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Almost Abelian regular dessins d’enfants
by

Ruben A. Hidalgo (Valparaiso)

Abstract. A regular dessin d’enfant, in this paper, will be a pair (S, ), where S
is a closed Riemann surface and 8 : S — Cisa regular branched cover whose branch
values are contained in the set {oc0,0,1}. Let Aut(S, 3) be the group of automorphisms of
(S, B), that is, the deck group of 3. If Aut(S,3) is Abelian, then it is known that (S, 3)
can be defined over Q. We prove that, if A is an Abelian group and Aut(S,8) = A x Zo,
then (S, 8) is also definable over Q. Moreover, if A 2 Z,, then we provide explicitly these
dessins over Q.

1. Introduction and statement of results. A dessin d’enfant (or
just a dessin), as defined by Grothendieck [G], corresponds to a pair (X, D),
where X is a closed orientable surface and D C X is a bipartite graph
(vertices are colored black or white and adjacent vertices have different
colors) such that X — D consists of a finite collection of topological discs
(called the faces of the dessin). The genus of (X, D) is by definition the
genus of X. Two dessins d’enfants, say (X, D1) and (Xa, D), are said to
be equivalent if there exists an orientation preserving homeomorphism H :
X1 — X5 inducing an isomorphism between D; and Dy as bipartite graphs
(i.e., an isomorphism of the graphs sending black (resp. white) vertices to
black (resp. white) vertices).

A Belyi pair is a pair (S, ), where S is a closed Riemann surface, called
a Belyi curve, and 8 : S — C is a non-constant meromorphic map whose
branch values are contained in the set {00,0,1}, called a Belyi map. The
genus of (S, ) is the genus of S. Two Belyl pairs, say (S1, 1) and (S2, B2),
are said to be equivalent if there is a biholomorphism F': S; — Ss such that
BooF = p1. If S =S5y = S and 51 = B2 = [, then the above provides
the definition of an automorphism of (S, ). We denote by Aut(S) the full
group of conformal automorphisms of S and by Aut(S, ) its subgroup of
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automorphisms of (S, 5). We say that the Belyl pair (5, ) is regularif § is a
regular branch cover; in that case its deck group is Aut(S, 8). The group of
Mobius transformations keeping invariant the set {o0, 0,1} is the symmetric
group S3 on three letters generated by A(z) = 1/z and B(z) =1/(1—2). If
we have a (regular) Belyi pair (5, 5) and M € &3, then (S, M o 3) is again a
(regular) Belyi pair and, moreover, Aut(S, 5) = Aut(S, M o). In this paper
we are interested in regular dessins d’enfants.

As defined above, dessins d’enfants are combinatorial (2-dimensional)
objects and Belyi pairs are analytic objects. By the uniformization theo-
rem, a dessin d’enfant (X, D) determines a Belyi pair (S, ) (unique up to
equivalence) so that D = 371([0, 1]) (the black vertices being the preimages
of 0 and the white vertices being the preimages of 1). Conversely, a Belyi
pair (S, ) defines a dessin d’enfant as just described above. This provides
a bijection between equivalence classes of dessins d’enfants and equivalence
classes of Belyi pairs; so we may work indistinctly with dessins d’enfants
and Belyi pairs. In this paper we consider Belyl pairs as the objects under
study.

A field of definition of a Belyi pair (S, /) is a subfield K of C for which
there is an equivalent Belyi pair (C,7), where C' is a smooth complex alge-
braic curve and 7 is a rational map, both defined over K; we also say that
(S, B) is definable over K. Belyi ’s theorem [B] asserts that every Belyl pair
is definable over the field Q@ of algebraic numbers. The field of moduli of
(S, B) is the intersection of all its fields of definition [K].

If a regular Belyl pair (S, 3) has genus zero, then, up to conformal equiv-
alence, S = C (which is defined over Q) and Aut(S, 8) is any of the finite
groups of Mdbius transformations (finite cyclic groups, dihedral groups, the
alternating groups A4, As and the symmetric group &4). Explicit regular
branched cover maps, for each of these cases, are provided in [Ho]. It can be
checked that all of these are definable over Q.

