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How far is Cy(/, X) with I" discrete from Cy(K, X) spaces?
by

Leandro Candido and El6i Medina Galego (Sao Paulo)

Abstract. For a locally compact Hausdorff space K and a Banach space X we denote
by Co(K,X) the space of X-valued continuous functions on K which vanish at infinity,
provided with the supremum norm. Let n be a positive integer, I" an infinite set with the
discrete topology, and X a Banach space having non-trivial cotype. We first prove that if
the nth derived set of K is not empty, then the Banach—-Mazur distance between Co (I, X)
and Co(K, X) is greater than or equal to 2n 4+ 1. We also show that the Banach—Mazur
distance between Co(N, X) and C([1,w"k], X) is exactly 2n + 1, for any positive integers
n and k. These results extend and provide a vector-valued version of some 1970 Cambern
theorems, concerning the cases where n = 1 and X is the scalar field.

1. Introduction. We follow the standard notation and terminology for
topological spaces and Banach space theory that can be found in [II] and
[14] respectively. When K is a compact Hausdorff space, the space Cy(K, X)
will be denoted by C(K,X). If X is the scalar field, these spaces will also
be denoted by Cy(K') and C'(K) respectively. As usual, when K is the set N
of natural numbers with the discrete topology or its Aleksandrov one-point
compactification YN, we denote Cy(N) by ¢o and C(yN) by c. If there is
an isomorphism 7" from the Banach space X onto the Banach space Y we
will write X ~ Y. Moreover, the Banach-Mazur distance d(X,Y’) between
X and Y is defined by inf{||T|| |7~} where the infimum is taken over all
isomorphisms 71" from X onto Y.

In this paper we are mainly interested in the Banach—Mazur distance
between Cy(I', X) spaces, where I" are sets with the discrete topology, and
Co(K, X) spaces. The origin of our research goes back to Banach. In 1932,
he stated that d(co,c) < 4 [1, p. 181]. To prove this, he used the following
isomorphism T from ¢ onto cgy:

(1.1) T\(a1,a2,as,...) = (A\a,a1 —a,a2 — a,...),

where A = 1 and (ay)nen converges to a. A better estimate for this distance
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can be obtained from (|1.1)) by taking A = 2. Namely, d(cg,c) < 3. Finally,
in 1970 Cambern [4] (see also [6] and [12]) calculated the exact value of this
distance:

(1.2) d(co,c) = 3.

Moreover, by the classical Mazurkiewicz and Sierpinski Theorem [15] (see
also |18, Theorem 8.6.10, p. 155]) and the Bessaga and Petczyniski Theorem
[3, Theorem 1] we deduce that if ¢p is isomorphic to a C'(K) space, then K
is homeomorphic to an interval of ordinals [1,w"k] endowed with the order
topology for some positive integers n and k, where w denotes the first infinite
ordinal. Thus, to determine the Banach—Mazur distance between ¢y and each
of the C(K) spaces, we are led to the following natural question:

PROBLEM 1.1. What are the values of d(co, C([1,w™k]) for1 <mn,k < w?

The purpose of the present paper is twofold: firstly, to provide a vector-
valued extension of ; secondly, to solve Problem completely. To state
our main results we recall that the derived set of a topological space K is
the set K of all accumulation points of K. If 1 < n < w, we define
the consecutive derived sets by induction: KD = (K1) and K@) =
Ni<new, K™. Moreover, a Banach space X has non-trivial cotype [§] if it has
cotype ¢ for some 2 < ¢ < co. Recall that a Banach space X # {0} is said
to have cotype 2 < q < oo if there is a constant £ > 0 such that no matter
how we select finitely many vectors vy, ..., v, from X,

(Enj IIvin)l/q < “d H Enjn(t)vi th)m,
1=1 0 i=1

where r; : [0,1] — R denote the Rademacher functions, defined by setting

r;(t) = sign(sin 2'rt).

We first prove the following lower bounds for the Banach—-Mazur distances
between certain Cp(K, X) spaces. This is a generalization of the main result
of [4], which concerned the case where n =1 and X is the scalar field.

THEOREM 1.2. Let 1 <n < w, I' an infinite set with the discrete topol-
ogqy, K a locally compact Hausdorff space and X a Banach space having
non-trivial cotype. Then

Co(I, X) ~ Co(K,X) and K™ £ 0 = d(Co(I", X),Co(K, X)) > 2n+ 1.

