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Abstract. We study spaces M (R(y)) of R-places of rational function fields R(y) in
one variable. For extensions F|R of formally real fields, with R real closed and satisfying
a natural condition, we find embeddings of M(R(y)) in M (F(y)) and prove uniqueness
results. Further, we study embeddings of products of spaces of the form M(F(y)) in
spaces of R-places of rational function fields in several variables. Our results uncover
rather unexpected obstacles to a positive solution of the open question whether the torus
can be realized as a space of R-places.

1. Introduction. For any field K, the set of all orderings on K, given
by their positive cones P, is denoted by X' (K). This set is non-empty if and
only if K is formally real. The Harrison topology on X(K) is defined by
taking as a subbasis the Harrison sets

H(a):={Pe X(K)|a€e P}, acK\{0}.
With this topology, X'(K) is a boolean space, i.e., it is compact, Hausdorff
and totally disconnected (see L2l p. 32]).
Associated with every ordering P on K is an R-place A\(P) of K, that is,
a place of K with image contained in RU{oo}, which is compatible with the
ordering in the sense that non-negative elements are sent to non-negative

elements or co. The set of all R-places of K will be denoted by M (K). The
Baer—Krull Theorem (see [L1, Theorem 3.10]) shows that the mapping

A X(K)— M(K)
(which we will also denote by Ak ) is surjective. Through A, we equip M (K)

with the quotient topology inherited from X' (K), making it a compact Haus-
dorff space (see [L1l, p. 74 and Cor. 9.9]), and A a continuous closed mapping.
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According to [LL1, Theorem 9.11] the subbasis for the quotient topology on
M(K) is given by the family of open sets of the form

U(a) ={¢ € M(K) [ ((a) > 0}
where a is in the real holomorphy ring of K i.e., ((a) # oo for all ( € M (K).

Since for every b € K the element b/(1 + b?) is in the real holomorphy ring
of K (see [L1, Lemma 9.5]), we see that

H'(b) :={¢ € M(K) | 00 # ((b) > 0} =U<1+bbz)

is a subbasic set for every b € K. So we can assume that the topology on
M(K) is given by the subbasic sets H'(b), b € K.

Throughout this paper, R(y) will always denote the rational function
field in one variable over the field R. For the case of real closed R, we gave

in [KMO] a handy criterion for two orderings on R(y) to be sent to the same
R-place by A:

THEOREM 1.1. Take a real closed field R and two distinct orderings
Py, Py of R(y). Then A(P1) = A(Ps) if and only if the cuts induced by y with
respect to Py and Py in R are the upper and the lower edge of a ball in R.

See Section [2 for the notions in this theorem and for more details.

If R is any real closed field, each ordering P on R(y) is uniquely deter-
mined by the cut (D, F) in R where D ={d € R|y—d € P} and E = R\D
(cf. [G]). Hence, if C(R) is the set of all cuts in R, then we have a bijection

x : C(R) = X(R(y))

(which we will also denote by xr). With respect to the interval topology on
C(R) and the Harrison topology on X'(R(y)), xr is in fact a homeomorphism
(see Proposition. Theoremcan be reformulated as: Two distinct cuts
in R are mapped by X o x to the same place in M(R(y)) if and only if they
are the upper and the lower edge of a ball in R.

In the present paper, we put this result to work in order to find, for given
formally real extensions F' of a real closed field R, continuous embeddings ¢
of M(R(y)) in M(F(y)), by finding suitable embeddings of C(R) in C(F).

For any field extension L|K, the restriction

res = resy g : M(L) > (= (|x € M(K)

is continuous (see [D| 7.2]). An embedding ¢ : M (K) — M (L) will be called
compatible with restriction if res ot is the identity.

In order to determine when such embeddings of M(R(y)) in M (F(y))
exist, we have to look at the canonical valuations of the ordered fields R
and F. The canonical valuation v of an ordered field is the valuation cor-
responding to its associated R-place. If v is the canonical valuation of the
ordered field F', then its restriction to R is the canonical valuation of the
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field R ordered by the restriction of the ordering of F', and we will denote it
again by v. Recall that the ordering and canonical valuation of a real closed
field are uniquely determined. By vF and v R we denote the respective value
groups. Then vF|vR is an extension of ordered abelian groups. Note that
vR = {0} if and only if R is archimedean ordered. In Section |5, we will
prove:

THEOREM 1.2. Take a real closed field R and a formally real extension
field F' of R. A continuous embedding v of M (R(y)) in M(F(y)) compatible
with restriction exists if and only if vR is a convex subgroup of vF, for
some ordering of F'. In particular, such an embedding always exists when R
is archimedean ordered. If F' is real closed, then there is at most one such
embedding.

For the case of F' not being real closed, we prove a partial uniqueness
result (Theorem [5.2]).

Let us point out a somewhat surprising consequence of Theorem If
R is a non-archimedean real closed field and F' is an elementary extension
(e.g., ultrapower) of R of high enough saturation, then vR will not be a
convex subgroup of vF and there will be no such embedding ¢.

In Section [6] we consider the special case where R is archimedean ordered
and give a more explicit construction of ¢ and a more explicit proof of the
uniqueness. The construction we give is of interest also when other spaces
of places are considered (e.g., spaces of all places, together with the Zariski
topology).

It is well known that for an archimedean real closed field R, M (R(y))
is homeomorphic to the circle (over R, with the usual interval topology).
In fact, this is an easy consequence of Theorem Hence our embedding
result shows that each M (F'(y)) contains the circle as a closed subspace.

While spaces of orderings are well understood, this is not the case for
spaces of R-places. Some important insight has been gained (see for instance
[BG], [B1], [B2], [EO], [GM], [KMO], [MMOI, [S]), but several essential ques-
tions have remained unanswered. For example, it is still an open problem
which compact Hausdorff spaces are realized as M (F') for some F'. It is there-
fore important to determine operations on topological spaces (like passage
to closed subspaces, taking finite disjoint unions, taking finite products) un-
der which the class of realizable spaces is closed. It has been shown in [EO]
that closed subspaces and finite disjoint unions of realizable spaces are again
realizable, as well as products of a realizable space with any boolean space.

It has remained an open question whether the product of two realizable
spaces is realizable. A test case is the torus; it is not known whether the
torus (or any other subspace of R™ of dimension > 1) is realizable.
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As M(R(y)) is the circle, M(R(z)) x M (R(y)) is the torus. In Section
we generalize our construction given in Section [6]to obtain a natural embed-
ding of M(R(z)) x M(R(y)) in M(R(x,y)). In view of the above-mentioned
negative result, this embedding cannot be continuous with an image that is
closed in M(R(z,y)), because otherwise it would follow from the realizabil-
ity of closed subspaces that the torus is realizable. We show an even stronger
negative assertion: the image of the embedding is dense in, while not being
equal to, M (R(z,y)). Hence, the image is not closed, and the embedding is
not continuous.

In the final Section [9] we will show that for an arbitrary extension L|K,
there is a continuous embedding of M (K) in M (L) compatible with restric-
tion as soon as L admits a K-rational place, that is, a place trivial on K
with image K U{oc}. In particular, this applies when L is a rational function
field over K.

2. Cuts, balls and R-places. Take any totally ordered set T and
D, ECT. We will write D < E'ifd < e for all d € D and e € E. Note that
0 <Tand T < (. For c € T, we will write ¢ > D if ¢ > d for all d € D, and
c< FEifc<eforallee FE.

A pair C = (D, E) is called a cut in T if D < E and DUE =T In this
case, D is an initial segment of T', that is, if d € D and d > ¢ € T, then
c € D; similarly, F is a final segment of T, that is, if e € Fande<c e T,
then c € F.

We include the cuts C_o, = (0,7) and Co = (T,0); the empty set
is understood to be both an initial and a final segment of T. If ] =
(D1, Eq) and Cy = (Do, Eg) are two cuts, then we will write C7 < Cy if
D1 C Ds.

Take any non-empty subset A of T. By AT we will denote the cut
(D, T\ D) for which D is the smallest initial segment of 7" which con-
tains A. Similarly, by A~ we will denote the cut (T"\ E, E) for which E is
the smallest final segment of T" which contains A.

A cut (D, E) is called principal if D has a last element or F has a first
element. In the first case, the cut is equal to {d} T, where d is the last element
of Dj; in this case we will denote it by d™. In the second case, the cut is equal
to {e}~, where e is the first element of F; in this case we will denote it by e™.