Let us assume, from now on, that the regular BelyT pair (S, ) has genus
g > 1. In this case, the branch values of 8 are 0, 1 and oo, say with branch
orders k1, ko and ks3; we say that S/H has signature (0; k1, ko, k3) and that
the associated dessin d’enfant has type (k1, k2, k3). By the Riemann-Hurwitz
formula, the condition g > 1 is equivalent to k:fl + k;l + k:gl < 1 (strict
inequality if and only if ¢ > 2). As a consequence of the uniformization
theorem, there is a surjective homomorphism 6 : I" — Aut(S, ), with a
torsion free kernel ker(f), where I' = (z,y : 2" = ¢*2 = (yz) = 1)
is a triangular Kleinian group uniformizing the orbifold S/Aut(S, ) and
ker(6) uniformizing S (the converse also holds). In particular, Aut(S, ) is
generated by two elements, say a and b, with a of order ki, b of order ko
and ¢ = (ab)™! of order k3. This, and the fact that any two generators
of a dihedral group are either both of order two or one of order two with
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product of order two, ensures that Aut(S, ) cannot be isomorphic to a
dihedral group.

In [W] Wolfart proved that (S, 3) and S can both be defined over their
corresponding fields of moduli (this fact can also be obtained from Debes—
Emsalem’s results in [DE]). In [Hi] it was noticed that if Aut(S, §) is Abelian,
then these two fields are equal to the field Q of rational numbers. We may
wonder for other cases ensuring a regular Belyi pair (S, 3) to be definable
over Q. A class of groups which are close to being Abelian groups (in some
rough sense) are the semi-direct products A x B, where A and B are both
Abelian groups. In [SW] Streit—Wolfart studied the family of those regular
Belyf pairs with Aut(S,3) = (a,b: a? = b = 1, bab™! = a™) = Z, x Z,
(ie. A =2 Z, and B = Z,;), where p > 3 and ¢ > 3 are primes and m? =
1 mod p, and they exhibit explicit curves and the corresponding fields of
moduli (which result to be different from Q).

In this paper we consider the case Aut(S,3) = A x Zy, where A is an
Abelian group. The case Aut(S,3) = A x Zs will be considered elsewhere
(see also Remark [2.2). Our first result is the following.

THEOREM 1.1. Let (S, ) be a regular Belyi pair of genus g > 1 with
Aut(S, 8) = AxZsy. If A is an Abelian group, then (S, B) is definable over Q.

If in Theorem A = Z,, that is, Aut(S,8) = (a,b : a" = b* =
baba™™ = 1) = Z, X Zy, where n € {2,3,...}, m € {1,2,...,n — 1},
m? = 1 mod n and ged(n,m) = 1, then the next result describes explicit
models over Q. As already noticed above, the case m = n — 1 (the dihedral
case) is not possible.

THEOREM 1.2. Let (S,3) be a regular Belyi pair of genus g > 1 with
Aut(S,B) = {a,b : a® = b*> = baba™™ = 1), where n € {2,3,...}, m €
{1,2,...,n — 2}, m® = 1mod n and ged(n,m) = 1. Then the following
hold:

(1) There exist integers a, p,y € {1,...,n—1} and non-negative integers
91,99, 93 satisfying
(1.1) ged(n, o, p,y) = 1;

) l+vy—p=m;

3) (a+p+7)(2+~—p)=0modn;

A4) a(y — p) = nty;

5) (p=1)(y = p) = niy;

6) (v+1)(y—p) =nds; and

1.7) (=1)letrtn@tr=p)/n — (_1)1+V2+03

so that (S, ) is equivalent to the reqular Belyi pair (C,n), where
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C: y"=z% -1 (x+1),
n:C%@:(x,y)bﬁxz,
and Aut(C,n) = (a,b) with

Sytty—r
CL($, y) = (liva)’ b(x’ y) = <1:’ 201 (I‘ _yl)ﬁz (iL‘ + 1)193 )’

5= (_1)(o¢+p+'y)/n7 W= 627ri/n.

