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A classification of inverse limit spaces of tent maps with
periodic critical points
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Lois Kailhofer (Milwaukee, WI)

Abstract. We work within the one-parameter family of symmetric tent maps, where
the slope is the parameter. Given two such tent maps f,, f» with periodic critical points,
we show that the inverse limit spaces (Lq, fa) and (I, g») are not homeomorphic when
a # b. To obtain our result, we define topological substructures of a composant, called
“wrapping points” and “gaps”, and identify properties of these substructures preserved
under a homeomorphism.

1. Introduction. Inverse limit spaces of one-dimensional maps com-
monly appear as attractors in dynamical systems [1, 2, 6, 9, 14, 21]. This
suggests the question: when are two inverse limit spaces of different one-
dimensional maps homeomorphic as topological spaces? One often studied
family of one-dimensional maps is the one-parameter family of symmetric
tent maps given by f,(x) = min{az,a(l —z)} for x € [0,1] and a € [1,2].
Since any unimodal map without wandering intervals, restrictive intervals,
or periodic attractors is conjugate to a tent map (see e.g. [16]), and as con-
jugate unimodal maps have homeomorphic inverse limit spaces, the family
of tent maps is more inclusive than it seems at first glance. Given param-
eters a # b it is unknown whether the corresponding inverse limit spaces
([0,1], fa) and ([0,1], f) are homeomorphic as topological spaces, but par-
tial results exist. Barge and Diamond [4] proved that for transitive Markov
maps f and g of an interval I, if (I, f) is homeomorphic to (I, g) then the
algebraic extensions Q(«) = Q(/3) are equal, where « and 3 are the spectral
radii of the transition matrices for f and g respectively. However, it can
be difficult to determine whether Q(a) = Q(3). Volkmer and Swanson [19]
show that in the case when the characteristic polynomials of the transition
matrices for f and g are irreducible, the discriminants of said characteristic
polynomials are identical and Z(«) = Z(3). Most recently, Bruin [11] proved
for f, and f, with finite critical orbits that if log(a) and log(b) are rationally
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independent, then the inverse limit spaces are not homeomorphic. There are
other related results [8, 12, 17, 20].

In this paper we work with tent maps for which a € [v/2,2] and the
turning point is periodic, i.e. letting ¢ denote the turning point, there is
some positive integer n such that f'(c) = c. We show that the inverse limit
spaces for any two such distinct maps are not homeomorphic. One can use
[5, Theorem 2] to obtain results for a € [1,v/2]. Note that for a € [v/2,2], f,
is a transitive map [16]. One can construct non-transitive maps f, g with f
not topologically conjugate to g, but (I, f) homeomorphic to (I, g).

Given a parameter a € [\/5, 2] for which the turning point is periodic
with period n, the kneading sequence of f, is given by the finite string of
length n, K(f.) = b1,...,b,, where b; = R if fi(c) > ¢, b; = L if fi(c) < ¢,
and b, = C. Set I, = [f2(c), fu(c)], the dynamical core of f,. Define the
inverse limit space (I, fo) = {Z = (zo,21,...) | T € [[;2] and for all
i >0, fo(x;) =x;—1}. We now state our main result.

MAIN THEOREM. Let f,, fy be tent maps with periodic turning points.
If K(fa) # K(fp) then (La, fo) and (I, fy) are not homeomorphic.

We obtain this result by building on the techniques and results in [15].
In Section 3, we give a brief outline of the definitions and results contained
in [15]. Section 4 contains the proof of the main theorem. What follows is a
brief synopsis of the proof of the main theorem.

Suppose (L, f) and (I',g) are homeomorphic via h. We first show that
for sufficiently large r, there exists an s such that each r-gap in (I, f) (see
Definition 31) will map under h to exactly one s-gap in (L, g). Informally
said, gaps go to gaps. We then show that when gaps go to gaps the kneading
sequences of the bonding maps must be identical.

2. Preliminaries. In this section we make some general definitions and
state some known results. The first half of this section applies to inverse limit
spaces in general, and the second half is about inverse limit spaces of tent
maps with periodic critical points. The omitted proofs can be found in [15].

Let X be a topological space. If there exists a homeomorphism from X
onto [0, 1], then X is called an are. If there exists a continuous bijection from
[0,1) onto X, then X is called a ray. The components of X are the maximally
connected subspaces of X. We define N = {0,1,...} and Ny ={1,2,...}.

A continuum is a compact connected metric space. Let € X, a contin-
uum. The composant of  in X is the union of all the proper subcontinua of
X that contain x. A subcontinuum 7T of a space X is an end continuum in
X if whenever T'C H, T C J for continua H,J C X, then either H C J or
J C H. The point x € X is an end point of X if {z} is an end continuum
in X. For further discussion of continua, see [18].
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LEMMA 1 [15, Lemma 1]. End points are topological invariants.

Suppose that {X;,d;}32, is a collection of compact metric spaces with
d; bounded by 1, and that for each i, f; : X;11 — X; is a continuous map.
The inverse limit space is given by

{Xufz}?io = {f = (xo,xl, .. ) ‘ T € HXZ', fi($i+1) =T, 1 € N}
=0

and has metric d given by
Ad®,7) = dilws, i) /2"
i=0

For each i, m; denotes the usual projection map from [[;°, X; into X;. An
inverse limit space {Xj, fi}32, is a continuum if X; is a continuum for every
i € N [18, Theorem 2.4]. If X; = X and f; = f for all i, the inverse limit
space is denoted by (X, f), and the map f : (X, f) — (X, f) defined by
f((zo,1,...)) = (f(20), 20, 1, . ..) is called the induced homeomorphism.

A continuous map f : [a,b] — [a,b] is called unimodal if there exists a
unique turning or critical point, ¢, such that f|[a, c] is increasing and f|[c, b] is
decreasing. For each x € [a, b], the itinerary of x under the unimodal map f is
given by I(x) = bob1bs ..., where b; = R if f'(z) > ¢, b; = L if f(z) < ¢, and
b; = C if fi(z) = ¢, with the usual convention that the itinerary stops after
the first C'. The kneading sequence of the unimodal map f, denoted K (f), is
defined to be the itinerary of f(c). The parity-lexicographical ordering is put
on the set of itineraries as follows. Set L < C < R. Let W = wow; ... and
V = wvovy ... be two distinct itineraries and let k be the first index where the
itineraries differ. If £ = 0, then W < V if and only if wg < vo. If £ > 1 and
wp ... Wp_1 = Vg ...Vk_1 has an even number of R’s, i.e., has even parity,
then W < V if and only if w, < vg; if wg...wp_1 has an odd number of
R’s, then W < V if and only if vy < wg. It is an elementary fact that the
map x +— I(z) is monotone, i.e., x < y implies that I(z) < I(y) [13, Lemma
I1.1.3]. Let K(f) = aopai ... Define the modified forward itinerary of f(c),
denoted I'(f(c)), as follows: if K(f) is infinite, let I'(f(c)) = K(f); and if
K(f) has ng terms, then I'(f(c)) = (aoaz ... a;,, ;) where a, | € {R, L}
is chosen such that agay ...a;,, ; < K(f).

DEFINITION 2. Let f : I — I be a unimodal map. The backward itinerary
of T € (I, f), denoted B(Z) = (bg, b1,b2,...), is a sequence of R’s and L’s
such that

(i) =R ifx; > cand b; = L if z; < ¢,

(ii) if z; = ¢ for some ¢ >0, then (bg, by, ...,bi—1)=(ai—1,ai—2,...,a1,a9)
where I'(f(c)) = apay . ..
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Define
B ={B(@) |z e (L f)}

Suppose that c¢ is periodic with period ng, i.e. ng is the smallest integer
such that f"(c) = c¢. Let T € (L, f), B(T) = (bo,b1,b2,...), and i < j € N
be such that z; = ¢ = ;. By the definition of backward itinerary, for every
k < i, by = aj—p—1 and by = aj_i_1. However, I'(f(c)) is periodic with
period ng, and hence for every k < 4, a;_p—1 = aj_—1. Thus the notation
B(z) is well defined for every coordinate except max{k € N | z; = c}
where this maximum exists. Therefore, if x; # ¢ for all i € N or if z; = ¢
for infinitely many ¢ € N then T has exactly one backward itinerary and if
x; = c for finitely many i € N then T has exactly two backward itineraries
that differ in exactly one coordinate, max{i € N | z; = ¢}. For further
discussion of itineraries see [9, 10].