We will need the following fact:

LEMMA 2.1. If C1,Cy are cuts in T such that C; < Cs, then Cp < a™ <
at < Cy for somea €T.

Proof. Write C; = (D1, E1) and Co = (Ds, Es). If C; < Cy, then there
is some a € Dy \ D1. Then €} <a~ <a™ < Cy. =
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For any pair (D, E) such that D < E, we define the between set
Betwr(D,E):={ceT|D <c<E}.

Now consider any ordered field F' with its canonical valuation v. If D, F
are any subsets of F', we set

v(E—-D):={v(e—d)|ec€ E,de D} CvF U/{oo}.
The following observation is easy to prove.

LEMMA 2.2. Assume that D is an initial segment or E is a final segment
of F. Then v(E — D) is an initial segment of vF U {oo}.

A subset B C F'is called a ball in F' (with respect to the valuation v) if
it is of the form

B = Bg(a,F) := {be F|v(a—b) € SU{oo}}

where a € F and S is a final segment of vF. We consider S = () as a final
segment of vF'; we have By(a, F') = {a}.

The notion of “ball” does not refer to some space over F', but to the
ultrametric underlying the natural valuation of F'. Note that because of
the ultrametric triangle law, every element of a ball is a center, that is, if
b € Bg(a,F) then Bg(a,F) = Bg(b, F). Therefore, v(b —¢) € S for all
b,c € Bg(a,F). A subset B of F is a ball if and only if for any choice of
a,b € B and ¢ € F such that v(a — ¢) > v(a — b) it follows that ¢ € B.

If 0 € Bg(a, F), then Bg(a, F') = Bg(0, F) is a convex subgroup of the
ordered additive group of F'. Every ball in F' is in fact a coset of a convex
subgroup: Bg(a, F') = a+ Bg(0, F).

By a ball complement for the ball B = Bg(a, F') we will mean a pair
(D, E) of subsets of F' such that D < B < E and F = DU BU E. In this
case again, D is an initial segment and F is a final segment of F.

LEMMA 2.3. If (D, E) is a ball complement for B = Bg(a, F'), then
v(E—D)=v(E—-B)=v(B—-D)=vF\S.

Proof. First, we show that v(F — D) = vF \ S. Ford € D and e € E,
we have v(a —d) < S and v(e —a) < S because d,e ¢ B. From d < a < e it
then follows that v(e — d) = min{v(e — a),v(a — d)} < S. This proves that
v(E—D)<S.

Now take @ € vF, a < S. Choose 0 < ¢ € F such that vc = a. Then
v(a — (a — ¢)) = ve = a, whence a — ¢ ¢ B and therefore d :== a — ¢ € D.
Similarly, a + ¢ ¢ B and therefore e := a + ¢ € E. Since d < a < e, we find
a=v(2c) =v(e —d) € v(E — D). Since v(E — D) is an initial segment of
vEF U {oo} by Lemma and S is a final segment, we can now conclude
that v(E — D) =ovF'\ S.
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Again by Lemma also v(E — B) and v(B — D) are initial segments
of vFU{o0c}. If d € D, e € E and b € B, then d < b < e, whence
v(b—d) > v(e —d) and v(e —b) > v(e — d). Consequently, v(E — D) is
contained in v(E—B) and v(B—D). On the other hand, d, e ¢ B implies that
v(b—d),v(e—b) < S. So by what we have proved earlier, v(b—d),v(e—b) €
v(E — D). This shows that all three sets are equal. »

We will say that a cut is the lower edge of the ball B = Bg(a, F) if
it is the cut B7; similarly, a cut is said to be the upper edge of the ball
B if it is the cut BT. Two cuts will be called equivalent if either they are
equal, or one is the lower edge B~ and the other is the upper edge B of a
ball B.

A cut of the form Bt or B~ for B a ball will be called a ball cut.
Principal cuts in F are ball cuts: a* = {a}" = By(a, F)* and a= = {a}~ =
B@(a, F )_.

If a cut is neither the lower nor the upper edge of a ball, then we call it
a non-ball cut. The equivalence class of a non-ball cut is a singleton. As the
following lemma shows, the equivalence class of a ball cut consists of two
distinct cuts.

LEMMA 2.4. If a cut is the upper or the lower edge of a ball in F, then
the ball is uniquely determined. In particular, Bfr = B, for two balls By
and By is impossible. Therefore, equivalence classes of balls contain at most
two cuts.

Proof. We show the assertion for a cut BT = Bg(a, F)"; the lower edge
case is similar.

Take any d € F and some final segment T of vF. Suppose that BT =
Br(d, F)". Since the balls Bg(a, F) and Br(d, F') are final segments of the
left cut set of BT, their intersection is non-empty. So one of them is con-
tained in the other. If they were not equal, the bigger one would contain
an element which is bigger than all elements in the smaller ball, but that is
impossible.

Now suppose that BT = Bp(d, F)~. Then d > Bg(a, F),sov(a—d) < S.
Similarly, a < Br(d, F),sov(a—d) < T.Set d' := (d+a)/2; thend < d' < a
and v(a — d') = v(a — d) = v(d' — d). Consequently, d > Bg(a, F) and
d' < Br(d, F), a contradiction. =

In combination with Theorem this lemma shows that the mapping
A will glue no more than two orderings into one R-place. Another, quite
different way of proof is by an application of the Baer—Krull Theorem

ProposITION 2.5. Take a real closed field F'. Then for every ( €
M(F(y)), the preimage A~1(¢) consists of at most two orderings.
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Let us add the following observation:

PROPOSITION 2.6. For every formally real field F', the mapping A :
X(F) — M(F) induces continuous glueings, that is, if Py, P, € X(F) are
such that for every pair of open neighborhoods Uy of Py and Us of Py there
are Q1 € Uy and Q2 € Uy with \(Q1) = A(Q2), then A(P1) = A(P).

Proof. Take two orderings P;, P, € X (F') such that A(P;) # A(P%). Since
M(F) is Hausdorff, there are disjoint open neighborhoods Uj of A\(P;) and
U} of A\(P,). Their preimages Uy := A~}(U]) and Uz := \~}(U}) are open
neighborhoods of P; and Py, respectively. Since U; N Uy = (), there cannot
exist any orderings @1 € U; and Q2 € Us such that \M(@Q1) = A(Q2). =

3. Topologies on C(F') and X (F'). Take any ordered field F. We have
already defined the ordering on C(F'). Intervals are defined as in any other
linearly ordered set. Note that the linear order of C(F') has endpoints C
and C_.

The interval topology on C(F') (like on every other linearly ordered set
with endpoints) is defined by taking as basic open sets all intervals of the
form (C1,C) = {C € C(F) | C1 < C < Cy} for any two cuts Cq,Cy € C(F),
together with (C,Cwo] if Cy # Co, and [C—_, Co) if C_ o # Co.

Note that in the interval topology on C(F'), an open interval may have
a first or a last element different from Cu, C_so. Indeed, if C = a™ is a
principal cut and C; < a~, then (C1,a™) has last element C. Similarly, if
C =a and a™ < Oy, then (a—,C3) has first element C. However, this is
the only way in which first and last elements will arise in open intervals:

LEMMA 3.1. Take an interval I that is open in the interval topology. If
C is the first element of I, then C = a™ for some a € F. If C is the last
element of I, then C = a~ for some a € F.

Proof. Any finite intersection or arbitrary union of intervals of the form
(C1, C2) will only have a first or a last element if that is already true for one
of the intervals. Suppose that C is the first element of I; the case of C being
the last element is similar. Then C'is the first element of an interval (C1, Cs),
which means that there is no cut properly between C7 and C. Therefore,
our assertion follows from Lemma 2.1l w

Let us also note that Lemma [2.1] implies:
LEMMA 3.2. The principal cuts lie dense in C(F).

A subset of C(F) will be called full if it is closed under equivalence. We
define the full topology on C(F') to consist of all full sets that are open in the
interval topology. This topology is always strictly coarser than the interval
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topology because in the latter there are always open sets containing Ci
without containing C_ .. Hence it is not Hausdorff, but it is quasi-compact.

PROPOSITION 3.3. For every ball B in F, the intervals [B~,B™],
(B~, B™") and their complements are full in C(F).