(2) If £ € Z is such that (§ — 1)n < a4+ p+v < &n and we set n =
&n —a — p—ry, then (setting ged(n,0) :=n)
g=1+n—(1/2)(ged(n, o) + ged(n, p) + ged(n,y) + ged(n, n)).
(3) If a4+ p+ v = 0mod n, then S/ has signature (0;2,p,2q), where
p =n/ged(n, p) = n/ged(n,y) and ¢ = n/ged(n, o).
(4) If a+ p+ v # 0 mod n, then S/ has signature (0;p,2q, 2u), where
p and q are as above and u = n/ged(n,n).

In the particular case m = 1 (the Abelian situation), Theorem can
be written as follows.

COROLLARY 1.3. Let (S, 3) be a regular Belyi pair of genus g > 1, with
deck group Aut(S, ) = Z, x Za. Then there exist integers a,p € {1,...,
n — 1}, with ged(n,a,p) = 1 and o + 2p = 0 mod n, such that (S, ) is
equivalent to (C,n), where

C: y"=a%a?-1), 77:C—>@:(ac,y)»—>x2.
Moreover, Aut(C,n) = (a,b) with
a(z,y) = (z,wy), bla,y) = (—=z,0y), &= (-1)T2" =em/n,

Proof. This follows from Theorem taking m = 1; so v — p = 0,
Y =109 =093 =0, ged(n,a,p) =1 and o+ 2p=0mod n. m

2. Proof of Theorems and Let us fix a regular Belyi pair
(S,B) of genus g > 1 with Aut(S,3) = A x Zg, where A is an Abelian
group. Let b € Aut(S,8) be the conformal automorphism that generates
the Zy component.

The quotient orbifold S/A has a signature (h;ni,...,n,), that is, its
underlying Riemann surface is a closed Riemann surface, say R, of genus
h and it has exactly r cone points of orders ni,..., n,, respectively. Let
P :S — R be a regular branched cover with deck group A.

As A is a normal subgroup of Aut(S, /3), there is a conformal automor-
phism b of R, of order two, such that bo P = Pob. The involution b permutes
the cone points of S/A and it respects their orders. Let @ : R — C be a

regular branched cover with deck group (b) and such that Q o P = f.
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Since S/Aut(S, ) is the Riemann sphere C with cone points at oo, 0
and 1, it follows that R/(b) is C and that its cone points (that is, the branch
values of @)) are contained in the set {c0,0,1}. So, (R, @) is a regular Belyi
pair with Aut(R, Q) = (b).

By the Riemann—Hurwitz formula, the number of fixed points of the
involution b is even, say 2s.

CramM 2.1. s=1, h=0 and r € {3,4}.

Proof. We first prove that s = 1. In fact, if s = 0, then necessarily
h > 1 (since on the Riemann sphere every involution has two fixed points).
Now, the Riemann-Hurwitz formula ensures that R/(b) has positive genus,
a contradiction. If s > 2, then @ will have 2s > 4 branch values, again a
contradiction.

Now, as b has exactly two fixed points and R/(b) has genus zero, it
follows from the Riemann—Hurwitz formula that A = 0.

The above means that the signature of S/A is of the form (0;nq,...,n,).
Since the genus of S is at least one, it again follows from the Riemann-—
Hurwitz formula that » > 3. Now, as the cone points of S/A are permuted
by the involution b and S/Aut(S, 3) has exactly three cone points, it follows
that 7 € {3,4}. =

The above claim ensures that R = C and that b is a Mébius transfor-
mation of order 2. So, up to composition of P on the left with a suitable
Mobius transformation, we may assume that b(z) = —z; so Q(z) = 22

If r = 3, then one of the cone points is a fixed point of b and the other
two are permuted by b.

If r = 4, then two of the cone points are fixed by b and the other two
are permuted by it.

Up to composition of P on the left with a M6bius transformation of the
form T'(xz) = dx, for a suitable d € C — {0}, we may also assume that the
cone points of S/A are £1 (the ones which are permuted by b), 0 (and oo
for r = 4).

