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Normal restrictions of the noncofinal ideal on P, ())
by

Pierre Matet (Caen)

Abstract. We discuss the problem of whether there exists a restriction of the non-
cofinal ideal on P, () that is normal.

0. Introduction. Let x be a reqular uncountable cardinal, and A > Kk
be a cardinal.

I, » (respectively, NS, ) denotes the noncofinal (respectively, nonsta-
tionary) ideal on Py (A). Johnson and Baumgartner (see [8]) showed that
there may exist a stationary subset A of P.()) such that NS, z|A = I,; \|A.
Shelah [20] later established that it is even possible to have NS, x = I, \|B
for some B. In fact the following holds:

ProprosiTION 0.1 ([20], [14]). The following are equivalent:
(i) NSex = I A\|B for some B.
(ii) cof(NSex) =A.
(iii) cf(N) < K, and cof (NSk ) < X for every cardinal T with k < 7 < A.
So the problem of whether there is B with NS,y = I, \|B is pretty
much solved. This paper is concerned with the more general problem of the
existence of A such that NS, z|A = I,; | A. The existence of such an A may

seem like a local property, but actually it has consequences for the entire
nonstationary ideal NS x:

ProrosiTionN 0.2.

(i) ([I5]) Suppose NS, A|A = I, \|A for some A. Then cof(NSy \) =
u(k, A).
(ii) ([I7]) If cof(NSkn) = u(k, ), then NSy x is nowhere precipitous.
If SSH holds and cof (NS, x) = u(k,A), then clearly cf(\) < . Hence
the following holds:
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PropPOsSITION 0.3. Assuming GCH, the following are equivalent:

(i) NSealA = I, \|A for some A.
(i) NSux = Ix\|B for some B.
(ifi) cf(A) < k.

In case SSH fails, the picture may be quite different, and we will see
that “A is regular and NSy A\|A = I;;x|A for some A” and “k < cf(A) < A
and NS, z|A = I, z|A for some A” are both consistent relative to a large
cardinal.

The following was already known:

PRrOPOSITION 0.4 ([I4]). Let 6 < k be a cardinal for which there exists

a [N|<0-normal ideal on P.()\), and J be an ideal on P.(\) such that J C
6 R 6

NS,[;\}; and cof (J) < A<Y. Then J|A = I, \|A for some A € (NSL/\}; )*.

This result raises two issues that we will address in this paper. Suppose
that cof (NS, x) > X\ and we want to apply Proposition 0.4 to get an A such
that NS, \|A = I, z|]A. Then (a) we will have to use a # that is uncountable,
so we will need that v™° < k for every cardinal v < k, and (b) our A will be
everywhere of uncountable cofinality since for § > w, the set of all a € P, ()
such that cf(sup(a N7n)) = w for some limit ordinal n with x < n < X\ and

cf(n) > wy lies in NSE:}:Q

Now suppose to be definite that cf(\) < k and cof (NS, ) = AT (which
can be arranged by adding A Cohen subsets of x to V, assuming that V
satisfies GCH). Note that by our assumptions cof (NS, 1) = u(k, ). We will
show that if (cf(\))T < & and the principle A, x((cf(X))T,A") holds, then
there is A such that NS, z|A = I,; 5| A.

It is not clear how large this A is going to be, but this approach has
the advantage that there are many pairs (k, \) for which the principle holds
(e.g. all pairs (k, \) with ws < kK < w, and A = wy,).

A second principle, By (k,AT), will imply the existence of A with
NS A|A = I, 5z|A such that {sup(a N k) : a € A} € NS}. The question
of the strength of By, \(r, AT) is given special attention in the paper.

A third principle, Cy x(k, AT), will give A with NS, \|A = I, z|A such
that {aNv:a € A} € NS; , for every cardinal v with K <v < \.

Finally, in the case when cf()) #w, a fourth principle, D \ ((cf(X))F, AT),
where J denotes the noncofinal ideal on cf(\), will yield an A with NS, y|A
= I, z|A that is large in the sense that it lies in the filter dual to the game
ideal NG, x.

All four principles follow from the Almost Disjoint Sets principle ADS),
and so they will hold unless there are inner models with (fairly) large car-
dinals.
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For a simple situation where our results apply, suppose that V = L
and cf(\) < &, and consider the generic extension (VQ)F, where Q adds AT
Cohen subsets of £ and P adds x Cohen reals. We will see that in M, (a)
for any uncountable cardinal @ < &, there is no [A\]<?-normal ideal on P, (),
and (b) there is no B such that NS,y = I, z|B, but (c) NS, \|A = I, |A
for some A such that {aNv:a € A} € NS}, for every regular cardinal v
with Kk <v <.

The paper is organized as follows. Section 1 reviews basic material con-
cerning P (A) and its ideals. In Section 2 we generalize Proposition 0.4.
Section 3 is concerned with the principle Ay \(7, 7). In Section 4 we deal
with the special case when there exists a [A\]<?-normal ideal on Py (). Sec-
tions 5-8 are respectively devoted to By \(7, ), Cux(T,T), DI{’)\(V‘*‘,W) and
ADS,. Finally in Section 9 we investigate the situation obtained by adding
AT Cohen subsets of x to L.

1. Basic material. For a set A and a cardinal p, set P,(A) ={a C A:
lal < p}.

NS, denotes the nonstationary ideal on k.

For a regular infinite cardinal 7 < k, EF denotes the set of all § < x with
cf(5) = 7.

Let 1 > k be a cardinal. I, denotes the set of all A C P.(u) such that
{a € A:bCa} =0 for some b € P,(u). By an ideal on P.(u) we mean a
collection J of subsets of P, () such that (i) 1., € J and Pe(p) € J, (ii)
P(A) C Jforall A€ J,and (iii) Jx € J for every x € P.(J).

Let J be an ideal on P,(pu). Set J* = {A C Py(u) : A ¢ J} and
J*={P.(u)\A: Ae J}. Put JJA={B C P.(n) : BN A € J} for every
AeJt.

cof (J) (respectively, cof(J)) denotes the least cardinality of any X C J
with the property that for any A € J, there is z in Py(X) (respectively,
P.(X)) with A C |J=.

Given two infinite cardinals o and p, J is (o, p)-regular if there is C,, € J*
for a < p such that (,., Co = 0 for any z C p with |z| = 0.

Given a cardinal m > k and f : Pc(p) = Ps(m), set f(J) = {X C Py(m) :
FHX) e J}.

Given § < p and a cardinal § < &, J is [6]<?-normal if for any A € JT,
and any f : A — Pp(d) with the property that f(a) € P,ng (a) for all a € 4,
there is B € J* N P(A) such that f is constant on B.

LEMMA 1.1 ([15]).

(i) Suppose that 6 < k. Then there exists a [6]<?-normal ideal on Py(p)
if and only if |Py(v)| < K for every cardinal v < kN (§ + 1).
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(ii) Suppose that k is a limit cardinal and 6 > 0 = k. Then there exists
a [6]<P-normal ideal on P.(u) if and only if k is Mahlo.

If there exists a [6]<%-normal ideal on Py (), then NSEEG denotes the
smallest such ideal.

