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Abstract. We define a recursive theory which axiomatizes a class of models of IAg+
Q3 + —exp all of which share two features: firstly, the set of Ag definable elements of the
model is majorized by the set of elements definable by Ag formulae of fixed complexity;
secondly, 1 truth about the model is recursively reducible to the set of true ¥; formulae
of fixed complexity.

In the present paper, we define a consistent recursive theory 7', implying
1A and inconsistent with 1 Ag+exp, which has the following two properties:

1) in every model M |= T elements definable by Ay formulae of fixed
quantifier complexity are cofinal among all A( definable elements;

2) for every model M |= T, the set of ¥; sentences true in M is recur-
sively reducible to the set of true Y; sentences whose Ay part has
fixed quantifier complexity.

Thus, T' axiomatizes to some extent the phenomenon of the cofinality
of elements definable by Ay formulae with fixed complexity among all Ag
definable elements, and of the reducibility of the set of true ¥, sentences to
the set of true X1 sentences whose complexity is fixed.

From the logical point of view, the idea behind the construction of T
seems to be interesting in itself. The axioms of T reduce the validity of
a IT; sentence 1 to the validity a sentence expressing (roughly) a form of
“consistency” of . To show the consistency of T, we have to be able to
build a model in which all “consistent” II; sentences are true.

We construct such a model by iterating the following procedure: given
a model M satisfying the “consistency” of the II; sentence 1y, we build
another model M satisfying g, and still satisfying the “consistency” of 1y.
We then move on to the next II; sentence, ;. To carry on the construction,
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we now must—if M satisfies the “consistency” of 1);—be able to construct
another model M satisfying 11, but still satisfying 1y and the “consistency”
of ¢ and 11, etc.

Thus, we need our models to have the property that “what is true is
consistent”. Moreover, this property has to be preserved under iteration.
Therefore, what we need is in fact the “ “consistency” of the set of true
II; and X7 sentences together with the “consistency” of the set of true II;
and X1 sentences together with the “consistency” of the set of true II; and
Y1 sentences...”. To make this formal, we have to define a kind of “self-
reproducing consistency statement”. This is subtle since we are very close
to contradicting Godel’s second incompleteness theorem.

The paper is organized as follows. Section 1 is preliminary. Section 2
discusses our basic technical tool: evaluations on sequences of terms. In Sec-
tion 3, we define our “self-reproducing consistency statement”, and we argue
that it is a kind of reflection principle. Finally, in Section 4 we introduce the
theory T and prove our main results.

Acknowledgements. We would like to thank the referee for his deep
insight into the paper and very valuable suggestions.

1. Preliminaries. Some notational conventions: The symbol log stands
for the discrete-valued binary logarithm function; expz is 2*. Whenever
f denotes a function, f*) denotes f iterated k times. For a model M,
log®) (M) (the kth logarithm of M) consists of those elements of M for which
exp®) exists. The variable i, possibly with indices, always ranges over ele-
ments of log®). A “bar” (as in, say, “T”) always denotes a tuple—depending
on the context, it may happen that tuples of nonstandard length are also
allowed.

We adopt the coding of sets and sequences in bounded arithmetic de-
veloped in [HP]. Also the notion of length 1h(A) of a sequence A is the one
defined in [HP] for bounded arithmetic. If A = (¢1,...,%;) is a sequence of
length [ € log(M), then functions from A into {0, 1} may be coded as sub-
sets of size Ih(A) of A x{0,1} (see [S]). We use a somewhat different coding,
letting f : A — {0, 1} be represented by the pair (A, p), where p is a function
from {1,...,1} into {0, 1}—thus, an object of size exp [—with p(¢) intended
to code f(t;). Whenever A is fixed, we may simply identify f with p.

Our base language L contains the individual constants 0, 1, and the
relational symbols 4+, <, X, | - |, #2, #3, and #4.

The intuitive meaning of |x| = y is that y is the length of the binary
representation of = (equal to [log(z + 1)]). The #;’s are to stand for the
graphs of the first three smash functions: x #2y = exp(|z| - |y|), T #n+1y =
exp(|z| #n |y|) for n > 2. A hierarchy of functions related to the smash
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functions is defined by: wi(z) = z*!, wuy1(z) = exp(wp(|z])). Note that for
any n > 1, wy(z) is roughly = #,4+1 .

We assume that some appropriate Gédel numbering of L-formulae has
been fixed; we shall identify the formulae with their Gédel numbers.

An L-formula ¢ is in negation normal form if no quantifiers in ¢ occur
in the scope of a negation. ¢ is Ay if all the quantifiers in ¢ are bounded,
i.e. of the form dx < y. ¥; and II; formulae are defined in the natural way.

For any natural number r, the class E, consists of Ag formulae in prenex
normal form which contain r — 1 alternations of quantifier blocks, starting
with an existential block, and not counting sharply bounded quantifiers (1).
The class U, is defined dually. The class 3, consists of ¥; formulae of the
form dx v where ¢ is U,_1. The class V, is defined dually.

We take IAg + 23 to be the theory which consists of: a finite number
of basic axioms relating the interpretations of the L-symbols to each other;
the induction scheme for all A formulae; and an axiom stating that #4 is a
total function (note that this is equivalent to the totality of ws). IAg + Q,,
for i = 1,2, is defined analogously. 1A states only the totality of + and x.
IAg + exp, on the other hand, additionally states the totality of the exp
function.

IAj is an auxiliary system which contains the basic axioms and the Ag
induction scheme, but no axioms stating the totality of +, x etc. Thus, a
model of IA{ may have a greatest element. Note that (under a reasonable
choice of the basic axioms), all axioms of IAf are II;.

One benefit of working with a relational language is that defining the rel-
ativization of a formula poses no difficulties. Namely, if ¢ is an L-formula,
then ¢® is defined inductively, with only the quantifier step nontrivial:
(3y )" =y <z 9.

