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The consistency of b = x and s = kT
by

Vera Fischer (Wien) and Juris Steprans (Toronto)

Abstract. Using finite support iteration of ccc partial orders we provide a model of
b=k <s5=r" for kK an arbitrary regular, uncountable cardinal.

1. Introduction. S. Shelah obtains the consistency of b = w1 < 5 = w9
using countable support iteration of a proper forcing notion which adds
a real not split by the ground model reals and which satisfies the almost
“w-bounding property (see [9]). This paper will show that it is possible to
find ccc suborders of Shelah’s original order which behave very similarly to
the larger order. Being ccc, they can be iterated with finite support. Under
the assumption that the covering number of the meagre ideal is x it will be
shown that for any unbounded family H C “w of size k, such that every
subfamily of size smaller than x is dominated by an element of H, there is
a ccc forcing notion which preserves H unbounded and adds a real not split
by the ground model reals. Thus under a suitable finite support iteration
of length kT of ccc forcing notions, the consistency of b = kK < s = k* for
arbitrary regular  will be established (Section 6). Using a different model
Joerg Brendle obtains the consistency of b = w; < s = k for arbitrary
regular £ (see [5, Theorem 12.16] and [4]).

2. Preliminaries. Let f and g be functions in “w. The function f
is dominated by the function ¢ if there is n € w such that f <, g, i.e.
(Vi > n)(f(7) < g(i)). Then <* = |, ¢, <n is called the bounding relation
on “w. A family of functions F in “w is dominated by the function g, denoted
F <* g, if f <* g for every f € F. Also, F is unbounded (equiv. not
dominated) if and only if there is no function g which dominates it. Then
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the bounding number b is defined as the minimal size of an unbounded family.
That is, b = min{|B| : B C “w and B is unbounded}. A family S of infinite
subsets of w is splitting if for every A € [w]“ there is B € S such that AN B
and AN B¢ are infinite. Then the splitting number s is defined as the minimal
size of a splitting family. That is, s = min{|S| : S C [w]* and S is splitting}.
A family H C “w is <*-directed if every subfamily of size less than |H| is
dominated by an element of H.

3. Centred families of pure conditions. The notion of logarithmic
measure is due to S. Shelah. In the presentation of logarithmic measures
and their basic properties (Definitions 3.1, 3.4, 3.8, Lemmas 3.3, 3.5, 3.7)
we follow [1].

DEFINITION 3.1. Let s C w and let h : [s]<¥ — w where [s]<“ is the
family of finite subsets of s. Then h is a logarithmic measure if for all A €
[s]<“ and all Ag, Ay such that A = Ay U Ay, h(A;) > h(A) — 1 for i =0
or ¢ = 1 unless h(A) = 0. Whenever s is a finite set and h a logarithmic
measure on s, the pair x = (s, h) is called a finite logarithmic measure. The
value h(s) = ||z|| is called the level of x; the underlying set of integers s is
denoted int(x).

DEFINITION 3.2. Whenever h is a finite logarithmic measure on x and
e C x is such that h(e) > 0, we will say that e is h-positive.

LEMMA 3.3. If h is a logarithmic measure and h(AgU---UA,_1) > 1+1
then h(Aj) >1—j for some j,0<j<n-—1.

DEFINITION 3.4. Let P C [w]<¥ be an upwards closed family. Then
P induces a logarithmic measure h on [w]|<“ defined inductively on |s| for
s € [w]<¥ as follows:

(1) h(e) >0 for every e € [w]<¥;

(2) h(e) >0iff e € P;

(3) for I > 1, h(e) > 1 + 1 iff |e] > 1 and whenever eg,e; C e are such
that e = ey U eq, then h(eg) > 1 or h(ey) > L.

Then h(e) = [ if | is maximal for which h(e) > [. The elements of P are
called positive sets and h is said to be induced by P.

LEMMA 3.5. If h is a logarithmic measure induced by positive sets and
h(e) > 1, then h(a) > 1 for every a such that e C a.