The one-parameter family of tent maps is given by f,(x) = min{az,
a(l — )} for z € [0,1] and a € [v/2,2]. Note that f, is unimodal for all
a € [v2,2]. Let I, = [f2(c), fu(c)]. Notice that the interval I, is invariant
under f, and f, is locally eventually onto on I,; a map g : I — I is locally
eventually onto (l.e.0.) if for every non-degenerate interval J C I there exists
ann > 0 such that ¢"(J) = I. The interval I, is called the core of the map f,.
The inverse limit space ([0, 1], f,) is identical to (I,, f,) except possibly for an
additional ray entwined with (I, f,). Clearly any subcontinuum of (I, f,)
is contained in ([0,1], f,) since I, C [0,1]; the converse is not necessarily
true. For the rest of this paper, f, is assumed to be restricted to its core.

3. Previous results. In this section we give a brief synopsis of the def-
initions and results contained in [15]. No proofs are included in the interest
of brevity.

Fix a € [v2,2] such that c is periodic with period ng, i.e. ng is the
smallest positive integer such that f9(c) = c. For ease of notation, set
I=1, f = full, ¢i = fi(c), Ig = [c,c1], and I, = [e2,c]. Except at its
end points, (I, f) is everywhere locally homeomorphic with the product of
a Cantor set and an arc [3]. The composant of T € (I, f) is the set of
all points § € (I, f) for which B(y) is eventually identical to B(T), i.e. if
B(z) = (bo,b1,...) and B(y) = (di,dz,...) then 7 is in the composant of
7 if and only if there exists an N € N such that for all n > N, b, = d,
[9, Corollary 2.10].

DEFINITION 3. Let w = (wo, w1, ...) € By. Define
Ay ={Z € (I, f) | 7(T) € Ly, for all i € N},

and
Al = f™(A,) foralln e N.
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Note that for all n € N and w € By, A}, = J{A, | Ay C A}, }. Each A,
is a non-degenerate arc. If ¢ were not periodic, then A,, could be degenerate.

LEMMA 4 [15, Lemma 4, Corollary 5, and Lemma 6]. Let w € By. For
eachn € N, m,| A% is a homeomorphism, m,(Al) = mo(Ay), and the interval
Tn(AlL) is completely determined by the first ng + 1 elements of w.

Lemma 4 allows us to easily graph the map m, (A7) for any n € N and
w € By by looking at the graph of f"°.

EXAMPLE 1.1. Let 7 be the tent map with kneading sequence RLRRC'.
Consider T° (Figure 1). The bottom axis is partitioned by the interval
itineraries of length 6 allowed for 7". Thus if w € By the first 6 elements of
w will match one of these itineraries, and m,(A}) will then be the same as
> applied to the interval that corresponds to that itinerary. For example,
if w= RLRLRR... then m,(A}) = [c, ca].

Cl1 T
ca+
C3+
c_-
CoL
AR R 'R,:R' R 'R'R'R=R'R'R' R=
interval R R RR R R RR R RRIRTILLL L
pe R R R L L L L R R R R R R R R R
itinerary R R RR R R RR R R L L L LR R
underT R R L L R R L L R R R R R R R R
L R R R R R R R R L L R R L L R
Fig. 1. The fifth iterate of T
DEFINITION 5. Let
— [o¢]
c= (07 Cng—1;Cnpg—25 - - - 702761)
and
¢ = f'(c) forallieN.
LEMMA 6 [7]. The end points of (I, f) are ¢,¢1,...,Cny—1-

As the number of end points in (I, f) is the period of the critical point of
f, to prove our main result, we need only consider tent maps whose critical



100 L. Kailhofer

points have the same period. Fix b # a € [v/2,2] such that ¢ has period
no under f,. Let I' = [fZ(c), fl(c1)] and for ease of notation, set g = f,|I,
d =g'(c), I}, = [ch, ], and I’y = [c, ¢}]. In the interests of brevity, when we
define a structure in (I, f), we will assume that a similar definition has been
made for (I, g). To help distinguish to which space the structure belongs, we
put a prime after the notation for the structures of (I, g). Thus, for example,
as the core of f is denoted by I, the core of g is denoted by I'.

DEFINITION 7. Let U = {u;}" | be an open cover of a topological space
X. The set U is a chaining of X provided u;Nu; # 0 if and only if [i—j| < 1.
The wu;’s are called the links of the chain.

DEFINITION 8. Let U = {u;}; and V' = {v;}", be chainings of a
topological space. The set V is said to refine U, V < U, if forevery 1 <i < m
there exists 1 < j < n such that v; C u;.

Assume that (I', g) and (I, f) are homeomorphic and h : (I',g) — (I, f)
is a homeomorphism. We know that end points are topologically invariant,
thus we define a family of chainings on (I', g) and (I, f) to exploit this fact.
We first define a family of chainings on 1.

DEFINITION 9. Let {L, ., | p, m € N} be a set of chainings for I with the
following properties:

(i) Lpm < L;; if p>idand m > j,
(ii) for all p,m € N and 0 < i < ng, ¢; is contained in exactly one link
of Lym,
(iii) for all p,m € N, if £ € Ly, 11, then there exists v € Ly, such that
f) C,
(iv) if L is a chaining of I there exist r, s € N such that L, 3 < L.

Examples of such chainings are constructed in [15]. We then take the
inverse image of this chaining under the projection map to get our family
of chainings of (I, f).

DEFINITION 10. For all p,m € N, let £y, = 7, (Lp,m)-

The subscript p refers to the coordinate of the projection map used and
the subscript m refers to the fineness of the mesh of the chaining on I. As
a direct result of its construction, this family of chainings has the following
properties.

LEMMA 11 [15, Lemma 16]. Fiz p,m,q,j € N. The following hold:

(i) Lym < Ly; if p>qand m > j,
(ii) for every 0 <1 < ng, there exists a unique ¢ € Ly, such that¢; € ¢,
(iii) if L is a chaining of (1, f) there exist p,m € N such that L, < L.
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DEFINITION 12. Fix m,p € N. For each 0 < j < ng define £/, to be the
link of L,n,m that contains the end point ¢;.

Fix p,m € N. There exist, by Lemma 11(iii), ¢, r € N such that h(L,,, )
< Lpng,m and hence the homeomorphic image of the links of L, . that con-

tain end points is contained in the links of L, that contain end points,

symbolically h(UJ2" 6;%7«,) c uUpe! 5, We now compare how the com-
posants of (I, f) pass through the links of £, » that contain end points
with how the composants of (I',g) pass through the links of ﬁfmo,r that
contain end points. To simplify this comparison, we restrict our attention
to the composant of (I, g) that contains @ and its image under the hom-
eomorphism. We label this composant C’. We know that h(¢') is one of the
end points of (I, f), but do not know which one. Choose i € N such that

fioh(?) =¢, and set h = f' o h. Thus h(C') — C.
LEMMA 13 [15, Lemma 19]. The composant C is a ray with end point ¢.

ExXAMPLE 1.2. Let 7 be the tent map with kneading sequence RLRRC.
As the chaining L5, was defined using 7rp_51 on a chaining of I, we can
see how C passes through the links of Ly5,, by examining the map w5 :
C — I Let ¢ € A, We know w = RRLRRR..., thus mys(AL) = [¢,c1]

(Lemma 4). Furthermore, as ¢ has a period of 5 under f, ¢ € Ag+1)5

and 7(,41)5( 5,1)7“)5) = [¢, ¢1]. Thus 7Tp5(.A£Up+l)5) =f%0 7T(p+1)5(./4£5+1)5)

f3([c, c1])- See Figures 2 and 1. As there was nothing special about our choice
of p, we know 7, 1)5(C) has the same basic “shape” as m5(C). Thus we can
find the next “part” of m,5(C) by finding f°([e1,cs3]). Again see Figures 2
and 1. By proceeding in this manner, we can graph m,5 : C — L.

Cl1 1
Cq 1+

c3 +.
C +é---- - - - - - - - -t - - - - R - - - R [ —— L -

75p(C)

Co L1

C1 -
Cqt.

7T5(p+1)(c) c3 1’
c -

Co +'

Fig. 2. The projections of the p-wrapping points (e) and the (p + 1)-wrapping points (o)
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DEFINITION 14. Let v :[0,1) — C be a continuous bijection. Define the
C-induced order on C, <, by T <7 if and only if v~ 1(Z) < v~ 1(¥).

