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Multifractal analysis for Birkhoff averages on
Lalley—Gatzouras repellers

by

Henry W. J. Reeve (Bristol)

Abstract. We consider the multifractal analysis for Birkhoff averages of continuous
potentials on a class of non-conformal repellers corresponding to the self-affine limit sets
studied by Lalley and Gatzouras. A conditional variational principle is given for the Haus-
dorff dimension of the set of points for which the Birkhoff averages converge to a given
value. This extends a result of Barral and Mensi to certain non-conformal maps with a
measure dependent Lyapunov exponent.

1. Introduction and statement of results. In this paper we consider
the multifractal analysis of Birkhoff averages. Let A be a repeller for a planar
map T : R? — R2. Given a continuous potential ¢ : A — R and a € R we
are interested in the set of those points in the repeller for which the Birkhoff
average converges to a:

Aiﬁz{xezi:hm1§f¢ﬂ%@ﬂ):a}.

In particular we would like to understand how the Hausdorff dimension
dimy of A% varies as a function of «,

(1.1) a v dimy A2,

When T is conformal and hyperbolic the function o + dimgy AF is well
understood (see Pesin and Weiss [17], Fan, Feng and Wu [7], Barreira and
Saussol [4] and Olsen [I5] for increasingly general results). However, in the
non-conformal setting much less is known. Jordan and Simon [I0] gave a
variational formula for dimy Af for typical members of families of piecewise
diagonal maps. Barral and Mensi [3] and Barral and Feng [2] give a precise
formula for dimy, A% in the setting of Bedford [5] and McMullen [13].
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We shall prove a conditional variational principle for dimy Af for a more
general class of piecewise affine maps T : R? — R? with repellers A corre-
sponding to the self-affine limit sets studied by Lalley and Gatzouras in [11].

DEFINITION 1.1 (Lalley-Gatzouras systems). Suppose we have some in-
dex set D ={(i,j): 1 <i<pand 1l <j<m;} and for each (i,5) € D we
define an affine contraction of the form

Sij(z) = (aij O)x + (ci]) for 2 € [0, 1]?
0 b d;

where a;;, b;, ¢;j, d; are fixed members of [0,1], with b; and d; depending
only on i. Suppose that for each (i,j) € D we have 0 < a;; < b; < 1. We
stipulate that 0 < dy < dp < --- < d, < 1withd;y1—d; > b; and by+d, < 1,
and for each 4, 0 < ¢j1 < o < -+ < iy, < 1 with Ci(j+1) — Cij = Qij and
Qim; + Cim; < 1. We shall refer to a family of affine maps (Si;)(; j)ep, formed
in this way, as a Lalley—Gatzouras system.

A representation of a Lalley-Gatzouras system (left) and the corresponding limit set
(right)

Let ¥ := DN and %, := {1,...,p}" be full shift spaces with corre-
sponding left shift operators denoted by ¢ : ¥ — XY and o, : X, — X,
respectively. Given w € X and n € N we let wjn € D denote the fi-
nite string consisting of the first n terms of w. We define 7 : Y — X,
by ™ : ((inyJn))nen — (in)nen. Given n € N we let Myn(X) denote the
set of Borel probability measures supported on Y which are invariant un-
der o", and B,n(X) the set of Bernoulli measures with respect to o".
Similarly, we let Mgyn(X,) denote the set of oy-invariant measures, and
Born(X,) the set of o-Bernoulli measures. Note that if 4 € Myn(X) then
m(p) == pomt € Mon(Xy) and if p € Byn(X) then w(n) € Bon(X).
Given n € N and p € Myn(X) we define the corresponding Lyapunov ex-
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ponents by
AMp,o") = — S log(ay, -+ ay,) du(w),

A (H, Jn) = S log(bh Tt bln) d,u(w)

We also let h(u,0™) denote the Kolmogorov—Sinai entropy of p with
respect to o™, and hY(u,o™) the Kolmogorov—Sinai entropy of 7(u) with
respect to o).

Given n € N and p1 € Myn(X) we define

h(w,o™) < 1 1 )
Diy () = + - h®(u, a");
D R CE D BT ) Ak
cf. Ledrappier and Young [12, Corollary D]. We write D1 (1) as Dry (u).

Let C(X) denote the set of continuous potentials ¢ : X' — R. Given
p € C(X) and a € R we let

n—1
Yo .= {w € X: lim %Zg@(al(w)) = a}.
=0
Let
Omin () = inf {S‘Pdﬂ pE MU(Z)},

Omax () == sup{Sgod,u T E MU(E)}.

It is easy to check that [amin(¢), dmax(p)] = {a € R: X§ # 0} (apply [18,
Theorems 1.14 and 6.9]). Given a potential ¢ : X — R, we define for each
k € N the kth average potential Ax(p) : ¥ — R by A(p) = k! Zf;ol poo!
and the k-variance varg ¢ := sup{|p(w) — o(7)| :wy =7 for I =1,...,k}.

Let x" : [0,1]2> — [0, 1] denote the horizontal projection (z1,z2) +— w71,
and xV : [0,1]> — [0,1] the vertical projection (x1,x2) — x3. For each
(i,7) € D we let f;; denote the affine map = — a;;x + ¢;; and g; denote the
affine map = — b;z+d;. It follows that f;; oxh = XhoSij and gjox’ = xV0S;;.