The language Lt is an extension of L obtained by adding function sym-
bols s¥ for all L-formulae ¢ in negation normal form which begin with an
existential quantifier. The intention is that the symbol s¥ stands for a Skolem
function for the first existential quantifier in . That is, given an L-formula
©(T) = Jy (T, y) in negation normal form, s¥ is a function symbol of arity
1+ 1h(Z), and s?(¢) is intended to be some y which satisfies (¢, y), if such
a y exists.

Whenever we speak of a formula ¢(t), it is assumed that ¢(T) itself is
an L-formula, although the terms ¢ do not have to be terms of L.

We have to encode the language Lt in arithmetic. We use numbers
divisible by 3 to enumerate terms of the form s#(¢), numbers congruent to

(*) The notion of sharply bounded quantifier is an obvious variant of the one known
from functional languages for bounded arithmetic, e.g. in Vo Vy < z 3z < z ((y = |z| =
z =1y) A...) the quantifier Vz is sharply bounded.
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1 (mod 3) for a special enumeration of numerals, and numbers congruent to
2 (mod3) to enumerate some additional terms. In more detail: we let the
number 3{p(T), t) correspond to s?(¢); we let 3k+1 correspond to a numeral
for k (3k + 1 will be referred to as k); finally, we let 3k 4+ 2 correspond to a
special term sy, (the role of the s;’s is explained in clause (v) of Definition 2.3
below). We also code () by the ordered pair {(p(T), ).

From now on, we identify the terms of Ly with their numbers.

The models M we work with are—unless explicitly stated or obvious
from the context that this is not the case—assumed to be nonstandard
countable models of TAg + 5.

We shall consider various sequences of closed terms. About such a se-
quence A we shall always assume that if a term of the form s¥(f) appears
in A, then all terms in ¢ also do, and moreover, that their indices in A are
smaller than the index of s¥(f). Also, whenever dealing with a sequence A
and a model M, we shall assume that 1h(A) is in log(M).

Given a sequence of terms A, let the collection A(A) of atomic sentences
over A consist of all sentences obtained by substituting terms from A for
variables in atomic formulae of L. Observe that there is a standard polyno-
mial 7(n) such that Ih(A(A)) < 7(lh(A)). Let us fix some such 7.

Some more notation: if F is a class of formulae, the symbol F(M) denotes
the family of all F-definable elements of M, while M7 denotes the set of
F-sentences true in M.

Finally, let us recall some relevant facts about universal formulae. Firstly,
in IAg + exp there is a Y1 universal formula Sat for Ag. Thus, Sat is 31,
and for any M |= IAg + exp, ¢ € M a A formula,

M = Sat(p) iff M= .

Secondly, in IAg + 3 there is an 3, universal formula Sat, for 3,, for
each r € w. Sat, can obviously also be used as a universal formula for E,,
and additionally, if we limit our attention to the truth of E, formulae smaller
than some a with parameters smaller than some b, then the initial existential
quantifier in Sat, can also be bounded (thus giving an “E, formula with a
parameter”: call this formula Satg,).

2. Evaluations and evaluation models. Let p: A(A) — {0,1} map
every axiom of equality in A(A) to 1. We call such a p an evaluation on A,
since we may think of p as assigning a logical value to sentences in A(A) (see
also [A1]-[A3], [AZ1], [AZ2], [S]). Of course, p can be uniquely extended to
all boolean combinations of sentences in A(A) in the routine way.

Note in passing that any evaluation on A is an object of size at most
exp(lh(A(A))) and thus at most exp(m(lh(A))).
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For (Z) in negation normal form and ¢ € A, we define the notion of A
being good enough (g.e.) for (p, ) by induction on ¢. First, A is always g.e.
for (p,t) if ¢ is open; A is g.e. for (p1 V @a,t) iff it is g.e. for (p1,t) and
(p2,t), and similarly for conjunctions. If ¢ is Jy ¢'(Z,y), then A is g.e. for
(p,t) if s7(t) € A and A is g.e. for (¢/,t" s?(%)). Finally, if ¢ is Vy ¢(T, y),
then A is g.e. for (p,7) if s "?@Y) () € A (where Iy —@ is the normal form
of =) and A is g.e. for (p, T s 2@V ().

The idea is that A is g.e. for {p,) if it contains enough appropriate
Skolem terms so that assigning a logical value to ¢(t) based on an evaluation
on A makes sense.

DEFINITION 2.1. Let ¢ € A. We define the relation p = ¢(t) for ¢(Z) in
negation normal form by induction:

(i) p b= () iff p(p(E)) = 1 for () open;

(ii) the relation p = ¢ behaves in the natural way with respect to
conjunctions and disjunctions;

(iii) if ¢ is Jy ¢'(T,y), then p = p(t) iff A is g.e. for (p,t) and p E
PIA0)) )

(iv) if ¢ is Vy ©(T,y), then p = (1) iff for all ¢ € A such that A is g.e.
for (5,27t), p = (2, 1).

We will be especially interested in the case where A is one of a number
of canonical sequences of terms. To define these, let K (i) be the unique
function satisfying K(0) = 1 and K (i + 1) = c¢-exp(i) - K(i)?, where c is an
appropriately large standard integer. Note that for any i, K (i) € log, as for
almost all i, K (i) < exp(i%), and i’ is always in log?, since we have:

REMARK 2.2. In any model of Ay + Q3, log is closed under wo, log(2)
is closed under wq, log(3) is closed under multiplication, and log(4) is closed
under addition.

Moreover, the sequence (K (i) : i € log®®) is cofinal in log.

The notion of canonical sequence of rank i, A;, is now defined by induc-
tion. A;41 is the smallest sequence A such that:

e for any j < i+ 1, A contains the term s/ and is good for (exp(® (z)
=Y, ZA'SJ);

o for any a < K (i), A contains the numeral a, and if exp a < exp®) (i+1),
then A is g.e. for (Jexpz,a);

e for any formula ¢ < expi of the form 9! or 3z < t ¢* (where t €
A;U{sit1}), and any t € A;, A is g.e. for (p, ).