EXAMPLE 1 (Shelah, [10]). Let P C [w]<“ be the family of sets contain-
ing at least two points and A the logarithmic measure induced by P. Then
h(z) = min{i : |z| < 2%} for all z € P. This measure is called the standard
logarithmic measure.
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REMARK 3.6. From now on we assume that all logarithmic measures
have the additional property that singletons are not positive sets.

LEMMA 3.7. Let P C [w]<¥ be an upwards closed family and let h be the
logarithmic measure induced by P. If for everyn € w and every partition of w
inton setsw = AgU---UA,_1 there is j € n such that A; contains a positive
set, then for every k € w, everyn € w and every partition w = AgU---UA,_1

there is j € n such that A; contains a set of h-measure greater than or equal
to k.

DEFINITION 3.8. Let @ be the set of all pairs (u,T) where u € [w]<¥
and T = ((s;, h;) 1 i € w) is a sequence of finite logarithmic measures such
that maxu < min sg, maxs; < mins;y; for all i € w and (hi(s;) : 7 € w) is
unbounded. If u = () we say that (0,T) is a pure condition and denote it
by T'. The underlying set | J{s; : 7 € w} of integers is denoted int(7"). We say
that (u1,T1) is extended by (uz, Ty), where T} = ((st, hl) i € w) for I = 1,2,
and write (ug,T3) < (uy,Th), if the following conditions hold:

(1) wg is an end-extension of u; and ug\uy C int(7});

(2) int(T2) C int(77) and there is an infinite sequence (B; : i € w)
of finite subsets of w such that maxwus < min sjl for 5 = min By,
max(B;) < min(Bjy1) and s7 C J{s] : j € Bi};

(3) for every subset e of s? such that h?(e) > 0 there is j € B; such that
hi(ensj) > 0.

In the case of u; = ug, (u2,T3) is called a pure extension of (uy,T1).

Whenever T' = (t; : i € w) is a pure condition and k € w, let ip(k) =
min{i : k < minint(t;)} and T\k = T;, ) = (t; : @ > i7(k)). For u € [w]<*
let (u,T) = (u,T\u) = (u, Tj, (maxw))- Note that if R < T and k € int(R),
then R\k < T'\k.

DEFINITION 3.9. If F is a family of pure conditions, then Q(F) is the
suborder of @ consisting of all (u,T) € @ such that (3R € F)(R < T).

Observe that if C' is a centred family of pure conditions, then any two
conditions in Q(C') with equal stems have a common extension in Q(C) and
so Q(C) is o-centred. From now on by a centred family we mean a centred
family of pure conditions. We also assume that all centred families are closed
with respect to final segments, that is, if C' is a centred family and T' € C
then T\v € C for every v € [w]<¥.

LEMMA 3.10. Any two conditions of Q(C) are compatible as conditions
in Q(C) if and only if they are compatible in Q.

LEMMA 3.11. LetT = (t; : i € w), wheret; = (s;, h;), be a pure condition
and w = AgU ---U A,_1 a finite partition. Then there is j € n such that
(hi(si N Aj) 1 i € w) is unbounded.
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DEFINITION 3.12. Whenever T = ((s;, hi) : ¢ € w) is a pure condition
and A Cw, let TTA = ((s; NA,hi[P(siNA)):i€w).

If T = ((si, hi) : © € w) is a pure condition, A C w and (h;(s;NA) : i € w)
is bounded, then T has no pure extension R with int(R) C A. A pure
condition T' compatible with every element of a family F of pure conditions
is said to be compatible with F, denoted T' /. F. If C’ is a centred family
such that C C Q(C”) then C’ is said to extend C.

LEMMA 3.13. Let C' be a centred family, T a pure condition compatible
with C, and w = AgU---U A, _1 a finite partition. Then there is j € n such
that T[A; is a pure condition compatible with C'.