Proof. Take any ball By in F. If By N B = (), then both Bf and B lie
in the complement of (B~, BT), and by Lemma also in the complement
of [B~,BT].

If ByNB # (), then B; C B or B C Bj. In the latter case, again both Bfr
and By lie in the complements of [B~, B*] and (B~,B*). If B C B, then
both By and By lie in [B~, BT] and in (B, BT). Finally, if By = B, then
both B and Bj lie in [B~, B*] and in the complement of (B~, BT). m

Let us also observe:

LEMMA 3.4. If F|R is an extension of ordered fields, then the restriction
mapping res : C(F) — C(R) preserves < and equivalence and is continuous
in both the interval and the full topology. The preimage of every full subset
of C(R) under res is again full.

Proof. It is clear that res preserves <. Hence, the preimage of every
convex set in C(R) is convex in C(F'). Therefore, if I is an open interval
in C(R), then its preimage I’ is convex, and if it has no smallest and no
largest element, then it is open. If it has a smallest element C’, then res(C”) is
the smallest element of I, hence equal to C_«, in C(R). Therefore, I’ contains
the cut C_ of C(F'), whence C' = C_,. Similarly, a largest element of I’
can only be equal to C, in C(R). It follows that I’ is open. We have proved
that res is continuous with respect to the interval topology.

Suppose that B is a ball in F'. Then By = BN R is either empty or a ball
in R. In the first case, res B~ = res BT, and in the second case, res B~ = By
and res BT = B(")F . This proves that res preserves equivalence. This implies
that the preimage U’ of a full set U is again full: if C; € U’ is equivalent
to Co, then res(C) € U and res(Cy) are equivalent, whence res(Cy) € U
and Co € U’'. From this and the continuity shown above it follows that res
is continuous with respect to the full topology. =

Take any ordered field L. The notion of “full” was introduced in [H]
for X(L), but only for the Harrison sets. We generalize the definition to
arbitrary subsets Y of X(L) by calling Y full if \;'(AL(Y)) = V. We will
call two orderings Py, P» € X (L) equivalent if A\(P;) = A(P). Hence, Y is
full if and only if it is closed under equivalence.

Note that the intersection of finitely many full sets is again a full set
and the union of any family of full sets is also a full set. We define the
full topology on X (L) by taking as open sets all full sets that are open in
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the Harrison topology. In general, this topology is strictly coarser than the
Harrison topology and hence not Hausdorff, but it is always quasi-compact.

REMARK 3.5. 1) If YV is a full open (or closed) subset of X' (L), then
A(Y') is an open (or closed, respectively) subset of M(L).

2) For any U ¢ M (L), A"Y(U) is a full subset of X(L).

3) Take any extension L|K of ordered fields. Then in the diagram

AL,

the restriction mappings are continuous, and the diagram commutes (see
[Dl 7.2]). Being continuous mappings from compact spaces to Hausdorff
spaces, the restriction mappings are also closed and proper.

The analogue of Lemma, [3.4] is:

LEMMA 3.6. If L|K is an extension of ordered fields, then the restriction
mapping res : X(L) — X(K) preserves equivalence and is continuous with
respect to both the Harrison and the full topology. The preimage of every full
set in X(R) under res is again full.

Proof. The continuity in the Harrison topology has just been stated.
The fact that res preserves equivalence follows from the commutativity of
the above diagram. As in the proof of Lemma this implies the last
assertion, and it follows that res is also continuous with respect to the full
topology. =

If R is any real closed field, each ordering P on R(y) is uniquely deter-
mined by the cut (D, E) in R where D ={d € R|y—d € P} and E = R\D
(cf. [G]). Hence, we have a bijection

X : C(R) = X(R(y)),
which we will also denote by xg.

PROPOSITION 3.7. With respect to the interval topology on C(R) and the
Harrison topology on X (R(y)), x is a homeomorphism. The same holds with
respect to the full topologies. For C1,Cy € C(R), C1 is equivalent to Cy if
and only if x(C1) is equivalent to x(Cs).

Proof. The first assertion is a consequence of [KMO Prop. 2.1]. For the
proof of the second assertion, we first prove the third. By definition, x(C) is
equivalent to x(C2) if and only if A(x(C1)) = A(x(C2)). But by Theorem
this holds if and only if C; and Cs are equivalent. It follows that the image
of a full subset of C(R) under y is again full, and the preimage of a full
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subset of X(R(y)) under x is again full. Now the second assertion follows
from the first. m

This proposition, together with Theorem [1.1] gives us a description of
M(R(y)) as the quotient space of C(R) with respect to the equivalence
relation for cuts:

PROPOSITION 3.8. Via the mapping X o x, the space M (R(y)) with the
topology induced by the Harrison topology is the quotient space of C(R) with
the full topology, where the quotient is taken modulo the equivalence of cuts.
The full topology is the coarsest topology on C(R) for which X o x is contin-
uous. The image of a full open set in C(R) under Ao x is open.

A place in M (R(y)) is called principal if it is the image under Ao x of a
principal cut in C(R). From Proposition and Lemma we obtain:

LEMMA 3.9. The principal cuts lie dense in M(R(y)).
We will also need:

PRrROPOSITION 3.10. The restriction mappings in the following diagram
are continuous (with respect to the interval topology and the Harrison topol-
ogy as well as with respect to the full topologies), and the following diagram

commutes:

CF) X5 x(F(y) X9

res l res l res J{

C(R) X5 X(R(y) 229 M(R(@))

Proof. In view of Lemmas and and part 3) of Remark it
just remains to prove that the square on the left hand side of the diagram
commutes. This follows from the fact that the cut induced by y in R under
the restriction of some ordering from F'(y) is simply the restriction of the
cut induced by y in F' under this ordering. m

We note the following fact, which is straightforward to prove:

LEMMA 3.11. If¢ is an embedding of C(R) in C(F), or of X(K) in X (L),
or of M(K) in M(L), compatible with restriction, then the preimage of a
set U under ¢ is equal to its image under restriction.

4. Embeddings of C(R) in C(F'). We consider an extension F'|R of or-
dered fields. Our goal is to construct an embedding ¢ of M (R(y)) in M (F(y))
under suitable assumptions on the extension; this will be done in Section
In view of Proposition [3.8] we first define an order preserving embedding of

C(R) in C(F).
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From now on we will frequently have to compare cuts in R with cuts
in F. If C = (D, E) is a cut in R, then we will say that the element a € F'
fills C'if D < a < E holds in F'. Since a subset A of R is also a subset of F,
we will have to distinguish whether A™ and A~ are taken in R or in F. If
this is not clear from the context, we will write A™® and A~& for the former,
and ATF and A™F for the latter.

To find a suitable embedding of C(R) in C(F'), we need to study the set
of all elements in F' that fill a cut in R. More generally, we have to consider
the following situation.

LEMMA 4.1. Take two non-empty sets D < E in R. Assume that (D, E)
is either a non-ball cut in R with Betwp(D, E) # 0, or a ball complement
in R. Then

Betwp (D, E) = Bg(a, F)
for each a € Betwp (D, E), where S is the largest final segment of vF disjoint
from v(E — D) (or equivalently, the largest subset of vF such that S >
v(E — D)).

Proof. First, we show that B := Betwp(D, E) is contained in Bg(a, F).
Take any d € D,e€ Eand be B. Asd < a<eand |a—b| <e—d, we see
that v(a — b) > v(e — d). We show that we must have v(a — b) > v(e — d),
which yields b € Bg(a, F).

Suppose that v(a—b) = v(e—d). We assume that b < a; the case of b > a
is symmetrical. Then it follows that v(a— d) =v(e—d)and v(b—d) > v(e—d),
so that v(“ b) =0, (e d) =0 and v( ) > 0. We consider the residues
under v, which are real numbers. Firstly, ( ) =0 and £ d > 0 imply
that (‘; Z)v > 0, and v(b d) > 0 and 2 d > 0 imply that (2_3)1} > 0.

Secondly, we have
0 < b—d < (o= d
=\e—a)’ e—d)”

where the last inequality holds because (‘; g)v — (2 g)v = (‘;:g — g%g)v =

(Z Z)v > 0. So there are rational numbers ¢, g2 > 0 such that

b—d < < < a—d
e—dv q1 < g2 7@_(1 v,

b—d<q(e—d) <gle—d) <a-—d,

which yields

whence
b<d+qe—d) <d+ qle—d) <a.