We now define a set of p-special points that indicate when C passes
through a link of £, that contains an end point. These p-special points
have a natural one-to-one correspondence with the components of C inter-
sected with the links of £y, that contain an end point (Proposition 16).
When ordered, the p-special points identify how C passes through the links

of Lpny,m- We can then compare the special points of C to the special points
of C'.

DEerFINITION 15. Fix p,j € N, 0 < j < ng. Let

no—1

Ppj ={T € C|mpny(T) = ¢;},  Pp = U Pypi-
i=0

Ifz € 5,, it is called a p-special point. Define ®,; to be the sequence of
the elements of &, ; in C-induced order and @, to be the sequence of the
elements of @, in C-induced order.

Note that if u < p € N, then 5u D 5p.

ExXAMPLE 1.3. Let 7 be the tent map with kneading sequence RLRRC'.
Figure 3 shows the p-special points of C. As stated in Definition 15, p-special

points are the points of C which the projection m,5 takes to ¢; for some
0<%<5b.

Cl -+

C4 -+

mp5(C)

C3 -+

Co ==

Y

ol

Fig. 3. The projections of the p-special points of C
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PROPOSITION 16 [15, Proposition 25]. Fiz p,m,k € N, 0 < k < ng. Let
D be a component of CN L, . The closure of D is an arc, and D contains

exactly one element of P, .

We cannot guarantee that the homeomorphism h takes special points to
special points. We therefore define a “fudged” map h,, such that hg,(97)

cd,
DEFINITION 17. Fix m,p,q,7 € N such that E(L’fm) < L, m. Define
hgp 95; — &, as follows. If W' € @m and E(E}) = ¢;, then h,,(w') is the

element of 51,,1- that lies on the same component of £}, as h(w').

The map Eq,p is one-to-one, but not necessarily onto. Hence, let ig, i1,
12, ... be such that

hf],p(q):]) = {hq:p(wé))? hq,P(Ell)v e } = {wiovwiuwim ‘. } - (I)%O'
The sequence g, i1, t2, . . . is predictable, it has a pattern. Unfortunately, this
pattern is too complicated to predict without a better understanding of the
behavior of C. Hence, for each p € N, we identify the set of points, p-wrapping
points, at which the projection m,,, of C turns or wraps (Definition 18). For
technical reasons, we include those points of C that map to ¢ under 7, in
the set of p-wrapping points. The set of p-wrapping points is a proper subset

of the set of p-special points and the p-special points are a proper subset of
the (p — 1)-wrapping points.

DEFINITION 18. For each p € N, define
W,={T€C|Tec A NAM v+#we By}U{ch

Ifz e Wp then 7 is called a p-wrapping point. Define W, to be the sequence
of all p-wrapping points in C-induced order.

EXAMPLE 1.4. Let 7 be the tent map with kneading sequence RLRRC.
Figure 2 shows the p-wrapping points and the (p+ 1)-wrapping points of C.
Note that Wy11 C W,.

DEFINITION 19. Let T € W,\{¢}, and let v # w € B; be such that
7 € AU N AL, By Definition 2, v and w differ in exactly one coordinate,
say k. Define the p-level of T and € by L,(Z) = k and L,(¢) = oco.

Suppose T € Wp, T # ¢. The point T has exactly 2 backward itineraries.
These itineraries differ in only one coordinate, the highest coordinate of T
that is ¢, say j. The p-level of T is then j — png as the backward itineraries v
and w used in Definition 19 start being compared to T in the png coordinate
of Z. Figure 4 shows the p-wrapping points with their p-levels. The set
{L,(@) | w €W, \ {¢}} is unbounded.
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Cl =

Cq =+

C3 =+

Co - H

1 1 111
L

]
T

020 4 020 6 020 4 020 1
w

Y

o 4
R

L ]
I T
p-level: oo 1

8w 4+ —
_

s o4+ L
_
o -+

Fig. 4. The map msp, : C — [, the p-wrapping points with their p-levels, and an example
of w and H that satisfy the hypotheses of Proposition 23

DEFINITION 20. Fix p € N. Let H CC be an arc, HN Wy = {hi,... hn_1}
and OH = {hg, h,}. The arc H is p-symmetric if 7pny(ho) = Tpno (hy) and
for each 0 < i < n, Ly(h;) = Ly(hn—;). The arc H is p-pseudosymmetric
if for each 0 < i < n, ano(ﬁi) = ﬁpno(ﬁn_i). If H is p-symmetric or p-
pseudosymmetric, n must be even; thus the center of H, denoted Ky, is the
point En/Q.

Let 3,7 € W,. By the definition of p-level, we know that if L, (3) = L, (%),
then mpno(¥) = 7pne (T). Thus all p-symmetric arcs are also p-pseudosym-
metric. However, as L,(7) mod ng = L,(T) mod ng implies that mp,,(7) =
Tpno (Z), not all p-pseudosymmetric arcs are p-symmetric.

DEFINITION 21. Let p € N. Let H,G C C be arcs. Set
GNWy=1{G1,---,Gn1}s 0G={G0,Tn}, HNWg={h1,... . hi1}
and OH = {hg, h;m}. The arcs G and H are said to have the same p-shape if

n =m and pny(g;) = Tpne(hi) for every 0 < i <n. The arcs G and H are

said to have mirrored p-shape if n = m and 7y, (g;) = Tpno (hn—i) for every
0<71<n.

ExaMPLE 1.5. In Figure 4, the arc H is p-symmetric. The arc between
7 and w has the same mirrored p-shape as the arc between w and v.

DEFINITION 22. Let w,v,u € C. Choose k € N and v € By such that
w,0,u € A¥. The point  is said to be closer than @ to v if |m (W) — 7% (T)| <
e (@) — i (V).
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As the backward itineraries of w, U, and @ are eventually identical, k and
v must exist. As f|Ir and f|I;, are linear, Definition 22 is independent of k.

Using this terminology, we can make some observation about how C
passes through the links of £, . Let @ be a p-wrapping point with L, (W)
> 0 and H the largest p-symmetry that has w for a center. Exactly one
end point of H is a p-wrapping point of higher p-level than w, all other
p-wrapping points contained in H have a p-level less than w (Proposition
23). The other end point of H, say @, is a (p — 1)-wrapping point and the
difference of the (p — 1)-level of w and the (p — 1)-level of @ is less than ng
(Proposition 24). Note that @ may also be a p-wrapping point as Wp - Wp_l.

PROPOSITION 23 [15, Proposition 34]. Letp € N and @ € W,\{c} be such
that L,(w) # 0. Let H be the union of all p-symmetries with center w. There
exists T such that T is the closest element of W, to W with Ly(T) > L, (W).
Furthermore, U is an end point of H.

PROPOSITION 24 [15, Proposition 36]. Let p € N, @ € Wy\{c} and H
the union of all p-symmetries with W as the center. Let U be the end point of
H with L,(T) > L,(w), @ the other end point of H, and ¢; = mpn, (V) where
0 <i<mng. If Ly(W) >, then W€ W, and 0 < L,(W) — L,(7@) < no.

EXAMPLE 1.6. Let 7 be the tent map with kneading sequence RLRRC.
Figure 4 shows the p-wrapping points and the p-levels of the p-wrapping
points and an example of w, H, and v from Proposition 23. Also included
is u from Proposition 24.

THEOREM 25 [15, Theorems 54 and 55]. Letp <r € N. Letw € Wrﬂim
where 0 <@ < ng is such that W is not the first element in W, NP, ;. Let u
be the closest r-wrapping point to w such that uw € &,; and u<w, and v the

closest r-wrapping point to w such that v € 57",2' and w<v. Let G be the arc
that lies between v and w, and H the arc that lies between w and w. Then:

(i) The arcs G and H are r-symmetric. _
(ii) If G and H have the same p-shape, then W € Wy4.
(iii) If W € W41, then GU H is an r-symmetry.

ExAMPLE 1.7. Consider Figure 5. The points @, b, €, and d are elements
of Wy, N Pps51. First let b be the @ in Theorem 25. Then @ = @ and € = 7.
The arc between @ and b and the arc between b and € are p-symmetric.
However, as the arc between @ and b does not have the same p-shape as the
arc between b and €, i.e., the arc between @ and € is not p-symmetric, it
follows that b ¢ Wp+1.

Now let € be the @ from Theorem 25. Then b = @ and d = 7. The arc
between b and € and the arc between € and d are p-symmetric. As the arc
between b and € has the same p-shape as the arc between € and d, we have
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Co +

ca b 2 d =T ] z
Fig. 5. mps : C — I and selected p-wrapping points from Examples 1.7 and 1.8

ec Wp+17 and hence the arc between b and d is p-symmetric. In Definition 26,
we define the arc between b and d as the (p + 1)-forced symmetry of e.