Proof. By Lemma 3.11, I = {j € n : T[A; is a pure condition} # 0.
Suppose that for every j € I there is T; € C; such that T'[A; and Tj are
incompatible. However, I is finite, C' is centred and so there exists X € C
such that (Vj € I)(X < Tj). By hypothesis X and T have a common
extension R € (). By Lemma 3.11 again, there exists ¢ € n such that R[A;
is a pure condition. However, R[A; < TTA; and soi € I. Also, R[A; < R <
X < T; and so T; and T[A; are compatible, which is a contradiction. m

DEFINITION 3.14. Let Qgn be the partial order of all sequences 7 =

(roy...,rn), n € w, of finite logarithmic measures r; = (s;, h;) such that
for all i € n, max(s;) < min(s;4+1) and h;(s;) < hi+1(si+1) with extension
relation being end-extension. The level of the sequence 7 = (rg,...,r,) is

the level of 7, denoted ||7|.

DEFINITION 3.15. The sequence 7 € Qg extends the pure condition 7" if
there is R < T such that 7 C R. The finite logarithmic measure r extends T
if 7 = (r) extends T

DEFINITION 3.16. Let 7 = (T}, : n € w) be a sequence of pure conditions
such that (Vn)(Th4+1 < Ty). Then P, is the suborder of Qg, of all 7 such
that (Vi € |F|)(r; < T},) where jo =0 and for ¢ > 1, j; = maxint(r;_1).

LEMMA 3.17. Let X be a pure condition compatible with 7 and n € w.
Then D (X,n) ={7F € P, : (3r; € 7)(r; < X and ||rj|| > n)} is dense.

Proof. Let 7 € P, and j = maxint(7). Since Tj\int(7) and X are compat-
ible, there is a finite logarithmic measure r such that |r| > max{||7||,n},
which is their common extension. Then 77 (r) is an extension of 7 which
belongs to D-(X,n). =

COROLLARY 3.18. Let C be a centred family such that (VX € C)(X L 1)
and let G be a Pr-generic filter. Then R = |JG = (r; 1 i € w) is a pure
condition of finite logarithmic measures of strictly increasing levels. In V|[G]
there is a centred family C' such that |C'| = |C| and C Ut C Q(C").
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Proof. For every X € C and n € w the set D,(X,n) is dense in P,
and so G N D (X,n) # 0. Then Ix = (i : r; < X) is infinite and so
RAX :=(r;:i€ Ix) is a pure condition which is a common extension of R
and X. Furthermore, if X <Y then Ix C Iy, which implies RAX < RAY
and so the family {R A X} xec is centred. m

4. Preprocessed conditions. We use the fact that all reals have simple
names of the form f = J{({(3,j,),p) : p € Ai, i € w, j, € w}, where for

every i € w, A; = A;(f) is a maximal antichain of conditions deciding f (7).

DEFINITION 4.1. Let C' be a centred family and let f bea Q(C)-name
for a real. Then f is a good name if for every centred family C' extending
C, fis a Q(C')-name for a real.

REMARK 4.2. If fis a Q(C)-name for a real and there is a centred family
(" extending C such that f is not a Q(C’)-name for a real, then there is a
centred family C” extending C' which has the same cardinality as C' and is
such that f is not a Q(C”)-name for a real.

DEFINITION 4.3. Let C' be a centred family, f a good Q(C)-name for a
real, and i,k € w. A pure condition 7' € Q(C) such that k¥ < minint(T) is
preprocessed for f(i),k,C (note that Abraham [1] uses the same terminol-
ogy) if for every v C k the following holds. If there is a centred family C’
extending C' such that |C'| = |C], a pure condition R € Q(C") extending T
and a condition g € A;(f) such that (v, R) < g, then there is p € A;(f) such
that (v,T) < p.

REMARK 4.4. Let C be a centred family, f a good Q(C)-name for a
real, i,k € w, and T € Q(C) a pure condition preprocessed for f(i),k,C’.
Let C’ be a centred family extending C with |C'| = |C|, and T" € Q(C’) a
pure extension of T. Then T” is preprocessed for f(i), k, C".

