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Vector bundles over Dold manifolds
by

R. E. Stong (Charlottesville, VA)

Abstract. This paper determines the possible Stiefel-Whitney classes for vector
bundles over Dold manifolds.

1. Introduction. The Dold manifolds
S™ x CP"
—1 x (conjugation)

P(m,n) =

were introduced by Dold [2] in order to find odd-dimensional generators for
the unoriented cobordism ring. They are finite-dimensional approximations
to the classifying space BOy = P(00, 00) for real 2-plane bundles.

The objective of this paper is to determine the possible Stiefel-Whitney
classes of the vector bundles over P(m,n). Knowing these classes is cru-
cial for cobordism calculations involving the Dold manifolds; particularly in
studying involutions for which some fixed component is a Dold manifold.

The mod 2 cohomology of the Dold manifold is given by

H*(P(m,n); Zy) = Zslc,d]/(c™ ! = d" ! =0),

where ¢ € HY(P(m,n); Z2) and d € H?(P(m,n); Z). The action of the
Steenrod algebra is completely determined by knowing that Sq'd = ed.
Over P(m,n) one has a real line bundle ¢ with w(¢) = 1 + ¢ and a real
2-plane bundle n with w(n) = 14 ¢+ d. Thus, there are vector bundles over
P(m,n) with Stiefel-Whitney classes of the form (1 + ¢)%(1 4+ ¢+ d)°.

The KO-theory of P(m,n) was determined by Fujii and Yasui [3] and
by Ucci. (Ucci’s paper [4] gives a very partial description and promises the
complete calculation, but as far as I know that has never appeared.) The
description of KO(P(m,n)) is quite complicated, and does not describe the
Stiefel-Whitney classes.

The main result of this paper is
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PROPOSITION. There are wvector bundles over P(m,n) with Stiefel-
Whitney classes

() 1+c+(d+c?), form=2,n>1,

(2) (1+c+ (d+c?))?, form=4 or 5, n > 2,

B) (I+c+(d+e2)(1+c+d)+cb for m=6,n>1, and

(4) 1+ 2d3, for m=2,n=3.
The Stiefel-Whitney class of every vector bundle is a product of these classes
and the classes 1 +c and 1+ c+d.

NoOTES. (1) The squares of each of these classes are of the form (1+c+d)?,
so at most a single factor of each of these is needed.

(2) For m = 2 and n = 3, there are two classes in the list. In all other
cases, there is only one exotic class.

2. The bundles. From the Wu formulae

(2 . .
; —i—1+4+t
qu w; = ; (j ! . + )wi_twj+t for ¢ <j
for Steenrod operations on Stiefel-Whitney classes, it follows that for any
vector bundle £ there is an s with

w(€) =1+ was(§) + terms of larger dimension,

and that _
Sq was () =0 for 0 <i <2571

If one has two vector bundles &, £’ with
wl@)=14+ws:(§)+..., wl)=14wes(&)+...,
then for the Whitney sum
w(€® &) =w(é) wE) =1+ (w2 (&) + w2 (£)) + ...
Over P(m,n) one has vector bundles ¢ and n — ¢ with

l+c+d

=14+d+cd+cPd+...,
1+c¢

wl)=14¢, wn—-4¥) =
and for each s,
w2 ) =1+c¢, w2 n-0)=1+d" +...

If £ is a vector bundle over P(m,n) with w(§) not of the form
(1 +¢)*(1 4 ¢ + d)?, then by adding copies of £ and 1 — £ to &, one may
suppose
w(&) =1+ was(€) + higher terms,

with 2° > 4 where ws-(§) is a nonzero sum of terms 2d% T 1 with 0 <
< 2571 21 <m, 257! — i < n. The fact that 2° > 4 is immediate since one
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may cancel ¢ and both ¢? and d in dimensions 1 and 2. (Note that any vector
bundle with Stiefel-Whitney class of this form cannot have Stiefel-Whitney
class of the form (1 + ¢)%(1 +c+d)b.)