Consequently, d + qi(e — d), d + g2(e — d) € Betwg(D, E), which can only
happen in the ball complement case. In this case, Betwg(D, F) is a ball
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Bs,(ag, R) in R, with D < ap < E. By Lemma So = vR\ v(E — D).
But

v(d+qe—d) — (d+q(e—d))) =v((g2 — q1)(e —d)) = v(e = d) < S,
in contradiction to d + q1(e — d), d + g2(e — d) € Bg,(ao, R). We have now
proved that B is contained in Bg(a, F').

It remains to show that Bg(a, F') is contained in B. If this were not the
case, then for some b € Bg(a, F') there would exist some d € D with b < d,
or some e € E with b > e. We will assume the first case and deduce a
contradiction; the second case is symmetrical. Since b < d < a and Bg(a, F')
is convex, we have d € Bg(a, F).

First, we consider the case of (D, F) being the complement of a ball
Bs,(ag, R) in R. Then a9 € B C Bg(a, F), so Bs(a,F) = Bg(ag, F). Fur-
ther, we know from Lemma[2.3|that v(E — D) = vR\ Sp. By our choice of S,
this implies that SNvR = Sy, and we obtain d € Bg(ag, F)NR = Bg,(ap, R),
a contradiction.

In the non-ball case, we use the relation Bg(a, F') = Bg(d, F') to deduce
that Bg(a,F') N R = Br(d, R), where T := SN vR. From S > v(E — D)
it follows that Br(d, R) < E. In the present case, Betwr(D, E) = (), so we
find that Br(d, R) is contained in D. Since Bg(a, F') is convex and contains
a > D, it follows that Br(d, R) is a final segment of D. But this contradicts
our assumption that (D, F) is a non-ball cut. =

REMARK 4.2. If (D, E) is the complement of a ball Bg,(ag, R) in R,
then we can choose a = ag. Moreover, S is then equal to the largest final

segment of vF disjoint from vR \ Sy (or equivalently, the largest subset of
vF such that S > vR\ Sp).

The next lemma tells us which cuts in F' restrict to the same cut in R:
LEMMA 4.3. Take any cut C in R.

(a) If C = (D, E), then the set of all cuts in F that restrict to C is
{C"eC(F) | Dtr <C'" < EF}. (If D=0, then D™F means the
cut F7F, and if E =0, then E~F means the cut FTF.)

(b) Assume that C = B{" or C' = By*® for a ball By = Bs,(ag, R) # R
in R, and take the ball Bs(ag, F') as in Lemma . Then the set of
all cuts in F that restrict to the cut C' in R is {C" € C(F) | Bf* <
C" < Bg(ag, F)*F} for C = Bf®, and {C' € C(F) | Bs(ag, F)™F <
C" < Byf} for C = By®. If vR is a convex subgroup of vF and
C is not principal, then BSFF = Bgs(ap, F)™F, By ¥ = Bg(ap, F)™F,
and the above sets are singletons.

Proof. The proof of (a) is straightforward. Now assume the hypotheses
of (b). We prove the assertions for C' = By ". For C = By *, the proof
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is symmetrical. If (D, E) is the ball complement of By in R, then C' =
(D U By, E). By Lemma Betwp(D, E) = Bgs(a, F'), which implies that
Betwp(DUBy, E) = {b € Bg(a,F) | b> By}. This implies the first assertion
of (b).

For the proof of the second assertion, assume that vR is a convex sub-
group of vF and that C' is not principal. Then Sy is a non-empty final
segment of vR, and Sy # vR since Bg,(ap, R) # R by assumption. We wish
to show that Sy is an initial segment of S. Since Sy is a final segment of v R
and vR is convex in vF, also Sy is convex in vF'. Hence if Sy were not an
initial segment of S, then there would be an element v € S such that v < ..
On the other hand, S > vR\ Sy, whence Sy > v > vR\ Sy # (). But this
contradicts the convexity of vR in vF'.

Since Sp is an initial segment of S, the ball Bg,(ag, R) is coinitial and
cofinal in the ball Bg(ag, F'). This implies that BS‘F = Bg(ap, F)"F and
By" = Bg(ag, F)"F. m

We define an order preserving embedding 7 of C(R) in C(F') as follows.
Take a cut C' in R. If C = (D, FE) is a non-ball cut in R, then we set
i(C)=DTF or i(C) = E~F.If C is the lower or upper edge of a ball By # R
in R and (D, E) is the ball complement of By, then we set £(C') = D*F if
C = By ® is the lower edge, and i(C) = E7F if C' = By " is the upper edge.
Finally, we set Z(R™®) = R™F and i(R*®) = RTF. Note that i is uniquely
determined by this definition if and only if no non-ball cut (D, E) in R is
filled in F because then Dt = E~ will still hold in F.

REMARK 4.4. For a cut C in R, its image i(C) is a non-ball cut in F if
and only if C is a non-ball cut in R that is not filled in F. Hence if 7(C) is
a non-ball cut in F' then it is the only cut in F' that restricts to C.

Indeed, if C' is a ball cut in R, then by our definition of Z, also i(C) is
a ball cut. If C = (D, E) is a non-ball cut in R that is filled in F', then by
Lemma 1.1, D*F = B~F and E~F = B*F for a ball B = Bg(a, F) in F,
so I(C) is again a ball cut. But if the non-ball cut C' = (D, E) is not filled
in F, then it is also a non-ball cut in F, as the restriction to R of a ball
cofinal in the left or coinitial in the right cut set in F would be a ball in R
cofinal in D or coinitial in E.

The embedding 7 is order preserving since if (D1, E1) < (D2, E3) are two
cuts in R, then E; N Dy # () and therefore DILF <EF< D;F <E,*".
If Bg,(ap, R) # Risaballin R, and if we take S as defined in Lemma
then by our definition,
i(Bs,(ag, R)"%®) = Bg(ag,R)"F and i(Bg,(ag, R)*%) = Bs(ap, R)"F.

This together with i(R™®) = R™F and i(RTR) = RTF shows:
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LEMMA 4.5. The embedding © sends equivalent cuts to equivalent cuts.
Hence the preimage of a full set is full.

Let us also note:

PROPOSITION 4.6. If vR is cofinal in vF (which implies that there is
no f € F such that f > R), then I sends principal cuts to principal cuts.
Otherwise, no principal cut is sent to a principal cut.

Proof. A principal cut in R is the upper or lower edge of a ball By(ag, R).
Take the ball Bg(ag, F) as in Lemma By definition, I(Bgy(ag, R)™ %) =
Bg(ag, F)~F and i(Bg(ag, R)™®) = Bg(ap, F)TF. The latter cuts are prin-
cipal if and only if S = (). By Remark S = if and only if there is no
~v € vF such that v > vR, that is, if and only if vR is cofinal in vF'. =

If there is at least one non-ball cut in R that is filled in F', then the
embedding ¢ will not be continuous with respect to the interval topology.
Even worse:

PROPOSITION 4.7. Take any extension F|R of ordered fields. If there
s at least one non-ball cut in R that is filled in F', then there exists no
embedding of C(R) in C(F) that is continuous with respect to the interval
topology and compatible with restriction.

Proof. Take C = (D, E) to be a non-ball cut in R that is filled in F.
Then Lemma shows that Betwp (D, E) is equal to a ball B in F. In
order to be compatible with restriction, an embedding has to send C' to a
cut C' in F which is equal to BTF, B™F, or a proper cut in B. Suppose
that ¢’ # BTF. Take any cut C; < B™F and consider the open interval I =
(C1,BTF) in C(F'). Then the restriction of I to C(R) is an interval in C(R)
with last element C'. This shows that the preimage of I under any embedding
compatible with restriction is not open, as follows from Lemma [3.1] since C
is not a principal cut.

In the case of C' = BTF, choose Cy € C(F') such that BTF < C5 and
consider the open interval I = (B~F,(Cs) in C(F). Its restriction to C(R) is
an interval with first element C', hence again not open. =

The problem is that an open interval in C(F') can end in a set that fills
a cut from R, in which case its preimage in C(R) will include an endpoint.
However, a full open set will have to enter the between set from both sides,
and so we obtain the following positive result if we switch from the interval
topology to the full topology:

PROPOSITION 4.8. Assume that vR is a convex subgroup of vF. Then the
embeddings T : C(R) — C(F) constructed above are exactly the embeddings
that are continuous with respect to the full topology and compatible with
restriction.
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Proof. Take an embedding 7 : C(R) — C(F') as constructed above. In
view of Lemma [4.3] 7 is compatible with restriction.