DEFINITION 26. Let 7 € N, @ € W,1\{¢} and 7, (W) = ¢ for some
0 < i < ng. Let w be the closest r-wrapping point to w such that u € 5m’
and u < w, and v the closest r-wrapping point to w such that v € 57071'
and w<v. Let H be the arc that lies between uw and v. The arc H is the
(r 4+ 1)-forced symmetry of w.

THEOREM 27 [15, Theorems 58 and 59]. Letp <r e N,w € §T+1,Z~HWT+1
for some 0 < i < ng, W # ¢, and H the (r + 1)-forced symmetry of w. Let
J C C be an arc such that H and J have the same p-shape. Then Ky € WTH.

ExAaMPLE 1.8. Consider Figure 5. The point € € Wy, 41 and the arc that
lies between b and d is the (p + 1)-forced symmetry of & The arc that lies
between T and z has the same p-shape as the arc between b and d, hence
Y EWpt1.

Using Theorems 25 and 27, we can determine the p-level of a p-wrapping
point by looking at the p-pseudosymmetries which have the desired p-wrap-
ping point as the center. Hence we are interested in what properties the im-
ages of these forced symmetries have under h. Thus we extend our “fudged”
map, hgp (@Q) — @, to the map hqp which takes arcs of C' whose end
points are g-special points to arcs of C whose end points are p-special points.

DEFINITION 28. Fix m,p,q,r € N such that E(L;,T) =< Lpm. Define

oApE{DCC\Disanarcand@DCip},

o A, ={D' CC'|D"is an arc and D' C &},

® hyp: Ay — Ay to be the function that takes D' € A with end points
7’ and ¥ to the arc of C that lies between hq,(Z') and hg (7).

PROPOSITION 29 [15, Proposition 65]. Fizm,p,q,r €N such that E(Cl’w)
= Lpm- Let G', H' € Ay, be such that G" and H' have the same q-shape (resp.
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mirrored q-shape). Then hq,(G') and hq,(H') have the same p-shape (resp.
mirrored p-shape).

Proposition 29 tells us that if 7,7 € @, where 7 > g+ 1 and 0 <

0

1 < ng, the r-forced symmetries of v and T will map under iNL,Lp to p-
pseudosymmetries of the same p-shape. These p-pseudosymmetries force a
certain p-level on their centers, hg,(®) and hy,(Z) (Theorem 27). If we
choose p,m,u,v € N such that L,,,m < E(Eﬁmo,v) (possible by Lemma
11(iii)), the wu-level of the images of s-special points, where s > p + 1,
are similarly forced. Using these results together, given any r > q + 1
and 0 < 4,5 < mg such that h(¢}) = ¢;, we can find ¢t € N such that
5t+1,j - Eq,p(qgr,i) - Qgt,j. Unfortunately, we cannot guarantee that the
same t will work for all 4, thus we restrict our attention to ¢« = 0, i.e. those
special points that project to c.

THEOREM 30 [15, Theorem 70]. Fizp,m,q,r,u,vEN such that E(ﬁfmo,r)
< Lyngm < h(Ll,, ). There exists t such that
D10 D hap(@p10) 2 Pri10 D hap(@yn0) 2 Prvg D -

As Theorem 30 applies only to those special points that project to ¢, we
pay special attention to the arcs that lie between these special points.

DEFINITION 31. Fix p € N. As 51,,0 C Wp and Wp is countable, 510,0 is
countable. Thus §p70 partitions C into countably many arcs. Denote this
partition by P,. We call H C C a p-gap of C provided H € P,. Observe that
for each p-gap, H, ¢ ¢ mpn, (H), and Tpno (OH) = {c}.

ExXAMPLE 1.9. Let 7 be the tent map with kneading sequence RLRRC.
Figure 6 shows the p-gaps of C. Although the p-gaps of C are subsets of C,
it is often helpful to think of p-gaps in terms of the graph of the map mpy,.

Cl1 T

Cq4 4+

Tpno (C)

Co =

\

ol

Fig. 6. The p-gaps of C and the set mpn (Pp,0) (o)
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Note that the intersection of two distinct p-gaps is either a p-special
point or the empty set. We can now restate Theorem 30 using gaps.

_ THEOREM 32 (Theorem 30 restated). Fiz p,m,q,r,u,v € N such that
h(Lyny ) = Lpngm = h(ﬁﬁmojv).NThere exists t such that for any k € Ny, if
G is a (q+ k)-gap of C', then hyp(G') is a group of (t + k — 1)-gaps of C
and is contained in one (t + k)-gap of C.

PROPOSITION 33 [15, Proposition 35]. Fiz p € N. If G is a p-gap of C,
then G is p-symmetric.

DEFINITION 34. Fix p € N. Let G and H be distinct p-gaps of C. Define
G to be less than H in the C-induced order, denoted G < H, if for every
T € G and every §J € H, either Tagor T =7.

DEFINITION 35. Fix p,q € N. Let G be a p-gap of C with G NW, =
{90,915+ ++Gn}, and H a g-gap of C with H NWy = {ho,h1,...,hm}. The
gaps, G and H, are said to be the same type if n = m and 7pn, (9;) = Tgno (i)
for all 0 < i <n.

ExaAMPLE 1.10. Let 7 be the tent map with kneading sequence RLRRC.
The first and ninth p-gaps of C are the same type. See Figure 6. The second
and fourth p-gaps are also the same type, but are a different type than the
first p-gap.

DEFINITION 36. Fix p € N. Let G be a p-gap of C. Define

T(G) =min{Ly(Fy) | ¢ € N and H is a ¢g-gap of the same type as G}.

EXAMPLE 1.11. Let Y be the tent map with kneading sequence RLRRC'.
By looking at Figure 4, we can see that the level of the first p-gap of C is 3.
The level of the second p-gap is 2. The level of the ninth p-gap is 3, because
the ninth p-gap is the same type as the first p-gap.

PRrROPOSITION 37 [15, Corollary 42]. Fiz p,q € N. Let G be a p-gap of

C and H a g-gap of C. The gaps G and H are the same type if and only if
T(G)=T(H).

DEFINITION 38. Fix p € N. Define F}, to be the first p-gap of C in C-
induced order, and ¢ = T'(F},).

Note that ¢ does not depend on p, and ¢ < ng. Throughout the rest of
this paper ¢ denotes this fixed constant.

COROLLARY 39 (of Th(iorem 30). Fiz p,m,q,r,u,v € N with E(ﬁfmw)
< Lpngm =< b(Lypg o). If hgp(Fyi1) = Fy for some t € N, then for every
ke N4, Eqm(@;-yk,o) = &y p_10- Alternatively stated, if %q,p(Fq/H) = I} for
some t € N, then for every k € Ny, any (¢ + k)-gap of C' will map under
hqp to exactly one (t+ k —1)-gap of C.
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REMARK. Informally, Corollary 39 says that if the first gap of C’ maps
onto the first gap of C, then gaps go to gaps.

DEFINITION 40. Fix p,m,q,7,u,v € N such that h(L!, .) < Longm <

qno,r

(L., ). Let t be the integer from Theorem 30 and k € N;. Let H’' be a

uno,v

(¢ + k)-gap of C'. The (q + k)-structure of H' is the set
Spn(H)Y={GcC|Gisa (t+k—1)-gap and G C hy,(H')}

in C-induced order.
Let H be a (t + k)-gap of C. The (t + k)'-structure of H is the set

ST w(H) ={G' cC'| G isa(q+k)-gap and G’ C hl, ,(H)}
in C’-induced order.

DEFINITION 41. Fix q,p € N. Let H = {Hy, H1, ..., H,} be an ordered
set of g-gaps and G = {Go, G1,...,Gy} an ordered set of p-gaps. The set
‘H is defined to be similar to the set G, denoted H ~ G, if n = m and
T(H;) =T(G;) forall 0 <i <mn.

_ ProposrTioN 42 [15, Corollary 71]. Fiz p,m,q,r,u,v € N such that
h(L, ) = Longm < h(Lo ). Let s,b > g € N, G' an s-gap and H' a

qno,r uno,v

b-gap such that T(G') = T(H'). Then Sy(H') ~ Ss(G").

PROPOSITION 43 [15, Proposition 74]. Fiz p,m,q,r,u,v € N such that
(Lo ) = Lpngim < WLl o). Let t be the integer from Theorem 30. Let
s,b >t €N, G an s-gap and H a b-gap such that T(G) = T(H). Then
Sh(H) ~ S(G).

