z U {0} — I by the formula

c(F) = sup{inf{pr(zg) | k=1,2,...} | (x,) € F, f((xn)) = 2}
(here we assume sup () = 0).
All sets Oy, = ¢ ((—00,a)) for a € R, k € N are open in the cor-
responding X. If ¢,(F) < a, then for any z = (x,) € f~'(2) N F we
can fix k, € {1,2,...} such that ¢ (2r,) < a, thus (zx,) € Oy, 4. Then
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{pl;l (Ok..a) | 2 € f~H(x)NF} is an open cover of the compactum f~1(z)NF,
therefore we can choose a finite subcover p;11(0k17a), . ,p,;}l (O, .a), with
all k; being pairwise distinct. Let

W = (Ok0) U+ Upg, (Okya) U(Z\ f7H (@),
Then W is an open neighborhood of F.
If GCqZ and G C W, choose any 2/ = (z},) € G f~1(z). Then
), € O, o for some i € {1,...,m}, and

inf{ipe(z}) | b € N} < i, (a,) < a
This implies ¢;(G) < a, and ¢, is a capacity on X. It is straightforward to
show that ¢, is a U-capacity and ¢, € M(f~1(x)).

Define a map s: X — M, Z by the formula s(z) = ¢;. To prove the con-
tinuity of s, consider the preimages under s of subbase elements O_(F,a) =
{ce MX | ¢(F) < a}, where F is a closed subset in X, a € R, a <1, and of

O+(U,a) ={ce MX | c(U) > a}
={ce MX | c¢(F) > a for some closed subset F' C U},
where U is an open subset in X, a € R, a > 0.
Let z € s7HO_(F,a)), i.e. cz(F) < a, and let Ok, 4,...,0,, o be the
open sets defined above. The set
V =X\ F(F\ (9, (Or1.0) U Upp ) (Or,0))
is open and contains x. If 2’ € V, 2’ = (27,) € F, f(') = 2/, then 2} € Ok, o
for some i € {1,...,m}. Thus
inf{pr(a) [k =1,2,...} < pp,(a},) <a
again, and ¢ (F) < a, i.e. 2’ € s71(O_(F,a)). This implies that the preim-
age s~ 1(O_(F,a)) is open.

Let 2 € s71(04(U,a)) for a > 0, i.e. there exist b > a, 2 = (x,) €
f~1(x) N U such that ¢ (zx) > b for all k& € N. We can choose an open
neighborhood of the form V' = p,;l(Vl) n--- ﬂp;;,,ll(vm) such that z € V. C U
and all V; are open in the corresponding Xy,. If x;,, € B C Xy, for (A, B) €
Wh,, then oy, (2r,) > b > 0 implies xy, € Int B. Let

Vi=VinInt BNyt ((b,00)),  V'= fi, (V) N0 i, (V).
Then V' is an open neighborhood of x in X, and for any 2’ € V' we choose
2! = () such that
o t € V/ such that fi(t) =2’ if ked{ky,....,km},
any t € X, such that fp(t) =2/, pp(t) =1 itk & {ki,... . kn}.
In the latter case t exists due to (4) and properties of k. Then 2/ € V C

U and ¢g(z)) > b for all £ = 1,2,..., thus ¢p(U) > b > a, and 2’ €
57104 (U, a)). This implies that the preimage s~ (O (U, a)) is open as well,
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and the map s: X — M Z is continuous. Thus s is the required Milyutin
map for U-capacities. m

Recall that a capacity ¢ € MX is a N-capacity if and only if »X(c)
is a U-capacity. It is also obvious that ¢ € M A for A Cq X if and only if
#X(c) e MA.

This allows us to easily obtain a statement dual to the previous one. A
map f: X — Y is called a Milyutin map for N-capacities if there exists a
map s: Y — M- X such that for any y € Y, s(y) € M.(f~'(y)) C M- X.

PROPOSITION 3.3. Let X be a compact metrizable space. There exists a
Milyutin map f: Z — X for N-capacities, where Z s a zero-dimenstonal
compact metrizable space.

Proof. Let f: Z — X be the Milyutin map for U-capacities, that was
constructed in the previous theorem, and suppose s: X — M Z satisfies
the condition s(z) € M,(f~(z)) € M,Z for all z € X. Then the map
s' = %X os: X — M.Z satisfies the condition s'(x) € M,(f'(x)) ¢ M.Z
for all x € X. Thus f is also a Milyutin map for N-capacities. =

REMARK. It is obvious that if Z is a zero-dimensional metrizable com-
pactum, r : Z — Z is a retraction and f : Z — X is a Milyutin map for
either of the above mentioned functors, then for : Z — X is a Milyutin
map as well. Any metrizable zero-dimensional compactum Z is a retract of
Z x C =2 (C, therefore we can assume in the last three propositions that
Z =0C.