2.1. Proof of Theorem [1.1]

2.1.1. If r = 3, then the branch values of P : § — C are given by the
points £1 and 0. If M(z) = (1 — z)/(1 + x), then Pyy = M o P is a Belyi
map with deck group A. By the results in [Hi], we may assume both S and
Py to be defined over Q. The induced involution by b, under Py, is 5(3:) =
M oboM~Y(z) = 1/z. The two-fold branch cover Q(z) = (- z)?/(1+z)?
has deck group ( ) and Q = Q o M. It follows that B = Q o Py is defined
over Q.
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2.1.2. If r = 4, then we may proceed as follows (see [Hi]). Let pu > 2
be the least common multiple of the orders of the four cone points (oo, 0,
1 and —1) of S/A. Let us consider the generalized Fermat curve [GHL] (a
closed Riemann surface of genus go = (p — 1)(u? + pu — 1) > 5)

o { xgmgmg:o} B,
—ry + 25 +xy =0

The group K = (a1, az,a3) = Zi, where a; is multiplication by e2mi/i on
the zj-coordinate, is a group of conformal automorphisms of C. If L : C' — C
is defined by L([z1 : 2 : @3 : x4]) = —(x2/x1)*, then L is a regular branched
cover with deck group K and branch values +1, 0 and oo, each of order pu.

If I = (y1,y2,u3,91 - ¥ = ¥4 = 95 = ¥4 = y1y2y3ys = 1) is a Fuch-
sian group acting on the hyperbolic plane H? so that H?/I" = C/K, then
H?/I" = O, where I" is the derived subgroup of I

It follows that there is a normal subgroup I's of I' (containing I')
whose uniformized orbifold H?/I's has underlying Riemann surface struc-
ture isomorphic to S (and A = I'/Is). In particular, there is a subgroup
Ky = I's/I" of K so that the underlying Riemann surface structure of C'/ K
is isomorphic to S.

In [Hi, Section 6] we described (using geometric invariant theory) how to
compute a curve model E for C'/Ky (we do not need the explicit form). By
[Hi, Lemma 5.1] such a curve E, and the regular branched cover U : C' — E
(with deck group Kj), are both defined over Q. As L = P o U we may see
that P is also defined over Q and, in particular, that 8 = Q o P is defined
over Q.

REMARK 2.2. If Aut(S,3) = A x Zs, then one may try to follow the
same ideas as in the above proof. We will have the conformal automor-
phism b, of order 3, of the quotient orbifold S/A induced by the Zs compo-
nent of Aut(S, ). As b permutes the cone points of S/A and (S/A)/(b) =
S/Aut(S, ), we necessarily have that S/A is either of genus zero or of genus
one. If S/A has genus zero, then we may assume that b(z) = e>™/3z and
that the cone points are inside the set {0, 0, 1, e2mi/3, 647”/3}. In this case,
it is not clear how to ensure that S can be defined over Q. If the quo-
tient S/A has genus one, then b must have exactly three fixed points; in
other words, the Riemann surface structure of S/A is given by the curve
C : y® = x(x — 1) and cone points being (0,0), (1,0) and oco. Let us
consider Q : €' — C defined by Q(z,y) = z (a regular branched cover
with deck group (b)) and a regular branched cover map P : S — C, with
deck group A; then 8 = Qo P : § — @, up to post-composition with a
Mobius transformation in G3. In order to see if the result in Theorem
holds or not for this case, we need to check if it is possible to find an al-
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gebraic curve for S and a regular branched cover P : S — C, both defined
over Q.

2.2. Proof of Theorem Let a € Aut(S, ) be a conformal auto-
morphism that generates the cyclic group A = Z,,, that is, Aut(S, 8) = (a, b).

If » = 3, then (as the involution b permutes two of the cone points
and preserves the orders) the signature of S/(a) must of the form (0; p, p, q)
(where p and ¢ are divisors of n) and the signature of S/Aut(S,p) is
(0;2,p,2q). The two cone points £1 of S/A have order p and the other
cone point 0 has order q.

If r = 4, then the signature of S/(a) must be of the form (0;p,p,q,u)
(where p, ¢ and u are divisors of n) and the signature of S/Aut(S,S) is
(0; p, 2q, 2u). The cone points +1 have order p, the cone point 0 has order ¢
and the cone point oo has order u.