To obtain some upper bounds for the distances mentioned in Problem

[L.T] we prove:

THEOREM 1.3. Let1 < n,k <w and X a Banach space. Then
d(Co(N, X),C([1,w"k], X)) < 2n + 1.
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As an immediate consequence of Theorems [I.2]and [I.3] we get the follow-
ing generalization of ((1.2]) which at the same time solves Problem

COROLLARY 1.4. Let 1 < n,k < w and let X be a Banach space having
non-trivial cotype. Then

d(Co(N, X),C([1,w"k], X)) = 2n + 1.

We do not know whether the statement of Corollary remains true
without the hypothesis that X has non-trivial cotype. We also notice that
Theorem can be applied to obtain some generalizations of classical results
on Cy(I") spaces. For instance, it is well known that if a C'(K) space is
isomorphic to some Cy(I") space, where I is an infinite set with the discrete
topology, then K“) = () (see [2], [3] and [16]). As a consequence of Theorem
[1.2] we give a simple proof of the following extension of this result.

COROLLARY 1.5. Let I' be an infinite set with the discrete topology, K
a locally compact Hausdorff space and X a Banach space having non-trivial
cotype. Then

Co(K,X) ~Co(IX) = K@ =9.

Proof. Let T be an isomorphism from Cy(K, X) onto Co(I', X). Take
1 <n < wsuch that ||T|| [T~ < 2n+1. Then by Theorem KM =0(. u

Finally, the classical Milyutin Theorem [I7, Theorem 21.5.10] shows that
we cannot remove the non-trivial cotype hypothesis in Corollary [I.5] Indeed,

Co(N, C([0,1])) ~ €([0,1]) ~ €([0,1], €[0, 1]),
nevertheless, [0,1]«) = [0,1].

2. Preliminary results. In this section, we shall prove two propositions
which play a central role in the proof of Theorem [I.2l We denote by Sx the
unit sphere of a Banach space X. For a subset J of a topological space K
we denote by J the set of interior points of J. Recall that an isomorphism
T of Co(K, X) into Co(I', X) is said to be norm-increasing if || f|| < ||T(f)]|
for every f € Co(K, X).

PROPOSITION 2.1. Let K be a locally compact Hausdorff space such that
K™ £ 0 for some 1 < n <w, I' be an infinite set with the discrete topology
and X a Banach space having non-trivial cotype. Fiz e € Sx and 0 < e < 1.
If T is a norm-increasing isomorphism from Co(K,X) into Co(I',X) then
there are points x1,...,T, € K, compact subsets Ji,...,J, of K and func-
tions hi, ..., hy, in Co(K) satisfying:

(a) z; € J;N KD for 1 <i<n.

(b) J; C ji—l fOT 1<1<n.

() 0 < h; <1, hi(x) =11z e forl <i<n,andhi(x) =0 if

xgéji,l for 1 <i<n.
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(d) The sets Gy ={y € I':|T(e-hi)(y)| > €}, 1 <i<n, are non-empty
and mutually disjoint.

Proof. We proceed by finite induction. Let 23 € K™ and let J; be a
compact neighborhood of x1. By the Urysohn Lemma [I1, Theorem 1.5.11,
p. 41|, we can find hy € Co(K) with 0 < h; < 1 and hy(z) =1 if x € J;.
Moreover, since 0 < € < 1 and T' is norm-increasing, the set G = {y € I":
IT(e- h1)(y)|| > €} is non-empty.

Given 1 < r < n, suppose by induction that we have obtained points
x1,...,%y, compact sets Ji,...,J,, and functions hq,...,h, in Co(K) satis-
fying (a)—(d).

Since K is a locally compact Hausdorff space, it is possible to find points
ai,az,... in (Jp \ {z,}) N K7 and mutually disjoint compact subsets
L1, Lo, ... satisfying

aieloziCLier for every 1 <i < w.
The Urysohn Lemma gives functions f1, fa,... € Co(K) such that, for every
1<i<w 0<fi<1, filxy =1ifz € L; and fi(z) = 0if = ¢ J,, and
moreover f; - f; = 0if i # j.
Let G = G1 U ---UG,. We claim that there exists 1 < m < w such that

(2.1) {fyel:|T(e- )W)l =etNG=0.
Indeed, otherwise, assuming G = {y1,...,ys} and denoting
Ai ={j € [Lw[: [[T(e- f5) ()l = €}
for each 1 < i < s, we would obtain
[Lw[CAU---UAs,

and we infer that A; must be infinite for some 1 < I < s. Let I1,1o,... be
distinct integers in A;.