DEFINITION 44. Fix p € N and let G be a p-gap. Define the orientation
of G as follows: G is an up gap if mpp,(G) C Ig, and G is a down gap if
Tpno (G) C 1. Additionally, G is an even gap if it has the same orientation
as Fj, and G is an odd gap if it has the opposite orientation of F,.

Similarly, if @ € W, U{¢; | 0 < j < no} and mpn, (W) # ¢, then @ is an up
point if Ty, (W) € Ig, a down point if 7y, (W) € Ir, an even point if f, has
the same orientation, and an odd point if KF, has the opposite orientation.

Note that two adjacent p-gaps of C have opposite orientation unless their
point of intersection is a (p + 1)-wrapping point, in which case both p-gaps
are even and type .

_ LeEmmA 45 [15, Lemmas 81 and 82]. Fiz p,m,q,r,u,v € N such that
(L ) < Lpngm < (L, ). Let t be the integer from Theorem 58. Let

qno,r ung,v -
k € Ny and G’ a (¢ + k)-gap of C'. Then hqyp(Rer) is an odd (t + k — 1)-
wrapping point if and only if Rgr is an odd (q + k)-wrapping point.
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4. Main result. In this section we prove our main result. We begin
by showing that for appropriate choice of ¢ (depending on p and ¢) and
any k € N, the image of any (¢ + k)-gap of C' under Eq,p is exactly one
(t + k — 1)-gap of C (Theorem 58). Informally, gaps go to gaps. We then
prove our main result (Theorem 63) by showing that when gaps go to gaps,
the kneading sequences of the bonding maps must be identical. The lemmas
of this section are technical results needed to prove the two main theorems.

Lemma 46 establishes the existence and non-existence of types of p-gaps
of C based on the kneading sequence of f.

LEMMA 46. Fiz p,n € N, n mod ng # 0, and let k be the smallest odd
integer such that f¥(c) € I,. Note that k < ny.

(i) There exists a p-gap of C whose center has a p-level of n if and only
ifce fm (HL).
(ii) Ifn is even, then there exists a p-gap of C whose center has a p-level
of n.
(iii) If n is odd, then there exists a p-gap of C whose center has a p-level
of n if and only if n > k — 2.

Proof. (i) = Suppose that H is a p-gap of C with L,(Rg) = n. As
Tpno+n|H is a homeomorphism (Proposition 33), and mpn,4n(Fr) = ¢, we
have Tppo+n(OH) N1 # 0. Therefore, ¢ € f™(Iz).

< Suppose ¢ € f*(I1). Let x = max{y € I | f"(y) = ¢}, and note
that z # ¢ as n mod ng # 0. Let J be an arc of C such that mp, 4|/ is a
homeomorphism and 7,4 (J) = L. Then 7Tpnlo ol 1 —=2])NJ is a p-gap
of C such that the p-level of its center is n.

(ii) If c3 € I1, then ¢ € f(I) = [c3,c1]. Hence I C f2(I1), and therefore
I C fi(I;) for all i > 2. The result follows from (i).

Assume that c3 € Ig. From kneading theory, ¢4 € Ig, and hence I, C
f2(IL) = [c2,ca). Thus I, C f=2(I;) C f*(I;) for all even n € Ny. The
result follows from (i).

(iii) For all odd 4, c; € fi(I1) as ¢ € £~ (1) ((ii) and (i)). Thus for all
odd i < k, fi(I;) = [cati,c1]. Hence ¢ ¢ fi(IL) for all odd i < k — 2, and
c € fi(I) for all odd i > k — 2. The result follows by (i). =

DEFINITION 47. Fix p € N. Let G be a p-gap of C and G NW, =

{90,71,---,0,}- For each 0 < i < n, let L; be the arc that lies between
g; and g, 1. Each L; is a leg of G, and Ly is the first leg of G.

LEMMA 48 [15, Lemma 44]. Fiz p € N. Let G be a p-gap of C with first
leg L. Then mpn,(G) = Tpng(L).

Lemma 49 predicts the (¢ + k)-structure of (¢ + k)-gaps based on the
(¢ + k)-structure of “shorter” (¢ + k)-gaps. Lemma 50 does the same thing
for the (¢ + k)’-structure of (¢ + k)-gaps.
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LEMMA 49. Fiz p,m,q,7,u,v € N with h(L},, ) < Lyngm < MLy, )
Let t be the integer from Theorem 30. Let k € Ny and G’ be a (q+k)-gap of C’
such that §q+k(G’) is more than one (t+k—1)-gap of C. Set T(g1p)n,(G') =
[/, '] Let H'" be a (q + k)-gap of C'. If mqyryne(H') ¢ (1 —a',2") then
§q+k(H’) is more than one (t +k — 1)-gap.

Proof. Let L’ be the first leg of G’ and K’ the first leg of H'. By Lemma
48, T(q+k)no (L) = T(g+k)no (G) = [¢,2'] and 7T(q+k)no(K,) = 7T(q+k)no(Hl)‘
By [15, proof of Proposition 79], %q,p(L’) contains the first (¢t + k — 1)-gap of
S;Hk(G’) and the (t+k—1)-forced symmetry of the last end point of the first
gap of §q+k(G’). Suppose (g1iyn,(H') ¢ (1 —2',2'). Then 7(gqpyn, (K') ¢
(1 —a',2") (Lemma 48). Hence, by the symmetry of g, there is an arc, say
M, suCh that M’ C K’ and M’ and L' have the same g-shape. Therefore,
hq,p( ") and hqp(L’) have the same p-shape (Proposition 29). Thus hqp( )
contains an arc with the same p-shape as the (¢t + k — 1)-forced symmetry of
the last end point of the first (t+k—1)-gap of §q+k(G ). Hence, by Theorem
27, hqp(M’) contains a (t+ k — 1)-wrapping point which projects to ¢ in its
interior. Thus hy ,(M’) contains a (t + k — 1)-gap, and therefore Syin(H)
is more than one (t + &k — 1)-gap. m

LEMMA 50. Fiz p,m,q,r,u,v € N with h(Ll,, ) < Lyngm < "MLy, )
Let t be the integer from Theorem 30. Let k € Ny and G be a (t+k)-gap of C
such that E§Z+k(G) is more than one (q+k)-gap of C'. Set W(tJrk)nO(G) e, z].
Let H be a (t + k)-gap of C. If T(4ikyno(H) ¢ (1 — z,7) then St+k( ) is
more than one (q + k)-gap.

Proof. Similar to the proof of Lemma 49.

DEFINITION 51. Let [c ¢;] = mo(Fo) and [, )] = mo(F)). Define 7 =
[1—c¢j,cj] and I = [1 — ¢}, c].

Lemmas 52 and 53 identify properties of the image of the first gap of C’
under hy, and the image of the first gap of C under hzlo,u respectively.

LEMMA 52. Fiz p,m,q,r,u,v € N with h(L}, ) < Longm < h(ﬁﬁmo )

Let t be the integer from Theorem 30. If k € Ny, then w1 1)n0(h p(Fyir))
g I and 7r(t+k—1) (h <Fq+k)) CI.

Proof. If hq p(Fy1) = Fy, the result follows. Assume hqp( Fp.1) # Fy. As
Sq+k (Fyqie) ~ Sq+2( Fy12) for all k > 1 (Proposition 42), we need only prove
the result for k = 2. Let G be the first (¢ + 1)-gap of C not in Sq+2( Fio).

As the image of an odd (¢ + 2)-gap under hq,p is either a (¢t + 1)-gap or a
(t+2)-gap [15, Lemma 81], the second (¢ +2)-gap of C' must map to G, and
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hence %;u(G) is an odd (¢ + 2)-gap. Thus SZH(G) is more thin one (¢+1)-
gap. Furthermore, as the image of an odd (¢ + 1)-gap under Ay, , is either a

(¢ + 1)-gap or a (q + 2)-gap [15, Lemma 82], the image under h of any

DU
odd (t+ 1)- -gap of Syy2(F,12) is one odd (g + 1)-gap. Therefore, by Lemma
50, if H € Sq+2( Fyi2) is an odd gap, then 7 1)n,(H) © T(141)n, (G) and

(t-l—l)no(H) g 7T. Hence 7T(t+1)n0(hq7p(Fq+2)) C I and if 7T(t+1)n0( q+2) cT
then 741y, (Fy+2) C Z.