4. Open mapping theorems. The following is the main result of the
paper.

THEOREM 4.1. Let f: X — Y be an open continuous map of compact
Hausdorff spaces. Then the map M f: MX — MY 1is also open.
XXX Xn

)

Proof. For any cartesian product X; x - - - X X, we denote by pr
its projection onto the ith factor and by prglx"'XX"
product of the ith and jth factors.

By Shchepin’s spectral theorem [I5] [I7] an open surjective map of com-
pacta is induced by a morphism of o-systems with all components being open
surjective maps of metrizable compacta. Thus it is sufficient to consider the
case of metrizable X and Y. We first assume that X and Y are finite, and
f: X — Y is surjective. Then the map M f: M X — MY is an affine map of
convex subsets of linear spaces. These sets, being the convex hulls of finite
sets, are convex polyhedra, which implies the openness of M f.

Let C denote the Cantor set. Let us prove that the map M (pr&*¢) is

open. To this end, represent C' as @{Ci, fij}, where C; are finite sets and

its projection onto the



Open mapping theorems for capacities 9

fij: Ci — Cj are surjections for i > j. According to [I4], in order to prove
that M (pr?xc) is open, it is sufficient to prove that the diagram

M(fijx fij)
— T

A4(C% X C&) A{(Cy X Cy)
e [
MC; Mbs) MC;

is bicommutative.

Let (¢, ¢") € M(CjxCy)% p(o;yM(C;) and e= M fi; (') = Mpr( ¥ ().
Given A C Cj, find B C Cj and D C C;j x Cj such that f;;(B) = prfjxcj (D)
= A and (B) = '(D) = ¢(A). Let

a(A,B,D) = (pr{"*% fii x fi;)"H(B x4 D) C C; x Ci.

Define ¢ € M(C; x C;) as follows: given X C C; x Cj, let ¢(X) be the
maximal value of ¢(A), where A C Cj is such that there exist B, D as above,
for which X D a(A, B, D). It is easy to see that ¢ is well-defined and

Mpr{™Ci(e) = ¢, M(fij x fi)(@) ="

Therefore, the map Mprloxcz M(C x C) — MC is open.

Let X be a metrizable compactum and K C C x X a closed subset such
that the restriction 7: K — C of prlch is an open onto map. We choose a
continuous surjection ¢ : C' — X and by the 0-openness of m we can add a
dotted arrow to the following commutative diagram (i is the inclusion):

1o X

(1o x @) H(K) ——=K

7
. o
7 e ™
- CxC

C><C; - C

Then pr&*% = 7o h implies Mpr{*® = Mmo Mh. The functor M preserves

the property of h being surjective, thus M is open as well (see also [9,
Lemma 1]).

Now, consider an open surjective map f: X — Y of compact metrizable
spaces. Let p: Z — Y be a Milyutin map, where Z is a compact metrizable
zero-dimensional space. We may assume that Z is homeomorphic to the
Cantor set and s: Y — MZ is a map such that s(y) € M(p~'(y)), thus
Mpos(y) =nY(y), for every y € Y. Let

K=7ZxyX={(z2) e ZxX|p(z) = f(x)}

Denote by m1: K — Z and mo: K — X the restrictions to K of prIZXX and

prQZXX. Since f is open, the preimage Wfl(z) = {2} x f~Y(p(2)) is nonempty
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and depends on z € Z continuously, which implies that 7;: K — Z is open
and surjective. By the above Mm: MK — M Z is also open and surjective.
For every © € X let ip: Z — Z x X be defined by i,(z) = (z,z).
It is obvious that all values of the map ¢g: X — M(Z x X) defined by
g(x) = Miy(s(f(x))) are contained in M K.
Consider a sequence (¢;) in MY converging to ¢y and ¢y € M X such that
Mf(éo) = Q. Let 56 = HK 9] Mg(éo).
Recall that (M,n, u) is a triple, thus we have
Mra(&) = Mpr§* o u(Z x X) o Mg(é))
= X o M?prd** o Mg(éy) = uX o MnX (éy) = éo.
For every i = 0,1,..., define ¢; = uZ o M s(c¢;). Then
Mp(ch) = MpouZ o Ms(c;) = uY o M?po Ms(c;)
=uY o M(Mpos)(c)=pY o MnY(¢;) = ¢;.
We also have
My (&) = Mpr?*X o u(Z x X) o Mg(&)
= pZ o M?pr{"* o Mg(éy) = nZ o M(Mpr{*¥ o g)(&)
=puZoM(so f)(¢) = uZ o Mso Mf(c)
= pZ o Ms(cp) = .
By the openness of the map M : MK — MZ, there exists a sequence (¢})
in MK such that lim; . & = &, and M (¢;) = ¢,. Denote ¢; = Mma(é,),
t1=1,2,.... Then
lim ¢ = lim Mmy(c;) = Mma(lim &) = Mm(c,) = ¢o.
1—00 71— 00 1—00