Since X has cotype ¢ for some 2 < g < oo, there is a constant @ > 0
such that no matter how we select finitely many vectors vy,...,v, € X, if
0 < n < ||vi]| for each 1 < i < p, there are scalars r; = +1 such that

p
(22) H Z ;U5
=1

Pick 1 < m < w satisfying eQ¢m > ||T|. Then according to (2.2)) there
exist scalars r; = £1 for 1 < i < m such that

> nQ /P

H iriT(e ' fli)(yz)H > eQ/m > ||T|.
=1

Since fi, - fi, = 0if i # j, the function A = 371" ri(e - fi,) € Co(K,X) is
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such that ||A|| < 1. However,

m
170 = 1T = |73 re - ) ]| > I,
i=1
a contradiction which establishes our claim.

Now take 1 < m < w satisfying (2.1) and set J,41 = Ly, hy11 = fm and
Gry1={y eI :||T(e- fim)(y)|| > €}. It is easy to check that conditions
(a)—(d) hold for r + 1, so we are done. m

To state the next proposition, we need to recall some notation and a
classical representation theorem for the dual of Cy(K, X) spaces. For an
X-valued measure p, || denotes the variation of p, and rcabv(K, X) is the
Banach space of all regular, countably additive, Borel, bounded variation
measures, endowed with the variation norm. Throughout we will use the
Singer Representation Theorem: there exists an isometric isomorphism be-
tween Cy(K, X)* and rcabv(K, X*) such that a linear functional ¢ and the
corresponding measure p are related by

(. £y =\fdu, feCo(K, X)

where the integral is the immediate integral of Dinculeanu [9, p. 11]. When
K is a compact Hausdorff space, this characterization can be found in [13].
The locally compact case can be derived from the compact one as explained
in |5 p. 2|.

The next proposition can be established by an argument similar to that
used in the proof of |7, Lemma 2.1(a)]. For completeness, we give the whole
argument.

PROPOSITION 2.2. Let X be a Banach space having non-trivial cotype, K

a locally compact Hausdorff space, I' an infinite set with the discrete topology
and T an isomorphism of Cy(K, X) into Co(I', X). Then for every y € I’
and every n > 0 the set

{z € K:[T"(¢-0,)|({z}) >n for some ¢ € Sx-}

is finite, where 6, stands for the unit point mass at y.
Proof. Assume that, on the contrary, for some 1 > 0 the set

fo€ K |T*(p-6,)({2})]l > n for some ¢ € Sx-}
is infinite. Suppose that X has cotype ¢ for some 2 < ¢ < oo, and let @@ > 0 be
as in the proof of Proposition 2.1} Pick 1 < n < w satisfying nQ¥/n > 2T
Fix also distinct points x1,...,x, € K and 1, ..., p, € Sx= such that

1T (pi - 6y){zi) > m, 1 <i<n.

Thus, there are vq,...,v, in Sx such that

(2.3) (T (pidy)({xi}),vi) >n,  1<i<n.
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Since T*(g; - 6,) is regular for each 1 < i < n, we can take mutually disjoint
open neighborhoods Uy, ..., U, of x1,...,z,, respectively, satisfying

T (pi - 0y)|(Ui \ {ws}) < /2.
By the Urysohn Lemma, we can find h; € Co(K) with 0 < h; <1, hi(z;) =1
and h;(x) =0 if x € K\ U;. Define f; € Co(K, X) by f; = v; - hy. By (2.3)

we have
IR = e @YW = | 54T (p1-6,)]
> (T (i - 0y)({wi}), vi)
- Hfz dT™ (i - 6y) — (T" (i - oy)({@i}), vi)

>0 = [T (i - 0y)|(Ui \ {zi}) = n/2.
According to ([2.2)) there are scalars r; = £1 such that

24) IS r@nw) = evar
=1

On the other hand, since U;NU; = if i # j and || fi|] < 1 for each 1 < i < n,

we have
n
H > rifi
i=1

Therefore, by (2.4]) and the choice of  we conclude

1712 ()| = [T (St )| > 11
=1 =1

which is the required contradiction. =

<1

Another basic ingredient in the proof of our main result is a Radon—
Nikodym type vector measure theorem (see [10, Theorem 5, p. 269]).