If one writes

was (§) = Zaiczidzkl_i 0<i< 28_1, 2t < m, 9s—1 _ <n),
then
0= Sql Was (f) = Zaiczi(QS_l . i)cdgsfl_i _ Z’L'Oéic2i+1d237l_i'

First, suppose m is odd. In this case, 2¢ < m implies 2i + 1 < m so
Sq' was(€) = 0 forces all nonzero terms in was(€) to have i even. Thus
was (§) = Zagjc4jd2kl_2j. If n is odd, then wa: (&) # 0 implies wq=(§) # 0
in P(m,n—1), since the powers of d occurring are even, so one may suppose
n is even.

For m = 1, 3, or 7 mod 8, Fujii and Yasui [3, Theorem 5] show that
KO(P(m,n)) with n even is generated by ¢ and the tensor powers of 7.
Now, for tensor powers one has

wl@l)=1, wlen) =01+c)?+c(l+ec)+d=1+c+d,
and writing (1 + c+d) = (14 z)(1 + y) with the splitting principle,
wnon) =((1+z)2+c(l+z)+d)((1+y)*+c(l+y)+d)
=(1+c+(d+cz+a))A+c+ (d+cy+y?)
=1+’ +(1+e)(d+ecx+a°+d+cy+y?)
+{d® + d(cx + 2* + cy + y¥*) + 2y(c + z)(c + y)}
=1+ + (1 +o)(clz+y) + (z+y)?)
+{d? +d(c(z +y) + (z+y)*) + 2y(® + c(z +y) + 2y)}
=1+ +1+0)(E+AD+{P+dE+A)+d(P+ P +d)}
=1+c?
= (1+¢),

and the tensor powers contribute no additional Stiefel-Whitney classes.
Thus, every vector bundle has class of the form (1 + ¢)%(1 + ¢ + d)°, for
m =1,3,7 mod 8.

For m = 5 mod 8, Fujii and Yasui [3, Theorem 5| show that the re-
striction homomorphism KO(P(m,n)) «— KO(P(m,n’)) is always epic for
n < n’. Hence, a nonstandard bundle must occur for all n’ > n. If was (§) # 0,
restricting to P(m — 2,n) must send wss (£) to zero (for m — 2 = 3 mod 8),
and so one has

Was () = Cm71d25—17(m71)/2'
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Letting m = 8u + 5 gives

s—1__
Was = 68u+4d2 (4u+2)7

and
Sqwzs (5) — C8u+4dgs_1,(4u+2)(1 +oeo+ d)25_17(4u+2)
— C8u+4d25*1_(4u+2)(1 +d)2571_(4u+2)

since ¢+ annihilates ¢?. Now 257! — (4u +2) > 0, 50 257! > 2,50 2° "1 is
divisible by 4, so
Sq* wye (€) = Bt M £,

(Note: n is large.) Since Sq“wq-(£) = 0 for 0 < i < 257!, one must have
251 < 4, forcing 2°~! = 4, and as 2°! is greater than 4u + 2, one must
have u = 0. Thus, if a bundle with exotic Stiefel-Whitney class occurs for
m =5 mod 8, one has m = 5, 2° = 8, and wg(§) = c*d? (and n > 2, clearly).

Now suppose m is even. The restriction of £ to P(m — 1,n) must be
standard or m = 6, 2° = §, so
cmd2s T -m/2

woe(§) = {a66d+ cAd?>  ifm=6,2°=8.

For m = 6, 2° = 8, 0 = Sq® ws(€) = ac®d® + ¢*(c2d?) = (o + 1)c®d?, which
forces o = 1.

Now suppose wa:(§) = cmd257l_m/2, 2571 —m/2 > 0, s0 2° > m and
n>25"1—m/2.