LEMMA 1.2 ([15]). Suppose that o is a cardinal with k < o < p, and
0 6
k<6 <ao. Then NS,[f}: = p(NS,Lé,]; ), where p : P.(1n) — Py(0) is defined

by p(x) =zNo.

For f: Pp(d) — Pu(p), C¢"" denotes the set of all a € P,(p) such that
an6#0,and f(e) C a for every e € Pyng(and).

LeMMA 1.3 ([15]). Suppose that k < 6 and 2 < 0, and let B C Py(p).
0
Then B € NSE]: if and only ifBﬂC';’“ = for some [ : P3up(8) = Px(p).

LEmMA 1.4 ([14]). Suppose that k < 6, 2 < 0 and J is [6]<0-normal.
Then either cf(cof(J)) < r, or cf(cof (J)) > |6|<¢, where 6 = 0 if 0 < k, or

0 = Kk and k is a limit cardinal, and 0 = v if 0 =k = vT.

It is simple to see that if J is [§]<?-normal, then it is [§]<“-normal.

Set NS2, = NSPL”.

J is mormal if it is [u]<*-normal. We put NS, , = NSk .

Given four cardinals 7,0, 7 and y with # > o > 7 >wand 7 > x > 2,
cov(m, o, T, x) denotes the least cardinality of any A C P,(w) with the prop-
erty that for any b € P, (), there is z € P, (A) with b C | 2.

In case 0 = 7 and x = 2, we let cov(m, o, 7,x) = u(o, 7).

Shelah’s Strong Hypothesis (SSH) asserts that given two uncountable
cardinals v and x with cf(v) = v < x, u(v, x) equals y if ¢f(x) > v, and x*
otherwise.

LeEMMA 1.5 ([10]). Given a cardinal o with k < o < u, the following are
equivalent:

(i) NS7 A= L. u|A for some A € NSy .

(ii) cof (NSy») < p = cov(p,o0m, o, k).
0,. denotes the smallest cardinality of any F C "k with the property that for
any g € "k, there is z € Py(F) such that g(a) < U;e, f(a) for every a € k.

LEMMA 1.6 ([16]). 0, = cof(NS.x)-

For B C P, (u), the two-player game H,, ,(B) is defined as follows. The
game lasts w moves, with player I making the first move. I and II alternately
pick members of P (u), thus building a sequence (a,, : n < w). II wins the

game whenever (J,,_, an € B.
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NG, denotes the collection of all A C P, () such that player II has a
winning strategy in the game H, ,(Pq(p) \ A).

LEMMA 1.7 ([11]).

(i) NGy, is a normal ideal on Pg(p).
(ii) Thereis A € NGy, , such that cf(sup(a N n)) = w whenever a € A
and n is a limit ordinal with k <n < p and cf(n) > k.
(ili) Let o be a cardinal with k < o < p. Then NGyo = p(NGy ),
where p : P.(n) — P.(0) is defined by p(z) =xNo.

Kk is mildly p-ineffable if given t, : a — 2 for a € Py(p), thereis g : u — 2
with the property that for any a € P, (p), there is b € P, (p) such that a C b
and gla = tp]a.

LEMMA 1.8 ([22]). Suppose that k is mildly p-ineffable and cf(p) > K
Then p<" = p.

Suppose that

e o is a cardinal with cf(p) <o < p.

(ui i < o) is a one-to-one sequence of regular cardinals less than p
such that o < pgp and sup({p; : i < o}) = p.

e [ is a proper ideal on o such that for any cardinal x <p, {i€o : u; <x}
el

7 is a cardinal greater than p.

[ = (fa : @ < ) is an increasing, cofinal sequence in ([, us, <1),
where g <7 h whenever {i < o :g(i) < h(i)} € I*.

Then fis a scale of length w for .
Let § < 7 be an infinite limit ordinal. Then § is a good (respectively,

remarkably good) point for f if we may find a cofinal (respectively, closed

unbounded) subset X C 6, and Z¢ € I for £ € X, such that fg(i) < fe(4)
whenever # < £ arein X and i € o\ (ZgUZ¢). Further, 0 is a better point for

—

f if we may find a closed unbounded subset X of §, and Z; € I for £ € X,
such that fg(i) < fe(i) whenever § < £ are in X and i € o \ Z¢. Finally, 0
is a wery good point for f if there is a closed unbounded subset X of §, and
Z € I, such that fg(i) < fe(i) whenever 3 < £ arein X and i € 0\ Z.

Note that

very good = better = remarkably good = good.

It is easy to see that points of small cofinality are better:

LEMMA 1.9 ([3]). Let § < m be an infinite limit ordinal such that I is
cf(8)-complete. Then § is a better point for f.

Proof. Select a closed unbounded subset X of § with o.t.(X) = cf(9).
For f < & in X pick Zge € I so that fg(i) < fe(i) whenever i € p\ Zge.



6 P. Matet

Now given £ € X, put Z; = U,BeXmg Zg¢. Then clearly Z¢ € I. Moreover,
fa(i) < fe(i) whenever € XN&andi€o\ Z;. =

It immediately follows that every infinite limit ordinal § < m such that
I is (cf(6))T-complete is a very good point for f.
Let us also mention the following, which is readily checked.

LEMMA 1.10. Let § < 7 be an infinite limit ordinal such that cf(§) is a
weakly compact cardinal greater than o. Then § is a good point for f.

The scale f is good (respectively, remarkably good, better, very good) if
there is a closed unbounded subset C of m with the property that every limit
ordinal § in C such that cf(d) < p and I is not cf(d)-complete is a good
(respectively, remarkably good, better, very good) point for f

We refer to other sources for the definitions of other notions of pcf theory.
The definitions of pp(x), pp™* (1) and ppr(, ) (1) can be found in [I9, pp. 39
and 41]. See [3, Definitions 2.3, 3.8 and 6.3] for the definition of the three
principles [, VGS,, and AP,.

2. A sufficient condition for K|A = I, z|A. Throughout the remain-
der of the paper T will denote an infinite cardinal less than or equal to k,
and 7 a cardinal greater than .

DEFINITION. A (7, A\, 7)-sequence is a one-to-one sequence ¥ = (Yo :
a < 7) of elements of P-(\) with y, = {a} for every oo < A.

DEFINITION. For a (k, A, m)-sequence ¥ = (y, : @ < m), A(y) denotes
the set of all z € P;(m) such that {a < 7:y, Cz} C x.

Let J be a normal ideal on P(7), and let p : Pi(7w) — P,(\) be defined
by p(xz) =x N A

LEMMA 2.1. Let §¥ = (yo : @ < ) be a (K, \, m)-sequence. Suppose that
Co € (p(J))* for a < mw. Then there is D € J* such that x N\ € C,, for
every x € D N A(Y), and every a < m such that y,, C x.

Proof. Let D ={x € Py(m):Yacxz (zNA€Cy)}. m

PROPOSITION 2.2. Let § = (yo : « < ) be a (k, \, )-sequence. Suppose
that A(y) € J*, and K C p(J) is an ideal on Py(\) with cof (K) < . Then
there is D € J* such that K|A = I, z|A, where A = p“(D N A(Y)).