COROLLARY 4.5. Let C be a centred family, f a good Q(C)-name for a
real, T = (T}, : n € w) C Q(C) a decreasing sequence of pure conditions such
that for all n and i < n, T, is preprocessed for f(i),n,C’, and let G be a
P-generic filter and R = |JG = (r; : i € w). Then in V|G| there is a centred
family C" with C U{R} C Q(C") and |C'| = |C| such that for alln € w and
k € int(Ry,), R,\k is preprocessed for f(n),k,C’, where R, = R\int(rp_1).

Proof. Repeat the proof of Corollary 3.18 to obtain the family C’. Let
n € w, k € int(R,) and ig, (k) = m. Then k < j,, = maxint(r,,_1). By
definition Tj,, is preprocessed for f(n), jm,C (note n < m < jn). Since
R\k = R,, <Tj,,, Ry\k is preprocessed for f(n),k,C’. u

Jm>

5. Induced logarithmic measures. For completeness we state
MAcountable(H) (See [7])
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DEFINITION 5.1. MA ountable(k) is the statement: for every countable
partial order P and every family D with |D| < k of dense subsets of P there
is a filter G C P such that (VD € D)(GN D #0).

Let M be the ideal of meagre subsets of the real line. Recall that the
covering number of M, cov(M), is the minimal size of a family of meagre
sets which covers the real line. For every regular uncountable cardinal &,

cov(M) > k if and only if MA ountable(k) (see [3]).

LEMMA 5.2. Let C be a centred family, |C| < cov(M), f a good Q(C)-
name for a real, n € w, and T = ((si,hi) : i € w) € Q(C) be such that
for all k € int(T), T\k is preprocessed for f(n),k,C. Let v € [w]<¥. Then
the logarithmic measure induced by the family Py, (T, f(n)) consisting of all
x € [Int(T)]<¥ such that (Fi € w)(hi(x Ns;) > 0) and (Gw C x)(Tp €
An(fN)((vUw, T\z) < p) takes arbitrarily high values.

Proof. To see that the induced measure takes arbitrarily high values
consider an arbitrary finite partition w = AgU---U Ap;—1. By Lemma 3.13
there is j € M such that T'[A; is a pure condition compatible with C. As
|C| < cov(M), by Corollary 3.18 there is a centred family C” extending C
with |C’] = |C| and a pure extension R € Q(C”) of T A;. Then f is a Q(C")-
name for a real and so A,(f) is a maximal antichain in Q(C"). Therefore
there is a common extension (v U w, R') € Q(C") of (v, R) and some ¢ €
An(f). Let 7 be a finite subsequence of R such that w C x = int(F). We
can assume that [|7|| > 0. However, R < T and so there is 7 € w such that
hi(z Ns;) > 0. Since R < T and T\z is preprocessed for f(n), maxz,C,

there is p € A, (f) such that (vUw,T\z) <p. =

COROLLARY 5.3. Let C be a centred family, |C| < cov(M), f a good
Q(C)-name for a real, m,n € w, and let T = ((s;,hi) : i € w) € Q(C) be
such that for all k € int(T), T\k is preprocessed for f(n),k,C. Then the
logarithmic measure induced by the family Py, (T, f(n)) of all z € [int(T")] <«

such that (3i € w)(hi(siNz) > 0) and (Yo € m)(Fw C x)(Ip € An(f))
(vUw,T\z) < p) takes arbitrarily high values.