For m = Omod4, 2°°' — m/2 is even and one may restrict to
P(m,2°7 — m/2) with we:(£) # 0. For m = 0 mod 8, Fujii and Yasui
[3] show that KO(P(m,n)) with n even has generators ¢ and the tensor
powers of 7, so every bundle has class of the form (1 + ¢)%(1 + ¢ + d)°. For
m = 4 mod 8, the restriction KO(P(m,n)) «— KO(P(m,n’)) with n and
n’ even and n’ > n is epic, so the exotic bundle would exist for all n. For
m = 8u-+4, wys = Sutdg2 T —4u=2 5nq 95—1 5 44,42 implies 2571 > 4 and
25~1 is divisible by 4. Taking n large, we get

St wae (€) = Sqi (B2 A=) = Surge T e L

from which 2571 < 4. Thus 25! =4 and 4 > 25~ > 4u + 2 forces u = 0.
Thus, if a bundle with exotic Stiefel-Whitney class occurs for m = 0 mod 4,
one has m = 4, 2° = 8, and wg(£) = ¢*d? (and n > 2, clearly).

For m = 6 mod 8, the restriction KO(P(m,n)) «— KO(P(m,n’)) is
epic for all n’ > n. Let m = 8u+ 6, n > 2571 — 4u — 3. Then wos(§) =

s—1 .
08u+6 d2 —4u—3 gives

Sq? wae (&) = But6g2° T —du—2 £0,
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which is a contradiction unless 2° <4 and 2>2°"1 > 44 +3. Thus, the bundle
cannot extend to P(m, 21 — 4u — 2) to have was (£) = SuF642° ' —4u=3,
Thus, m = 6, n = 1, and 2° = 8 with wg(¢) = c®d, extending to m = 6,
n = 2 to have wg(¢) = cbd + c*d?.

For m = 2 mod 8, let m = 8u + 2 and wa:(§) = But2q2 T —u—l iy
2570 >4y 4+ 1. If n > 2571 — 4u — 1, then

Sq2 Was (5) — 68u+2d25_174u 7£ 0’

and so 2° < 4, giving 2 > 257! > 4u+ 1,50 u = 0 and m = 2. Fo
m = 2, 25 = 4 and wy(§) = c*d one finds by Fujii and Yasui [3] tha
KO(P(2,1)) «— KO(P(2,2)) is epic (2r + 1 = 1 implies r even) and
then KO(P(2,2)) «— KO(P(2,2r)) is epic for all = > 1. Hence, there
would be bundles for all n > 1. For 2° > 8, wy:(§) = Sut2g2" T —du—1
KO(P(8u+2,2°" ! —4u—1)) has 2r+1 = 251 —4u—1 = 3 mod 4 so r is odd.
By Fujii and Yasui [3] there is a stable bundle o' in KO(P(8u + 2,2r + 1))
for which 2¢’ is in the image of KO(P(8u + 2,2r + 2)), but ¢’ is not.
Thus one has

Fact. If € is a vector bundle over P(m,n) with w(§) = 1 + was(&)+
higher terms and not of the form (1 + ¢)*(1+ ¢+ d)°, then:

(1) w4(§) = c%d in P(2,n) with n > 1,

(2) was (&) = But2g2” —4u=1 iy P(8u + 2,251 —du —1); 25 > 8,

(3) ws(¢) = c*d? in P(4,n) or P(5,n) with n > 2, or

Sd in P(6,1),

(4) ws(€) = {06d+ ctd?> in P(6,n) with n > 2.

Now P(2,1) and P(6,1) have dimension 4 and 8 so admit degree one

maps to S* and S8. For k = 4 and 8, there is a vector bundle p over S*¥ with
wi(0) # 0. Pulling the bundle g back, one obtains vector bundles with

w(é)=1+c*d in P(2,1) and w(¢) =1+c% in P(6,1).

Using the epimorphisms in KO-theory as indicated above, the bundles for
the cases (1) and (4) exist for all n values. Restricting the bundles for P(6,n),
n > 2, to P(4,n) and P(5,n) gives the bundles of case (3) for all n.