Suppose that (i1 1), (hgp( q+2)) ¢ I. Let L be the first leg of G and
{wo,w1,...,Wa} = W1 N{L U hqp( Fyo)}. Let i = sup{k | k < d and
T(t4+1)no (Wk) & Z}. Note that w; is an even (f + 1)-wrapping point and w;
is not in the last (¢ + 1)-gap of Sq+2( F,12) as that (t 4+ 1)-gap is type .
Let w, be the (¢t 4+ 1)-wrapping point such that L;y1(w.) > L1 (wy) for
all i < k < d. Then L;y1(w.) > . By Proposition 23, either w; or wy is
contained in a (¢t + 1)-symmetry about w,. However, by the choice of w; and
Wq neither can be in a (¢ + 1)-symmetry about W, a contradiction. Hence

T(t+1)ng (ﬁq,p(Fc;JrQ)) CI.m

LEMMA 53. Fiz p,m,q,7,u,v € N with h(L},, ) < Lpngm < B(Llpg)-

qno,r

Let t be the integer from Theorem 30 and k € N;. If hq »( q+1) # Fy, then
T(g+k)no (hp,u(Ft-l-k)) - 7' and 7T(q+k)no(hp,u(Ft+k)) - I

Proof. Similar to the proof of Lemma 52. u

In Lemma 54, we look at those (¢+k)-gaps of C’ that map to exactly one
(t+k—1)-gap of C and examine the properties that this kind of (¢ + k)-gap
has when Eq,p(Fé_H) # F;. In particular, we show that the (¢ + k — 1)ng
projection of this kind of (¢ + k)-gap is not I’ and that the center of the
(¢ + k)-gap “turns” at an end point that the image of the first (t + k — 1)-
gap of C under h’ “turns” at (see Example 1.12). Lemma 55 is similar to
Lemma 54 but looks at gaps of C instead of gaps of C’.

ExXaAMPLE 1.12. Let 7 be the tent map with kneading sequence RLRRC.
Figure 7 shows gaps F orx and G'. The gap I, turns at ¢ and ;. The
gap G’ only turns at ¢;. Note that in Lemma 54 we are not concerned with
where F, ;. turns, but rather where Tl;’u(FH_k_l) turns.

LEMMA 54. Fiz p,m,q,r,u,v € N with h(L},, ) < Lyngm < "MLy, o)-
Let t be the integer from Theorem 30. Let k € Ny and G’ be a (q+ k)-gap
of C' such that hqp(G') is one (t + k — 1)-gap. If h ap( q+1) # Iy, then

Tarh1no(G") 1 and mgpyne (Fer) € Tigin—1yngWopy N o (Fren—1))-
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Fig. 7. The (¢ + k)-gaps F,,; and G’ for the tent map with kneading sequence RLRRC

Proof. By Proposition 42 we may assume that k = 3. Suppose qup(F;_H)
# Fy. Let D' be the first (¢ + 2)-gap not contained in hj, ,(Fi42), and L'
the first leg of D'. By [15, proof of Proposition 79], hy, ,(Fi12) U L' is a
subset of the first leg of F 3. Let [c,2] = T(443)n, (E;’U(Ft+2) U L'). Let
E' be the first leg of G'. As T(413)n(G') = (g3 (E') (Lemma 48), by
Propositions 29 and 27, and the symmetry of the map g"°, if 7(41.3),,(G") &
(1 — z,z) then Eq,p(G’) contains more than one (t+ 2)-gap (see proof of
Lemma 49). Hence T(g43)n,(G’') C (1 — x,2). Therefore, m(49),,(G’) C

T(g+2)n0 (Pp.u(Fr42)), anthence f(q+2)no(G/) C I by Lemma 53, and finally
T(g+3)no (Far) C T(g+2)no (w;+2 N h;;,u(FtJrQ))- u

LEMMA 55. Fiz p,m,q,r,u,v € N with h(Ll,, ) < Lyngm < "MLy, o)-
Let t be the integer from Theorem 30. Let k € Ny and G a (t+ k)-gap of C.
If b, ,(G) is one (q + k)-gap then T ip—1)n,(G) S T and 7 ipyn,(Fa) €

ettt it g (Fp )

Proof. Note that if Eq,p(Fé-i,-l) = F}, then by Corollary 39, Ep,u(G) is a

(¢+k+1)-gap, and therefore the result is vacuously true. If Eq,p(Fé ) # I,
the proof is similar to that of Lemma 54. =

Lemma 56 puts a limit on the “size” of the first gap when gaps do not
go to gaps.
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LEMMA 56. Fiz p,m,q,r,u,v € N with h(Ll,, ) < Lyngm < "MLy, )
Let t be the integer from Theorem 30. If hq7p(Fé+1) # F, then T C

(1 — Cnp—1, Cnofl) and 7' C (1 - C;’Lo—h Cfno—l)'

Proof. Suppose Eq,p(FéH) # F;. Let G’ be the first odd (¢ + 2)-gap
of C'. As E%p(FéH) # F, %q,p(G’) is one (¢t + 1)-gap [15, Lemma 81],
and hence (g4 1),,(G’) C T by Lemma 54. Note (4 9),,(G') # [¢,c]] as
g ([c',c}]) =T'. Let L’ be the first leg of G’ and [c/, ] = m(g12)n,(L'). Let
H' be an arc of C' such that 7(g1.9),,(H') = T(g42yme+; (L) and 7(gq0yn, | H'
is a homeomorphism. Set {7',7'} = OH' with 7(419),,(Z') = ¢. Then
Ty € W:frl and Lg1(7') > no, and hence mg1y,,(H') must contain
the (¢ + 1)ng projection of the first leg of Fyy1. Thus 7T(q+1)n0(F;+1) C
T(g+1)no (H') (Lemma 48). Therefore, 7r(q+1)”0(F(/q+l)nO) C Tgt1)no+i (G-

If ﬂ-(q+1)n0(F(/q+]_)n0) ¢ (1 - C;”Lo—:[?c'ln,o—l)’ then [C,’Ca] C 7r(q+1)n0+]—1(G/)a
and hence I' = 7(g41)no1j—2(G'), a contradiction as j > 2. Thus Z' C

(1 —cpy—15Cny—1)- The proof for T C (1 — ¢ny-1,Cng—1) is similar. =

Lemma 57 forces the “size” of certain gaps.

LEMMA 57. Fizp € N. Let H be a p-gap of C and G a p-gap of C whose
center has p-level ng+ 1. If Tpno(RH) € Tpno (GNWy), then mpn,(H) = [c, c1].

Proof. Suppose Tpn (i) € Tpng (G NW,). Let ¢; = Tpny (). Let @ be
the first p-wrapping point of G' such that m,,,(w) = ¢; and J the arc that
lies between the first p-wrapping point of G and w. Note that J contains the
first leg of G, and hence 7y, (J) = [c, c1] (Lemma 48). As Tppo+; (W) = ¢, we
have 7pn+5(J) = [c, ], where  and 1 — z are the numbers closest to ¢ for
which f7(z) = c. As Tpne+j(Fr) = ¢, either [¢, ] or [¢,1 — 2] is contained in
Tpno+j(H ). Thus, as f7 is symmetric about ¢, mpny(H) = f/(Tpne+i(H)) D
19 (T 157)) = Tong (1) = [6, ). Hence iy (H) = [c,c1]. m

As outlined earlier, we now show gaps go to gaps.

THEOREM 58. Fiz p,m,q,r,u,v € N such that h(Ll, .) < Lpngm <

qno,r

(L., ). Then there exists t € N such that for every k € N4, Eq,p(@;Jrk,o)

ung,v

= 5t+k—1,0- Alternatively stated, there existst € N such that for every k € N,
any (¢ + k)-gap of C' maps under hyp to exactly one (t +k —1)-gap of C.
N Proof. If Eq,p(FéH) = Iy, the~n Corollary 39 gives us Eq,p(@frk,o) =
Dy 11,0 for all k € N.. We prove hqyp(F;H) = F; by contradiction.