Proof. Select C, € K* for a« < m so that for any C € K*, there is
z € Py(m) \ {0} with ,c, Ca € C. By Lemma 2.1, there is D € J* such
that 2 N\ € C, whenever x € DN A(y) and y, C x. Now fix B € II)\ with
BC{znX:ze€ DN A()}. Let us show that B € K*. Thus let C € K*.
Pick z € P(m) \ {0} with (e, Ca € C, and set b = |J ¢, Ya- Then clearly
{aeB:bCa}CC. n
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COROLLARY 2.3. Suppose that there exists a (k, A, m)-sequence i such
that A(y) € NS;I ., and let K C NSy, ) be an ideal on P,,(\) with cof (K) < .

R,TT?

Then K|A = I, z|A for some A € NS:/\.

3. A, (7, 7). In this section we start our search for (k, A, 7)-sequences
y such that A(y) € NS/ ..

DEFINITION. An A, (7, 7)-sequence is a (7, A, m)-sequence ¥ = (Yo :
a < m) with [{a < 7:y, Ca}| <k for every a € P()).

The following is readily checked.

PROPOSITION 3.1. Let i be a (k, A, 7)-sequence. Then i is an Ay \(k,T)-
sequence whenever A(y) € I}, .

DEFINITION. A, (7, 7) asserts the existence of an A, \(7, 7)-sequence.

If A (7, 7) holds, then by a result of [12], 7 < cov(A, &, 7,2). In partic-
ular, A, »(k, ) implies that 7 < u(k, A).

The following is immediate.

PropPOSITION 3.2. The following are equivalent:

(i) Axa(k,7) holds.
(ii) I, is (k,)-reqular.
(iii) There is B € IZ/\ such that I, x| B is (k,)-regular.

PROPOSITION 3.3 ([13]). Lety = (Yo : @ < ) be an A, (K, T)-sequence.
Then cof (I | A(Y)) < A.

Proof. Fix ¢ € Py(m), and set d = |J ¢, Ya- Then
A)N{z € Py(r) :dCzx} C{z€ Py(m):cCz}. m

Conversely, if cof(J) < A for some ideal J on Py (7), then by [14, Propo-
sition 5.7], Ay A(k, 7) holds.

By Proposition 3.3, A, x(k, ) implies that cof(/, ) = cof(l, ). This
can be generalized as follows.

PROPOSITION 3.4 ([16]). Suppose that i is an Ay \(k, 7)-sequence. Then
for some D € NS _, there is an isomorphism f from (P.(\),C) onto

R,T)

(DN A(Y), C) with the following property: for any 6 < X\, and any cardinal

0 < Kk for which there exists a [§]<%-normal ideal on P.(r), f(NSE};g) =
NS (D A A(§)) (and hence cof (NS |(D N A(§))) < cof(NSPL) and
cof(NSE,]:e) = cof(NSE};e)).

PROPOSITION 3.5. Suppose that i is an A (T, T)-sequence, where T =
cf(7) < k. Then the following hold:
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(i) For any regular cardinal x with T < x < K, we have {x € A(Y) :
cf(sup(xz Nk)) = x} € NS ..
(ii) Let 0 < k be an infinite cardinal such that there exists a 7]
]<9

ideal on Py(m). Then A(Y) € (NS,ET7r )t
Proof. By the proof of [14, Proposition 5.6(ii)]. =

<0 _pormal

COROLLARY 3.6. Suppose that A, (T, m) holds, where T = cf(7) < &,
and let K C NSy x be an ideal on P;(\) with cof(K) < . Then there is A
such that (a) {a € A : cf(sup(anNk)) = x} € NS;/\ for every regular cardinal
X with 7 < x < k, and (b) K|A = I, \|A.

Proof. By Propositions 2.2 and 3.5. =

For example, suppose that in V', GCH holds, o is a strong cardinal, and
7 = cf(m) > 0. Then by work of Gitik and Magidor [6], there is a notion of
forcing P such that in V¥, (a) all cardinals are preserved, (b) cf(c) = w, (c)
2X = x* for any infinite cardinal y < o, and (c) 2° = 7 and in fact (as was
kindly pointed out to the author by Moti Gitik) 2 = 7 for any cardinal v
with o < v < 7. Working in VF, suppose that k < o < X\ < 7 and « is not
the successor of a cardinal of cofinality w. Then by Proposition 0.4, there is
A€ (NSP™)* such that NS, z|A = LA,

Set W = VF. In W, let Q be the notion of forcing to add R, Cohen
reals. Then clearly in W@, 2% = ¥y for every j < 4, and (2/)W* = (2)W
for every cardinal v > wy; . Working in W<, suppose that x = wy and
o < X\ < m. Proposition 0.4 no longer applies, since now there does not exist
any [A]<“!-normal ideal on P.(\). So we take another route. By a result
of Shelah [7, p. 369], ppt (o) > cov(o,0,wr,2) = 7, so by [12, Proposition
4.6(i)], Axa(wi,m) holds. Hence by Corollary 3.6, NS, z|A = I, \|A for
some A.

Note that if cf(\) > x and NS, y|A = I,; 1A, then clearly cof (NS, 1| A)
< A, and in fact cof (NS, \|A) < X since by Lemma 1.4, cf(cof(NS, 1| A))
< K.

Next we consider some situations when it can be deduced from A, »(x, )
that Ay \(7,m) holds for some regular 7 < k.

PROPOSITION 3.7. Suppose that Ay x(k,m) holds, cf(\) <T=cf(T) <k,
and cov(N, Kk, k,7) < X for every cardinal N with k < XN < X. Then
A\ (7, 7) holds.

Proof. The proof is an easy modification of that of [12] Corollary 2.13]. =

PROPOSITION 3.8 ([12]). Suppose that A, x(k, ™) holds, k is a limit car-
dinal, and cf(7w) # k. Then Ax (7, 7) holds for some regular T < k.
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LEMMA 3.9 (see |4, Theorem 7.12, p. 48]). Let pu be an infinite cardinal.
Then p” assumes only finitely many values for v with 2¥ < p.

PROPOSITION 3.10. Suppose that k is inaccessible and \<* > X\. Then
A A(T,ASF) holds for some regular T < k.

Proof. By Lemma 3.9, there is a regular infinite cardinal 7 < & such
that A<® = A<7. Then clearly |P;(\) N P(a)| < k for every a € P(\). n

PROPOSITION 3.11. Suppose that A, \(7,m) holds, K’ is a regular car-
dinal with kK < k' < X, and cov(v,k,7,2) < K for every cardinal v with
k <v <K' Then Ay \(T,m) holds.

Proof. The proof is a straightforward modification of that of [14, Propo-
sition 5.5]. =

PRrROPOSITION 3.12 ([12]). Let p be the largest limit cardinal less than or
equal to k. Assume that cf(X) < k and one of the following conditions is
satisfied:

(b) cf(X) < p and cf(X) # cf(p).

(c) cf(\) = cf(p) < p and min(pp(p), p*3) < .

(d) cf(X) > p and min(2FV) | (cf(N)T3) < k.

(e) For some reqular cardinal o with max(p,cf(N)) <o <k, A carries a
scale of length At for which almost all (in the sense of the nonsta-
tionary ideal) points with cofinality o are good.