Observe that if ¢ is chosen large enough, then lh(A;) < K(i) for all 4
(since a formula smaller than expi contains at most ¢ quantifiers).
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Some particularly well-behaved evaluations on A; will be called evalua-
tions of rank i (we let A; stand for A(A;)):

DEFINITION 2.3. A function p : A; — {0,1} is called an evaluation of
rank 4 if the following holds:

(i) for every ¢(T) < expi and every t € A; of appropriate length, if A;

is g.e. for {p,t), then for all j <1,
pE@®)Y or pE-p#);

(ii) if ¢ < exp(i) is an axiom of TAJ, then assuming A; is g.e. for (p, 1),
pE

(iii) p E (0 =0A1=1), and given any a,b € A;: if a+b € A;, then
plE (a+b=a+b), and similarly for the other symbols of L;

(iv) for all @ € A; such that expa < exp®) (i + 1), p = Jexpa;

(v) for all j < i, p = s; = exp®)(j).

We let “p € &7 stand for “p is an evaluation of rank ¢”. This is a slight
abuse of notation, since the code for the set of evaluations of rank ¢ might
be too large to be an element of the model.

We claim that both “p = ¢” (for p an evaluation on A;) and “p € &;” are
Ay definable with an appropriately large parameter (and thus A; definable).

To see whether an evaluation p on A; sets ¢ to “True” (i.e. whether
p = ¢), we need to deal with sets Vp,...,V,, where V] is the set of values
given by p to the lth subformula of ¢ under all relevant substitutions of
terms in A; for the free variables in that subformula. Since there are at most
log ¢ variables in any subformula of ¢, the number of possible substitutions
is not greater than K (i)°6¥, and hence V; < exp(K (i)!°¢%¥). Again, there
can be no more than log ¢ subformulae of ¢. Thus, the sequence (Vp,..., V)
is at most log ¢-long, so its code is at most exp(log ¢ - K (i)'°8%¥). This is the
largest object relevant to the truth value given to ¢ by v, which shows that
“p = ¢” is indeed Aq definable with a parameter.

To see whether an evaluation p on A; is in &;, we have to check what
truth value it assigns to a number of formulae ¢ smaller than exp(¢). With
some additional work, one may verify that all objects we need to consider are
smaller than ws3(exp(® (7)), which implies that also “p € £ is A¢ definable
with a parameter.

We let True(p, i, @) be a A formula which says “p € & and p = ¢”.

DEFINITION 2.4. If p; € &, and py € &;, with i3 < 72, we say that ps
extends py if p1 C po.

The following proposition lists some “conservativity” relationships be-
tween evaluations one of which extends the other. The proofs are simple
inductive arguments.
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PROPOSITION 2.5. Let pa € &;, extend p1 € &;,. Then:

(1) if Ay, is g.e. for (o, t) and j < iy, then p1 = (€)% iff p2 = @(t)%;
(2) if p(T) is an open formula and t € A;,, then py = o(t) iff p2 = p(t);
(3) if Ay is g.e. for (p,1), then pa |= (&) implies p1 = p(t).

Another simple fact about evaluations is:

PROPOSITION 2.6. Let p € & and let i' <i. Then (p[Ay) € Ey.

The importance of evaluations consists in the fact that they make pos-
sible the construction of models for I Ag+£23. More precisely, such a model is
determined by an ascending chain of evaluations whose ranks are cofinal in
log®) (note that by Remark 2.2, in a model of IAg+ Q3 the third logarithm
has no last element).

Let P = (p,, : n € w) be such a chain. If ¢ is a tuple of terms of Ly and
©(t) is open, then almost all p,’s agree at the logical value of ¢(t). So, we
may define P = ¢(t) by

pn = () for almost all n.
We define the relation =p between terms in Lt by
ti1=pty iff P |: (t1 = t2).

Since the p,’s are evaluations, =p is an equivalence relation and a con-
gruence with respect to the relations of L. Let M[P] be the model whose
universe is the set of =p-equivalence classes and whose relations are defined
by

[tl] + [tg] = [tg] iff P ‘: (tl +to = t3) etc.

Clearly, we have

Mo[P] = o([t]) iff PR o)
for any open ¢. If we introduce the more general relation P |= ¢(t), for ¢
not necessarily open, by the same clause as above, then induction yields

P (@) implies Mo[P] = ([f).
The converse implication will not hold generally unless we adopt a more
restrictive definition of evaluation which is not needed here.

The next lemma and corollary show that the numeral @ may be treated
as a name for the ath element of My[P)].

LEMMA 2.7. Letp € &. If for a term t € Ly, p = (t < a), then there
is b < a such that p = (t = b). Moreover, if ¢ is an open formula and @ is
a tuple of numerals for numbers less than or equal to K(i — 1), then p(a)
implies p |= (@)

Proof. We may assume that our formalization of IAf contains axioms
suchas: Vo (z <0=2=0),VaVy (x <y+1l=zx=y+1Vae <y),
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Ve (x+0=2x),VxVy (x+ (y+1) = (x +y) + 1) and similar axioms for
the other symbols of L.

The first part of the lemma is proved by induction on a < K (i —1). For
a=0,pFE(0=0),s0p = (¢t <0) implies p |= (¢ < 0), hence p |= (t = 0) by
the appropriate axiom, hence p = (t = 0). Assume that the assertion holds
for a and that p = (t < a+1). Then, since p = (a+1 = a+ 1), we get
either p = (t = a4 1), or p = (t < a), in which case we use the inductive
assumption to get p = (t = b) for some b < a.

For the “moreover” part, first prove p |= (a1 + a2 = a1 + a2) (assuming
a1+ag < K(i—1)) by induction, using appropriate axioms for the induction
base and induction step. Then proceed similarly with p = (a1 -a2 = a1 - ag)
(again, assuming i is large enough) and the remaining symbols of L, and
pass through boolean combinations to obtain the assertion. =

COROLLARY 2.8. The mapping a — [a] (for a € log(M)) is an isomor-
phism between log(M) and an initial segment I of My[P)].