Given a finite string n = n1---n, € D" we let S, := Sy, 0o--- 05,
and f, := fy, oo fy,. Similarly, given ¢ = (1--- ¢, € {1,...,p}" we let
g¢ i=g¢, © -+ 0 g¢,- There is a natural projection I : X — R? given by

II(w) == lim S,,,([0,1]?).
n—oo

Define A := II(Y) and for each p € C(X) and o € R let AZ := II(X7). Note
that A is the unique non-empty compact set satisfying A = U(i, 7)ep Sij (A).
It was shown by Lalley and Gatzouras in [11] that
THEOREM 1.1 (Lalley and Gatzouras, 1992).
dimy A = sup{Dpry (1) : p € B5(X)}.
The central purpose of this paper is to prove Theorem
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THEOREM 1. Suppose ¢ € C(X). Then for all a € [min(®), ¥max(¥)]
we have

dimy AY = sup{DLy(,u) tpE Mg (X)), Sgod,u = a}.
In particular o — dimy A% is continuous on [amin (), max(©)]-

Corresponding to each Lalley-Gatzouras IFS satisfying S, ([0,1]2) N
Sinin([0,1]%) = @ for (i1, j1) # (i2,j2) € D there is an associated piecewise
affine planar map 7 : R?> — RZ?. It is the unique orientation preserving
piecewise affine map which sends each rectangle R;; := [cij,cij + aij] X
[d;, d; + b;] to [0,1]% and leaves the rest of the plane fixed. The set

A= {xERz:T”(:):) € U R;; foralanO}
(4,J)€D
is a repeller for T, known as a Lalley—Gatzouras repeller. The dynamical
interest in Theorem [1I] is that it allows us to give the multifractal analysis
for Birkhoff averages (see above) for maps T : R? — R? of this form.

Note that the special case of Theorem [I] in which each of the maps
Si; is a similarity may be deduced from Olsen [I5, Theorem 1]. Moreover,
the special case in which there exist constants a,b for which a;; = a and
b = b for all (i,j) € D was solved by Barral and Mensi in [3] using a
weighted version of the thermodynamic formalism. However, when we are
in the non-conformal setting with measure dependent Lyapunov exponents,
the thermodynamic formalism does not apply and a different approach is
required. For the lower bound, we combine ideas from Lalley and Gatzouras
[11] and Gelfert and Rams [§]. For the upper bound, we begin by adapting
a technique from Barariski [I] to prove the result for locally constant poten-
tials before applying an approximation argument to obtain the result in full
generality.

The paper is structured as follows. In Section [2] we recall the notion of an
approximate square, demonstrating how they may be used to give dimension
estimates for projections of subsets of the symbolic space. In Section [3| we
prove the lower bound and in Section [4] we prove the upper bound. We
conclude with some remarks and an open question.

2. Dimension lemmas. An estimate for Hausdorff dimension is ob-
tained by finding optimal coverings. In the conformal setting it ordinarily
suffices to consider families of projections of cylinder sets. However, in the
non-conformal setting the geometric distortion resulting from a difference in
expansion between the strong and the weak unstable foliation means that
coverings of this form will be highly non-optimal. Instead we follow Mc-
Mullen [I3] and Lalley and Gatzouras [11] in using approximate squares for
this purpose.
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For each w € X and n € N we define

n

l
L,(w):= min{l >1: Ha’iujl/ < Hb“}'
v=1

= v=1

Note that this implies
Ly (w)
[L2 i

2.1 min < ———— < 1.
21) [1—1 b
Given (wy)l_q = ((iy,4v))5—q € D" we let

[wi-wp] i ={ €X:w, =w, forv=1,...,n},

[iy - ip) i={w € X i, =4, forv=1,...,n}.

Given w = ((iy,J,))52, € X we let By(w) denote the nth approximate
symbolic square,

Bp(w) = [w1 - wp, @] Mo @ ip o1 i),
We let A, (w) denote the approximate square corresponding to By, (w), de-
fined by

An(W) = folLn(w) ([0, 1]) X g3n ([0, 1]).

Note that for each w € X and n € N, II(B,(w)) € A,(w) and for all
W' ¢ Bp(w), int(A,(w)) Nint(A, (W) = 0.

We say that the digit set D is two-dimensional if there are (i1, j1), (i2, j2)
€ D with i1 = iy and j; # jo and there are (i3, j3), (i4, js) € D with iz # i4.
Define, for each d € D,

R (w) := min{l > n:w =d} —n,
Ry (w) := max{R%(w) : d € D}.

LEMMA 2.1. Let ji be a finite Borel measure on X and v := po II™! the

corresponding projection on A.
(i) Suppose D is two-dimensional. Then for all x = II(w) € A with
lim,, oo Rp(w)/n =0,
1 B 1 B
lim inf log v(B(z, 7)) > lim inf 10g j1(Bn(w))

r—0 log r n—oo log[[)_; by
(ii) For allx = II(w) € A,
lim inf w < liminf w.
r—0 log r n—oo log[[)_; by
Proof. By Lipschitz equivalence it suffices to prove the lemma with re-
spect to the maximum norm on R2.
To prove (i) we first suppose that D is two-dimensional and fix « =
I (w) € A with lim,, o Ry(w)/n = 0. Now the horizontal projection x"(z)
is contained within waLn(w)+RLn(w>(w)([O7 1]). Since D is two-dimensional,
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there exist d; = (i1,71) € D and dy = (ig,j2) € D such that iy = iy and
J1 # j2 and without loss of generality we may suppose that fg, (1) < fq,(0).
By the definition of R, (w) both d; and dy occur within the finite string
N0 °= Wy ()41 Who(w)+Re, ()" Now let m; be the string ng but with an
extra occurrence of dj in place of the first occurrence of do and similarly let
12 be 19 but with an extra occurrence of dy in place of the first occurrence
of di. Now consider the three intervals

fw|Ln(w) Ofnl([()? 1])7 fw\Ln(w) Ofno([o 1]) fw|L" Ofm([oa 1])