By virtue of Lemma in order to show that 7 is continuous with
respect to the full topology, it suffices to show that the preimage of any
full open set U is open in the interval topology of C(R). Take C' € C(R)
with 7(C) € U. Since U is open in the interval topology of C(F'), there is
an open interval I C U which contains 7(C'). The preimage of I under 7 is
again an interval, and if C' is not an endpoint of it, then C' lies in some open
subinterval of this preimage.

Now suppose that C' is an endpoint of the preimage of I. Then either all
cuts in I on the left side of 7(C') restrict to C, or all cuts in I on the right
side of 7(C) restrict to C. In both cases, we see that more than one cut in
F restricts to C'. Since we have assumed vR to be a convex subgroup of v F,
Lemma [4.3] shows that we are in one of the following cases:

(a) C is a non-ball cut,
(b) C is a principal cut,
(c) C=R RorC=R'E.

In all three cases, by our construction of 7, we find that i(C)) = B™F or
i(C) = B*F for some ball B in F. Denote the restriction of B™F to R
by C1, and the restriction of BTF to R by Cy. Then C' = C; or C = Cs.

Since U is assumed to be full, B~F, BTF ¢ U; and since U is open,
B~F € I} and BTF € I, for some open intervals I; and I contained in U.

We first deal with cases (a) and (b). In both cases, B~ is the smallest
cut that reduces to C; and BTF is the largest cut that reduces to Cs.
The open interval I; contains a cut on the left of B~™F, which consequently
restricts to a cut C] < Cy. Similarly, I> contains a cut on the right of BT,
which consequently restricts to a cut C% > Cy. For every C' € (Cy,CY)
we have 7(C2) < 7(C") < i(C%), hence 7(C") € I. This shows that [C2, C%)
is contained in the preimage of I. Similarly, it is shown that (C7,C1] is
contained in the preimage of I;.

In case (a), both B™F and B*F restrict to C, so we have C' = C; = Cs. In
case (b), where C' = a % or C = a'& for some a € R, B™F restricts to a™ &
and B1F restricts to a™E. In both cases, (C],C1] U [Cq,CY) = (C1,Ch). Tt
follows that C' has the open neighborhood (Cf,C%) which is contained in
the preimage of U.

Now we consider case (c). In this case, (C') = R™F, the largest cut
that restricts to C; = R™E, or i(C) = RTF, the smallest cut that restricts
to Cy = RTR. The open interval I; contains a cut on the right of R™F,
which consequently restricts to a cut C{ > R™E. Similarly, I contains a cut
on the left of RTF, which consequently restricts to a cut C4 < RTE. For
every C' € (Ch, RTR) we have i(C}) < i(C") < i(R*®), hence i(C') € Is.
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This shows that (C%, RTR] is contained in the preimage of I5. Similarly, it is
shown that [R™%, (") is contained in the preimage of I;. Now one of these
two intervals is an open neighborhood of C.

It follows in all three cases that C' has an open neighborhood which is
contained in the preimage of U. This proves that the restriction of U is open.

Now assume that 7’ is an embedding of C(R) in C(F), compatible with
restriction. Suppose that there is a cut C' in C(R) such that its image i'(C)
is not in accordance with our above construction.

First, we consider the case of C' = (D, E) being a non-ball cut. Then
our assumption and the compatibility with restriction imply that DTF <
i(C) < E7F in C(F). If the ball Bg(a, F) is chosen as in Lemma [4.1] then
D*tF = Bg(a,F)"F and E~F = Bg(a, F)"F. Therefore, the open interval
(DTF,E~F) in C(F) is full by Proposition But the preimage of this
interval is the singleton {C'}, hence not open.

Now we consider the case of C' = Bar R for some ball By in R; the case
of C = By" is symmetrical. If (D, FE) is the ball complement of By in
R, then our assumption and the compatibility with restriction imply that
DFr < BfF <7(C) < E™F in C(F). The same argument as before shows
that (DTF, E~F) is a full open interval in C(F). Its preimage in C(R) has
C as its last element. Since C is the upper edge of a ball not equal to R, it
follows that this interval is not open.

Finally, we consider the case of C' = R'E; the case of C = R R is
symmetrical. Then our assumption and the compatibility with restriction
show that RTF < /(C) in C(F). The open set [C_, R"F)U (RTF,Cy] in
C(F) is full by Proposition But the preimage of it is either {RT%} or
{R™R,RTR} hence not open. m

Our positive result is contrasted by the following negative result:

PROPOSITION 4.9. Assume that vR is not a convex subgroup of vF. Then
there are no embeddings i : C(R) — C(F) that are continuous with respect
to the full topology and compatible with restriction.

Proof. If vR is not a convex subgroup of vF', then there are a, 5 € vR
and v € vF \ vR such that o < v < 8. Take Sy := {d € vR | v < 0} and
By := Bg,(0, R). Note that By # R because o ¢ Sp, and that By is not a
singleton because 8 € Sy.

Now if Bg(0, F) is as in Lemma then it follows from Remark
that v € S\ Sp. This implies that Bg, (0, R) is not cofinal in Bg(0, F),
whence By * < Bg(0, F)**. Now assume that i : C(R) — C(F) is an em-
bedding compatible with restriction. Then by Lemma BiF <i(BfF) <
Bg(0, F)™F. Suppose first that BS“F < Z(BS“R). By Proposition the open
neighborhood U := [C_o0, By ¥) U (By ¥, Co) of i(By ?) in C(F) is full. But
P U) = [Coor By ) U BEH, Cc) 00 7 (U) = (O, By #] U [BEH, Cac) i
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C(R), both of which are not open since By is not a singleton and therefore
Bar # is not the immediate successor of B *.

Suppose now that BS“F = Z(B(;“R). Again by Proposition the open
neighborhood U := (Bg(0, F)~F, Bs(0, F)™#) of i(B{ ) in C(F) is full. But
iTYU) = (By ", B3 ®] or i"Y(U) = [By ", B4 ] in C(R), both of which are
not open since By # R. =

5. Embeddings of M(R(y)) in M(F(y)). We will now consider an
extension of formally real fields F'|R, with R real closed, but not necessarily
archimedean. We will first consider the case where also F' is real closed.

We assume that vR is convex in v F' and start from one of the embeddings
i : C(R) — C(F) constructed in the previous section (cf. Proposition [4.§).
We define an embedding

L M(R(y) — M(F(y))
in the following way. If M(R(y)) 3 ( = Ar(y) o xr(C) for a cut C'in R, then

we set

(€)== Apy) o xr(I(C)).
Since 7 is compatible with the equivalence of cuts, the embedding ¢ is well
defined and the diagram
AF(y)OXF
e

C(F) M(F(y))
C(R) 2202 pr(R(y))

commutes.

THEOREM b5.1. Take an extension F|R of real closed fields. If vR is
convez in v, then the embedding v as defined above does not depend on the
particular choice of T and is continuous and compatible with restriction.

Conversely, if v : M(R(y)) — M(F(y)) is continuous and compatible
with restriction, then it induces an embedding i : C(R) — C(F') continuous
with respect to the full topology and compatible with restriction, such that
the above diagram commutes, and vR is conver in vF.

Proof. Take ¢ as constructed in the previous section. We show that ¢
is continuous. Take any open set U in M(F(y)). By Proposition its
preimage U; in C(F) is a full open set. Then by Proposition the preimage
Uy of U in C(R) is a full open set. Again by Proposition the image
Us of Uy in M(R(y)) is open. From Lemma we know that res(U) is
the preimage of U under ¢. But from the commutativity of the diagram in
Proposition [3.10| we know that

res(U) = res o Ap(y) © Xr(U1) = Agy) © Xr o res(Uy) = Us.

So the preimage of U under ¢ is open. This proves the continuity of ¢.
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In the construction of 7 in the previous section the only freedom we
had was to choose either the upper or the lower edge of the ball which
fills a non-ball cut in R; but these cuts correspond to the same R-place
in M(F(y)). This shows that all embeddings 7 constructed in the previous
section determine the same embedding ¢.

We will now prove the second assertion. Take ¢ as in the assumption. For
each C € C(R), we wish to define 7(C') such that

AR(y) © XF o l(C) =10Agg) o xr(C).