Then A A((cf(X))T, A1) holds.

By a result of Todorcevic, it is consistent relative to a 2-huge cardinal
that Aw, o, (w1, wet1) fails (see [12, Propositions 3.18 and 3.19]).

Magidor (see [2, Theorem 17.1]) proved that under MM, there is no scale
for w, which is good at every point of cofinality w.

QUESTION. Is it consistent relative to some large cardinal that “MM
and A, ., (w1, wy+1) both hold”?

_ QUESTION. Is it consistent relative to some large cardinal that
“cof (NSu, w.,) = Ru41 but there is no A such that NS, o |A = I, o, |A"7?

Another problem which is worth mentioning is whether there is a con-
verse to Corollary 3.6.

QUESTION. Suppose cof (NS, ») > A and NS, »|4 = s |A. Does then
A2 (K, cof (NS 1)) hold?

4. NSPZ 0 Abe [1] proved that if & is Mahlo and A% > ), then

o A<O

we may find B € (NS

,{’)\<,~c

[)\<f€]<l€

)*, and an isomorphism f from (P.()\),C)
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[)\<n]<n

' \<x - In this section we prove the

onto (B, C) such that f(NSL’}};N) = NS

P\<9 <
<

6
corresponding result for NS }9 with 0 < k.

K,
Suppose 0 < k is a regular cardinal such that
that there exists a [A\]<?-normal ideal on P, (\).
Let 7 = (Yo : @ < A<%) be a one-to-one enumeration of the elements of
Py(X) such that y, = {a} for every a < A.
The following is immediate:

A< > \. Suppose further

}<0

PROPOSITION 4.1. A(Y) € (NSLAKQ)*.

PROPOSITION 4.2. There is D € NS* |, and an isomorphism f from

(Pe(X\),C) onto (D N A(¥), C) such that
A <@ A<01<0 A <@ _
FINSEN) = NS = NSPIL (D 0 A®)).

Proof. Set 1 = A< and D = {x € P.(7) : Va € = (yo C 2)}. Tt is
immediate that D € NSg .. Define f : Pi(A\) — P(m) by setting f(a) =
{a < 7 : yo C a}. Note that f(a) N\ = a. Put B = ran(f). Then clearly
B = DN A(Y), and moreover B € (NS,LT;:Q)*. It is simple to see that f is an
isomorphism from (P, (), C) onto (B, C). Furthermore, f~*(X) € I, for

every X € I, . Set J = NSL)‘LG. Then clearly f(J) is an ideal on Py (7).

Note that B € (f(J))*.

Cramv 1. f(J) is [7]<0-normal.

Proof of Claim 1. Fix X € (f(J))" with X C BN {xz € P,(r) : 0 C z},
and h : X — Py(r) with h(z) C z for every z € X. Define k : f~1(X) —
Py(A) by k(a) = Unen(f(a)) Yo- There are A € JTNP(f~1(X)) and e € Py()\)
such that k takes the constant value e on A. Put z = {a < 7 : yo C €}
and T = f“A. Then clearly T € (f(J))" N P(X), and moreover h(z) C 2
for every z € T. Since |Py(z)| < k, there must be W € (f(J))"™ N P(T) and
d € Py(z) such that h(z) = d for all x € W, which completes the proof of
Claim 1.

[)\]<9

CramM 2. f(J)C NSix |B.

Proof of Claim 2. Fix Z € f(J). Set Q = ZNBN{x € Py(n):0 C x}.
Since f~1(Q) € J, we may find g : Py(A) — P()) such that f~3(Q) N Ci
= (). Then clearly QN Cy™ = (), and hence ZN B € NS,[@A,J:O. This completes
the proof of Claim 2.

By Claims 1 and 2,
NSEE" € f(7) € NS B € NS

T

]<9

so f(J) = NS = NS |B. m
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5. Bo (T, T)

DEFINITION. A B, (T, 7)-sequence is a (T, A, 7)-sequence §= (Yo : a <)
with the property that for each nonempty e in P+ (7), there is a <k-to-one
9 € [ace Ya-

DEFINITION. B, A(7,m) asserts the existence of a By, (7, 7)-sequence.

PROPOSITION 5.1. Let ¥ = (yo : a < m) be a (1, A\, 7)-sequence. Then
the following are equivalent:

(i) ¥ is a By (7, 7)-sequence.

(ii) For any D € NS}, ., there is xg € D N A(Y) for B < k such that
(1) x4 C xg and sup(zy N k) < sup(xg N k) for all v < 5, and
(2) zg =, 52y in case B is a nonzero limit ordinal.

Proof. (1)—(ii): By the proof of [14, Proposition 5.11].

(ii)—(i): Suppose that (ii) holds, and fix e C 7w with |e| = . Let («; :
i < k) be a one-to-one enumeration of the elements of e. Now let D be
the set of all z € P,(m) such that (a) for any i € x Nk, Yo, C z, (b) for
any ¢ € k such that o; € x, 71 € Nk, and (¢) x Nk is an infinite limit
ordinal. Note that for any x € DN A(Y), x Nk = {i € K : Yo, C x}. Since
D € NS}, we may find 25 € D N A(y) for B < k such that (1) z, C xg
and z, Nk < zg Nk for all v < B, and (2) zg = U, g2 in case B is a
nonzero limit ordinal. Define k € [[;c, . Yo, by k(i) = the least element
of Ya,, and hg € Hi6($5+1ﬁli)\.1’ﬂ Yo, for B < Kk by hg(i) = the least element
of Yo, \ wg. Set h =k U g, hg. Then clearly, h € [[;c,, Ya;- Moreover, h is
<k-to-one. m

PROPOSITION 5.2. Let §f be a By (7, m)-sequence. Then the following
hold:

(i) For any D € NS}

{sup(zNk):x € DNA(Y)} € NS.
(ii) Let 6 < k be an infinite cardinal such that there exists a [x]<%-normal
ideal on Py(m). Then A(Y) € (NS,LTJEQ)*‘.

Proof. (i) By Proposition 5.1.

(ii) By the proof of Proposition 5.11 in [I4]. =

COROLLARY 5.3. Suppose that By, x(k, ) holds, and let K C NS, » be an
ideal with cof (K) < w. Then there is A € NS:J\ such that (a) {sup(aNk) :
a € A} € NS, and (b) K|A = I, \|A.

Proof. By Propositions 2.2 and 5.2. =

Let us now show that we may find A as above with the additional prop-
erty that A € NG:/\:
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PROPOSITION 5.4. Let §f = (yo : @ < ) be a By x(k, T)-sequence. Then
A(y) € NG .

Proof. Fix X € NG, ., and let o0 be a winning strategy for Il in H, (X).

Given f < kand n € wN(B+1), let K, denote the set of all increasing
functions k : n4+1 — § 4 1. Now define eg € P,(m) for 8 < k by

e ¢o= 0.

e eg =), g€y if B is an infinite limit ordinal.

e egy1 =PUegUoc(D)U{a<m:ys C GB}U(Uaeeﬁya)U(U{Zk ke
Unewn(st1) Kns}), where zi, = o(ex(), - - -, €x(n)) if n € wN(B+1) and
ke Knﬁ.