. . » Ry, () (W)+1
Each is of width at least Hfl(lw) i, j, X amﬁ?( i > [T, b, x a )

and is contained within the interval f, 1, ()([0,1]). Since the three inter-
vals have disjoint interiors and x”(z) is contained within the middle one,

it follows that x"(z) is at least [[l_, bi, X afifg(“’)(w)ﬂ away from both
the left and the right end points of f|1,(.)([0,1]). Similarly using the ex-
istence of (i3, js), (i4,74) € D with i3 # i4 we may show that x"(z) is at
least [[_; b;, X afn @ away from both the left and the right end points of

min

gi|n([07 1]) Thus we have

( ( Hb maX{RLn<w)( )+17Rn(w)})> C Ap(w).

If we let n, := max{n € N : [[_; b;, E?S{RL"(“)(W)H’R’I(W)} > r} then

max{R ) (@), Ryt (w 2
O~Y(B(z,r)) C By, (w) whilst T[], b;, x a, { Lap 1@ @1 (@)2

Hence,
logv(B(z,7)) > log 1(Bp, (w))
logr log [T, bi, + max{RLn (@) (W) R 1(w)} + 2log Gmin

Since limy, oo Rp(w)/n = 0 and liminf, o Ly(w)/n > 0, (i) follows.

For (ii) we begin by fixing + = II(w) € A. For each n € N the im-
age II(B,(w)) contains = and has diameter not exceeding [[}_; b;,. Thus
II(By(w)) € B(x,[],—; bi,) and hence

logv(B(x, [T, i) _ log p(Bn(w))
log [T)—1 bi, = log][i_q i,
Letting n — oo proves the lemma. =

Recall the following results from geometric measure theory.
LEMMA 2.2. Let v be a finite Borel measure on some metric space X.
(i) Suppose J C X with v(J) > 0 is such that for all x € J,

liminf logv(B(z,7)) v(B(z,r))
r—0 logr

>d.

Then dimy J > d.
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(ii) Suppose J C X is such that for all z € J,

lim inf log v(B(x,r))

<d.
r—0 log r -

Then dimy J < d.
Proof. See [0, Proposition 2.2]. =
LEMMA 2.3. Let i be a finite Borel measure on X.

(i) Suppose D is two-dimensional and S C X with pu(S) > 0 is such that
forallw e S,

1 B
lim fin(w) =0 and liminf Lnn(w)) >d.
n—oo N n—oo log Hu:l b,

Then dimy (II(S)) > d.
(ii) Suppose S C X' is such that for allw € S,

i inf 128 u(fn(w))
n—oc log[[;_ by
Then dimy I1(S) < d.

Proof. Combine Lemma [2.T] with Lemma .

Lemma [2.3(i) will be used for the lower bound and Lemma [2.3[ii) for
the upper bound.

<d.

3. Proof of the lower bound. The desired lower bound is a supremum
of Dry(p) over certain invariant measures. In order to obtain a dimension
estimate we need to apply Birkhoff’s ergodic theorem, so we must approx-
imate invariant measures by ergodic ones. However, these approximations
have an error term which may cause them to be supported by the wrong
level set. In order to obtain the correct lower bound we follow the approach
of Gelfert and Rams in [§] and construct a measure which behaves asymptot-
ically like increasingly accurate ergodic approximations to a given invariant
measure.

Throughout the proof of the lower bound we fix & € [min(®), max(¥)]
and p € M,(X) satisfying {pdp = . We shall show that dimy A5 >
Dry (w).

For each k € N we let fir, € B,x(X) denote the kth level approximation
of p. That is, given a cylinder [wy - - - wp] of length nk we let

n—1

e (fwr - wnr]) == [T sl - wirsn]).
=0
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LEMMA 3.1. There exists a sequence {ur} of measures uy € Box(X)
satisfying:

(i) klggokh(uk, o) = h(p,0),
(if) i, zh”wk, ") = (. o),
(iif) i, ;&(uk, 5) = Au, 0),
(iv) Jm k:/\ (1, %) = N (1, 0),
(v) Jim | Appdyy = a.

(vi)  For each k € N and (wy,...,wy) € D we have py([wy - --wy]) > 0.

Proof. We begin by observing that parts (i)—(v) are satisfied by {/ix},
the sequence of kth level approximations to p. Indeed, (i) and (ii) follow
from the Kolmogorov-Sinai theorem (see [I8, Theorem 4.18]). Since p is o-
invariant with p and fi, agreeing on cylinders of length k& we have A(u,0) =
E~\ (i, o%) = k= A(jig, o). Part (iv) may be proved similarly. To see (v)
we note that by o-invariance of y, { Ax(p) du = a and since p and fii, agree
on cylinders of length k we have |\ Ay(¢)ds — § Ar(p) du| < varg Ag(p).
Moreover, by the continuity of, ¢ vary Ag(¢) — 0 as k — oo.