Proof. It suffices to observe that if P = (P, : n € w) where p, € &;,,
then for any tuple @ € log, the maximal element of @ is smaller than K (i,,—1)
for almost all n, so we may apply Lemma 2.7. =

By clause (iv) of Definition 2.3, I C log(My[P]). Let M[P] be the initial
segment of My[P] generated by exp(I). If we identify I with log(M), we
obtain:

COROLLARY 2.9. log(M) = log(MIP]). Thus, more generally, log™ (M)
= log™ (M[P)) for alln > 1.

We also have:

COROLLARY 2.10. If ¢(T) is a II; formula and P |= ¢(t), then M[P] =
w([t])-

We close this section with a theorem on evaluation models (i.e. models
of the form M[P]) which will play a key role later on.

THEOREM 2.11. Let M be a countable model of IAg+$23+ BX1. Assume
that F is a set of standard L-formulae,

F ={0n(z1,...,2;) : n € W},
and is a subset of a set
{0i(z1, ..., zy) : L € log®TR (M)}
(for some k € w) which is Ay definable in M and satisfies
(#) Vi 3pe & Vi, .l <log® ) p =6yl ..., 1).

Then there exists an increasing and cofinal sequence P = (p, : n € w)
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of evaluations such that P = ¢(li,...,l.) for each ¢ € F, li,...,l, €
1ogB®+tF) (M), and the model M[P) satisfies IAg + 3.

In particular, for any n such that 0,, is II;, M[P] | 0,(l1,...,1;) for
each ly,... 1l € 10g(3+k)(M), n e w.

Proof. Let us introduce the following convention: every evaluation p of
rank 7 appearing in this proof satisfies p = 0;(l1,...,l,) for all [,1,...,1, <
log(k) 1.

Let iy < ig < ... be cofinal in log® (M). We shall define a sequence
P = (p, : n € w) such that p, € &,.

P is defined by induction as follows. Suppose that at a given step n we
already have evaluations p; C ... C p, such that p; € &,,...,pn € &,
satisfying the inductive condition

(*) Vi > in Elp € gz [pn C p]'

Note that at the initial step the validity of the inductive condition is ensured
by the assumption of the theorem.
We claim that it follows by BY; that

(%) Ins1 € Eipyy Vi > ing1 Ip €& [Pn € pur1 S ).

Indeed, assume (*x) fails. Then for any p € &, extending p, there exists
i(p) > in41 for which there is no evaluation p € &; extending p. Now, all p’s
are bounded by exp(m (K (in+1)). Thus, we may use B¥; to find a common
bound 7 for all the i(p)’s. It follows that there is no p € &; extending any
of the i(p)’s. On the other hand, by (x) there is some p € &; extending py,.
But (plAi,,,) € &i,pyr and p, € (plA;,.,) C p, a contradiction. Hence, (#x)
must hold and the claim is proved.

Clearly, the evaluation p,4; given by (k*) satisfies the inductive condi-
tion at stage n + 1.

Now let P = (p, : n € w). Obviously P is increasing and cofinal. Since
all the axioms of IAj are II; we infer from Corollary 2.10 that

M|P] |= IA,

On the other hand, the set {exp®) (i) : i € log® (M)} is cofinal in both M
and M[P] (cf. Corollary 2.9). Since M |= Q3, we infer in view of Corollary 2.9
that M[P] |= Q3. Consequently, M[P] = A+ €3 since obviously TAj§+Qs3
implies IAg + Q3. This completes the proof of the theorem. =

REMARK 2.12. To keep the formulation of the above theorem reasonably
concise, we have stated its assumptions in a relatively simple way. It is clear,
however, that appropriate variants of the theorem would also be true if the
assumptions were modified in one or more of the following ways:
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e in (#),Vidpe& (...) could be replaced by Vi Ip € &; (...);

e also in (#), V1,11, ...,1, <log®)(i) could be replaced by V1,11, ..., <
(log™ (4)) /7 (for any standard ), as long as log®**) is closed under addition;

e F could be extended by adding finitely many formulae of the form (%)
evaluated to “True” by almost all of the p’s given by (#).

In what follows, we will sometimes speak of using “Theorem 2.11” when
some such variant is actually meant.

3. The principle 7. The present section introduces a consistent sen-
tence 7 which is a kind of reflection principle (mentioned in the title). We
begin by formulating some preservation properties of evaluations.

For a 3; sentence ® of the form 3z ¢* let I'gp(p, i) be the formula

O < exp(i— 1) = (Vj < i 3z < exp®(j) ¢” = True(p,i, 3z < s; ¢%))
A (Vo < exp® (i) =" = True(p, i, Vo ~¢"))),

and, for a fixed sufficiently large m which depends on some further construc-
tions but could be specified in advance, let T',,(p, i) be the formula

Vi <i,p €3 Vi <iVar,...,ar €A;
(Satm(weXp(S)(j)(al, .. ar)) = True(p,i,¥% (ay,...,q,))).

Intuitively, I's(p, ) says “p preserves the size of a witness for ® = Iz ¢,
and disallows witnesses of size greater than exp®) ()", while T',,(p,1) says
“p preserves the restrictions wexl’(3)(j), for j <1, of all 4,, sentences smaller
than 7.

Arguments similar to those in the previous section show that both I'g
and I'y, are Ay with a parameter (and hence A;), as they make no reference
to objects greater than ws(exp(® (i)).