Set e = Uz, s, and select a <r-to-one g € [[,c, Ya- Let D be the set

of all 8 < k such that J{g ' ({¢}) : € € e, Nran(g)} C ep for every n < 3.
Then D € NS, since for any n < &, U{g~ ' ({¢}) : € € eyNran(g)} € P.(e) =
Us<x Pleg). Pick B € DNES, and let (5; : i <w) be an increasing sequence
of ordinals cofinal in 8. Put = = |J,_,, es,. Then 2 € X, since for any i < w,
o(egy,---5€s;) € eg+1 € eg,.,. Let us show that x € A(y). Thus let o < 7
be such that y, C x. Then obviously y, C e, for some v < &, so a € e. There
must be ¢ < w such that g(a) € eg,. Then a € g7 ({g(a)}) C eg = U, €5
and consequently o € z. u

We will now see that By (x,7) follows from the existence of certain
scales.

Suppose that p is a cardinal with cf(A\) < p < K, and (A; : ¢ < p) is a one-
to-one sequence of regular infinite cardinals less than A with supremum .
Suppose further that I is a proper ideal on p such that for any cardinal
o<\ {i<p:\ <o} €l Suppose finally that f: (fo : < m)is a
<-increasing, cofinal sequence of elements of ([];, Ai, <1).

Note that if & is mildly A*-ineffable, then by Lemma 1.8 the length of f
(i.e. ) must be equal to A*.

PROPOSITION 5.5. Suppose that there is a closed unbounded subset C

of m such that every § in C'N ET is a remarkably good point for f Then
B(nt,m) holds.

Proof. Pick a bijection h: pu x A — X. For a € C, set yB = {h(i, fo(i)) :
i € u\ B} for every B € I, and put 3, = 3. For n < 7w, ®(n) asserts
that for any order-type n subset z of C, and any ¢ : z — I, there is a
<k-to-one function g in [, yﬁ(a) . Let us show by induction that ®(n)
holds for every n < k. It is immediate that @(n) holds for every n < k, and
that @(n) implies &(n + 1).

Next suppose that 7 < s is an infinite limit ordinal of cofinality less
than x with the property that @(v) holds for every v < 7. Select an in-
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creasing continuous sequence (15 : 6 < cf(n)) of ordinals with supremum 7.
Let z be an order-type 7 subset of C, and let ¢ : 2 — I. Let ((g: 5 < 1)
be the increasing enumeration of the elements of z. For 6 < cf(n), pick a
<t-to-one gs in [[ ¢, yf(a), where z5 = {a @ ¢;; < a < (., }- Then clearly,

U6<cf(n) gs is a <r-to-one function in [ ., yg(@,

Finally, suppose that 7 is a limit ordinal of cofinality s such that @(v)
holds for every v < 1. Let v be an order-type n subset of C', and let ¢ : v — [I.
Put § = sup(v). Then there is a closed unbounded subset X of ¢ with
0t.(X) = K, and Z¢g € I for £ € X such that fg(i) < fe(i) whenever
B < &arein X and i € p\ (Zg U Zg). We can assume that 0 € X. Let
(&5 1 0 < K) be the increasing enumeration of the elements of X. For o < &,
set v, = {a € v: & < a < &41}. Define ¥, : v, — I as follows. Given
o € Vg, pick W € I so that fe (i) < fa(i) < fe, ., (i) for every i € p\ W,
and set

wg(a) = ZEO— U ZEU-H Uuwu w(a)

There must be a < k-to-one function g, in Haevo yg"(a). Set g=U, <. 9o

Note that g € [],c, yﬁf(a). That g is <k-to-one is easily derived from the
following.

CLAIM. Let o € v, and § € vy, where 0 < x < k. Then g(a) # g(5).

Proof of the Claim. Suppose otherwise. Then there is i € p\ (¢ () U
1y (B)) such that f,(i) = f3(i). But clearly,

Ja(1) < fepn (1) < fe, (1) < f5(2).
This contradiction completes the proof of the Claim. m

If k is A-Shelah, then by a result of [13], f cannot be good. We will now
show that if x is mildly A*-ineffable, then f cannot be remarkably good.

LEMMA 5.6. Let C be a closed unbounded subset of w, and v be a cardinal
with 0 < v < k. Suppose that for any reqular infinite cardinal p with v <
p <k, and any 6 € CNEF, d is a remarkably good point for f Then we may
find zg € P+ () for f < m with the property that for any a € Pg(m) \ {0},
there is a <v-to-one g in Hﬁ@z 23.

Proof. Pick a bijection h: ux A — X. For g € C, put zg = {h(i, f(7)) :
i < p}. For a € P(C)\ {0} and k : @ — p, define ¥ : a — X by ¢£(5) =

h(k(B), fa(k(B))). Now for n € k\{0}, let @(n) assert that for any order-type
n subset a of C, there is F,, : a — I with the property that ¢{ is <v-to-one

for every k € [[gc, (1 \ Fu(B)).
CLAIM. D(n) holds for every n € k\ {0}.
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Proof of the Claim. We proceed by induction. Obviously, @(n) holds
whenever 0 < 1 < vT. It is also immediate that for any n € x \ {0}, &(n)
implies @(n+1). Now let € k \ v be a limit ordinal such that ¢(¢) holds
for every ¢ € n\ {0}. Fix a C C with o.t.(a) = n.

First suppose cf(n) < v. Set a = U, a;j, where 0 < o.t.(a;) < n
for each j < cf(n), and ay Na; = 0 whenever £ < j < cf(n). Now put
Fo = Ujcet(n) Fay-

Next suppose that cf(n) > v. Set § = sup(a). Since J is a remarkably
good point for f, we may find a closed unbounded subset X of § with
0.t.(X) = cf(n), and Z¢ € I for £ € X such that fg(i) < fe(i) whenever
f<&arein X and i€ p\ (ZgU Zg). Let (x; : j < cf(n)) be the increasing
enumeration of X. For j < cf(n), set v; = {f# € a : ; < B < xj11}.
For j < cf(n) and B € vj, select wg € I so that f. (i) < fg(i) < fa, ., (4)
whenever i € p1\wg. We now define F, as follows. Given j < cf(n) and § € vj,
we let Fi(8) = Fy;(B) Uwg U Zy, U Z, . Note that if v € vy and 8 € vy,
where £ < j < cf(n), then f,(i) < fg(i) for every i € p\ (Fu(vy) U Fu(5)).
This completes the proof of the claim.

Now fix a € P(C) \ {0}. Let k € [[5c, (1 \ Fu(B)). Then clearly, i €
Hﬂea zg. Moreover, 1} is <v-to-one. m

LEMMA 5.7. Let v be a cardinal with 0 < v < k, and zg € Pg(X\) for
B < AT be such that for any a € Py(AT) \ {0}, there is a <v-to-one g, in
Hﬁea z3. Then k is not mildly X" -ineffable.