Also, P(2,3) has dimension 8, and pulling back the bundle ¢ from S®
gives a bundle with

+ =

g

w(€) =14 c%d®  in P(2,3),
which is an example for case (2). All other possibilities in case (2) have

2% > 16, for 2° = 8 > 8u + 2 forces u = 0.

3. The classes. From the previous calculations one knows that for cer-
tain P(m,n) there is a vector bundle & over P(m,n) for which w(§) =
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1+ was (&) + higher terms, with wags (£) being known. One wants to know the
complete class w(&) for some such bundle.

For case (2), P(8u + 2,2°7! — 4y — 1) with 2% > 8, it is clear that
w(&) = 14 was (&) since the dimension of the manifold is 2%, and all higher
terms must be zero.

The main tool is the Wu formula

i —1—14t . .
Sq'w; = E <J ; )wi_tij fori < j
t=0

j— 1
= (‘7 , )wiﬂ- + decomposable terms,
i
and in particular,

qu Wot = <

2t

)’(U2t+i + decomposables = wst ; + decomposables.

First, consider m = 2. Let £ be a bundle over P(2,n) with n large having
w(€) = 1+ c*d + higher terms. Then

Sq(c?d) = *(1+¢)?d(1 + ¢+ d) = 2d(1 + d)
gives
w(€) =1+ c*d + ¢*d? + terms of dimension > 8.
Inductively, suppose one has found £ with
w(€) = 1+c2d+cPd* +.. . +2d"+.. +¢%d® ~? +terms of dimension > 2011,

with ¢ > 2. One then has w1 (€) = ac?d? ~* + Bd?" and if 3 # 0 one may
add to £ a bundle with class

t

1 d\?

<L> —14d¥ £
1+e¢

to obtain a bundle with 8 = 0, so may suppose 3 = 0.

Letting &’ be the restriction of £ to P(1,n), one has w;(¢’) = 0 for
0 <i <2 sow;(¢) =0 for i < 2172 Thus on P(2,n) every class w; (&)
is divisible by ¢? for 0 < i < 2!*2, and every product of two such classes is
zero (i.e., decomposables are zero).

Then

Sq(wae+1(€)) = wae1 (&) + war+1 11 (&) + ... + warr2_1(§) + U}gu-z €3
is
Sq(ac?d® 1) = acd” (1 +c+d)* !
= add® 1+ d)? T = oA T AP L PdT 2
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Then
2ttl _ 3

Sq* (w1 _5(€)) = ( 4

)’(U2t+1+2 = w2t+1+2
is
Sq4(C2d2t_2) _ C2d2t
giving a = 1. This completes the induction.
Hence, there is a £ over P(2,n) with

2d c2d
=14+Pd+3L+... .+ +...=1 ¢ =14+ —"
w(€) =1+ cEd+Ad® + ...+ Ad" + S el B e

Then

d

w(€) - (1+e)’(l+c+d) =1+ —>(1+62)(1+c+d)

l4+c+d

l+c+d

62

1+ —5
T 1+c+d>( tetd

2d
= <1+c2+ 67>(1+c+d)
1
giving a bundle with Stiefel-Whitney class 1+ c+ (d + ¢?), as in the propo-
sition.

COMMENT. There is a 2-plane bundle over P(2,00) with w(§) = 1 +
¢+ (d+ c?). For two 2-plane bundles &; and & over the space X with the
same first Stiefel-Whitney class, i.e., with w(§;) = 1 + =z + w2(&;), there
is a tensor product which is again a 2-plane bundle with w({; ® &) =
14 2+ (wa(&1) + w2(&2)). This bundle can be obtained by a map

S x CP* x CP®> S x CP*>
—
—1 x (conj) x (conj)  —1 x (conj)’

where conj = conjugation and the map from CP> x CP* to CP*> sends
([2i], [w;]) to the point with homogeneous coordinates [z;w;], or equivalently
from a homomorphism from

{(91792) € Oy x Oq ’ detg; = deth} — Os.