It follows from [BW] that S can be described by a cyclic n-gonal curve
of the form

C:y"=a%x—1)°(z+1),

where a, p,y € {1,...,n — 1} and ged(n, a, p,y) = 1.

We should note that r = 3 if and only if o + p + v = 0 mod n and that
r = 4 otherwise. Moreover, also from [BW], p = n/ged(n, p) = n/ged(n, )
and ¢ = n/ged(n,a) and, if r = 4, then v = n/ged(n,n), where n =
&n—a—p—~and £ € Zisso that (( —1)n < a+p+v < &n (set-
ting ged(n,0) :=n).

In this model, we have P(x,y) = z, a(x,y) = (z,wy), where w = €2™/",
and (as Q(z) = 2?) B(x,y) = 2.

As b(z) = —x and Pob = bo P, it follows that the involution b must be
of the form

r—1 (y=p)/n
b(z,y) = <—a:,5y< ) >, o = (—1)tPt,

r+1
We will distinguish the cases (i) p = and (ii) p # 7.
2.3. If v = p, then 91 = Yo =3 =0,
C:yt=a2%x—1) (x+1)°,

and b(z,y) = (—x,dy). As b? is the identity, it follows that 62 = 1, that is,
(—1)2(0‘”9)/ "™ =1, from which we see that n necessarily divides a + 2p. In
this case m = 1 and Aut(S, 8) = Z, x Zs.

2.4. If v # p, then we may assume without loss of generality that p < ~.
As
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_ 1=
v 2o(z — 1) L(z + 1)

we have

b 5y1+vfp
(z,9) = (‘x’ 2ot/ (z — 1)=DO—2/n(z + 1)(7+1)(wp)/n>'

It follows from the above that there exist non-negative integers v, J9, U3
such that

aly—p)=nd, (p—1)(y—p) =nd2, (y+1)(y—p) =nis.
In this way

. dyttr—r
(xa y) - <_$) xﬁl (l’ _ 1)192(1. + 1)193)
As b? is the identity, the equality
52+V—p(_1)191+192+193yy(1+7—/7)2—1
(.T,y) = b2($,y) =1
x91@H7=0) (1 — 1)9s+92Q247=0) (1 4 1)V +02(247-p)

ensures that
y(1+v—p)2—1 — 91 @2+v=p) (x — 1)193+192(2+v—p) (z + 1)193+192(2+7—p)

and
§2tr—r — (_1)191+192+193_

In particular, n necessarily divides (a+ p+7)(2+7 — p) and bab = a'*7=°,
that is, m=1+v — p.

The formula for g is just a consequence of the Riemann—Hurwitz formula
(see also [BW]).

REMARK 2.3. As already noted in the Introduction, there is no regular
Belyi pair (5, 8) of genus at least one with Aut (.S, ) isomorphic to a dihedral
group. This also follows directly from the first part of the proof of Theorem
In fact, assume there is a regular Belyi pair (S, 3) with Aut(S,3) =
{(a,b : a® = b> = 1,bab = a~!). The involution b has as one of its fixed
points a cone point of S/(a). This means that there is some a* (where
ke {l,...,n—1}) and some a'b (where | € {0,1,...,n — 1}) which have
a common fixed point. This implies that (a*, a'b) should be a cyclic group
(the stabilizer of any point of S in Aut(.S) is known to be a cyclic group), a
contradiction.

3. An example in genus two. Let us describe those regular Belyi
pairs (S, ) with

Aut(S,8) = (a,b: a® = b*> =1, bab = a®) = Zg x Zs.

By Theorem taking n = 8 and m = 3, we know that there are
a,p,y € {l,...,7} and non-negative integers t,¥2,¥3 such that
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ged(8,a,p,7) =1L p<~v,y—p=m—1=2 a+p+is even, a = 49,
p—1 =495 and v+ 1 = 493, and (S, ) is equivalent to (C,n), where
n(z,y) = 2% and

C:yf =a%x—1)P(z+1).

By checking all possibilities, we only obtain the following two cases:
(a,p,7) €{(4,1,3),(4,5,7)},
that is, C' must be one of the following two curves of genus 2:
Cr:y®=al(e—1)(@+17°  (a,p7)=413),
Co:y¥ =2z -1z +1)7, (a,p,79)=(4,57).

