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The cell-like approximation theorem in dimension 5
by

Robert J. Daverman (Knoxville, TN) and
Denise M. Halverson (Provo, UT)

Abstract. The cell-like approximation theorem of R. D. Edwards characterizes the
n-manifolds precisely as the resolvable ENR homology n-manifolds with the disjoint disks
property for 5 < n < oo. Since no proof for the n = 5 case has ever been published,
we provide the missing details about the proof of the cell-like approximation theorem in
dimension 5.

1. Introduction. The cell-like approximation theorem of R. D. Ed-
wards states that a cell-like mapping F' : M — X from an n-manifold M,
n > 5, onto a metric space X can be approximated by homeomorphisms
if and only if X is finite-dimensional and has the disjoint disks property.
Its fundamentally important corollary is the following characterization of
topological manifolds: a (metric) space X is an n-manifold, n > 5, if and
only if X is a resolvable ENR homology n-manifold having the disjoint disks
property.

Edwards outlined the proof in [16], and a fairly complete argument ap-
peared in [11]; both focused on the cases n > 5. This paper presents an
argument concerning the special case n = 5, a proof for which has never
been published, and details of which are not widely known. Since many
other applications of the result have been treated elsewhere, we do not dis-
cuss those matters here but, instead, concentrate on the proof itself.

The disjoint disks property is untenable in dimensions less than 5, so
other properties are needed for a topological characterization of low-dimen-
sional manifolds. Daverman and Repovs [12] have shown that a metric space
X is a 3-manifold if and only if X is a resolvable ENR homology 3-manifold
having something called the spherical simplicial approximation property.
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Eliminating the resolvability hypothesis while operating under the assump-
tion that the classical Poincaré conjecture is true, Daverman and Thickstun
[13] proved that X is a 3-manifold if and only if it is an ENR homology
3-manifold having a certain relative simplicial approximation property for
2-complexes. To date no known general position property distinguishes the
genuine 4-manifolds among resolvable ENR homology 4-manifolds.

The hypotheses of the cell-like approximation theorem and the charac-
terization of topological manifolds are more essential than recognized when
these results were first developed. Dranishnikov produced examples show-
ing that cell-like images of n-manifolds, n > 7, are not necessarily finite-
dimensional [14], and Dydak and Walsh improved on his constructions for
n > 5 [15]. Bryant, Ferry, Mio and Weinberger have developed examples [4]
showing that ENR homology n-manifolds, n > 7, need not be resolvable.

To achieve its main purpose, this paper contributes to decomposition
theory by providing conditions under which a cell-like decomposition of a 5-
manifold can be shrunk out while keeping certain special 2-complexes fixed.
Equivalently, it provides conditions under which one cell-like map of a 5-
manifold to itself can be replaced with another such cell-like map that is
the identity on the 2-complex. This is the subject of Section 12. The ar-
gument retraces most of the steps required to establish Edwards’s cell-like
approximation theorem.

The authors are deeply indebted to R. D. Edwards and J. J. Walsh for
helpful discussions in times past. The first author first learned a strategy
of proof of the 5-dimensional cell-like approximation theorem from Walsh.
The argument in the present paper is similar to Walsh’s and, it turns out,
to Edwards’s as well, only with some reduction in the requisite background.

2. Preliminaries. A decomposition G of a space S is upper semicon-
tinuous (usc) if its associated decomposition map 7 : S — S/G is proper.
Likewise, a proper map F : S — X induces an upper semicontinuous de-
composition G = {F~}(z) | z € X}. The set of all points in S contained
in the nondegenerate elements of G is called the nondegeneracy set and is
denoted by either Ng or Ng, depending on whether G or F is specified. The
union of all elements of G whose diameter is less than ¢ will be denoted by
G <. The union of all elements of G that are single points is the complement
of Ng and will be denoted as N&. If U is an open set in S, then we define

Gsat[U] = U{QE G ’ g C U}

Upper semicontinuity of G is equivalent to the requirement that, for each
open subset U of S, Gsat[U] be open. A set A C S is said to be G-saturated
if Gsat[A] = A.
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A set C embedded in an ANR is said to be cell-like if it contracts in
every neighborhood of itself. A decomposition for which every decomposition
element is cell-like is called a cell-like decomposition. A map F : M — X is a
cell-like map if the induced decomposition G = {F~1(x) | z € X} is cell-like.
A space X is said to be resolvable if there is a cell-like map F : M — X
where M is a manifold. A space X is an ENR homology n-manifold if it can
be embedded in some R™ as a neighborhood retract in R™ and it has the
local homology of an n-manifold.