We will now define some (possibly nonstandard) sentences 7; j, for j, j1 €
log(4) (whenever the variables j,j; appear as indices in 7; j,, they are as-

sumed to range over log(4)). The definition is by induction on ji. Let ;9
be

exp@® (2.
<3p € Eowo {Fm(p’ exp0) A /\ To(p, eXpQ)}) e
B<j

and let 7; j, 11 be

<3p € Euxpliii1) {Fm(p,exp(jl + 1) A A\ Talp,exp(ji + 1))
®<j

' exp™®) (2(j1+1))
A /\ True(p, exp(j1 + 1), M)}) :
Lii<(ji+1)/2
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If the definition of 7; ;, is to make sense, an evaluation of rank exp j; should
be able to decide the truth value of 7;;, for [,1; < ji/2. To check that this
is so, let ¢; j, (2,7) stand for

<3y € Eexp {Fm(y,exp 2) A\ Ta(y,exp2)
B<j

(4)
exp' (2z)
A /\ True(y,expz,xl’ll)}) ,
Lli<j1/2

and t;, stand for (7, Tl 20 < g1/2).
Observe that 7; j, is ¢;j; (j1, %5, ). Therefore, it is enough to check that for
any ji, @j, /2,5, /2 1s smaller than exp(exp(j1) —1) and that t]1/2 € Aexp(ji)—1-
To see the former, note that given any ji, a code for ¢j;, ; is about

j{% (a precise bound on ¢j, ;, depends on the details of how we code the
syntax, esp. the variables, but the main ingredient of ¢, ;, is a (j7/4)-long
conjunction of formulae whose codes will not much exceed the code for the
(j2/4)th variable, which in turn may be around j%). So for us it suffices if
(j1/2)71/4 is smaller than exp(exp(ji) — 1), which is clearly always the case.

To see that Zjl/g € Aexp(ji)—1, we only need to check that for all ji,
Tj, /aj1/4 18 smaller than K(exp(ji) — 1). But for any ji, the size of 7, j

-2
can be bounded by roughly j{l (the code for ¢j, ;) times the code for the
(j2/4)-long sequence of the 7; m,'s (for 1,51 < j1/2). This sequence will have

a code smaller than (3 -7, /o, 31/2)31/ Using the fact that K(i+ 1) > cK (i)
for some large standard ¢, it is easy to verify that K(exp(ji) — 1) is more
than 7;, j, (not to mention 7, /4 j, /4)-

In addition to the 7;;’s we also define, for any j € 10g(4)7 a formula
7;(j1) with ji as a free variable:

(319 € Eexpjir {Fm(p, exp ji) A /\ L'a(p, expj1)
o<

) ) exp® (251)
AV < j1/2 Ve (z =1, = True(p, exp j1, x))}) ,

where x = 7, is an abbreviation for the inductive definition of 7;;, with
[ and [; as parameters. Note that although the 7;(-)’s are in general again
nonstandard, 7,(-) is a standard formula for any standard n.

Note also that exp®(2j1) is not less than wz(exp® (j;))—the greatest
element we possibly need to access in order to check whether a given p €
Eexp ju satisfies all the conditions required in 7; j, or 7;(j1). For this reason,
the relativization to exp(4)(2j1), which is necessary for technical reasons,
does not essentially influence the sense of 7; ;, or 7;(j1).
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Let 9;(z) stand for

<Ely € Eexpz {Fm(y,exp z)) A /\ Te(y,expz))
o<y

exp® (2z)
AV L < z/2Vx (z =1y, = True(y, exp z,x))}) ,

where x = 7, is an abbreviation for the inductive definition of 7, .
The following lemma establishes an important connection between 7; ;,
and T j ( jl)

LEMMA 3.1. Let j < j1 and let ¢ be such that:

o The formulae v = 7'1 1 (as a formula of x,1,11) and True(y, exp z,x)
may be bounded by exp® (i) for any choice of I,y < j1/2, z < ji1, y <
exp(m(K(expj1))), and x < K (exp j1)®P71;

e A; is g.e. for <g0j7j1,j_1“fj1) and for (Yj j,, j1)-

Let p € &; satisfy Ty, (p,i). Then
M = True(p,i,755,) iff M True(p,z',v'j(j_l)).
REMARK 3.2. Any i > exp(2j;1) satisfies the conditions of the lemma.

Proof. We prove the left-to-right direction as the other direction is very
similar.

Assume M |= True(p, i, 755, ). As already noted, 75, is ¢ j, (41,5 ). So,
by the definition of 7; ;, and the meaning of the formula True, it follows that
for all 1,11 < j1/2,

p = True(s?71 (j17t5,), exp ji, i1, )-

We may assume that m was chosen large enough so that the formula x = 77,
is 3,,,. Then, by our assumptions on the size of 7, we may use the fact that
p satisfies I'y, to get p = (7, T =T 4) for all 1,11 < j1/2. Thus, for every ¢

such that p = (t = 7y, ), we e also have p = (t = 7 7i,1,)- By Definition 2.1, this
means that

p E Vo (v =1y = True(s¥/n (j_lf‘fjl),expj_l, x))

for any choice of I,11 < ji/2.
Similarly, for every t such that p |= (t < j1/2), we also have p |= (t = 1)
for some [ < ji /2. Therefore, we get
pEVLL < j1/2Ve (x =7y, = True(s¥91(j1" ), exp ji,x)).

Combining this with the original assumption that M |= True(p, ¢, 7 ;,), we
obtain
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p I ({Tm(s79 (07T ) exp i) A A\ Tals# (517, exp o)
<j

N _ exp® (241)
AV < j1/2 Ve (v =7y, = True(s®n (j_l’\tj),expj_l,a:))}) .