Proof. Suppose otherwise. Pick a bijection h : AT x s — AT. For 8 < AT,
let (¢%(j) : j < |z5|) be a one-to-one enumeration of zg. For a € P, (A*)\{0},
define £, € HBEa 12| by ga(B) = Cﬁ(ﬁa(ﬁ))’ and fo :a = 2 by fo(§) =1
if and only if we may find 8 € a and j < |23| such that £ = h(f,j) and
0o(B) = j. There must be F : At — 2 with the property that for any
e € Po(AT) \ {0},

{a € P;(A"):eCaand f,le=Fle} € I:,M'

For 8 < At, put eg = {h(B,7) : j < |25/} U{B} and pick ag € P,(A") so
that eg C ag and fu,]ep = Fleg. Now define G € H5<A+ zg by G(B) =
by (8).

Suppose toward a contradiction that we may find v < X and d C A" with
|d| = v such that d € G~'({7}). Set e = Ugeqep and select a € Py(A™)
so that e C a and f,le = F'le. Then for each § € d, Lo, (B) = £4(B) since
fuyles = fales, and consequently g,(8) = G(8) = 7. Hence gz ({7})] > v,
which yields the desired contradiction.

Thus G is a <v-to-one function from A* to ), a contradiction. m
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PRrOPOSITION 5.8. Suppose that k is mildly )\+—ineﬁable._‘Then the set
of all § € E?,Jr such that 6 is not a remarkably good point for f is stationary
in \T for cofinally many reqular infinite cardinals p < k.

Proof. By Lemmas 5.6 and 5.7. =
We now concentrate on the case when cf(\) < k = wy.

DEFINITION. Given a cardinal v > wy, Refl*(P,, (v)) means that for any
stationary subset S of B, (v), there is a size R; subset Y of v such that
cf(0t.(Y)) =w1 CY,and SN P, (Y) is stationary in B, (V).

PROPOSITION 5.9. Suppose that k = wy, c¢f(\) = w, and By (K, AT)
holds. Then Refl*(P,,, (A\T)) fails.

Proof. Suppose otherwise. Fix a By, x(r, AT)-sequence (y, : & < AT). Set
S ={z € Pyy(A") : Ysup(z) € z}. Tt is not difficult to see that S € NS:;’M.
Hence we may find a size R; subset Y of AT such that c¢f(0.t.(Y)) =w; C Y
and SN P, (Y) is stationary in P, (Y). Pick a <w;-to-one function g €
[locy Yo, and define h : SN P, (Y) — Y by h(z) = g(sup(x)). We may
find T C SN P,,(Y) and v € Y such that T is stationary in P, (Y) and h
takes the constant value v on 7. Then clearly sup(z) € g~!({}) for every
x € T. Since |g7({v})| € Ng, there must be § € Y such that g~ ({~}) C 6,
a contradiction. m

Foreman, Magidor and Shelah [5] established that (a) under MM,
Refl*(P,, (p)) holds for every regular cardinal p > w9, and (b) if v is a super-
compact cardinal, then in VU @L.<¥) Refl*(P,, (p)) holds for every regular
cardinal p > ws. Thus it is consistent relative to a supercompact cardinal
that “By, o(w1,0™) fails for every singular cardinal o of cofinality w”.

By a result of Magidor [9] (see also [3, Remark 6.3]), it is consistent rela-
tive to infinitely many supercompact cardinals that “AP,_ 6 and
Refl*(P,, (wy+1)) both hold”. Hence it is consistent (relative to the as-
sumption above) that “there is a good scale for w, (and in fact every
scale for w,, is good), so that Ay, ., (Wi, wu+1) holds, but By, w, (w1, wwt1)
fails”. (Note that according to [2I, Claim 6.9. 6)a)], if Eov" € Iwyq1],
then By, ., (W1, w,+1) holds and in fact there is an (w1, we, Ww+1)-sequence
¥ = (Ya @ @ < wyey1) with the property that for each nonempty e in
P, (wwy1), there is a one-to-one g in [] . Y. This contradicts the con-
sistency of “AP,,, holds but By, «., (w1, we+1) fails”.)

On the other hand, Gitik and Sharon [7] proved that it is consistent
relative to a supercompact cardinal that “X\ is a strong limit cardinal of
cofinality w 4 2* > A*+ AP, fails (and in fact, as observed by Cummings
and Foreman, there is a scale for A that is not good) + VGS) + A carries a
very good scale of length A™ (and hence B, \(wi, ATT) holds)”.
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6. Co (T, )

DEFINITION. A Cy (7, 7)-sequence is a (7, A, m)-sequence § = (Yo : o <
7) with the property that for each nonempty e in Py(7), there is a <k-to-one
g e HaEe Ya-

Note that every C, (7, 7)-sequence is a By (T, 7)-sequence.

The following is readily checked.

PROPOSITION 6.1. Suppose that cf(A) < k and § = (yo : @ < 7) is a
Ci (T, m)-sequence. Then for any nonempty e in Py+(m), there is a <k-to-
one g € [ ce Ya-

DEFINITION. C, x(7,7) asserts the existence of a C,, x(7, T)-sequence.

PROPOSITION 6.2. Suppose that §¥ = (Yo : a < m) is a Cy (K, 7)-
sequence, D € NSy -, and v is a reqular cardinal with £ < v < A. Then

{rNv:xe DNA(Y)} € NS, .
Proof. Fix S € NS/t ,. Then T = {x € Px(w) : z Nv € S} lies in NS,

+
K"
Pick F': P,(m) = P.(m) with C"™ C D. Define eg € P,+(m) for f < v by

® co)—= V.

o egp1=egU{a<m:y, CegtUJF“P,(ep).

e e¢g =|J, 56y in case B is an infinite limit ordinal.

Put e = Js, e5. Note that v Cee, e = v, {a <7 :ya Ce} Ceand
F“P,(e) € P(e). Select a <k-to-one h € [],c.¥a> and let H be the set
of all z € Py(n) such that h=1({¢}) C 2 for every ¢ € zNran(h). Clearly
H € (NS} )*, so we may find z such that z € HNT NCE". It is easy to
see that zNe € CR™ N A(y). Moreover, (zNe)NveS.

COROLLARY 6.3. Suppose that C, (K, ) holds and E(NS,@A) < .
Then NS, a|A = I, z|A for some A with the property that {aNv :a € A}
€ NS;, , for every regular cardinal v with k <v < A.

Proof. By Propositions 2.2, 5.2 and 6.2. =
Let us now discuss the validity of Cy; \(k, 7). First, the positive side:

PROPOSITION 6.4. Suppose that cf(\) < k and u(A\T,7) < cov(\, \, K, 2).
Then Cy, \(k, ) holds, and in fact we may find a (k, \, 7)-sequence § = (Yq :
a < m) with the property that for any nonempty e in Py+(w), there is a
<(cf(N))T-to-one g € ], cc Ya-

Proof. By the proof of [14, Proposition 6.2]. =

PROPOSITION 6.5. Suppose that 1 = AT and there is a closed unbounded
subset C' of m such that for any regular cardinal 6 with k < 6 < X, and any
d € CNE}, 0 is a remarkably good point for f. Then C, x(k,m) holds, and
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in fact we may find a (u, A\, 7)-sequence i = (yo : a < ) with the property
that for any nonempty e in Py (7), there is a <r-to-one g in [[,c. Ya-

Proof. Proceed as in the proof of Proposition 5.5, showing this time that
&(n) holds for every n < 7. =

Now for the negative side:

PROPOSITION 6.6. Suppose that there is a mildly \*-ineffable cardinal
k' with K < K" < X. Then Cy \(k, A1) does not hold.