A metric space (X, g) has the disjoint disks property (DDP) if for any
two maps of a 2-disk into X, p1,ue : D?> — X, and € > 0 there are maps
wy, it D* — X such that o(u;, i) < e and p)(D?) N ph(D?) = 0.

A set A C S is said to be locally k-co-connected (k-LCC) in S if for any
x € ANCI(S — A) and neighborhood U of z, there is a neighborhood V' of =
so that every map of 9B**! into V — A can be extended to a map of B¥+1
into U — A. If Ais j-LCC in S for all 0 < j < k, then A is said to be LCCF
in S.

The restriction of a map F': S — X to A C S will be denoted by F|[A].
For AcC S,amap F : S — X is said to be 1-1 on A if F|[A] is 1-1. For
Z CX,amap F:S— X is said to be 1-1 over Z if F is 1-1 on F~(Z).

The natural projection maps for a product space S x T' will be denoted
as [Ig: SxT — S;(s,t) = sand [Ir : S xT — T;(s,t) — t.

Given a homotopy H : Y x I — S, for each t € I we define the map
H, : Y — S such that Hy(z) = H(x,t). The level preserving map H :
Y x I — 8 x I defined by H(z,t) = (H(x,t),t) is the lift of H. Note that
for each level preserving map A : Y x I — Sx I, the map H = IIg/ satisfies
H=AItH:YxI— Ssothat H; is a homeomorphism for each ¢, then H is
said to be an isotopy. If H : Y xI — S is a homotopy such that H; fails to be
a homeomorphism only at ¢ = 1 then H is said to be a pseudo-isotopy. The
map H; is said to be the end of the pseudo-isotopy. If H : Y x I — S is an
isotopy (or pseudo-isotopy) and there exists an isotopy (or pseudo-isotopy)
A: S x 1 — S such that Ag = id and H = Ao (Hp x id), then A is said
to be a cover of H and H is said to be an ambient isotopy (or an ambient
pseudo-isotopy). If H : Y x I — S is an isotopy (or pseudo-isotopy) and
there exists an isotopy (or pseudo-isotopy) A : S x I — S such that A;, = id
and H = Ao (Hy, xid), then A is said to be a cover of H respecting to.

For convenience, the image of a path v : I — S will be denoted as 7.
Given the homotopy H : Y x I — S and z € Y, the path of x by H is the
map v = H|[{z} x I|. Note that the path of z by H is 7, the lift of the
path of x by H. The set of points 7 is called the track of x by H.

Given a map € : Y — (0,00), then H : Y x I — S is said to be an
e(x)-homotopy if diam(H ({x} x I)) < e(x) for all x € Y. If in addition,
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H fizes Z C Y, ie., Ho|[Z] = Hy|[Z] for all ¢t € [0,1], then H is said to
be an (e(z), Z)-homotopy. If m : S — X and wH is an e(x)-homotopy, then
we say that H is an e(x)[n]-homotopy. If A, B C S, then an (e, B)-push of
A in S is an e-isotopy of S into itself that is fixed on B and outside the
g-neighborhood of A.

If M is a p.l. n-manifold and A C M, then A has embedding dimension
at most k, denoted as dem(A) < k, if for each (n — k — 1)-dimensional
tamely embedded polyhedron P in M and each open cover V of M, there
is a homeomorphism h : M — M so that h(P) N A = () and h is V-close to
the identity. We say that A has embedding dimension k if dem(A) < k but
not dem(A4) < k —1.

3. Reduction to the piecewise linear case. For later convenience
we will address the cell-like approximation theorem for cell-like maps F' :
M — X defined on compact, p.l. manifolds. In what immediately follows
we explain why treatment of that special case disposes of the general case.