To prove M |= True(p, i, 7;(j1)), we only need to check that p also eval-
uates the above formula to “True” if we substitute the appropriate Skolem
term for s%i71(j;"t;, ). If that was not the case, we would have neither
p | 7;(j1) nor p = —7;(j1) (since we have a witness for the initial exis-
tential quantifier in 7;(j1)). But p = (Sexp2j; = exp®(2j1)), so p treats
7j(j1) as a formula relativized to Sexp2j,.- Now, p € &, and thus it follows
from Definition 2.3(i) that at least one of p |= 7;(j1) and p = —7;(j1) must
hold. m

COROLLARY 3.3. Let j < j1. Then
M = Vi (A; g.e. for (@jj, 1" t;) = Ip € & True(p,i,75,,))
if
M Vi (A; g.e. for (j,j1) = 3p € & True(p, i, 7;(j1)).
Proof. Follows from the lemma via Propositions 2.5 and 2.6. =

We now let 7 be Vj Vji Sat(7;(j1)). In view of Lemma 3.1, the sentence
7 can be treated as a form of reflection principle (an observation due to
A. Blass). Indeed, a “II; reflection principle” is usually understood to be a
formalized version of the principle
() 1 is provable = 1 is true,
for ¢ € II, in other words,

() ¢ is true = ¢ is consistent,

for ¢ € 3. Now, the existence of evaluations which satisfy ¢ is a kind of
consistency of ¢. So, in any model in which Sat is well-behaved as a truth
definition, 7 says:

¢ is true = ¢ plus a restricted fragment of 7 is consistent,

for ¢ € ¥;. Thus, 7 expresses (x*) and additionally has a limited “self-
reproducing” property.
As remarked above, T is a consistent sentence. Even more:

THEOREM 3.4. The theory 1Ag + exp proves T.

Proof. Let us work in a model of IAg+exp. We prove Vj < ji Sat(7;(j1))
by induction on j;. This will suffice, as for any j and any j; < ji, 75(j1)
implies 7;(j]) thanks to Propositions 2.5 and 2.6.
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Assume Vj < j1 Sat(7j(j1)). We want to show Vj < ji + 1 Sat(7;(j1)).
Thus, given any j < j; + 1, we need

(319 € Eexp(jr+1) {Fm(p, exp(j1 + 1)) A /\ La(p,exp(j1 + 1))
o<

, . exp®) (2(j1+1))
AV < (j14+1)/2 Ve (x =1, = True(p, exp(j1 + 1),:r))}) .
We will find an evaluation p of rank j; + 1 such that

(*)  Twm(p,exp(i+ 1) A N Ta(p, exp(ii + 1))
o<j

AV < (51 +1)/2 True(p, exp(j1 + 1), 7 (l1))-

The fact that p is as required in 7;(j; + 1) will then follow from Lemma 3.1,
since exp(j1 + 1) is a large enough rank for the lemma to ensure the equiv-
alence of p =7, and p |= 7y(ly) for I <1y < (j1 +1)/2 (see Remark 3.2).

The way to obtain p is by constructing a Skolem hull on Ay 41)-
A Skolem hull on a given A is a sequence H = (h; : t € A) of elements
of M, where the element h; is thought of as an interpretation of the term t.
One may define the satisfaction relation H |= ¢(t) in much the same way
as p = ¢(t), i.e. by postulating

o H |=p(t) it M = ¢(hy)
for ¢ open, and then proceeding as in Definition 2.1, so that e.g.
o H =3y ¢(t,y) iff A; is g.e. for (Jy ¢'(T,y),t) and H = @l(ﬁt,hsw(f)).

It is clear that any hull H on A determines an evaluation py such that
pa Eeiff HE . If Ais A;, and H is a hull of rank i (defined analogously
to “evaluation of rank ¢”, cf. Def. 2.3), then py € &;.

The hull we want to construct on Aeyp(j,41) is to satisfy:

(i) for any h € H, h < exp® (j; + 1),

(ii) for any a < K(expji1), ha = a, and for any j' < exp(j1 + 1),
hs,, = exp®(j');

(iii) for any h; € H and for any formula of the form '’ smaller than
explexp(j + 1) — 1),

(HEy') iff  Sat(y™);

(iv) for any hy € H and for any formula of the form 3z < ¢ ¢)* smaller
than exp(exp(j1 + 1) — 1),

(H E=3dx <ty®) iff Sat(Iz < hy °);
(v) for every ¢ < exp(ji + 1),

if  Sat(Ve <exp®(j; +1) =¢%) then H |=Va —¢®.



An application of a reflection principle 153

The actual construction of H is based on a straightforward induction.
Given that Acyp(j,+1) is ordered as (t1,..., %), we assign interpretations to
the t,’s by induction on r < k. If ¢, 1 is @, then hy_ ., = a, if it is s;/, then
hi ., = exp® j'. If t,41 = s9(f), then we define hy,,, to be the smallest
witness below exp® (j; + 1) for ¢(hy) whenever it exists, and arbitrary (but
smaller than exp®(j1 + 1)) if there is no such witness.

We take p to be py. It is again straightforward to check that p €
Eexp(ji+1) and that p has all the properties required in (*). In particular,
Vil < (j1 +1)/2 True(p, exp(j1 + 1), 7(l1)) follows by the construction of
p from the inductive assumption Vj < j; Sat(7;(j1)). =

4. The main theorem. To define the theory T mentioned in the in-
troduction, we will use “finite fragments” of the principle 7. Namely, let 7,
denote

vidp e & ({Tm.i) A A\ Tolp,i)
d<n

exp®)(21og )
AL < (logi)/2 Y (z =7y, = True(p,i,fc))}) o

In the notation of the previous section, 7, is (approximately) Vj; 7,(j1). In
particular, for n € w, 7, is a standard II; sentence.

LEMMA 4.1. Any 3,, sentence x consistent with 1Ay + Q3 is consistent
with all the T, ’s.

Proof. Let M |= IAg + Q3 + 70 + x. We may assume that M = BY,
since (cf. e.g. [P]) M has a l-elementary extension M’ of the same height
satisfying BY.

Let F be the set

{m(x) :n €w}U{x}.
This is a subset of
{n(z) : 1 € log™} U {x}.
Using the fact that M |= 79, we infer from (a minor variant of) Corollary 3.3
that
Vi dp € &; Vi, j1 < (logi)/2 p ‘: Tl(j_l),

since A; is g.e. for (¢, j1) whenever [, j; < (logi)/2. Also, almost all the p’s
evaluate x to “True”, because all p’s given by 7y satisfy T, and there is
an i such that a witness for y exists below exp®(i). Since log(4) is closed
under addition, we may apply Theorem 2.11 and obtain an increasing and
cofinal sequence Py of evaluations such that: M[Py] = IAg + Qs, Py E ¥,
and Py |= 7, (1) for any n € w and j; € log™®(M). Since the 7,(-)’s are IIy,
it follows that M[Py] = 7,(j1) for any n and j.
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But this means that for any n, j1,

MR b 3p € Eupin {Tm(p.expij) A J\ Tap,exp i)
d<n

AV < j1/2 Vo (v =1, = True(p, expjl,x))}.