THEOREM 2.3. Let X be a Banach space, K a locally compact Hausdorff
space and p € rcabv(K, X*). Then there exists a function v : K — X* such
that:

(a) [|[v(x)|| =1 for every z € K.
(b) The map x +— (y(x), f(x)) is measurable and

Vfdu = (v(@), f(x)) d|ul(z)
for every f € Co(K,X).
3. Lower bounds on Banach—Mazur distances between Cy(K, X)

spaces. The aim of this section is to prove our main result, Theorem
We will argue by contradiction in four steps.
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STEP 1. Assuming the existence of an isomorphism 7" of Cy (K, X) onto
Co(I', X) such that ||T|| |77} < 2n+ 1 we construct some special functions
a and S in Co(I).

Without loss of generality we may assume that 7' is norm-increasing and
|7~ = 1, for otherwise we simply replace T by || T~ ||T.

Pick 0 < € < 1 and 1 > 0 such that

1- on+1)(1—¢)—||T
1T < (2n + 1)17;7 n < min{e, 2n+ 11 =€) — 7] }
€

2

Fix e € Sx. Since K(™ £ () there are points 1, . . ., z, € K, compact subsets

Ji,...,J, C K, functions hy,...,h, € C’o( ), and subsets G1,...,G, C I

satlsfylng the statements of Proposmon Define, for each 1 <4 < n,
fi:e'hiGCO(KvX)a gZ:XGZTf’M

where X, is the characteristic function of G;. Denote by G the finite set

Ui, Gi. According to Proposition the set

H= U {x € K :|T"(¢ - 0y)|({x}) > n for some ¢ € Sx=}
yeG

is finite. Pick 2 € J, \ H and e* € Sx+ such that (e*,e) = 1, and define the
vector measure
p= (T (" - 6.).

By Theorem [2.3] there exists a function v : I' — X* satisfying the statements
of that theorem.

Since ||y(y)|| = 1 for every y € I', we have |T™(y(y) - 6y)|({2z}) < n for
each y € GG. Then, by regularity, we can find an open neighborhood U C J,
of z such that

|T*(y(y) - 0y)|(U) < for every y € G.

By the Urysohn Lemma, we can find h,41 € Cy(K) such that 0 < hy, 4
<1, hpy1(z) =1 and hpy1(z) =0 if o ¢ U. Set fr41 = e hpy1 and define
a, € Co(I") by setting, for every y € I,

ay) = (). Thurr (1):
By) = (1(v) +2§j% )+ 2T fuia(9))-

STEP 2. We prove that ||3]| = max{2HaH, 1B(y)| :y € G}.
In order to establish this, notice that for every y € G,

(1) o) = 10@): T )] = | [T fur1 () -6,

= [t dT (1(9) - 8,)] < T (3() - 0,)| V) < 1 < 1.
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On the other hand, take yo € I" such that ||| = |a(yo)|. Since v satisfies
item (b) of Theorem [2.3|and |u|(I") = [|[(T~1)*(e* - 6,)|| < 1, we have

(32)  la(wo)l = [(1®0): Thusr o)) = |§0 (W), T st ()l (v)|

= {7 s du| = | T fusa a(my (e - 62)

= [{e%, far1(2))| = (e, e) = 1.
Hence yo € I' \ G. Moreover, since f(y) = 2a(y) for y € I' \ G, we are done.
STEP 3. We show that ||8]] > (2n+ 1) — (2n — 1)e.

Fix yo such that ||3]| = |5(yo)|. Once more, since ~ satisfies item (b) of
Theorem 2.3/ and |u|(I") = |[(T~1)*(e* - 8,)|| < 1, we can write

(e"-4;)

18(vo)| = <’Y(yo)7 91(vo) +2 Zgz‘(yo) + 2Tfn+1(y0)>’

v

J (1) +2ng )+ 2T i)l (v)]

= S (91 + 2Zgz' + 2Tfn+1) d(T~)*(e* - 6.)

= (e T (2 +2ZT gi(2 +2fn+1(z)>]

n+1

(e, f (2)+23 fils D= le' fi(2) = T q1(2))]

—QZI — T gi(2))].

Since T is norm-increasing, for every x € K and 1 < i < n we have
[e*, file) =T gi(x))| < |Lfi = T~ gill < ITfi — gill
=1 =x¢,) - Tfill <e
Furthermore, by the definition of f;,
(€7, fi(2)) = (e e) =1
for each 1 < i <n + 1. Therefore, we conclude that
18Il = (2n+1) = (2n — 1)e.

STEP 4. As ||B|| > (2n + 1) — (2n — 1)e, according to Step 2 there are
two possibilities:

(i) 2[le = (2n +1) = (2n = 1)e,

(ii) |B(y)] > (2n+ 1) — (2n — 1)e for some y € G.