The tensor product of the tangent bundle of RP? pulled back to P(2,n) has
w(t) = (1 +¢)® = 14 c+ ¢? and the bundle n has w(n) = 1 + ¢+ d, so
w(tT®@n)=1+c+ (d+c?).

For m = 4 or 5 the argument is almost identical with the argument for
m = 2. If £ is a bundle over P(m,n) with n large having w(¢) = 1+ ¢*d? +
higher terms, then

w(€) =1+ *d? + ¢*d* + terms of dimension > 16.
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Inductively, suppose one has found £ with
w(é) =1+ P +ctd +. . 4+t d®+. . 4c*d? ~* +terms of dimension > 207!

and ¢ > 3. One then has wge+1(§) = actd? =2 4 Bd® ! + ’yd2t, and by
adding a bundle with class

215
<£iﬁiﬁ) —1+d +...

1+c¢
may suppose v = 0.

If ¢ is the restriction of £ to P(3,n) one has w(¢') =1+ Be2d® 1+ ...
and hence # = 0, for there is no bundle over P(3,n) having this form with
B # 0. Then w;(¢') = 0 for 0 < i < 2+2 and every class w;(§) is divisible
by ¢* for 0 < i < 2!*2. The product of any two such classes is then zero.

Beyond this point, the argument is identical with the case m = 2, and
one obtains a bundle ¢ with w(§) = (1 + ¢+ (d + ¢2))2.

Now consider m = 6 and let £ be a bundle over P(6,n) with n large
having w(¢) = 1+ (c®d + ¢*d?) + higher terms. If ¢’ is the restriction of
¢ to P(5,n), then w(¢’) = 1+ ¢*d® + ..., and multiplying by a power of
(1 4+ c+d)(1+¢)), one may suppose that w(¢') = 1+ c*d? + ctd* +... +
cAd?r o+

Thus

w(&) =1+ (c%d + c*d®) + c*d* + *d® + ... + terms divisible by 5,

and all decomposable classes are zero.
Now

Sa(ws(€)) = Sq(c®d + ¢*d?) = Sd(1 + ¢+ d) + c*(1 4 ¢)*d*(1 + ¢ + d)?
= c%d(1 +d) + c*d*(1 + & + d°) = (®d + ¢*d?) + c*d*,
and
w(&) =1+ (%d + *d®) + *d* + (ac®d® + ¢*d®) + higher terms.
Inductively, one assumes
w(§) =1+ Z a4 Z Ad? (Ozc()’dﬁ*3 + c4d2t*2) + higher terms
w2t+‘1‘ (€)

where the initial sums are the terms of dimension less than 2¢*!, and ¢ > 3.
t
Then wyit1_5(€) = ¢*d? =% and

20+ — 3 4
War+142(§) = ( 4 )w2t+1+2(f) = 5q" (war+12(§))

_ Sq4(c4d2t’4) = *Sq* 42t — 04(C4d2f74) =0,
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with
warr142(§) = 8% (war (€)) = Sq?(ac’d® =3 + c*d* 72)
— ac® qu d2‘—3 +ct qu d2‘—2 _ acsdzf—2 +c4(02d2t_2)
= (a+ 1)ch2t_2,

soa =1.
Then

Sq(war1 (§)) = Sa(c®d® ~* + c'd* 72)
=S 31 +d)> P A1+ 21+ e+ d)¥ 2
_ CGth*?’(l+d)(1+d)2t4+c4d2t72(1—1—02+d2)(1+d)2t74
_ {CGdzf—3+cﬁd2t—2 +c4d2t_2+06d2t_2+c4d2t}(1+d)2t_4
_ 66d2t74+1(1 —|—d)2t74 —|—c4d2t72(1 +d)2t74,

completing the induction up to the next power of 2.