To obtain {u;} with pr € B,k (X) satisfying (vi) in addition to con-
ditions (i)—(v), we perturb each fix by a small amount to obtain pj with
pr([wr -+ wi]) > 0 for each (wi,...,w,) € DF whilst using continuity to
ensure that

AN

w\r—‘w\r—‘?ﬂr—‘?ﬂrﬂ?ﬂ»i

|h(//’ka Uk) - h(ﬂka (o}

R (g, %) — B (g, oF)| <

|)\(Mkagk) - )‘(/]kao-k” <

I (pik, o) = X (g, )| <

‘SAW dpr, — | Arep dﬂk’
Now choose d, > 0 for each ¢ € N in such a way that Hgil(l —d04) > 0.

LEMMA 3.2. For each ¢ € N we may choose k(q), B(q),N(¢) € N and
Sy C X with pyq)(Sg) > 1 — 64 such that for all w = (iy, ju)ven € Sy and
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n € N we have

79

. 1
(1) N IOg :uk(q)([wl T wnk(q)]) > 7B(Q)a
nk(q)
. 1 . )
(ii) Wlog i(q) ([i1 -+~ ink(q)]) > —B(q),
(i) ) _ pg),
n
and for alln > N(q) we have
) 1 1
(iv) mlog gy ([w1 -+ - W) + M(p, 0)| < pt
v) 2 og g (i1 -+ i) ]) + 1 (1, )| <+
v nk(q) Og L (q)\[?1 Ynk(q) u, o qa
1 nk(q) 1
i 1 1] A ) )
(Vl) nk(q) Og I£[1 au]u + (/"L O’) < q
1 nk(q) 1
i 1o bi, + N (o) < =,
(vii) e 11 (o) <
nk(q)—1
1 l 1
iii w) —al < -,
(v a L P mal <
(ix) fnlw) 1
n q

Proof. Fix q € N. By Lemma [3.1](i)—(v) we may choose k(q) € N so that

(3.1) ‘k(lq)h(uk(q),a’“q)) ~ b)) < 5o
(3.2) ) )| < 5
(3.3) HAk(q)‘P ditg(q) — @] < 21q,
(3.0 M) = A < 5
(3.5) ‘k(lq)v(uk(q),ak(q)) — X, 0)| < 21q

Noting that pyq) € B,k () is ergodic with respect to o) we may
apply Birkhoft’s ergodic theorem to obtain the ji;(4)-almost everywhere con-
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vergences
1
(3.6) Jim - log fug(q) ([w1 - wang)]) = —hltk(q), ok,
1 . : v
BT I Sl ] = (0",
nk(q)
; k
(3.8) Jim —log 11 @i, = =Mitn(g), o),
nk(q)

3 v k
(3.9) D, o 108 Hl bi, = =\ (i) ™),

1 nk(q)—1
(3.10) Jim = > 0 p(0'w) = § Ay e i),

1=0
and for each (71,...,7(q)) € DF@) and [ik(q)-almost every w € X,
(3.11)  lim AL ER0, - — 1} 2 Wik 41 Wik(g)+he) = TL " Th(9)
n—oo n

= L) (717 Tiq)]) > 0.
For each of the limits (3.11)) to exist we must have
d
lim Lnk(q) w) =
n—oo  nk(q)

Noting the definition of R,(w) along with the fact that R,;—i(w) <
Ryi(q) — ! for 0 <1 < k(q) we have

=0

(3.12) lim ()

n— oo n

for pig(g)-almost every w € X.
By Egorov’s theorem, we may take a set S; € X' with j15(4)(Sg) > 1 -4

upon which each of the convergences (3.6)—(3.10) and (3.12)) is uniform. In
particular, by taking B(q) € N sufficiently large we have

1
B | . —B
nk(q) 0g () ([w1 - - wnk(g)]) > (),

1
nk(q) 08 pi(q) ([i1 + () ]) > (),

R, (w)
n
for all n € N and all w € S;. Moreover by taking N(q) € N sufficiently large

< B(g),
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we have

1 1 1
B | S k(q) il
h () 0g () ([w1 - -~ Wyk(g)]) + i) (1i(g), o™ V)| < 20
Lloguk (QERERE ])"’_th(ﬂk o)) < -
nk(q) (9) nk(q) k(q) (9) 2’
log H Qiyj, + L>\(Mk( ), 0" < i,

q) L k() / 2q

nk(q 1

k(q) il
log H bi, + 105 “(H(q), 0" V)| < 2’

q)*l

I 1
Z 90(0- w) - SAk(q)SDd,U’k(q) < 2’

1=0 q

R, (w) - 1’

n q

for all n > N(q) and all w € S;. Combining these inequalities with those

in (3.1)—(3.3]) proves the lemma. »

We now construct our measure W. First define a rapidly increasing se-
quence ('Yq)quU{O} of natural numbers by 79 =0, 71 = 1, and for ¢ > 1,

q+1 q+1 q+1
v =0 (TINO) (TTBO) (TTRO) + 741
=1 =1 =1

We now define a measure VW on X by first defining VW on a semialgebra of
cylinders and then extending W to a Borel probability measure on X via
the Daniell-Kolmogorov consistency theorem ([I8, Theorem 0.5]). Given a
cylinder [wy - - wy,] of length ~q for some @ € N we define

Q

W([wl w’YQ H/Mc(q w“/q 1+1° qu])'
q=1

Define

S = ﬂ{w € X [Wy,_y41--wy, | NSy # 0}

q=1

LEMMA 3.3. W(S) >0

Proof. W(S) > T[;2; 1q(Sq) > T2 (1 = d¢) > 0. m
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LEMMA 3.4. For all w € S we have

n
(i) Jim % logVHlamu ==, 0),
1 n
(ii) Jim logVH1 bi, = =A"(, ),
(iif) lim ni o(olw) = a.
n—oo N