The group Aut(C},n) is generated by

)
a(z,y) = (r,wy) (w=e""*)
and

<—.’13, M) for 017
b(z,y) = 5

<_x’ (- 1?;(95 + 1)2) for C.

In both cases, = 3, p = 8, ¢ = 2, C;/(a) has signature (0;2,8,8)
and the regular Belyi pair (S, ) has type (0;2,4,8). There is only one,
up to isomorphism, Riemann surface of genus 2 whose reduced group of
automorphisms contains a group of order 8 (the quotient of Aut(S, ) by
the cyclic group generated by the hyperelliptic involution, [Ig]; in particular,
Cy and Cy are isomorphic). That surface has as full reduced group the
symmetric group G4 and it is described by the hyperelliptic curve

E:w? =u(ut—1).
The Belyi pair (S, ) is equivalent to (E,6), where
O(u, w) = (u® — 2ut 4 1)/(—4u),
and Aut(FE, ) is generated by the element
Alu,w) = (iu, Viw)
of order 8 and the involution

B(u,w) = (i/u,iViw/u?).

Acknowledgements. The author is deeply grateful to the referee for
the various comments and suggestions to the first draft of this article. This
research was partly supported by project Fondecyt 1110001 and UTFSM
12.13.01.



278

[SW]

R. A. Hidalgo

References

G. V. Belyi, On Galois extensions of a mazximal cyclotomic field, 1zv. Akad. Nauk
SSSR Ser. Mat. 43 (1979), 269-276 (in Russian); English transl.: Math. USSR Izv.
14 (1980), 247-256.

S. A. Broughton and A. Wootton, Cyclic n-gonal surfaces and their automorphism
groups, arXiv:1003.3262v1| [math.AG] (2010).

P. Débes and M. Emsalem, On fields of moduli of curves, J. Algebra 211 (1999),
42-56.

G. Gonzdlez-Diez, R. A. Hidalgo and M. Leyton, Generalized Fermat curves, J. Al-
gebra 321 (2009), 1643-1660.

A. Grothendieck, Esquisse d’un programme (1984), in: Geometric Galois Actions,
L. Schneps and P. Lochak (eds.), London Math. Soc. Lecture Note Ser. 242, Cam-
bridge Univ. Press, Cambridge, 1997, 5—47.

R. A. Hidalgo, Homology closed Riemann surfaces, Quart. J. Math. 63 (2012),
931-952.

R. Horiuchi, Normal coverings of hyperelliptic Riemann surfaces, J. Math. Kyoto
Univ. 19 (1979), 497-523.

J. Igusa, Arithmetic variety of moduli for genus two, Ann. of Math. 72 (1960),
612—648.

S. Koizumi, Fields of moduli for polarized Abelian varieties and for curves, Nagoya
Math. J. 48 (1972), 37-55.

M. Streit and J. Wolfart, Characters and Galois invariants of reqular dessins, Rev.
Mat. Complut. 13 (2000), 49-81.

J. Wolfart, ABC' for polynomials, dessins d’enfants and uniformization—a survey,
in: Elementare und analytische Zahlentheorie, Schr. Wiss. Ges. Johann Wolfgang
Goethe Univ. Frankfurt am Main 20, Franz Steiner Verlag, Stuttgart, 2006, 313—
345.

Ruben A. Hidalgo

Departamento de Matematica
Universidad Técnica Federico Santa Maria
Casilla 110-V

Valparaiso, Chile

E-mail: ruben.hidalgo@Qusm.cl

Received 18 February 2013;
in revised form 4 July 2013


http://arxiv.org/abs/1003.3262v1
http://dx.doi.org/10.1006/jabr.1998.7586
http://dx.doi.org/10.1016/j.jalgebra.2009.01.002
http://dx.doi.org/10.1093/qmath/har026
http://dx.doi.org/10.2307/1970233

	1 Introduction and statement of results
	2 Proof of Theorems 1.1 and 1.2
	2.1 Proof of Theorem 1.1
	2.1.1 
	2.1.2 

	2.2 Proof of Theorem 1.2
	2.3 
	2.4 

	3 An example in genus two
	References