Thus
Sd Ad?
=1 .
w(€) Tarar T arae
Now
6d cAd? ct Sd
d+o)ti=14+ct4 -5 -1
W@ -t =1+ + g gz - Y arar T U an
and
w1+ o)1 +ec+d)?=(1+c+d)?
ct Sd(1+ d)?
+m{(1+d)2+02}+ﬁ
6 6
B 9 4 c c’d
=(1+4+c+d)*+c +(1+d)2+ 1+ d)2
6
-1 2\\2 c
(I+c+ (d+¢%)) +1+d’
and

w@(1+e) 1 +c+d’ =1+c+(d+P)(L+c+d) +c°,
giving the existence of a bundle with class (1+c+ (d+¢?))?(1+c+d) + 5,

as in the proposition.

COMMENT. The classes of the unusual bundles over P(4,n) and P(5,n)
or P(6,n) look like the classes of 4-plane or 6-plane bundles. It would be
interesting to know if these are the classes of such bundles.
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4. The nonbundles. To complete the proof of the Proposition, one
needs to show that there can be no bundle over P(8u + 2,2571 — 4y — 1)

with 2¢ > 16 for which w(£) = 1 + ¢Sut2q2" ' —du=1,
Letting m = 8u + 2 and n = 257! — 44 — 1 with 2% > 16, Fujii and
Yasui [3] show that the homomorphism

KO(P(m,n)) <« KO(P(m,n+ 1)) ® KO(P(m,n)/P(m,n — 1))

is epic. From our calculations every vector bundle over P(m,n + 1) has
Stiefel-Whitney class of the form

(14 ¢)*(1+c+d)° if u > 0,
(14+c)(l+c+d)’(1+c+(d+c?) ifu=0;¢=0orl.

To complete the proof, it then suffices to show

FAactT. For every vector bundle o over P(m,n)/P(m,n — 1) one has
w(e) = 1.

The space P(m,n)/P(m,n — 1) can be described in several ways. On
P(m,n) = 8™ x CP™/(—1 x conjugation) one has the involution induced
by 1 x T where

T([20, 21+ 2n]) = [—20, 215+ - 2n]-

This involution fixes RP™ = S™ x CP°/(—1 x conjugation) and P(m,n—1),
and P(m,n)/P(m,n — 1) = T(v) is the Thom space of the normal bundle
of RP™ in P(m,n). The normal bundle of CP° in CP" is C" with
the involution conjugation, so the normal bundle of RP™ in P(m,n) is
(8™ x C™)/(—1 x conjugation) and v = nf+n where ¢ is the nontrivial line
bundle over RP™. Thus T(v) = T(nl + n) = X"T(nf) is the n-fold sus-
pension of the Thom space of nf over RP™. On RP™*", one has the linear
involution which is —1 in m 4+ 1 variables that fixes RP™, with normal bun-
dle n¢, and RP"~!, with normal bundle m¢, and RP™*"/RP"~1 = T(nf)
is the Thom space of the normal bundle of RP™ in RP™*". Thus

P(m,n) RPm+”>

Pinn—1)  ~ Lnh)=2% (RP"l

Now, Atiyah and Hirzebruch [1] show that every vector bundle over a
9-fold suspension has trivial Stiefel-Whitney class; i.e., w(p¢) = 1 for n > 9.

Since n = 2°7! —4u — 1 > 0 is congruent to 3 mod 4, one is reduced to
considering n =3 and n = 17.

For the inclusion

RPm—1+n Rpm—l—n
M —— xn
() == (5
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with m = 8u + 2 and n = 2r + 1, with r odd, Fujii and Yasui [3] give

o . RPm—1+n o . ]Rpm—i—n
o= (gper ) )= () )
I
0 Z

from which it follows that every bundle over X" (RP™+" /RP"~1) actually
comes from

= <R71§3]:::711> = ZH(SmH) = 5 = 5

Since every bundle over 52" with 25 > 16 has trivial Stiefel-Whitney class
(again [1]), one obtains w(g) = 1 as was asserted.
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