1=0
Proof. We shall prove part (iii). The proofs for parts (i) and (ii) are
similar. Fix w € S and choose for each ¢ € N some 7¢ € X such that
0117, € [wy, 141 Wy, N Sg. Given n € N we choose ¢, so that v, <n
is maximal. Since g, — Yg,—1 > N(¢n) and 74, — Vg,—1 < n we have

'Yanl
n
(3.13) | X0 (o)~ (a —a)0] <
l:’an71 "

by Lemma [3.2(viii). So by our choice of 77 and 4, — 74,—1 < n we have

Yan —1 n—1
n
(314) | 30 0')~ (i ) < 4D vane
1=, -1 =0

By the construction of (7¢)¢eN, Ygn—1 < Vgn/an < 1/¢n and hence

’Yanlil

n
(3.15) | Y elo) = qum10] < el + a).
1=0 "

Now either n — g, > N(gn + 1) or n — 7, < N(gn + 1). In the former case
we reason as in (3.13)) and (3.14) to obtain

n—1 n—1
n
(3.16) ‘ E o(otw) — (n — an)a‘ < o + E var; .
l:'th " =0

In the latter case, by the construction of (v4)sen we have N(g, +1) <
Yan/n < n/qn and hence

n—1
(3.17) | 3 wloh) — (n=30)a] < (el + o)

l:’an

Thus, by (T3 @17,

n—1 9 9 n 9
Y ey —a| < =+ 23 van e+ (gl +lal) =
1=0 "5 n
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Note that since ¢ is continuous we have n =1 Yo var; ¢ — 0. Thus, dividing
by n and letting n — oo proves the lemma.
LEMMA 3.5. S C XZ.
Proof. S C X§ is precisely Lemma [3.4(iii). =

LEMMA 3.6. For all w = (iy,ju)ven € S we have

Q) Jim = logWi(r -+ wnl) = ~h(p o),
(i) Tim HogW(isin]) = ~h(1,0).

Proof. Both proofs resemble that of Lemma We prove only part (i)
since the proof of part (ii) is similar.
Take w € S. Given n € N we choose ¢, so that 7,, < n is maximal. Since
Van — Yan—1 = N(gn) and 7, — 7g,—1 < 1 we have
n
(3-18)  [l0g pu(g,) ([Wrg, 141wy, 1) + (Vg = Ygu—1) P, )| < —

an

by Lemma [3.2(iv). Moreover, by the construction of (v4)gen;
ma'X{B(l) : l S qn},YQn_l S ’YQn/Qn S n/Qn

so by Lemma [3.2[i),
n—1 "
(3.19) ‘ > 10 iy ([wy_y 41+ wry]) + Vg —1h(1, 0)| < 7
=1

Now either n — g, > N(gn,+1) or n — 7, < N(gn +1). In the former case
we apply Lemma iv) and note that n — v,, <n to obtain

(3.20) |log “k‘(qn—&-l)([qun “wnl]) F (0 =g, h(p, 0)| < 1

In the latter case, by the construction of (74)qen we have N(g, + 1) <
Ygn/dn < 1/qy and hence

n
(3.21) 1108 i, +1) ([Wrg,, - wWnl) + (2 = 7, ), 0) | < —.
Thus, by (3.18)—(3.21)) together with the construction of W,
3n

llog W([w1 - - - wy]) + nh(p, o) < —.

n

Dividing by n and letting n — oo proves the lemma. =
LEMMA 3.7. For all w € S we have lim;,_. Ry(w)/n = 0.

Proof. This follows from Lemma [3.2{iii)&(ix) in a similar way to the
proof of Lemma .
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LEMMA 3.8. For allw € S,
lim inf —10g W(fn @)
n—oo log Hyzl biu

Proof. Fix w = (iy, ju)ven € S. By (2.1) we have
Lp(w)

1 1
S tog TT . = Jim Stos [ b
V= v=

Hence, by Lemma [3.4(1)&(ii),

> Dpy (i)

. La(w) _ A%(w,0)
@2 i, = = S

Given n € N let ¢, be the greatest integer satisfying v,,-1 < Ly (w) and
let L} (w) := min{l > L,(w) : k(gn)| (I — vg,—1)}- By the construction of

(Y¢)gen we have k(qn) < vg,—1/qn < Ln(w)/@n < n/qn and so, by ,
+ v

lim Ly (w) — lim Ly (w) + o(k(gn)) ~ lim Ly (w) _ A (u,a)‘

n—o0o n n—oo n n—00 n )‘(/%0-)

Moreover, L (w) > Ly, (w) so

(3.23)

Bn(W) - [Wl o ng(w)] N O'_Lz(w) [iL-‘r(w) . Zn]

Thus, by Lemma [3.4](ii) it suffices to show that

1
lim —W([w; -- .sz(w)] A oLt W) [ime) e in])

_Nwoa), AW 0) o, o
= o) " ”(1 A(u,cr))h (1 0).

Now since L (w) — 74, -1 is a multiple of k(g,) it follows from the construc-
tion of W that for all 7 = (7,))_; € D™ we have

(3.24) W([r 7)) =W(mn - 'TLI(w)])W([TLI(UJ)H e Th)).

Hence, it suffices to show that

.1 _ A, 0)
(3.25) nh_rgo nW([wl Wit () = N o) h(p, o),
i W@ iy = (12 M) Y
(3.26) nlgrolo nW(O’ (i) in]) = <1 Ni.o) R (p, o).