Proof. By Lemma 5.7. u

7. D] \(vT,m). Fix a bijection j : & X A —= A,

DEFINITION. Let v < k be an infinite cardinal, and J be a proper ideal
on v. A DI (v, m)-sequence is a (v, A, m)-sequence § = (yo : @ < m) with
the following property: there is hq : v — A for A < a < 7 such that (a) for
any nonempty e € P+ (m\ ), there is g : e — J such that h,(i) # hg(i)
whenever o < S arein e and ¢ € v\ (g(a) Ug(B)), and (b) for any a € 7\ A,
Yo = Ljalis ha() 1 < v},

It is easy to see that every D, (v, w)-sequence is a B, x (v, 7)-sequence.

DEFINITION. D,{’/\(V‘*‘, ) asserts the existence of a Di)\(y"’, )-sequence.

PROPOSITION 7.1. Suppose that § = (yo : @ < 7) is a Di/\(u*,ﬂ)—
sequence, where J is wi-complete. Then A(y) € NG, .

Proof. Let (hg : A < a < m) be as in the definition above. Define
E:(m\A) x Pi(A) = P(v) by k(o,a) = {i € v : jx(i, fa(i)) € a}, and
0 : Py(\) = P(r\A) by p(a) ={aem\X: k(a,a) € JT}.

CrLaM. |p(a)| < k for all a € P.(X).

Proof of the Claim. Suppose otherwise, and fix a € P;(\) with |¢(a)| > k.
Pick e C ¢(a) with |e| = k. There must be g : e — J such that hq (i) # hg(7)
whenever a and 3 are two distinct elements of e and i € v\ (g(«)Ug(f5)). Pick
q € [laec(k(a,a)\g(a)), and define ¢ : e = a by ¥(a) = jr(g(a), halq(e))).
Note that if «, 5 € e are such that ¥(«a) = ¥(8), then for i = q(a) = q(B),
i€v\ (g9(a) Ug(B)) and ho(i) = hg(i), and therefore « = . Thus v is
one-to-one. This contradiction completes the proof of the Claim.

We need to find a winning strategy o for II in H, \(A(7)). Consider a

run of the game where I's successive moves are sg, 1,.... We let ¢(so) =
to U o(to N A), where tg = sg, and ©(So, ..., Snt1) = tng1 U @(tnsr1 N A),
where tp11 = Spy1 Uo(so,...,Sn). Let us check that © € A(y), where z =

Un<w(s8n U a(so,...,50)) = Upewtn Thus fix a € 7\ A with y, C 2.
Then clearly v = |, ., k(a,t, N A), so we may find m < w such that
k(a,tymNA) € JT. Then o € (t, N A) € (S0, .., 8m), and hence a € z. =
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COROLLARY 7.2. Suppose that D,‘g)\(u‘*', ) holds, where J is wy-complete,

and let K C NSy » be an ideal on Py(\) with cof(K) < m. Then there is
A € NGy, such that K|A = I, 5|A.

Proof. By Lemma 1.7 and Propositions 2.2 and 7.1. =
Let us next consider some situations when Di \ (T, m) holds.

ProprosiTION 7.3 ([19, Claim 1.5 A and Remark 1.5 B (4), p. 51]).
Suppose that cf(A) < A < T < PPr,,)(A). Then for some infinite cardinal

v < Kk, and some wi-complete, proper ideal J on v, Dg)\(lj—’—, ) holds.

PROPOSITION 7.4. Let C be a closed unbounded subset of m such that for
any regular infinite cardinal @ < K, and any 6 € C N Ey, § is a remarkably
good point for f Then for any nonempty e € P+ (C), there is g : e — I
such that fo (i) < fz(i) whenever oo < 8 are in e and i € p\ (g(a) U g(5))
(and hence Dé)\(;ﬁ, ) holds).

Proof. For n € m, let ¢(n) assert that for any order-type 1 subset z of C,
there is F, : z — I with the property that f, (i) < fz(i¢) whenever v < /3 are
in zand i € p\ (F.(7)UF.(5)). Let us show by induction that &(n) holds for
every n < k. Obviously, #(0) holds. Now assuming &(n), let us prove that
&(n+ 1) holds. Thus let z C C with o.t.(z) =n+ 1. Set z =t U {a}, where
o.t.(t) = n. For v € t, pick w, € I so that f,(i) < fo(i) whenever i € p\ w,.
We define F, : z — I by F,(a) =0, and F,(y) = Fi(y) Uw, for each v € t.

Finally, suppose that 7 is an infinite limit ordinal such that () holds
for every § < n. Fix z C C with o.t.(z) = 7. Put 6 = sup(z). Since 0 is a
remarkably good point for f, we may find a closed unbounded subset X of §
with 0.t.(X) = cf(n), and Z¢ € X for £ € X such that fg(i) < fe(i) whenever
f<&arein X and i€ pu\ (ZgU Zg). Let (x; : j < cf(n)) be the increasing
enumeration of X. For j < cf(n), set v; = {a € z : z; < o < zjq1}.
For j < cf(n) and ¢ € vj, select we € I so that fi (i) < fe(i) < fu, ., (4)
whenever i € p\ we. We now define F, : z — I as follows. Given j < cf(n)
and ¢ € vj, we let

F.(¢) = F,(Q)Uw; U Z,, U Z n

Tj+1°

8. ADS,

DEFINITION. ADS), asserts the existence of a sequence (zg : § < AT)
such that (i) for any 8 < AT, z5 is an order-type cf()), cofinal subset of \,
and (i) for any § < AT, there is a g : § — X\ with the property that
(2 \ 9(B)) N (24 \ g(7)) = 0 whenever § <y < 4.

The principle ADS) was introduced by Shelah [I8, p. 440], who observed
that it automatically holds in case ) is regular (as witnessed by any sequence
(z5: B < AT) of almost disjoint subsets of X of size \).
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Suppose that cf(A\) < k and ADS) holds. Then clearly there exists
a Cea((cf(X))T, AT)-sequence which is also a Dg,)\((cf()\))ﬂ)\+)—sequence,
where J = the noncofinal ideal on cf(\).

LEMMA 8.1. Let C' be a closed unbounded subset of w. Suppose that
7 = A1, and for any regular infinite cardinal @ < X\, and any 6 € CNE}, § is
a remarkably good point for f Then for any B < 7, thereisg: CNG — I
with the property that fy(i) < f5(i) whenever v < & are in C N B and
iep\(g(y)Ug(d)).

Proof. Modify the proof of Proposition 7.4 so as to show that ®(n) holds
forevery n < 7. m

PROPOSITION 8.2. Suppose that p = cf(\), I = the noncofinal ideal on
w, T = X" and f is remarkably good. Then ADS) holds.

Proof. Select a bijection h : A x p — A. For § < 7, set tg = {h(f3(i),1) :
i<}
CramM 1. {8 € m:sup(tg) < A} € NS;.