Proof. Let vg,...,vr_1 enumerate the subsets of m and let w = Ag U
-+ U Apr_1 be a finite partition. By Lemma 3.13 there is j € M such
that T'[A; is a pure condition compatible with C. Since |C| < cov(M), by
Corollary 3.18 there is a centred family C’ extending C' with |C’| = |C| and a
pure extension R € Q(C’) of TA;. For every k € int(R), R\k < T'\k and so
R\Fk is preprocessed for f(n),k,C’. Therefore by Lemma 5.2 for every i € L
there is x; € Py, (R, f(n)). It will be shown that = = Uier zi € P(T, f(n)).
Let v C m. Then v = v; for some i € L. Since x; € Py, (R, f(n)), there
is w; C x; and ¢; € An(f) such that (v; U w;, R\z;) < ¢;, and so (v; U
w;, R\xz) < ¢;. However, R < T, (' extends C, |C'| = |C| and T\z is
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preprocessed for f(n), max x, C. Hence for all i € L there is p; € A, (f) such
that (v; Uw;, T\z) < p;. =

Until the end of the section let C' be a centred family, |C| < cov(M), f a
good Q(C)-name for areal, and T'= (¢; : i € w) € Q(C) be a pure condition
such that for all n € w and k € int(7T},), T\k is preprocessed for f(n), k,C,
where T,, = T\int(¢,,—1).

DEFINITION 5.4. Let P(C, T, f) be the suborder of Qgy of all sequences
7 = ((wi,9i) : i € l) extending T, such that for all ¢ € [, all v C maxz;_

and all s C x; such that g;(s) >0, (Gw C s)(Tp € A;(f))((vUw,T\s) < p).

LEMMA 5.5. Let X € Q(C) and n € w. Then Dx,(C,T,f) = {7 €
P(C, T, f): (3rj € 7)(r; < X and ||rj|| > n)} is dense.

Proof. Let 7 € P(C, T, f), j = ||, m = maxint(7). Let Y € C be a
common extension of X and T\int(7). For every k € int(Y), Y\k < T)\k
and so Y'\k is preprocessed for f (7),k,C. By Corollary 5.3 the logarith-
mic measure h induced by Py, (Y, f(j)) takes arbitrarily high values and so
(Fz)(h(x) > max{||F||,n}). Let r = (z,h[P(z)), v C m, and let s C = be
such that h(s) > 0. By definition of h there are w C s and ¢ € A;(f) such
that (vUw,Y\s) < ¢. But Tj\s is preprocessed for f(j), maxs,C and so

there is p € A;(f) such that (vUw,T\s) < p. =

COROLLARY 5.6. Let G be a filter in P(C, T, f) meeting Dx (C,T, f)
forall X € C;,n € w, and let R = |JG = (r; : i € w). Then for all
i and v C i and every s C int(r;) which is r;-positive, (Jw C s)(Ip €
Ai()((vUw, R) < p). Moreover, in V[G] there is a centred family C' such
that C U{R} C Q(C") and |C"| =|C].

Proof. Let ¢ € w, v C i and let s C int(r;) be r;-positive. Then by
definition there are w C s and p € A;(f) such that (v U w,T\s) < p.
However, R <T and so (vUw,R) = (vUw,R\s) <p. =

REMARK 5.7. If X ¢ Q(C), then the analogous Dx.,(C, T, f) is not
necessarily dense. In fact, the notion of a preprocessed condition is not
defined for such X. Thus P(C, T, f) and P, are distinct forcing notions.

6. Mimicking the almost bounding property

THEOREM 6.1. Let k be a regular uncountable cardinal, cov(M) = K,
H C “w an unbounded, <*-directed family with |H| = k, C a centred family
with |C| < k, and let f be a good Q(C)-name for a real. Then there are a
centred family C' extending C, |C'| = |C| and h € H such that for every
centred family C" extending C', 1o o “hog* 7
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Proof. Let T € Q(C). There is a centred family Cy extending C' with
|Co| = |C] and a sequence 7 = (T, : n € w) C Q(Cp) such that for all n,
T, < T,_1 where T_1 = T and, for all n and i < n, T,, is preprocessed
for f(i),n,Co. By Corollary 4.5 and as |C| < cov(M), there is a centred
family C; extending C' with |C1| = |C| and a pure condition 77 € Q(C4)
such that if 73 = (t} : i € w) then, for all n € w and k € int(7T})\int(¢}_,),
Ti\k is preprocessed for f(n),k,Cy. Since |C1| < cov(M) there is a filter
G C P(Cy, Ty, f) meeting DXJL(Cl,TI,f) for all n € w and X € Cy. Then
by Corollary 5.6 the pure condition 75 = |JG = (r; : i € w) extends T}
and for all i € w and v C 4, and each s C int(r;) which is r;-positive,
(Fw € s)(3Fp € Ai(f) (v Uw,T2) < p).