Equation (3.25) follows from Lemma[3.6]i) combined with (3.23). Equation
(3.26)) follows from Lemma [3.6{ii) and (3.23) along with

W(lit -+ inl) = W(lit i Dl )11 in))
which in turn follows from (3.24)). =
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LEMMA 3.9. dimy(I1(X)) > Dy (u).

Proof. We begin with the special cases in which D is not two-dimensional.
If D is not two-dimensional then either there is just one ¢ for which there
exists j with (i, j) € D, or for each i there is just one j for which (7, ) € D.
In the former case we have h¥(u, o) = 0. Thus it suffices to show that

h(p, 0)

Mp, o)

This follows from Olsen [I5, Theorem 1] applied to the projection x"(A%)
onto the horizontal axis, together with the fact that the Hausdorff dimension
cannot increase under projection. Similarly, when there is just one j for
each i, we have h(u,o0) = h¥(u, o) and so it suffices to show

: h*(p, )
d I(xe) > ——=
lmH( ( a)) = AU(M,U)’
which follows from Olsen [I5, Theorem 1] applied to the projection x?(A#)
onto the vertical. Henceforth we assume that D is two-dimensional.
By Lemma [3.5]it suffices to prove that dimy(1I(S)) > Dry (). Now by

Lemma we have W(S) > 0 and by Lemma we have

.. logW(B,(w))
<2 N N 77 >
hnnig;f log[lh_ bi, — Dy (1)

for all w € S. Moreover, by Lemma [3.7] for all w € S,
lim Ln(w)

n—00 n

Thus, by Lemma [2.3|i), combined with the assumption that D is two-
dimensional, the lemma holds. =

Lemma [3.9| holds for all € M, (X) satisfying | ¢ du = a. Therefore,

dimy A2 > sup { Diy (1) : 4 € Mo (%), §pdpp = a}.

dimy (I1(X7)) >

«

=0.

4. Proof of the upper bound. We begin by demonstrating that the
function f : [amin(¥), dmax ()] — R given by

f(@) =sup { Doy () : i € Mo(2), ipdpu =}

is continuous on [amin(¢), max(p)]-
LEMMA 4.1. f is continuous on [Qmin(@), ¥max(¥)].

Proof. Fix a € [0min(¢), max(¢)]- First we show that f is upper semi-
continuous at au. Since [Amin(@), Mmax(¢)] = {a € R : TF # 0} we may
take a sequence {ap}nen such that lim, oo, = «, lim, o f(an) =
limsup,, ., f(c) and for each n there is a measure j,, such that § ¢ du,, = oy,
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and Dry (pn) > f(an)—1/n. Since My (X') is compact we may take a weak-x*
limit py of {pn}nen. It follows from the upper semicontinuity of entropy
(see [18, Theorem 8.2]) that p +— Dry(u) is upper semicontinuous. Thus,
f(ow) > Dry(ps) > limsup,,_,o Dry (pn) > limsup,_,,, f(). Hence, f is
upper semicontinuous at a, for all a, € [amin(®), Amax(©)]-

To prove that f is lower semicontinuous we first show that, provided
Oy # max (@), iminf9~% f(a) > f(a.) — € for an arbitrary € > 0. Choose
pe € My(X) with (@ due = a, and Dry(pe) > f(asx) — €. Take fimax €
My (2) with §odpmax = max. Now for each p € (0,1) we let p, e :=
ptte + (1 — p)pimax. Note that §fdu,e = pa. + (1 — p)amax. Moreover,
it follows from the fact that the entropy map is affine (see [I8, Theo-
rem 8.1]) that p — Dry(up.c) is continuous. Hence f(a.) —e < Dry(ps)
<liminf, .1 Dy (pp.e) < lminf, .1 f(pas + (1 —p)ag) = Iminfe~% f(a).
The proof that liminf?<%: f(a) > f(ax) for all ay # amin(p) is similar.
Thus, f is lower semicontinuous at oy for all a € [min(¥), Amax(@)]- =

Thus, to show that the spectrum is continuous it suffices to prove that
dimH Aﬁ = f(a)

Another consequence of Lemma is that in proving the upper bound
in Theorem [} dimy A% < f(«), it suffices to prove

(4.1) dimy A2 < sup {DLy(u) tp € Mg (),

Scpdu—a’ Se}

for arbitrarily small € > 0.

The key ingredient in the proof of the upper bound is Lemma [4.2] which
uses an idea from Baranski [I] to give an upper estimate for the d1men51on
of the projection of a subset of the symbolic space in terms of the possible
limit points for frequencies of words amongst its members. From Lemma
we can deduce an estimate of the form with an error term given by the
variance of a potential across sets of strings with a common first digit var; ¢
(see Lemma . By iterating our system some large number of times we
are able to transform this estimate into estimates of the form with an
arbitrary degree of precision (see Lemma .

We introduce the following terminology for the proof of the upper bound.
Let

P = {(pa)aep € 0,17 : 3 pu =1}

deD

be the simplex of probability vectors on the digit set D and
B := {(pa)aep € P : pa € Q\{0}}.

Note that P is compact and B is a countable dense subset. For each p € P we
let pp denote the corresponding Bernoulli measure on Y. Given (i,j) € D



Multifractal analysis for Birkhoff averages 87

we define, for each w € Y and n € N,

Nij(wn) =#{l e {1,...,n} rw; = (i,7)}
and Pjj(w|n) := N;j(w|n)/n. This implies that for each w € ¥ and n € N
we have a probability vector P(w|n) := (Pij(w\n))(i7j)ep € P known as the
nth level frequency vector for w. We also let N;(w|n) = Z;VI:ZI Nij(wln),
Pi(w|n) := ij‘g Pij(w[n) and p; := Z]j\il pij for (pij) i yep € P
LEMMA 4.2. Suppose we have 2 C X and A C P such that for allw € 2

every limit point of the sequence (P(w|n))nen of frequency vectors for w lies
within A. Then dimg (I1(§2)) < sup{Dry(up) : p € A}.