Set § 1= Ap(y) © Xr(C) € M(R(y)) and & := «(£). Since ¢ is compatible
with restriction, £ is the restriction of & to R(y). By the commutativity of
the diagram in Proposition we find that if C' € C(F) is sent to & by
AF(y) © XF, then res(C”) must be sent to £ by Ag(,) © Xx&-

If C is a non-ball cut, then choose any C’ € C(F) such that Ap(,) o
xr(C1) = & and define 7(C) := C". Since C is the only cut in R that is sent
to & by Ag(y) © Xr, it follows that res(C”) = C.

If C is a ball cut, that is, C' = By " or C' = BSFR for some ball By in R,
then we have to find the images for both By and By *. We claim that the
continuity of + implies that the preimage of £’ under A\p(,yoxr is {B~F, BT}
for some ball B in F with res(B~F) = By * and res(BTF) = By *. We treat
the case of By # R and leave the case of By = R to the reader.

We write By = Bg,(ag, R), take S as in Lemma and set B =
Bg(ag, F'). Suppose the preimage of ¢ is not {B~F, BTF}. Take C' in the
preimage. Then by what we have shown above, C” restricts to By * or Bar R,
We assume the latter case; the former is symmetrical. Then Bar F<C'< BT
By Proposition the open interval (B~F, BTF) is full, so U := AF(y) ©
xr((B~F,B*F))is open in M(F(y)) and contains &’. The restriction I of
(B7F,B*F) to C(R) has By * = res(C') as its largest element, hence it is
not open. The same argument as in the first part of this proof shows that
the preimage U’ of U under ¢ is equal to Ap(y) o xr ores((B~F,B*r)) =
AF(y)©XF (1), which is not open. But this contradicts the continuity of .. We
see that the preimage of ¢ must be {B~F,BT#}. So we set i(B, ®) = B™F
and i(Bj®) = BTF and note that res(B~F) = By ® and res(BTF) = B ".

We have now defined a mapping 7 : C(R) — C(F') which is compatible
with restriction. Therefore, I must be injective, and since res preserves < by
Lemma, [3.4] 7 must preserve <. By definition, 7 also preserves equivalence.

It remains to show that 7 is continuous with respect to the full topology.
Take a full open set U in C(F'). By Proposition Ui = Apgy) o xr(U)
is open. By Lemma Us := res(Uy) is the preimage of U; under ¢,
hence open since ¢ is continuous. By the commutativity of the diagram in
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Proposition [3.10]
Uz = resodp(y) o XF(U) = Ag(y) © Xr o Tes(U).

Thus, the full set res(U) in C(R) is the preimage of Us, hence open by Propo-
sition Again by Lemma the full open set res(U) is the preimage of
U under 7. This proves the continuity of 7. m

Now we will consider the case of F' not being real closed. We choose a
real closure R’ of F' and take ' : M(R(y)) — M(R/(y)) to be the embedding
constructed above. Since resp:(y) 7 (y) is continuous (cf. Remark part 3))

L= TSRy () © ¢
is a continuous mapping from M (R(y)) to M(F(y)). Since ¢/ is compatible
with the restriction

LeSR/(y)|R(y) = TOSF(y)|R(y) O TOSR/ (y)|F(y)>
we see that ¢ is compatible with the restriction. For this reason, it is also
injective.
As the real closure R’ can be taken with respect to any ordering on F,
we may lose the uniqueness of ¢. However, we are able to show the following
partial uniqueness result:

THEOREM 5.2. Take two orderings P1 and Py of F which induce
the same R-place, R} and R the respective real closures of F, and (] :
M(R(y)) — M(R(y)), i = 1,2, the unique continuous embeddings compat-
ible with restriction. Consider the following commuting diagram:

M(Ry(y))
7 I

) res]

M(R(y)) res M(F(y))

ress

M(Ry(y))

Then
resy oty = resy o th.

Proof. We will first show that the mappings coincide on all R-places of
R(y) determined by the principal cuts.

Suppose that ¢ = Ao x(a™) = Ao x(a™), where a € R. Note that
for the corresponding valuation v¢ on R(y), we have vR < v¢(a —y). Let
G = t(C) for i = 1,2. By the definition of the embedding ¢, we see that
¢; is determined by the upper and lower edge of the ball Bg,(a, R;) where
S;i = {a € VR, | &« > vR}. Then for the corresponding valuation v¢, on
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R} (y) we have vR < v¢,(a —y) < S; in v, R]. Since these value groups are
divisible (by [EP, Theorem 4.3.7], R} being real closed fields), the values
ve,(a — y) are rationally independent over these value groups. Therefore,
the valuations v, are uniquely determined by the natural valuations on R
and the values v, (a — y). The same remains true when we restrict to F'(y).
There, by our assumption, the restrictions of the natural valuations on R
coincide, so the restrictions of the valuations v, to F'(y) must coincide, too.
Further, the residue fields of v¢, on F'(y) are equal to the residue field of F
because v¢,(a — y) is rationally independent over vF'. Since the restrictions
to F of (1 and (2 coincide, the restrictions to F'(y) of these R-places coincide
as well. Therefore, res; o ¢} ({) = resg 0 15(().

Now take (1 = res; o ¢4 (¢) and (2 = resg o 15(¢) for some ¢ € M(R(y))
and suppose they are distinct. Since M (F'(y)) is Hausdorff, there are disjoint
open neighborhoods U; 3 (1 and Uz 3 (2. The preimages of U; and Us
in M(R(y)) are open, and ( lies in their intersection. So this intersection
is not empty, and by the density of the principal places in M(R(y)) (cf.
Lemma7 there is a principal place {y in this intersection. But the images
of {y under the two embeddings are equal and hence must lie in Uy N Us,
a contradiction. m

6. Embeddings of M(R(y)) in M(F(y)) for archimedean R. In
this section we will consider an extension of formally real fields F|R in
the special case where R is archimedean real closed. The general case has
been treated in the previous section. Here, we wish to give a different, more
explicit construction of a continuous embedding ¢ of M(R(y)) in M (F(y))
which is compatible with restriction.

We choose any real place £ of F. Then F := £(F) C R. Since R is
archimedean, we can assume that {|r = idg and that F|R is an extension
of archimedean ordered fields. By &, we denote the constant extension of
& to F(y), i.e., the unique extension of £ which is trivial on R(y). Its val-
uation ring is the smallest subring of F'(y) containing both the valuation
ring of £ and R(y). The valuation associated with &, is the Gauf$ or functo-
rial valuation on F(y) extending the valuation associated with £ on F. On
polynomials in F[y] with coefficients in the valuation ring of &, &, acts by
applying ¢ to the coefficients. Therefore, the residue field of &, is £(F)(y).

For every ¢ € M(R(y)) we define the constant extension (z of ¢ to F(y)
as follows. As ( is trivial on the archimedean field R, it is determined by an
irreducible polynomial p(y) € R[y] (or by 1/y). Since R is real closed and F
is formally real, such a polynomial p remains irreducible over F, and thus p
(or 1/y, respectively) determines a unique extension of ¢ to F(y) which is
trivial on F. We set trr(C) = Cp
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LEMMA 6.1. The mapping tpp, : M(R(y)) — M(F(y)) is a continuous

embedding compatible with the restriction. If F is real closed, then it is a
homeomorphism.

Proof. Since F|R is an extension of archimedean ordered fields, R lies
dense in F. It follows from [KMO], Theorem 3.2] that the restriction mapping
from M(F(y)) to M(R(y)) is a homeomorphism if F is real closed. Hence
in this case, LFIR is a homeomorphism.

If F is not real closed, then we consider a real closure R’ of F. By
what we have shown already, tp/|g is a homeomorphism. Since resgs(,)|r(y)
is continuous, the same holds for LFIR = TSR (y)|F(y) © LR R-

Now we define

(6.1) L(C) :=C(ro&y.
THEOREM 6.2. The mapping ¢ : M(R(y)) — M(F(y)) is a continuous
embedding.

Proof. Take a € F(y). We have to show that the preimage of a subbasis
set H'(a) under ¢ is open in M(R(y)). If £,(a) is 0 or oo, then the same
holds for (z o0&, for every ¢ € M(R(y)). In this case, H'(a) is empty and we
are done.