For all ¢ € w let g(i) be the maximal k such that there are v C 4,
w C int(r;) and p € A;(f) such that p I+ f(i) = k and (v U w,T) < p. We
can assume that g is nondecreasing. For all X € C; let Jx = {i : r; < X}
and let F'x be the following step function:

Fx(l) =g(Ux(i+1) iffle (Jx@@),Jx(+1)],

where Jx(m) is the mth element of Jx. Since H is unbounded, for all X €
Cy there is hx € H such that hx £* Fx. However, |Ci| < |H| and so
there exists h € H such that (VX € Ci)(hx <* h). We can assume that
h is nondecreasing. Note that (VX € C1)(g <o Fx) and so J = {i € w :
g(1) < h(i)} is infinite. Furthermore, (3*°i € Jx)(Fx (i) < h(i)) and since
(Vi € Jx)(Fx(i) = g(7)), the set Ix = JxNJ is infinite. Let R = (r; : i € J)
and for all X € Cy let RAX := (r; :i € Ix). Then C' = {RA X}xec, isa
centred family such that C; U{T} C Q(C”’) and |C| = |C’|.

Let C” be centred, C' C Q(C"), a € [w]|<¥, ko € w and let (b, R') €
Q(C") be an extension of (a, R). There is ¢ € J with ¢ > k¢ such that
b C i and s = int(R') Nint(r;) is ri-positive. Then there are w C s and
p € Ai(f) such that (bUw,Ty) < p. However, R'\w < Tp\w. Therefore
(bUw, R') < (b, R') and (bUw, R') < p. Let k € w be such that p IF f(i) = k.
Then k& < g(i) by definition of g, and ¢(i) < h(i) since i € J. Thus
(bu ’LU,R/) ”_Q(C”) “f(i) =k <g(i) < IVI(Z‘)”. m

LEMMA 6.2 (Main Lemma). Let k be a regular uncountable cardinal,
cov(M) = k, H C “w an unbounded, <*-directed family with |H| = K, and
(YA < k)(2* < k). Then there is a centred family C with |C| = & such that
(H is unbounded)vQ(c) and Q(C) adds a real not split by V N [w]*.

Proof. Let N' = { f‘a}a<,.i enumerate all names for functions in “w for
partial orders Q(C’) where C’ is a centred family with |C'| < k, and let
A = {As+1}a<r enumerate [w]* NV. The centred family C will be obtained
by transfinite induction of length k. Begin with an arbitrary pure condition T’
and Cp = {T\v : v € [w]<¥}. If @ = B+ 1 and we have defined the centred
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family Cj, let go be the name with least index in N\{gy+1},<g which is a
Q(Cp)-name for a real. If g, is a good Q(Cs)-name, by Theorem 6.1 there
are a centred family C!, extending Cs with |C}| = |Cs| and h, € H such
that for every centred family C” extending CY,, IFg e “he % g If G is
not a good Q(Cp)-name, then by Remark 4.2 there is a centred family C/,
extending Cg with |C},| = |Cp| such that g, is not a Q(C/,)-name for a real.
In either case, let 77 € Q(CY,). Then by Lemma 3.13 there is T,, < 7" such
that int(T,) C A, or int(T,) C A¢, and T, [ C! . By Corollary 3.18 applied
to the sequence of all final segments of T, and |C/| < cov(M) there is a
centred family C, such that C!, U{T,} C Q(Cy) and |Cy| = |C)|. If a is a
limit let Co = Ug,, Cp- Then [Cq| < k and (V3 < a)(Cp € Q(Cy)). With
this the inductive construction is complete. Let C' = |J,,_,. Co. Then C is
centred, |C| =k and (Va < k)(Cy C Q(C)).