Proof. Recall that

Dy (p) = h(p, o) N ( 1 1

- h* n, o),
vom) + (e 30
so for Bernoulli measures i, we can write
2jenPijlogpiy SN pilogps SN, pilogpi
YjepPigloga SN pilogh; Y j)ep Pij log aij
_ ZagepPilogpi/pi | 3V pilogpi
Z(@j)ep Dij 10g Qg sz\il Di log b;
Let s :=sup{Dry(up) : p € A}. Fix some § > 0 and w € (2. For each n € N
we take p(n) = (pi;(n)) i jep € P defined by
Py(@|Ln(w))
Pi(w|n) 5
Pi(w|Ln(w))

Since PP is compact we may take n, such that:

0 >oity Pi(wlng) log Piwlng) _ . 3%, Pi(wln)log Pi(wln)
i)  lim = = lim inf ~ ;
i ) im Pi(wlng) log by nmee 3 im Piwln) log by

(ii) p:= lim p(n,) exists;
q—00

(i) P:= qli_)n(r)lo P(w|Ly, (w)) exists.

Dry (pup) =

(42)  py(n) = if Fyj(w|Ln(w)) # 0,

Since w € 2, P € A. Letting bpax := max; b; < 1 we may take f(w) =
(Bi) i jyep € B such that pi;/B55, By /pij < bod for all (i,7) € D with
pij # 0. By the definition of B, (w) we have

Tq

L’ﬂq (UJ)
pae) (Brg@) = T 825, x 11 i
v=1

v=Lny(w)+1
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and so
108 f150) (Bny(@)) = > Nij(w|Ln, (w)) log B
('»J’)GD
+Z i(wlng) — Ni(w|Ln,(w)))log 57
N
= > Nij(w|Ln, () log B5/6; + ) Ni(wlng) log 57
(4,§)€D i=1
By (2.1) we have
log amin < ZN (w|ng) log b; — ZNU (w|Lp, (w))loga;; < 0.
Hence,
1 B,
i i 128 #8(w) (Bny (W)

q—00 log Hﬁqzl bi,

<Z” Nij(w|Ln, (w))log 555/ 85 Y Ni(w\nq)logﬁf)
>ij Nij(w| Ly, (w)) log ai; >i Ni(w|ng) log b;

(Z” Pij(w|Ln, (w))log B85/8¢ 32, Pi(w|ng) log ﬁ;“)
Zz] Pl](w‘an( ))logaij Zl'PZ(w‘nq) logbz .

< liminf
g—00

< liminf
g—00

Since B(w)pij/ Bt B33/ pij < b2 for all (¢,7) € D such that p;; # 0 we
have

q—00

(4 Pl La, () og 85/B¢ S, Py(wlng) log B
hmmf( ijajwwnq(w))logaw " zimwirfq)logbi)
(w

.. ZU (w’an ) log Pij(nq)//)i(nq) Zz P;(w|ng) log pi(ng)
<t 35 Py@lLo (@) loga; S R )
By the definition of p(ng),
" <Zz’j Pyj(w|Ln, (w))log pij(ng)/ pi(ng) L i Pilwlm) log pi(nq)>
Zij Pij(w|Lp, (w)) log a;; >_i Pi(wlng) log b;
TN (Zz’j Pj(w| Ly, (w)) log Pij(w|Ln, (w))/ Pi(w| Ly, (w))
>ij Pij (WL, (w)) log ag;

S, Pi(w]ng) log Pi(wlny)
TS Piwlng) logh )

q—00

q—00
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By condition (i) on ny we have

(sz Pij(w|Ln, (w))log Pij(w|Ln, (w))/ Pi(w|Ln, (w))
>ij Pij (WL, (w)) log ag;
Ei Pi(w|ng)log B-(w|nq)>
> Pi(wlng) log b
>_ij Pij(w|Ln, (w)) log Pyj(w|Ln, (w))/ Pi(w|Lp, (w))
>_ij Pij(@|Ln, (w)) log ag;
> Fi(w|Ln, (w)) log Pi(w|Ln, (w)) >
> Pi(w|Ly, (w))log b; '
Since limy o0 P(w|Ly,(w)) = P and P € A we have
i (S A )08 Pl ) i)
>_ij Pij(w|Ln, (w)) log ag;
>_i Pi(w|Ly, (w))log B(W\an(w))>
> Pi(w[Ln, (w)) log bi
B > Pijlog Pij /P, Y. P;log P;
Ty, Piloga; >, Pylogh
Hence, for each w € {2 we may find S(w) € B such that

lim inf
q—00

_l’_

< liminf <

q—00

q—00

< s+09.