We may obtain suitable p’s in &; for ¢ not of the form exp j; by restricting
the evaluations we have in Eeypj, (use Propositions 2.6 and 2.5 to ensure
that these restrictions are indeed evaluations of appropriate ranks and that
they have the desired properties). Hence, for any n we see that, in M[P],

Vidp € & {Tulpi) A /\ Tolpi)
d<n

AV L < (logi)/2 Vo (x = 1y, = True(p, i, x))},

which implies that M = 7, for all n. It remains to point out that M|[P)
also satisfies x, since Py = x and we may in this context treat x as a Ay
formula by considering its relativization to the smallest witness for y. =

Observe that the construction described in the proof of the lemma would
have also worked if we started in a model of some higher 7, and not just 7p.
In that case, we would be able to replace the set F by a set which additionally
contains —® for all ® < N false in M, and suitable true relativizations of
® for & < N true in M. Theorem 2.11 would then give us a sequence Py
corresponding to that set. M[Py| would satisfy all the 7,,’s and y just as
M| Py] did, but it would additionally satisfy exactly those ® < N which are
true in M.

Given any II; consequence 6 of IAg+exp, there exists a purely existential
sentence g consistent with Ay + Q3 + BX1 + 6, but inconsistent with
IAp + exp (see [HP]). If we apply this result to 6 := 79, we obtain an 3,,
sentence x consistent with IAg+ Q3 + B + {7, : n € w}, but inconsistent
with TAg + exp. Fix such a y and define the theory Ty by

To ZIIA0+Q3+BEI+{TTL:”€W}+X'

In what follows, ¢ will denote a binary sequence, &€ = (€0, - - - ; Eln(e)—1)-
Given a fixed Ay enumeration (@, : n € w) of all 3; sentences, let us
introduce the sentences

One = (n=1h(e))
A Yidpe & (Dp(p,i) AV < (logi)/2 Vo (x = 1y, = True(p,i,x))
AVE<n (e, =0=plE=—pr) ApE —pn).

LEMMA 4.2. Assuming m is sufficiently large, for any n and e, oy ¢ s
(equivalent in IAg + Q3 to) a V¥, sentence.
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Proof. The only difficulty is to show that Vi Ip € &; T';(p,i) can be
equivalently written as a V,, formula. Vi 3p € & '), (p, 1) is

Vidpe& Vy<iVy<iped,Var,...,ar €A
(Satm(@beXp(S)(j)(al, ...yar)) = True(p,i,¥% (ay,...,q,))),

so the main problem is that an implication with the 3,, precedent Sat,,
occurs in the scope of the bounded existential quantifier dp. Actually, we
could clearly replace Sat,, by its E,, analogue Satg, (see Preliminaries),
but this still does not solve our problem.

By the definition of the class 3,,, an 3, formula ¢(ai,...,a,) is
Az Y'(aq,...,ar,x) for ' € Uy—1. Thus ¢6Xp(3)(j)(a1, ..., a,) holds iff there
is a witness z < exp®)(j) such that ¢/ (ay, ..., a, ).

Consider the sentence &, given by

Vi V(xjpa:j <4, ¢ <iin3,, ac A; of appropriate length)

such that each x5 is < exp® (5)
dpe&Vi<iVy<i, YpedyVar,...ar €A
(Saty,,, (V' (a1, ... ar,xjpa)) = True(p,i,¢% (ay,...,q,))),

where (z; z) should be thought of as a sequence of “potential witnesses”
smaller than exp(®)(5) for (@), and Saty;,, , is dual to Satg, .

&m is easily seen to be equivalent to a V,, sentence. Indeed: Saty,, , is
Upn—1 with an appropriately large parameter, so it is F,—1 in the antecedent
of an implication; the universal quantifiers for j, ¢, and @ may be treated
as sharply bounded (in particular, @ is an at most log1)-long sequence of
objects smaller than 3K (i — 1), so it is < (3K (i — 1))!°8% € log); and the
initial unbounded universal quantifiers may obviously be merged into one.

Moreover, &, is also equivalent to Vi Ip € & T'y,(p,i). The right-to-left
direction is trivial: for any i the p € &; satisfying I'(p,i) will be good for
all sequences of witnesses. For the other direction, given a fixed ¢, there is
always an “optimal” sequence of witnesses (x; g), i.e. one such that if there
is any = < exp® j for which ¥/(ay, ..., a,,z) holds, then Zj.g is such an .
Now, &, gives us a p € &; which works for this “optimal” sequence. One
easily checks that p must satisfy I';,(p,7). =

We also introduce the sentences ¥, for n € w:
v, = \/ ( /\ —¢r A /\ (¢r A _‘Ur,(s[r))> :
ee{0,1}ntl  r<n,e,=0 r<n,er=1
Finally, we define our theory T by
T:=Ty+{¥V, :n € w}
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Obviously, T is a recursive theory. We will now prove our main theorem,
which shows, among other things, that 7" axiomatizes a certain class of mod-
els of Ty in which the set of elements definable by Ag formulae of restricted
complexity is cofinal in the set of all Ay definable elements:

THEOREM 4.3. (a) T is consistent.

(b) For any (not necessarily countable) M |= T, M>! is recursively
reducible to M.

(¢) In any (not necessarily countable) M = T, Epi1 A Upt1(M) is
cofinal in Ag(M).