Y
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We will show that both lead to a contradiction.
Suppose first that (i) holds. Set A = T~1g; — 2f,41. Since 0 < hp 41 <
h1 <1, for every x € K we have
1T~ (g1)(2) = 2fni1 (@) < [ f1(2) = 2fnia (@) + 1T g1 (2) = fr()]
< |hi(x) = 2hpy1(x)| +e<1+e
So Al £ 1+e

Recalling (3.1) and (3.2)), we can fix yo € I' \ G such that ||a| = |a(yo)|-
It follows that

[(v(y0), T(A)(wo))| = 2[(v(yo), T fn+1(y0))| = 2[ax(yo)|
>2n+1)—2n—1e>(2n+1)(1 —¢).
Consequently,
1 1—c¢
T —A 2 1)——
<1+e )H > lie
a contradiction to the choice of e.
Next, assume that (ii) holds. We distinguish two cases.

A=

CaAsE 1: ||| = |B(yo)| for some yy € G1. In this case, since Gy, ...,G,
are mutually disjoint we have

1B(yo)| = [(v(¥0), 91(y0) + 2T fr+1(y0))| = (2n + 1) — (2n — 1)e.
Recalling (3.1]), by the choice of  we deduce
[(v(%0), 91(50))| = (2n + 1) — (2n — 1)e — 2[{y(y0), T fn+1(¥0))|
>2n+1)—2n—1)e—2n > ||T].
Therefore,
1T =T full = [{v(yo), T f1(yo)) | = [{v(¥0)s g1 (vo))| > 1T,
which is a contradiction.

Case 2: |||l = |5(yo)| for some yo € G;, ¢ > 1. Once again, since
G1,...,G, are mutually disjoint we have

1B(yo)l = [(v(v0), 29i(y0) + 2T fr+1(yo))| = (2n+1) — (2n — D)e.
Recalling that n < €, we infer
2[(v(y0), 9i(yo))| = (2n +1) = (2n — 1)e = 2[(7(y0), T fnt1(%0))]|
> (2n+1)(1 —e).
Next, set B; = T~ g — 2f;. Since 0 < h; < hy < 1, for every € K we have

1T~ (g1)(2) = 2fi(@)]| < || fi(x) = 2fi(2)|| + 1T g1(2) — fu(2)]
< ]hl(x) — 2hz(x)\ +e< 1+e
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It follows that || B;|| < 1+ e. Moreover

[(v(yo), T(Bi)(yo))| = 2[{(v(v0), T fi(v0))]
=2[{(7(%0), 9i(10))| > (2n + 1)(1 —¢).

Thus,
1—¢
14+¢€’

7| > HT<11+6B1-> H > (20 +1)

which contradicts the choice of e.

4. Upper bounds for d(Cy(N, X), C([1,w"k], X)). In this section we
show how to generalize the formula of the introduction to obtain
an upper bound for the Banach-Mazur distance between Cpy(N, X) and
C([1,w"k], X), 1 < k,n < w, for arbitrary Banach spaces X. We start by
proving the following crucial lemma.

LEMMA 4.1. Let 1 < n < w and X be a Banach space. For every f €
C([1,w"], X), define a sequence (ag¢)i<¢<wn by
agn = 2f(W"),  agn-1; = f(W"TH) — f(W")  for 1 <i<w,
and if n > 1,
ag = f(@" Vi 4+ W) = f@ T w0 U (i 4+ 1)

whenever £ = wh i 4+ - —i—w"*jij with 1 < j <n, 0 <14, <w for
1<p<j—1and1l <i; <w. Then for every e > 0 there are only a finite
number of ordinals 1 < § < w™ such that |lag|| > e.

Proof. First of all, each ordinal 1 < ¢ < w™ has a unique representation
(the Cantor normal form [I8, p. 153])

f:w”_1i1+...+w”—jij
where 1 <j <n,0<i, <wforl1 <p<j—1and 1l <i; <w. Hence, for

every f € C([1,w"], X) the sequence (a¢)1<¢<wn is well defined.

We will argue by finite induction on n. Of course, the conclusion is true for
n = 1. Next, assume that it is true for n—1 withn > 2. Fix f € C([1,w"], X)
and consider the sequence (ag)i<¢<,n defined as in the statement.

Pick € > 0. By the continuity of f there is 1 < m < w such that for every
€ € Jw tm,w"], we have

7€) = )] < e/2.