1 B,
(4.3) lim inf 28 #0() (Bn())
n—0oo log ]._[1/:1 bil/jlj
Letting A?(3) := {x € II(N) : B(x) = B} for each 3 € B we have
1(£2) = Usen A?(B). Moreover, by 1’ combined with Lemma E(u)
we have dimy(A?(B)) < s+ 6 for each 3 € B. Since dimy is closed under

countable unions it follows that dimy (I1(£2)) < s+ ¢. Letting 6 — 0 proves
the lemma. =

We now make a quick digression to see how Lemma4.2[implies the follow-
ing generalization of a result due to Nielsen [14]. Given p = (pi;); jyep € P
we define

Ap) :={x=1(w) € A: lim P;j(wn) = p;; for all (4, ) € D}.
COROLLARY 1. For each p € P, dimy(A(p)) = Dry (ip)-

Proof. The lower bound follows from several applications of Kolmogo-
rov’s strong law of large numbers combined with Lemma [2.3(ii). The upper
bound is an immediate consequence of Lemma [4.2| with A = {p}. =
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Returning to the proof of Theorem [T we obtain our first upper estimate
for dimy AE.

LEMMA 4.3.

dimg; AZ < sup {DLY(M) € By (X)),

Sgpd,u,—a‘ < vary go}.

Proof. By Lemma it suffices to show that given w € X% and p =
(pij) € P a limit point for the sequence (P(w|n))nen we have |{ ¢ dup —af <
vary . Now given (i,7) € D we have |S[(i7j)} wdup — ¢(7)| < vary ¢ for all
7 € X with 7 = (4,4). Thus, for all n € N,

< varj ¢.

n—1
S Pylel) | pdup— -3 el
=0

(i,5)€D [(4,9)]

Since p is a limit point of (P(w|n))nen and w € X this implies

‘ > pi | ‘Pdﬂp_a’ < vary .
(B.)eD  [(i.4)]

Since {@dup, = > (i.j)eD Pij S[(im @dpp this completes the proof of the
lemma.

Lemma [.3] proves the special case of Theorem [I] for which var; ¢ = 0.
To prove the upper bound in Theorem (1| in full generality requires a little
more work. We iterate our Lalley—Gatzouras system many times to form
new Lalley—Gatzouras systems to which we apply Lemma to obtain
increasingly precise estimates for the upper bound. Take k € N. For each
finite string & := & --- &, € DF we let

S¢ 1= 5 0+ 0 5.

It follows from the fact that (Si;); jjep is a Lalley-Gatzouras system that
(S¢)eepr is also a Lalley-Gatzouras system, which we call the kth level
Lalley-Gatzouras system. X may be identified with the full shift (DF)N,
The corresponding left shift is then just k& times the ordinary left shift, o*.
Thus, to relate the kth level Lalley—-Gatzouras system back to our original
Lalley-Gatzouras system will require a lemma relating members of M i (X')
to members of M,(X). Define a potential Ai(¢) : X — R by Ax(p) =
k! Zf;ol @oo! and for each v € M, (X)) define a Borel probability measure
Ap(v) by Ag(v) = k=1 Zf:_olu o o=l Similarly if v € Mg (Xy) we let
Av) =k S voay
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LEMMA 4.4. Take v € Myx(X) and let p = Ag(v). Then

(i) pE My (2),
(i) M) = Thiv,b)
(i) W (1,0) = h*(,0),
(iv) A o) = 1A b),
) N () = TX (0%,
(vi) Vodu = | Ar(p)dv,
(vii) Dry (1) = Diy (v).

Proof. Parts (i), (ii), (iv), (v) and (vi) follow from [0, Lemma 2]. Since
moo = o,om we have Aj(m(v)) = n(Ak(v)) and hence (iii) also follows from
[9, Lemma 2|. Part (vii) follows from (i)—(v). m

LEMMA 4.5.

dimy AZ < sup { Diy (1) s 1 € Bo(9), [0y — o] < var(A(e)) }.

Proof. First note that n=! Y77 Ax(p) o (6F) = (nk)"' 7% p o of
and hence lim,, oo n ™! Z?;Ol Ar(0) (6" (w)) = a for all w € X¢. Thus, by
applying Lemma [£.3] to our kth level Lalley—Gatzouras system and noting
that words of length k and o*-invariant measures in the original system
correspond, respectively, to digits and shift invariant measures in the kth
level Lalley—Gatzouras system, we have

(4.4)
dimy A < sup {DEY(V) cv € Bx(X), ‘SAk(gJ) dv — oz‘ < vark(Ak(gp))}.

Combining (4.4) with Lemma proves the lemma. =

Since ¢ € C(X) is continuous we have limy_, varg(Ag(p)) = 0. Thus,
by Lemma we have shown

dimg; AZ < sup {DLy(u) € Mo (X)), ‘Swdu - a‘ < 6}

for arbitrarily small € > 0 and so, by Lemma .1 Theorem [I] follows. =

5. Remarks. Following Olsen and Winter [15], [16] one may consider

more general types of level sets. Given A C [amin(¥), dmax()] we let 27;’;
denote the set of w € X' for which every accumulation point of the sequence
(An () (w))nen lies within A, and A% := II(X%) its projection by II. Then,
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by essentially the same argument as above, we have
dimH/lif1 = sup {DLy(M) tp € My (X)), S(pdu € A}.

Now suppose A C [omin(¢), max(¢)] is a compact subinterval. Let X% de-
note the set of w € X for which the set of accumulation points of the sequence
(An(¢)(w))nen is equal to A, and A% := II(X%). By employing the methods
of [16, Theorem 3.1], along with a few ideas from Section [3] one can prove
the lower estimate

(5.1) dimyp A} > inf sup {DLy(M) € Mo(X), Vpdp = a}-

In particular, the projection of the set of w € X' for which (A, (¢)(w))nen
does not converge has dimension dimy; A. However, it seems very plausible
that the lower bound given by is not always optimal and it would be
interesting to know what the exact value of dimy A7 is.
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