Proof. We first prove (a). The proof is an inductive construction based
on repeated application of Theorem 2.11.
In the initial step, take an arbitrary countable model M of Ty. Consider
oo = 0¢,p and put
;L {M[Pg] if M = oy,
07 M otherwise,

where Py is as in Theorem 2.11 for £ = 1 and Fy is defined as

{ma(@) :n € wpU{=¢o} U{x},

where x should be treated as a relativization of the original x to some
exp® (+) true in M (note that the existence of Py follows from the fact that
M = o0¢ via Theorem 2.11 and Lemma 3.1). Also let ¢g = 0 in the former
and ¢y = 1 in the latter case.

Mj clearly satisfies IAg + Q3 and {7, : n € w} + x (either by our
assumptions on M or by the choice of Fy). Furthermore, by Lemma 2.10,
M E op implies M[P] = —¢p. On the other hand, in all models of {7, :
n € w}, m¢p implies og, because of the validity of a suitable 7. Hence either

o =0 and My | —¢o

or
eg=1 and MIO }: ¢g N\ 0.

In other words, M|, = ¥. Thus, we always have My, = (Tp \ BX1) + ¥o. By
passing to a l-elementary extension of the same height if necessary (see the
beginning of the proof of Lemma 4.1), we may obtain a model My satisfying
Ty + Po.

Proceeding inductively, assume that we are given a model M,, satisfying
To + ¥,,. As in the initial step, consider 0,11 = 0p41, for the sequence
e = (g0,...,&n) determined uniquely in view of M,, = ¥,,. Put

’ { Mn[PnJrl] if M ): On+1,

1= .
nt M, otherwise,
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where P41 is as in Theorem 2.11 for k = 1 and F,, 11 defined as
{m(z) :n€ewlU{=¢,:r <n,e =0}
U {_'O-T,(.e[r) rEn, e = 1} U {_'¢n+1} U {X}7

where xy and the —o¢’s should again be treated as true relativizations to
some exp®(-) (note as previously that the existence of P, follows from
M,, E op41 via Theorem 2.11 and Lemma 3.1). Define £,11 = 0 in the
former and €, 11 = 1 in the latter case.

Again, it is clear that M | satisfies IAg+ Q3 and {7, : n € w} + x. As
in the initial step, we get either

!
En+l = 0 and Mn+1 ): _‘¢n+l
or

/
ént1 =1 and MnJrl ): Gnt1 A 0py1-

We now check that M;,_; = ¥, ;. This is obvious if ,41 = 1, so assume
ent1 = 0 and thus M, = My[P,41]. For a given r < n, if &, = 0, then
M, ., = ¢, as required, since P41 |= ~¢,. On the other hand, if ¢, = 1,
then M;, | = =0, (c|r)» SiNCE P11 sets a suitable relativization of —o,. ()
to “True”. But this also means M/, 41 F &, as 2@, would imply O (elr) I
view of a suitable 7. Thus, in either case, M | = U,41.

As before, we may pass to a l-elementary extension if necessary to get
a model M, satisfying Ty + ¥,,. Since ¥,, clearly implies ¥y for k < n,
this shows that every finite subtheory of T' is consistent. By compactness,
T itself is also consistent, which ends the proof of (a).

To prove (b), let M be an arbitrary model of T'. Let the infinite binary
sequence € be the unique extension of the sequences given by the ¥,,’s. Then
for each n € w we have

(*) M ‘: bn = TOn,(eln)-

For, just as in the proof of (a), =¢,, implies oy, (c1,y since M = {7, : n € w},
while ¢, yields €, = 1, whence we have -0, (.1,) because of ¥y,

From (*) we obtain a recursive reduction of ¥; truth about M to 3,
truth about M. Indeed, knowing (¢[n) and knowing whether Tn,(cln) 18 true
we deduce whether ¢, is true, whence we deduce (¢[n 4+ 1) and so on: we
recover the 37 truth from the V,, truth step by step.

For the proof of (c), suppose that a € Ayg(M). In other words, M |= ¢(a),
where p(z) € Ag and M | Jlz ¢*(z). Thus, Iz ¢*(z) is a 31 sentence, say
¢n, true in M. Let 7 be such that exp®) (i) < a, so that we have M |= =3z <
exp® (i) @*(x). Using an appropriate 7y (recall that M = {7, : n € w}),
we can find a p € &; such that in M we have
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Lon(p,i) AV < (logi)/2 Vo (z = 7, = True(p,i,z))
A /\(5r =0=pF ~¢r) Ap E ~¢n,

r<n
where ¢ is the sequence given by W,,.
Hence
M = 7,,.(4),
where @, . is obtained from o, (the standard version, not necessarily the
one discussed in Lemma 4.2) by deleting the universal quantifier Vi.

We have proved that for any i, =3z < exp®)(i) ¢®(x) implies 7 (i).
However, we have M |= =0, since M = ¢,. It follows from -0, . that
there exists a number iy such that M = —a,, - (io).

Let by be exp® (2-logig) (thus, by is large enough to be a bound for all
the quantifiers in @, ((ig)), and let b > by be the smallest element of M which
is large enough to be a bound for all the quantifiers in by = exp(4)(2 -logiigp).
Now, b is the smallest element satisfying the F,,1; formula

Jig < b Iy < b ((bo = exp™@(2-1ogin))® A =(Tne(i0))),

so it is definable in M by an Ep,41 A U4 formula. Furthermore, b > a.
This proves that (c) holds. m

We conclude this paper with a remark on 1 definability of N in models of
IA + Q1—more precisely, on its relation to the question whether elements
definable by ¥; formulae of some fixed complexity are cofinal in a given
model.

Let M = IAg + ©; and assume that the set 3,(M) is cofinal in M. We
claim that if M7 has a code a € M, then N is ¥; definable in M with «
as a parameter. For, given an enumeration (p, : n € N) of 3, sentences, let
¥ (x) be the formula

dy Vz <z (¢, € a = Sat!(¢,)).

Clearly, it follows from the cofinality of 3,(M) that ¢(z) defines N in M.
We have thus proved one half of the following proposition (the other
follows easily by a standard argument):

PROPOSITION 4.4. Assume that N is not 31 definable (with parameters)
in M. Then for any r: 3,(M) is cofinal in M iff 3, truth is not codable
in M.
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