Therefore for every &€ = w™ iy +--- + w"‘jij with 1 <j<n,0<i,<w
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for 1 <p<j—1land1<i;<wsuch that £ € Jw" Im,w"[ we deduce
lagll = [1f (" ir+ -+ w0 ig) = fw" N 4+ @I (G + 1)

<FE) = F@)I + 1 @™ iy + -+ @™ 0D (0 + 1)) — fw™)]
< €.

On the other hand, for every 1 < < m, consider g, € C([1,w" '], X) given
by g,(¢) = f(w" 1 (r — 1) + £). Moreover, for every 1 < r < m, define a
sequence (ag)j<g<,n—1 as follows:

aanq = 2gr(wn71)7 G’Lnf% = gr(wni%) - gr(wnil) for 1 <i<w,
and if n > 2,
ag _ gr(wn—Qil 4t w(”_l)_jij) - gr(wn_zil + -+ wn_j(ijfl +1))

whenever £ = W2 4 +w(”*1)*jij with1<j<n-1,0<4, <w for
1<p<j—1and 1 <i; <w. By the induction hypothesis, there are only
a finite number of ordinals 1 < ¢ < w"~! such that lagll = efor 1 <r <m.
Since

Qg = Bunot(r—1)+¢
for every 1 < € < Wwrland1<r< m, we conclude that there are only a
finite number of ordinals w™ (r — 1) + 1 < £ < w17 such that |lag| > e.
Since [1,w"] is the union of [1,w™ 1], ..., W 1(m—1),w" tm], W™ tm,w"],
we are done. m

Proof of Theorem[1.3 Observe that C([1,w"k], X) is isometrically iso-
morphic to the direct sum of k£ copies of C([1,w"], X), and Cy(N,X) is
isometrically isomorphic to the direct sum of k copies of itself. So, it suffices
to prove that

(4.1) d(Co(N, X), C([1,w"), X)) < 2n + 1.

Denote by I, the interval of ordinals [1,w™] endowed with the discrete
topology. We can replace Cy(N, X) in (4.1) by Co(L,n, X ), because they are
isometrically isomorphic.

For every f € C([1,w"], X) define a map T'(f) : I';n — X by

T(f)(€) =ac for every 1 <€ <",

where (ag)i<¢<wn is defined in Lemma . It follows directly from Lemma
that T'(f) € Co(Iyn,X) for every f € C([1,w"],X). Moreover, it is
easy to check that T': C([1,w"], X) — Co(Iyn, X) is a linear operator with
IT) < 2.

Conversely, for every sequence g = (ag)i<¢<wn € Co(Lwn, X) define a
map S(g) : [1,w"] = X by setting
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S(g) (W) = %W, S(g) (W) = anr; + %awn for 1< i < w,
and for every & = W™ lip + .- + w"*jij with 1 < j <n, 0 <4, <w for
1<p<j—-land1<i; <w,

S(g)(§) = Augn =1y foren =iy T Qun =14y foogeon=G=1(i;_ +1)
T Gt pn=2(ig41) T Gwn=1(iy+1) T 5 0wn-

We will prove that S(g) is a continuous function for every g € Co(Lyn, X).
To do this, fix g = (ag)1<e<wn € Co(In, X). Given & € [1,w"]M) pick e > 0
and let A, be the finite set of all ordinals 1 < ¢ < w"™ such that [jag|| > €/n.
We distinguish two cases.

CASE 1: £y = w™. Since A, is finite, there is 1 < m < w such that
Jw™ tm, W[ N A = 0.
It follows from the definition of S(g) that if £ € Jw™ 'm,w"|, then

15(9)(€) = S(9) (o)l < llag, || + -+ - + llag.|
forsome 1 <s<mnand £ =& <--- <& <&. Hence

15(9)(€) = S(9) (&)l <e.

CASE 2: § = w" hig + -+ w" Ui with 1 < j < n, 0 < i), < w for
1<p<j—1land1<i; <w. Thereis 1 <m < w such that
Jw i 4w (i — 1) + "I g N A= 0.
Once more, from the definition of S(g), if £ € Jolig 4w (5 — 1) +
w0t m, €[, then

15(9)(€) = S(9) (o)l < llag,[| +- - - + [lac, ||
forsome 1 <s<m—jand { =& < -+ <& < &. Consequently,

15(9)(€) = S(9) (&)l <e.

Therefore, S(g) is continuous at &.
Moreover, it is easy to check that S : Co(In, X) — C([1,w"],X) is a
linear operator with

2 1
st < =X,

and the compositions SoT and T o S are, respectively, the identity operators
in C([1,w"], X) and Cy(Lyn, X ). This completes the proof of the theorem. m
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