Assume now that &, (a) # 0, co. Then §,(a) is a non-zero rational function
g(y) € F(y). The preimage of H'(a) is therefore the set of all real places
¢ € M(R(y)) such that (#(g) > 0. In the case of F' = R (which for instance
holds when R = R), this is precisely H'(g) in M(R(y)). For the general
case, we apply Lemma to conclude that the preimage of H'(g) under
the constant extension mapping ¢ — (g, and hence the preimage of H'(a)
under ¢, is open. =

From Theorem [5.2 where we take F' = R(z), we now obtain:

THEOREM 6.3. The mapping ¢ defined in (6.1)) is the unique continuous
embedding of M(R(y)) in M (R(z,y)) that is compatible with restriction and
such that all places in the image of v have restriction £ to R(x).

We have chosen to give a direct proof of Theorem although it can be
derived from the theorems of the last section. In order to do this, we have
to show that the embedding defined in coincides with the embedding
we have constructed before. To this end, we consider an ordering P of R(y)
and the cut C it induces in the archimedean real closed field R. If R = R,
then the only possibilities are C = Cy, C = C_s, or C =1+ 7~ for r € R.
If R # R, then C can also be a cut induced in R by some r € R\ R.

IfC=Cyx or C=C_4, wehavey > F or y < F under the correspond-
ing orderings. In this case, 0 < vy~! < vF>? where vF>? denotes the set
of positive elements of v F.
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In the case of C = rT, 7™, we see that +(C) is the upper or lower edge of
B,p>o(r, F). This ball is r + M where M is the valuation ideal of infinites-
imals in F'. Since C is induced by y, we find that 0 < v(y —r) < vF>°.

In the final case, we have two subcases. If C is not filled in F, then
v(y — f) <0 for every f € F. If C is filled by some element in F', then we
can identify this element with the real number r that fills the cut C'. In this
case, we obtain the same result as previously.

In all three cases, we find that the constant extension £, of £ must be
trivial on R(y), which implies that +(¢) must be of the form (z o §,.

In the case of R = R, we can show the above more directly:

PROPOSITION 6.4. Take ¢ to be an embedding of M (R(y)) in M (R(z,y)),
compatible with restriction and such that all places in the image of ¢ have
the same restriction to R(x). If for some £ € im(¢) such that £(x) = a and
&(y) = b we have, for some n € N,

0 < vg(x —a) < nvg(y —b),
then the embedding is not continuous. The same holds if {(z) = oo and x —a
is replaced by 1/x and/or {(y) = oo and y — b is replaced by 1/y.

Proof. Take

r—a+(y—0b)"
f(xv y) - T —a .

Then H'(f) Nim(¢) is the singleton {£}. Indeed, £ € H'(f) since {(f) = 1.
But if ¢ = «(¢) # &, then ((y) # b, whence &(f) = oo. The cases of
&(x) = 0o and/or £(y) = oo are similar. =

It is possible to generalize the approach of this section to the general
setting of the previous section by replacing the R-place £ of F' by the finest
coarsening ¢ whose residue field contains R. (The valuation ring of ¢ is
the compositum of the valuation ring of £ and the subfield R of F.) But
we would need an analogue of Lemma [6.1] for the case of non-archimedean
fields R and F = ¢/(F). We found that the tools developed to deal with this
analogue can be directly applied to construct the embedding of M (R(y)) in
M(F(y)) in the setting of the previous section.

7. Embeddings of [ ; M(R(z;)) in M(R(z1,...,2,)). In order to
study possible embeddings of the torus in spaces of real places, we wish
to consider embeddings of M(R(z)) x M(R(y)) in M (R(z,y)). Initially, we
will treat the more general case of n variables. We consider the projection

mapping
n

pi MR(z1, ..., 20)) 36 (Elr@y)s - Elr@n) € [ [ MR(:)).
=1
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LEMMA 7.1. The mapping p is surjective.

We describe a general construction that will prove the lemma. Take
R-places & € M(R(xz;)). We wish to associate to them an R-place ¢ of
R(x1,...,zy,) whose restriction to R(z;) is &. We may assume that & (x;)
# o0; otherwise, we can replace z; by 1/z;. For 1 < i < n, let & be the
place of R(z;,...,x,) which is trivial on R(z;t1,...,2,) and such that
&(xi) = &i(x;). Its residue field is R(xj41,...,zy). Then the place

(7.1) §:§no§;_1o---ofi.

satisfies the above conditions. This construction can be replaced by the
symmetric ones where the x; are permuted.

REMARK 7.2. There are many more possibilities for choosing a common
extension £ of the &. Set &;(x;) = a;. Choose any rationally independent

elements 71,...,7, € R. Then there is a (uniquely determined) R-place &
of R(z1,...,zy,) such that for the valuation v associated with £ we have
v(z; — a;) = r;. The value group of £ is generated by the values r1,...,7,

and is thus archimedean. In contrast to this, the value group of the place
in (|7.1) has rank n and is thus not archimedean if n > 1.

The surjectivity shows that there exist embeddings
(7.2) v [[MR()) = M(R(1, ... 20)).
i=1

Such an embedding will be called compatible if p o ¢ is the identity.

THEOREM 7.3. The image of every compatible embedding v as in
lies dense in M(R(z1,...,xy)). But for n > 1, every non-empty basic open
subset of M(R(xy,...,x,)) contains infinitely many places that are not in
the tmage of t.

Proof. Take non-zero elements f1,..., fm € R(x1,...,z,) such that
U= H'(f1) N OV (fn) 0.
Take ¢ € U and write fi(z1,...,2n) = gi(z1,...,2,)/hi(z1,...,2z,). Choose

an ordering on R(zq,...,z,) compatible with . Then the existential sen-
tence
gi(Xla . ,Xn)
3Xq...3X,: hi(Xq,..., X 0N =2 >0
1 n /\ z( 1 ’ n)?é hi(X1)°"aXn)

1<i<m

holds in R(z1,...,x,) with this ordering. By Tarski’s Transfer Principle, it
also holds in R with the usual ordering. That is, there exist a1,...,a, € R
such that h;(aq,...,a,) # 0 and g;(a1,...,a,)/hi(a1,...,ay) > 0 for 1 <



144 K. Kuhlmann and F.-V. Kuhlmann

i < m. Hence for every R-place ¢ € M (R(z1,...,z,)) such that {(x;) = a;
we will have ((f;) = gi(a1,...,an)/hi(a,...,a,) > 0. Among all such ¢
there is precisely one in im(¢). For this ¢, we have ¢ € U Nim(¢). This proves
that im(¢) lies dense in M (R(z1,...,zy)).

For n > 1, Remark [7.2] shows that there are infinitely many R-places
¢ € M(R(z1,...,xy,)) such that {(z;) = a;. As only one of them is in im(¢),
U\ im(¢) is infinite. m

COROLLARY 7.4. A compatible embedding v as in (7.2)) cannot be con-
tinuous with respect to the product topology on [ M(R(z;)).

Proof. Suppose we have a continuous compatible embedding. Under the
product topology, the space [[\"; M(R(z;)) is compact. As the continuous
image of a compact space in a Hausdorff space is again compact (cf. [K|
Chapter 5, Theorem 8]), we find that the image is closed in M (R(x1, ..., zy)).
As it is also dense in M (R(z1,...,x,)) by Theorem it must be equal to
M (R(z1,...,2,)). But this contradicts the second assertion of Theorem 7.3
Hence the embedding cannot be continuous. =

REMARK 7.5. All of the above can be generalized to the case of infinitely
many elements x;, ¢ € I, that are algebraically independent over R. After
choosing some well-ordering on I, the construction of the embedding

v [[MR() = M(R(; | i € 1))

el
proceeds by (possibly transfinite) induction. The above theorem and corol-
lary remain valid. The proof of the theorem still works, as in the finitely
many polynomials fi,..., f, only finitely many variables x; can appear.
For infinite I, it is no longer true that the choice of the elements a1, ..., ay,
determines a unique place in im(z). Still, an application of Remark shows
that U \ im(¢) is infinite.

We will now reprove the result of the corollary in the case of n = 2 by
looking more closely at the topologies that are involved here. Every em-
bedding of M (R(x)) x M(R(y)) in M(R(z,y)) will induce a topology on
M(R(z)) x M(R(y)) whose open sets are the preimages of the intersections
of the open sets of M(R(z,y)) with the image of the embedding.

THEOREM 7.6. For every compatible embedding ¢, the topology induced
on M(R(z)) x M(R(y)) is finer than the product topology.