Let t be the integer from Theorem 30 and assume %q,p(FéH) # Fy. Let
G’ be a (q+ 2)-gap of C" with Lgy2(Rar) = no + 1. We begin by showing
that N
17 (g 2ymo (T (Fi2) MW 2) | < [7(g2ymo (G N W 0)],
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or in other words, 7Llp7u(Ft+2) turns at fewer end points than G’ (see Ex-

ample 1.12). By Lemma 53, 7(44-2)n, (E;M(FHQ)) C 7', and by Lemma 56,
' c (1- C;m—lLC;Lo—l)' Hence 7 (g12)n, (M (Fig2)) C (1 = ¢ 15 Cpg1)-
Thus g(7(g42yne (hpu(Fi42))) C (¢, ¢1]. By the choice of G, m(g49),(G') =
[, cq], ™ (q+3)n0+1(EG) = ¢, and 7T(g4.3)n0+1|G’ is a homeomorphism. Thus,
as g(m q+2)n0( u(Fi12))) C (¢, c1] € [¢, ¢1] = T(g42)n, (G) and ¢ is in both

Tq+3ymo (Bl (Ft+2)) and 7 (g13)n+1(G"), it follows that (4 3)n, (g, (Fi42))
& T(g+3) n0+1(G ). Hence

(7T(q+2)no(h u(Fiy2) N W;+2)) C g2y (G'N W;+2)'
Therefore, ‘ﬂ-(q+2 no(hp u(Ft+2) N wq+2)| < |7T (g+2) no(G N wq+2)|
We next show that
|7 (q+2)no (G ﬂ%+2)| < T4 1)mo (hap(Fgi2) NWer1)],

or in other words, G’ turns at fewer end points than hqp( o). Let c;- €

T(g+2)n0 (G' N Wq+2), 0 < j < np. By Lemma 46, there exists a (¢ + 3)-gap,
say H', for which 7y 3)n,(Fa’) = ¢j. By Lemma 57, 7y 3)n,(H') = [c, 1],
and hence 7(q1.3)n, (H') ¢ Z' by Lemma 56. Thus §q+3 (H') is more than one
(t + 2)-gap by Lemma 49. Let K be the (¢ +2)-gap such that hy,(Fg:) € K
and J the first (¢ 4+ 2)-gap such that K <J. Note that K, J € gS_';Hg(H’). Let
Y’ be the (q + 2)-gap such that Ky € Y. Thus Y’ C h;u(_{() and A/, (Fr)
= Ry. Additionally, as 749y, (Y") = [¢, ¢]] (Lemma 57), Sy12(Y”) contains
more than one (¢t 4 1)-gap (Lemmas 56 and 49). Suppose Y’/ # E;U(K) By
[15, Lemma 81], each odd (q + 2)-gap of SZH(K) maps to one (¢ + 1)-gap
under hg,. Hence Y’ is even, and therefore K is even by Lemma 45. It
follows that J is odd and hj, ,(J) is one (g + 2)-gap [15, Lemma 81]. Thus
‘§1+2(h;3,u(J)) is more than one (¢t + 1)-gap. Therefore, by Lsmma 49, if
M' € S/ ,(K) is an odd gap, then 7T(q+2)npv(M/) G T(g+2)no (M (J)) and
T(g+2)no (M) < T'. Let L' be the first leg of hy, ,(J) and {w, @), ..., w,} =
Woio N{L U R, (K)}. Let i = sup{k | k < d and 7(g1o)n,(@},) ¢ I'}. As
T(g+2)n0 (Y') = [e, )], i exists. Furthermore, ), is an even (q + 2)-wrapping
point and @, is not in the last (¢ + 2)-gap of S;12(K) as that gap is type
¢’ [15, Proposition 80]. Let @/, be the (¢ + 2)-wrapping point such that
Lyio(w]) > Lgo(w),) for all i < k < d. Note that Lgia(we) > ¢'. By
Proposition 23, either @} or @/, is contained in a (¢ + 2)-symmetry about
w,. However, by the choice of W, and W/ neither can be in a (¢ + 2)-
symmetry about w,, a contradiction. Thus Y’ = hj,,(K). Therefore, by
Lemma 55, ;4 2)n, (FK) € 7T(t+1)n0(h p(Fyia) NW;41). Hence, for every c; €
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7T(q+2)no(G/ N Wf;+2)7 we have 7(41)p, (E(E;)) € 7T(t+1)no(hq,p(F(;+2 a Wtﬂ))-

Thus [7(g 4200 (G' N Wiso) | < 1711 1m0 (hgp(Fiyn) N W),
Let G be a (t + 1)-gap of C with a center of (¢ 4 1)-level ng + 1. By an
argument similar to the one in the second paragraph of this proof,

17 e+ 1m0 (Pap(Fy2) MWe1)] < (e 1m0 (G N W41

In other words, Eqm(Fé o) turns at fewer end points than G. By an argument
similar to the third paragraph of this proof,

T4 1m0 (G N W) < g 1ymo (o (Fie1) N W)

In other words, G turns at fewer end points than E;m(FtH). Hence %;7u(Ft+2)
turns at fewer end points than G’ which turns at fewer end points than
hgp(Fyi2) which turns at fewer end points than G which turns at fewer
end points than E;’u(Ft_H). Thus 71/,p7u(Ft+2) turns at fewer end points than

Ejla,u(FtJrl)a or
|7 (g 2)m0 (P (Fra2) MWy 0)| < 1T (gt 1ymg (Pl oy (Fe1) N W)

However, by Proposition 42, S;42(Fy42) ~ S;f+1(Ft+1)’ and hence Eqm(Fé +2)

and E;7U(Ft+1) turn at the same number of end points, or

17 (q+2)n0 (P (Frr2) N Wo o) | = [7(ga1yng (R (Fi1) N W 1),
a contradiction. m

In Lemma 59 we show that the image of a type 2 (¢ + k)-gap of C’ under
hgp will have only 2 legs. Similarly, in Lemma 60 we show that the image
of a type 2 (t + k)-gap of C under h;,,, has only 2 legs.

LEMMA 59. Fiz p,m,q,r,u,v € N with h(L!,, ) < Lopng.m < (Lo »)-

qno,r ungo,v

Let t be the integer from Theorem 58. Let k € N4 and G’ a (¢+k)-gap of C’

such that T(G") = 2. Then 0(hyp(G')) and R, (n are the only (t+k—1)-
wrapping points contained in Eqm(G’).

Proof. Define H = Eq,p(G’) and let L' be the first leg of G'. As T(G') = 2,
OG' and R are the only (¢ + k)-wrapping points in G'. Hence L’ is the
arc that lies between the first (¢ + k)-wrapping point of G’ and %¢r, and

T(g+kno (L") = [cy, ] Furthermore, hy,(L') is the arc that lies between
the first (¢t + k& — 1)-wrapping point of H and Rg. Thus hg,(L’) contains
all p-forced symmetries for any p-wrapping point contained in the interior
of hgp(L).

Let J' be a (¢+k)-gap of C’ such that T'(J') = np+1 and let K’ be the first
leg of J'. Note that 7(g4x)n, (K') = [¢, ] by Lemma 48. By Proposition 29,
the symmetry of the map g, and Theorem 27, if w € hqm(i’) N W1 then
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there exists U € qup(K’) N Wipp—1 such that m 1 (W) = mpp_1(7). Fur-
thermore, as G’ and J’ have opposite orientations, Eq,p(G’) and Eqm(J’) will
also have opposite orientations (Lemma 45). Thus any (¢t 4+ k — 1)-wrapping
point contained in the interior of %q,p(G’ ) would have opposite orientation
to any (t+ k — 1)-wrapping point contained in the interior of iNL,Lp(J "). Hence
the interior of Eq,p(L’ ) contains no (¢t + k — 1)-wrapping points. =

LEMMA 60. Fiz p,m,q,r,u,v € N with h(Ll,, ) < Lyngm < "MLy, )-

Let t be the integer from Theorem 58. Let k € N and G a (t+ k)-gap of C
such that T(G) = 2. Then 9(hy, ,(G)) and 7, @) e the only (¢ +k+1)-
DU

wrapping points contained in E;,U(G).
Proof. Similar to that of Lemma 59. m

In Lemma 61 we show that if f and g have different kneading sequences,
then the number of (¢+1)-gaps in a type 2 (¢+2)-gap of C’ is different than
the number of ¢-gaps in a type 2 (¢ + 1)-gap of C.

LEMMA 61. Let q,t € Ny. Let G' be a (q+ 2)-gap of C' such that T(G')
=2, and H a (t +1)-gap of C such that T(H) = 2. If K(f) < K(g) in the
parity-lexicographical ordering, then the number of t-gaps in H is less than
the number of (¢ + 1)-gaps in G'.