Proof of Claim 1. Suppose otherwise. Then we may find a cardinal y < A
and a stationary subset T' of 7 such that sup(tg) < x for every g € T. Set
qg={i € p: A <x}. Then clearly, g € I. Moreover, |[{a € \; : h(a, 1) < x}|
< A fori € p\g. So we may find k € [],, Ai such that {& € A; : h(a, ) < x}
C k(i) for all i € p\ g. Then clearly fz(i) < k(i) whenever § € T and
i € p\ q. Hence, f3 <7 k for all B € T. This contradiction completes the
proof of Claim 1.

Let C be a closed unbounded subset of m such that each limit ordinal
0 in C is a remarkably good point for f By Claim 1 we may find a closed
unbounded subset D of C' with the property that sup(tz) = X for any § € D.
For € D, pick wg C tg so that o.t.(wg) = p and sup(wg) = A. Let
(dy : v < ) be the increasing enumeration of D. For v < m, put z, = wg,
and 7, = {i < p: h(fg,(i),7) € 24}

Now fix £ with 0 < £ < w. By Lemma 8.1, there is ¢ : £ — p with the
property that fy (i) < fq,(i) whenever v <n < §and i € pu\ (£(y) UL(n)).
Define g : m — X so that for any v < 7, {h(fq,(i),7) :i € ry NL(7)} € g(7).

CLAIM 2. Suppose that v <7 < &. Then (2, \ g(7)) N (2, \ g(n)) = 0.

Proof of Claim 2. Suppose otherwise. Then there must be 4 in (7 \¢(y))N
(77 \ £(n)) such that h(fq, (i),i) = h(fg,(i),i). But for this i, fy (i) < fa, (7).
This contradiction completes the proof of Claim 2.

Thus (z, : v < m) witnesses that ADSy holds. =

Suppose that cf(A) < k. Cummings, Foreman and Magidor [3] proved
that if 00} or VGS) holds, then there is a better scale for A (and hence ADS)
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holds). On the other hand, it is known [10] that ADS) fails in case there is
a cf(\)-saturated ideal on Py (A).

9. Cohen forcing. If in V, 2<% = k and P is the notion of forcing that
adds o Cohen subsets of x, where o is a cardinal greater than A<", then
by [14, Corollary 8.4], in V¥, NS{\|B = I, 5B for no B € (NS ,)* (and
hence NS, z|A = I, A|A for no A € NS:)\). Now suppose that V' = L and
cf(\) < k holds in V. We will show that if A<* Cohen subsets of x are
added to V, then in the generic extension, NS, \|A = I \|A for some A,
but NS, » = I \|B for no B.

LEMMA 9.1. Suppose that in V, 2<% = k, F is a function from \ X K
to k, and PP is the notion of forcing that adds a Cohen subset of k. Then
in VE, there exists g : k — K such that for any a € P.()\), there is a € K
with g(a) > Uscq F(0, ).

Proof. P can be identified with the set U(ﬁixf )9, For peP let B, €r
be such that dom(p) = B, x Bp. For a € P.()), let D, be, in V, the set of
all p € P such that (i) for any a € 5, there is v € 8, with p(a,vy) = 1, and
(ii) there is a € B, such that (Js, F/(0, ) < &, where £ = the least v € 3,
with p(a,y) = 1.

Now suppose that G is P-generic over V. Then clearly G N D, # ) for
all a € P;(\). In V[G], define g : kK — K by g(a) = the least v < k such that
p(a,y) =1 for some p € G. It is easy to see that for any a € P.(\), there is
a < k with g(a) > Usc, F(0, ). =

PROPOSITION 9.2. Suppose that V' satisfies GCH and in V', cf(\) < k
and ADSy holds. In V, let Q be the notion of forcing to add \* Cohen
subsets of k. Then in VY, (a) NS, \|A = I, \|A for some A € NS;)\, and
(b) NS&,\|C = I, ,\|C for no C € NS¥, (and hence NS, x = I »\|B for no
B € NS; ). ’

Proof. Q can be identified with the set of all functions ¢ such that
dom(q) € P.(AT x k) and ran(q) C 2. Let G be Q-generic over V. Any
sequence (z3 : f < A") witnessing that ADSy holds in V' will witness that
ADS), holds in V[G]. Hence in V[G], ADS) holds and since

cof (NS, ») < cof (NS,») < 2% = AT,
by Corollary 6.3 there is A € NS:A such that NS, z|A = I, | A.
Cramm. In V[G], 0, > AT.

Proof of the Claim. Suppose otherwise. Then in V|G| we may find F :
A X £ — K with the property that for any g : kK — &, there is a € P, () such
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that g(a) < Use, F(0, ) for all & € k. For X C AT, set Gx = {qg € G :
dom(q) € X x k}. There must be & < A" with F € V[G¢]. But then in
V[G¢][Gg], by Lemma 9.1 there is g : & —  such that for any a € P.()),
we may find o € £ with g(a) > (Usc, F(d, ). This contradiction completes
the proof of the Claim.

It follows from the Claim that in V[G], 9, = A" and therefore by Lemmas
1.5 and 1.6, NSY ,|C = I, ,|C for no C € NS ;. =

In the generic extension of Proposition 9.2, GCH holds below x. We now
show that it is consistent that “(a) and (b) both hold but 2% is large”.

PROPOSITION 9.3. Suppose that V, k, X and Q are as in Proposition 9.2.
In V@, let v be an infinite cardinal, and P be the notion of forcing that
adjoins v Cohen reals. Then in (VQ)F, (a) NS, \|A = I, \|A for some A,
and (b) NSy \|C = I A|C for no C € NS .

Proof. Set M = V@ and W = MF. Since P is wi-cc, by a result of [I5]
(0:)V < (95)M and (cof (NS, 1)) < (cof(NS,.1))M. Tt is easy to see that
ADS) still holds in W, so by Corollary 6.3, in W, NS, y\|A = I, |A for
some A.

Cram. (9,)" = A+,

Proof of the Claim. We already saw that (9.)" < AT. Suppose toward
a contradiction that (0,)" < A. Then in W, there is h : A\ x kK — K with
the property that for any ¢ : kK — &, there is e € P,(\) such that g(§) <
Uaee P, §) for all £ < k. There must be H : A x k — P, (k) in M such
that for every o < A and every & < k, h(a,§) € H(,§). In M, define
kE:Axk— kbyk(a,§) = H(,&). Now, let g : kK — k in M. In W, there
is e € P(\) such that g(§) < Uyee b, §) for every & < k. We may find
d € Px()\) in M with e C d. Then clearly in M, g(§) < Jqyeq k(. &) for all
¢ < k. Hence (0,)M < (0,) < .

This contradiction completes the proof of the Claim.

We can now appeal to Lemma 1.5 and conclude that NS¥ ,|C' = I, ,|C
forno C'€ NS5[ . =

Returning now to Proposition 9.2, let us make the extra assumption that
in V, A < k1. Then in V@, by Proposition 5.4 and (the proof of) Propo-
sition 9.2 we may find A € NGJr)\ such that NS, z|A = I, z|A. Moreover
by [1I, Corollary 4.4 and Proposition 4.6], there is D € NG* % such that
NG, \ = NS a|D. Hence NGy A\|T = NS, AT = I:\|T, where T = AN D.
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