Proof. Take a basic open set in the product topology of M(R(x))
M (R(y)) which is the interior or exterior of a circle given by (z—a)?4(y—b
=12, where a, b, € R. We set

fla,y) =r* = (x—a)® — (y — b)*.

X
)2
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Then the set im(¢c) N H'(f) is precisely the image of the interior of the
circle, and im(¢c) NV H'(—f) is precisely the image of the exterior of the circle.
This proves that the induced topology is equal to or finer than the product
topology.

It remains to present an induced open set in M (R(z)) x M (R(y)) which
is not open in the product topology. Take the unique & in im(¢) such that
&(z) =0 and £(y) = 0. Let

L+a/y if¢(z/y) =0,
f(zy) = 1+y/z it &(y/x) =0,
y?/z?  otherwise.

It follows in all three cases that & € H'(f). The preimage of ¢ under ¢
is (&1,&2) where &1(z) = 0 and &(y) = 0. If the subset U induced by
H'(f) in M(R(x)) x M(R(y)) were open, then it would contain the inte-
rior of a circle 22 4 32 = r? for some r > 0. But this is impossible since
whenever (£1,£2) € U, then for the first choice of f, £ (y) = 0 must im-
ply & (z) = 0, and for the other two choices of f, & (x) = 0 must imply

§g(y) = 0. | |

OPEN PrROBLEM. What is the induced topology? Is it one-dimensional
or two-dimensional?

8. Embeddings of more general products. For simplicity, we will
only consider the product of two spaces M (Fy) and M (F,); a generalization
to any finite products can be achieved along the lines of the last section. We
will also assume that F} and F5 both contain R. Then we can assume they
are embedded in some extension field of R such that F; and F5 are linearly
disjoint over R. We denote by F' the field compositum of F; and Fb, that is,
the smallest subextension of the given extension of R that contains both Fj
and F5.

As before, we consider the corresponding projection mapping
p: M(F) > &= (€lr,€lrp) € M(F1) x M(F).

We show that p is surjective. Take (£1,&2) € M(Fy) x M(F3). Then there
is an extension & of §; from F) to F such that the residue field of &} is Fb.
Then take ¢(&1,&2) = & o &]. Here again, one obtains a different place of F'
by interchanging F; and Fb, showing that p is not injective.

The surjectivity shows that there exist embeddings

t: M(Fy) x M(Fy) — M(F).
As before, ¢ will be called compatible if p o ¢ is the identity.
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If F1|R and F5|R are function fields, we can again prove that the image of
every compatible embedding ¢ lies dense in M (F"). We will need the following
fact. For a proof, see the second half of the proof of the lemma on p. 190
of [KP].

LEMMA 8.1. Take a field k and a function field K = k(zy,...,x4,2)

where T1,...,xq are algebraically independent over k and z is separable-
algebraic over k(x1,...,xq). If f € k[z1,...,24, Z] is the irreducible polyno-
mial of z over k(z1,...,xq) and if ai,...,aq,b € k are such that

0
f(a‘la"'7adab):0 and %(ala"'vamb)#oa

then K admits a k-rational place & such that {(x;) = a; for 1 <i <d, and
£(z) = b.

THEOREM 8.2. If F1|R and F3|R are function fields of transcendence
degree > 1, then the image of every compatible embedding ¢ lies dense in
M(F). But every non-empty basic open subset of M(F') contains infinitely
many places that are not in the image of t.

Proof. We write F1 = R(zy,...,24,21) and Fb» = R(g41,. .., Tdte, 22)
with x1,...,244e algebraically independent over R, z; separable-algebraic
over R(x1,...,24), and zo separable-algebraic over R(z4y1,...,Z41e). Then
F = R(z1,...,%q1e,21,22). Let G1 € k[z1,...,2q,Z1] be the irreducible
polynomial of z; over k(zi,...,xq) and Gy € k[Tgi1,...,T4re, Z] be the
irreducible polynomial of zo over k(xgi1,...,ZTgre).

Take non-zero elements fi,..., f,, € F such that U := H'(f1)N...N
H'(fn) # 0. Take ¢ € U and write

gi(x17 ey xd+67 21, Z?)
hi(zy, ..., Tqqe)

with polynomials ¢g; € R[X1,..., Xgte, Z1, 22| and h; € R[Xq,..., Xgie].
Choose an ordering on F' compatible with ¢. Then the existential sentence

fi(wla L 7xd+6721722) -

X, ...3X 32,32,
lel

Gi1(X1,..., X4, Z1) = 0N TZI(Xla--deaZl) # 0
0Go
AGo(Xat1, -, Xdte, Z2) =0 A TZQ(XdH, ooy Xdye, Z2) #0

gi(X17‘ . .,Xd_l,_@,Zl,ZQ)

>0
hi(X1,. .., Xdate)

A /\ hi<X17"'7Xd+€)7é0/\

1<i<m

holds in F' with this ordering. By Tarski’s Transfer Principle, it also holds
in R with the usual ordering. That is, there exist ai,...,aq4+r,01,00 € R
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such that
0G
(8.1) Gl(al,...,ad,bl)ZO/\TZi(al,...,ad,bl)7'50,
0G4
(8.2) G2(agi1,- -+ Qdye, b2) =0 A @(adﬂ, ceoyAdge, b2) # 0,
8.3 hz Ay s Ao ;éo/\gi(ala"'uad-l-e)bl?bZ) > 0.
(8.3) A hi te)

1<i<m hi(ai,...,a44c)

Hence for every R-place ¢ € M (F') such that {(x;) = a; and ((z;) = b; we
will have ¢(f;) > 0, 1 <i < m. By Lemma [3.1] guarantees that there
is (1 € M(Fy) such that (i(z;) = a;, 1 < i <d, and (1(21) = b1, and
guarantees that there is (o € M (F») such that (o(z;) = a;, d+1 <i < d+e,
and (2(z2) = ba. Consequently, there is ¢ € im(:) with {(z;) = a; and
((z;) = b;. It follows that ¢ € U Nim(¢). This proves that the image of our
construction lies dense in M (F').

From Remark[7.2]it again follows that there are infinitely many R-places
¢ of R(x1,...,244e) such that ((x;) = a;. These places can be extended
to F' by setting ((z;) = b;. All of them have archimedean value group. In
contrast, all places in im(¢) are compositions of two non-trivial places and
therefore have non-archimedean value group. This shows that U \ im(¢) is
infinite. =

As before, one proves:

COROLLARY 8.3. If F1|R and F3|R are function fields, then a compati-

ble embedding cannot be continuous with respect to the product topology on
M(Fl) X M(FQ)

9. Raising the transcendence degree. In this final section, we show
how to use previous constructions to embed M (K') in M (L), for an arbitrary
field K and suitable transcendental extensions L of K.

THEOREM 9.1. Assume that L admits a K-rational place . Then
t:M(K)>(— (o€ e M(L)
s a continuous embedding compatible with restriction.
Proof. It is clear that the embedding is compatible with restriction. For
the continuity, take f € L and assume that H'(f) Nim(c) # (. Pick ¢ €

M(K) such that (o & = «(¢) € H'(f). It follows that (¢ o &)(f) # oo, and
therefore oo # £(f) € K. For arbitrary ¢ € M(K), we see that (o &)(f) =

C(&(f)), so Co& € H'(f) & ¢ € H'(E(f)). Hence, .~ (H'(f)) = H'(§(f)),

which proves that ¢ is continuous. =
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There are fields L of arbitrary transcendence degree over K which allow
a unique K-rational place £. This fact has been used in [EO| to show that
a given space of R-places can be realized over arbitrarily large fields. The
other extreme is:

COROLLARY 9.2. Take a collection x;, i € I, of elements algebraically
independent over K. Then there are at least | K| many distinct continuous
embeddings of M(K) in M(K(z; | i € I)), all of them compatible with
restriction and having mutually disjoint images.

This follows from the fact that for every choice of elements a; € K there
is a K-rational place £ of L such that £(z;) = a;.

COROLLARY 9.3. There are at least 280 many continuous embeddings of
M(R(x)) in M(R(z,y)), all of them compatible with restriction and having
mutually disjoint images.

It should be noted that Theorem [L.2] does not follow from Theorem [9.11
The condition that vR is a convex subgroup of vF' does by no means imply
that F'(y) admits an R(y)-rational place.
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