Proof. The intuition behind this proof is that the lap number increases
as the kneading sequence increases. Let P = {z € (ca,¢) | f™(z) = ¢}. As
H is a type 2 gap, it has exactly 2 legs and the pngth projection of each leg
is [c2, c]. Hence, the number of t-gaps in H is exactly 2| P|+1. Let « € (c2,¢).
Then z € P if and only if the following conditions hold:

(i) If(x) = Lby...by,—1C where b; € {L, R} for all 0 < i < ng,
(ii) I¢(x) > If(c2) in the parity-lexicographical ordering, and
(iii) bibiy1 .. .bne—1C < K(f) in this ordering for all 0 < ¢ < nyg.

Furthermore, if J is a sequence of R’s, L’s and C’s that satisfy these
conditions, then there exists € P such that Ir(x) = J. Similar statements
can be made about the (¢ 4+ 2)-gap G’ and the set Q = {z € (), ) |
g™ (z) = '}

Suppose K (f) < K(g) in the parity-lexicographical ordering. Then I¢(c1)
< I4(c}) and If(c2) > I4(ch) in this ordering. Hence for each x € P there
exists z € @ such that I;(z) = If(x). Thus |P| < |Q|. Consider the sequence
LK(f). As K(f) £ K(f), there does not exist an x € P such that I;(z) =
LK (f). However, there does exist € Q such that I,(x) = LK(f), thus
Pl < Q). =

In Lemma 62 we show the existence of specific types of gaps in certain
kinds of arcs.
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LEMMA 62. Fix p € N. Let T,y € Wp be such that L,(T) = kng + j
and L,(y) = ing + j + 1 where k,i € N and 0 < j < ng. Then for every
n < min{k,i}ng+j there exists Z € W, between T and § such that L,(Z) = n.
Furthermore, either there exists a p-gap G that lies between T and y such
that Ly(Rg, ) = n or there is no p-gap whose center has p-level n.

Proof. 1t is sufficient to show the conclusion for n = min{k,i}ng+j — 1.
Let m = min{k,i}. Without loss of generality assume Z <y. Let T be
the closest p-wrapping point to 7 such that @’ <7, L,(Z') > mng + j, and
L,(z") mod nyp = j. Let ¥ be the closest p-wrapping point to Z' such that
7' Ay, Ly(¥') > mno+ j+ 1, and L,(7') mod ng = j + 1. Let H be the arc
that lies between T’ and 7. By Propositions 23 and 24, if Z is a p-wrapping
point in the interior of H, then L,(Z) < mng + j. Thus mpype4j—1|H is a
homeomorphism and 7yn+;—1(H) = I. Hence there exists Z € H such that
Tmno+j—1(Z) = ¢, and therefore L,(Z) = mng + j — 1. The last statement
follows from Lemma 46. m

We can now prove our main result.

THEOREM 63. Let f, g be tent maps with periodic critical points. If K(f)
# K(g), then (I, f) and (I'; g) are not homeomorphic.

Proof. Let K(f) # K(g) and ng be the period of the critical point for
both f and g. (Note that if the period of the critical points is different for
the two maps, then (I, f) and (I',g) will have a different number of end
points.) Assume (I, f) and (I',g) are homeomorphic and h : (I, g) — (I, f)
is a homeomorphism. We can find p, m,q,r,u,v € N such that E(ﬁfmo’r) <
Lpnom < h(Ll,, ) (Lemma 11(ii)). Let ¢ be the integer from Theorem 58.
If Hisa (t+ k+ 1)-gap of C, let

n(H) = {c; | 3J € H such that J is a (t + k)-gap and 7(,4x)n, (F) = ci}-
We now consider the three possible cases.

Case 1: K(f) =RLL...C and K(g9) = RLL...C. By Lemma 46, for
every i € N such that i mod ng # 0 there exists a (¢ + 2)-gap G’ of C’ and a
(t+1)-gap H of C such that Ly, 2(Rg/) =i = Lp11(Rpg). Let G’ be a (¢+2)-
gap of C’ such that T(G’) = 1, and compare the (¢ + 1)-gaps contained in
G’ and the t-gaps contained in EM(G’). By Lemma 62, n'(G") = {c, | 0 <
i < no}. Thus by Theorem 58, n(ﬁq,p(G’)) ={ci | 0 <i<mng}. Let J be
the first (¢ + 1)-gap in G’ such that 7(g41),,(Fs) = ¢, 1. By Lemma 62,
for all 0 < i < ng — 1 there exists a (¢ + 1)-gap K’ C G’ such that K’ < .J’
and T(g41)n, (Fi) = c;. Similarly, if H is the first ¢-gap of ﬁq,p(G’) such that
Ting (H) = €pg—1, then for all 0 < i < ng—1 there exists a t-gap K C Eqm(G’)
such that K <« H and 7y, (H) = ¢;. Hence E(E%O_l) = Cno—1-
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Let M’ be the last (g+1)-gap such that M’<aJ" and g 41)n, (M') = ¢}, o

By Lemma 62, for all 0 < i < ng — 2 there exists a (¢+ 1)-gap K’ C G’ such
that M’ <« K’ < J" and 7(g41)n,(Fx) = c;. Similarly, if H is the last t-gap

such that Hqﬁq,p(J’) and 7, (H) = ¢py—2, then for all 0 < i < ng—2 there

exists a t-gap K C hy,(G') such that H < K < hep(J') and my, (H) = ¢;.
Hence h(c),,_5) = €ny—2. Continuing in this manner, we have h(c;) = ¢; for
all 0 < i < ng. Hence, by Lemma 45, K(f) = K(g), a contradiction. Thus
(L, f) and (T, g) are not homeomorphic.

CAsE2: K(f) = RLRR...C and K(g) = RLL...C. Let G’ be a (¢+2)-
gap of C’ such that T(G’) = 2. Suppose there exists a (¢ + 1)-gap J' C G’
such thaf T(g+1)no (Fgr) = ¢y 1+ By Lemma 62, 7'(G') = {¢; | 0 < i < nop}.
Thus 7(hep(G')) = {c¢i | 0 < i < ng}. However, by Lemma 46, there is
no t-gap of C whose center has a t-level of 1. Thus, the center of a t-gap
J C ﬁq,p(G’ ) such that w4y, (Rs) = ¢1 must have a t-level greater than or
equal to ng + 1. Thus ®; € Wt—i—l, a contradiction to Lemma 59. Hence there
does not exist a (g + 1)-gap J' C G’ such that 7(g4 1), (Ksr) = ¢, ;-

As T(G') = 2, T(g12)ne(G') = [, ¢]. Hence m(gq0)n,—1(G’) = [c3,¢1]. As
cy € Ip, there exists ¥ € G’ such that 7(419),,—1(7') = ¢, and therefore
7 € Wyr1 and Lyy1(F) = no — 1. Note that as (¢ + 1)-gaps are (g + 1)-
symmetric, 7 is in the same (¢ + 1)-gap as F¢r, and hence ¢, and ¢, have
the same orientation. By Lemma 62, n'(G') = {¢, | 0 < i < ng — 1}.
By Lemmas 59 and 46, ¢; ¢ {¢; | 3J C E%I,(G’) such that J is a t-gap

and 7, (Ry) = ¢}. Therefore n(hy,p(G')) = {¢; | 1 < i < ng}. Hence

h(c,,_,) = 1, and therefore, by Corollary 45, h(cy) and ¢; have the same
orientation.

Let J' be a (¢ + 2)-gap of C’ such that T'(J’) = 1. By Lemma 62, there
exists a (q+1)-gap K’ C J' such that Lyy1(Rgr) = no—1. As h(c, _,) =1
and there is not a type 1 gap of C, Li(hy(Rr)) = 1+ kng for some k € Ny
This implies ¢; and h(¢}) have the same orientation. Hence ¢; has the same
orientation as both h(c,) and h(¢,), which have opposite orientations, a

contradiction. Thus (I, f) and (I, g) are not homeomorphic.

CASE 3: K(f) = RLRR...C and K(g) = RLRR...C. Assume with-
out loss of generality that K(f) < K(g) in the parity-lexicographical or-
dering. As kneading sequences are shift maximal, there are more R’s than
L’s in both K(f) and K(g). Thus, by Corollary 45, up end points map
only to up end points. In particular, m,,(h(ch)) < c. Hence, by Lemmas
59 and 60, h(c)) = 2. Let G’ be a (q + 2)-gap of C’ with T(G’) = 2. Then
T(iNL,Lp(G’)) = 2. However, the number of ¢-gaps in Eq,p(G’) is less than the
number of (¢ + 1)-gaps in G’ (Lemma 61), a contradiction to Theorem 58.

Thus (I, f) and (I', g) are not homeomorphic. =
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