Note also that
Mf(&) = MfoMmy (&) = M(fom)(¢) = M(pom)(&) = Mp(c;) = c.
This proves that M f is an open map. =

THEOREM 4.2. Let f: X — Y be an open continuous map of compact
Hausdorff spaces. Then the map M, (f): M,(X) — M,(Y) is also open.

Proof. This theorem is a counterpart of the previous one, and the method
is the same, so we only point out the parts of the proof that cannot be
obtained mutatis mutandsis.

First, for a finite compactum X the set M X is not convex in the usual
sense: for ¢1, ¢y € M, X and 0 < X\ < 1 the function ¢ on exp X U{0}, defined
by ¢(F) = Aci(F) + (1 — A)ea(F'), does not necessarily belong to M X.
Nevertheless, a capacity ¢ € M X allows a simple representation. If X =
{z1,...,2,}, denote ax(c) = (ai,...,a,), where a; = c¢({z;}). Then c¢(F) =
max{a; | x; € F, 1 <i <n}for F € exp XU{(} (here we assume max () = 0).
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All vectors ax(c) that correspond to capacities ¢ from M X form a closed
subset I7 in I"™ that is determined by the equality max{ai,...,a,} = 1. It
is easy to check that ax: M X — I} is a homeomorphism.

To prove that M, preserves openness of maps of finite compacta, it
suffices to consider only the case f: X — Y, X = {z1,...,2,}, ¥ =
i, ynats f(@1) = w1, flx2) = 2, oo, flan—2) = yn—2, flan-1) =
f(zn) = yn—1. This is equivalent to proving the openness of F' = ay o M, f o
oz)_(lz I" — I"~1. Obviously,

F(ai,...,an) = (a1,...,ap—2, max{an—_1,an}).
Then for b = (by,...,b,_1) € I?! we have
F7H0) = {01} x -+ x {bn—2} X ({bp—1} % [0305—1] U [05bn1] X {ba1})}-
Then F~': I"~! — expI” is continuous, thus F and therefore M, F are
open.
We also need to reprove that the characteristic map

(Mupr{™ o My (fi % i) Mo(Cy x Cg) — MUC; xag,c, MU(Cy x Cy)

= {(,¢") € MLCi x M,(C; x Cy) | My fi;(¢) = M_pr{?““i (")}

is an onto map.
Consider a slightly more general case. Let

p—>cC
|
B—> A
be a bicommutative diagram that consists of finite compacta and subjections.
If ¢, € MU B, coa € M,C, M(h)(c1) = M(h)(c2), then define a function
¢:expDU{0} — I by
¢(F) = max{min{c; ({f(d)}), c2({g(d) })} [ d € F}.
It is straightforward to verify that ¢ € M D, M,f(¢) = ¢1, Myg(¢é) =

ca, 1.e., the characteristic map (M, f, M,g): M,D — M,B xp,4 M,C,
(M, f, M,g)(c) = (Myf(e), M,g(c)) for ¢ € M, D, is surjective. m

By duality it is trivial to obtain also

THEOREM 4.3. Let f: X — Y be an open continuous map of compact
Hausdorff spaces. Then the map Mnf: M X — M.Y is also open.

5. Final remarks. A capacity ¢ € M X is called conver (resp. concave)
if ((FUG)4+¢c(FNG) > ¢(F)+¢(Q) (resp. c(FUG)+c¢(FNG) < ¢(F)+¢(@Q))
for any closed sets F', G in X.
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We denote by M“X (resp. M.X) the set of convex (resp. concave) capac-

ities on a compactum X. It is easily seen that M¢ and M, are subfunctors
of the functor M. We leave it as an open question whether the maps M€ f
and M.f are open for an open map f.
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