Let f be a Q(C)-name for a real and let @ < k be minimal such that fis
a Q(Cy)-name. Then f is a name in A and there is § < & (with a < §) such
that f is the name with least index in N\{Gy+1}<s which is a Q(Cs)-name
and so f = gs+1. Note also that f is a good Q(Cs)-name. Then by the
choice of Cj_ , Ik “hsi1 £* f7. Let G be a Q(C) generic filter and
UG =U{u: 3T)((u,T) € G)}. For every « € k the set Dyy1 = {(u,T) €
Q(C) : T < Ty41} is dense and so |JG C* int(Tq+1), which implies that
UG is almost contained in Aqq1 or in A5 ;. =

a<k

The proof of Theorem 6.3 can be found in [§].

THEOREM 6.3. Let H C“w be an unbounded family such that (VH' € [H]=*)
(3h € H)(H' <* h) and let (P, : v < «) be a finite support iteration
of ccc forcing notions of length o with cf(a) = w such that (Vy < «)
(H is unbounded)va. Then (H is unbounded)¥"*

The proof of Lemma 6.4 can be found in [2].

LEMMA 6.4. Let x be a reqular uncountable cardinal, and H C “w an
unbounded, <*-directed family with |H| = k. Then for every partial order P

of size less than k, (H is unbounded)vp

Recall that if A C “w is infinite then the Hechler forcing H(.A) (see [7])
consists of all pairs (s, F') where s € |J,,¢,, "w and F € [A]~*, with extension
relation (s1, F1) < (so, Fy) iff s9 C s1, Fo» C F; and for all f € F» and
k € dom(s1)\dom(s2) we have s1(k) > f(k). Note that H(.A) is o-centred,
adds a real dominating A, and |H(A)| = |A|.

THEOREM 6.5 (GCH). Let k be a regular uncountable cardinal. Then
there is a ccc generic extension in which b =k < 6= k™.

Proof. Obtain a model V of b = ¢ = x by adding « Hechler reals
(see [6]) and let H = V N “w. Inductively define a finite support itera-
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tion (P, : o < k™) of ccc forcing notions as follows. Suppose that for all
B < a, Pg has been defined so that in VFs, H is unbounded, <*-directed
and (VA < k)(2* < k). If a is a limit, let P, be the finite support iteration of
(Ps : f < a). Then P, is ccc and by Theorem 6.3 the inductive hypothesis
holds in VP,

If o = 3+ 1 and P has been defined, then let Vg = VFs and let H;
be the forcing notion for adding x Cohen reals. Then in VﬁIHI ! the family H

is unbounded, <*-directed, (YA < x)(2* < &) and cov(M) = k. Therefore
in Vgﬂl the hypothesis of Lemma 6.2 holds and so there is a centred family

C such that Q(C) adds a real not split by VBH 'N [w]¥ and preserves H

unbounded. Let Hy be an Hj-name for Q(C') and in Vﬂ]ﬁh*lﬂl2 let AC VgN®w
be an unbounded family of cardinality less than k. Let H3 be an Hy * Hy
name for H(.A). Then in Vﬁ(lﬁh*lﬁb)*IHI3 the family A is dominated and since
IH(A)| < %, H remains unbounded. Let Qs be a Pg-name for (H; % Hy)  Hs,
and let P, = Pg * Qg.

Let P = P,+. Let G be a P-generic filter and let A C [w]* N V[G],
|A| < k™. Then there exists a < kT such that A C V[G,] where G, =
G NP,. By the inductive construction of P, in V[Ga41] there is a real not
split by A. Therefore V¥ E s = x*. By Theorem 6.3 and the construction
of P the family H is unbounded in V¥. Since every family of reals in V¥ of
size less than k is obtained at some initial stage of the iteration, a suitable

bookkeeping device can guarantee that any such family is bounded and so
VEEb=k =
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