Consider a proper, cell-like map F' : M — X from an n-manifold M,
n > 5, onto a finite-dimensional space X with the DDP. Given any point
x € X, we can produce a compact neighborhood W, C X of x such that
the inclusion F~1(W,) — M is null-homotopic, by cell-likeness of F~!(z).
Cover X by a countable subcollection {WW;} of these compact neighborhoods
and let G(W;) be the upper semicontinuous decomposition of M given by
the singletons of M —W; and the cell-like sets F'~(y), y € W;. We claim that
each G(WW;) is shrinkable. Assuming this claim is true, we will find, using
Proposition 23.4 of [11], that F': M — X can be approximated, arbitrarily
closely, by another proper, cell-like map F' : M — X which is 1-1 over
U; Wi = X; the resulting F’ will be a homeomorphism approximating F', as
desired.

To establish the claim, we transfer the problem to the p.l. setting. By
[17] some neighborhood of F~!(W;) admits a p.l. triangulation; taking, first,
a simplicial neighborhood of F~1(W;) in some p.l. triangulation and, next,
a regular neighborhood of that, we obtain a compact, p.l. n-manifold-with-
boundary N; with F~Y(W;) C int(N;) € N; € M. The double of N; is a
closed, p.l. n-manifold M;. Specify an embedding 6 : N; — M;, and cell-like
decomposition G; of M; into the singletons of M; — §F~1(W;) and the cell-
like sets 0F~1(y), y € W;, with associated decomposition map m; : M; —
M;/G;. Since X is finite-dimensional and has the DDP, the same is true of
M;/G; (see Exercise 24.11 of [11]). In this p.1. setting, the argument provided
here shows that each such map m; : M; — M;/G; can be approximated by
homeomorphisms. In the language of decomposition theory, G; is shrinkable.
Furthermore, by Theorem 13.1 of [11], G; is strongly shrinkable; accordingly,
there exist homeomorphisms h; : M; — M; shrinking the elements of G; to
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small size while fixing all points of M; — int(6(1V;)). Now 6 can be used
to transport such shrinking homeomorphisms of M; to homeomorphisms of
M shrinking the elements of G(W;) to small size while fixing all points of
M — int(N;). This establishes the shrinkability of G(W;) and the claim.

4. The strategy of the cell-like approximation theorem. The
cell-like approximation theorem states that a cell-like map F' : M — X
defined on an n-manifold M, where n > 5, can be approximated by homeo-
morphisms if and only if X is finite-dimensional and has the disjoint disks
property. The strategy of the proof of the cell-like approximation theorem
is as follows:

(1) Apply the disjoint disks property to modify the decomposition map
so that the embedding dimension of the nondegeneracy set of the
modified map is < n — 3.

(2) Filter X into o-compact subsets X = Q" Q" 1,...,Q°, Q71 =0
such that, for ¢ =0,...n,

(a) dim(Q’) <4,
(b) Q" 2@,
(c) dim(Q" - Q") <o0.

(3) Set Fy = m; in the sequence of i = 0,1,...,n, the decomposition
induced over @ is “shrunk out” with control thereby determining
a map Fj, approximating F; that is 1-1 over Q’. The result after
the nth step is a homeomorphism F = F,, ;1 : M — X that approx-
imates .

The modification of the decomposition map in Step (1) is crucial to the
shrinking in Step (3). The shrinking in Step (3) is possible since a 0-dimen-
sional decomposition whose nondegeneracy set has embedding dimension at
most n — 3 can be e-amalgamated, for any € > 0, to form a decomposition
whose elements form a null sequence and have embedding dimension at most
n — 3. The resulting strong cellularity of the amalgamated decomposition
elements allows for controlled shrinking of the amalgamated decomposition.
The shrinkability of the original decomposition follows from the shrinkability
of the s-amalgamated decompositions. Therefore, the modification of the
decomposition map in Step (1) to obtain a decomposition map that has
nondegeneracy set having embedding dimension at most n — 3 is essential
to this shrinking argument. The details of the proof are found in [11].

5. The obstacle in the n = 5 case. The majority of the argument
for the proof of the cell-like approximation theorem, found in [11], holds for
n > 5. However, the argument for step (1) is only valid for n > 6. The result
is also claimed for n = 5, but the proof is not provided.
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What sets the n = 5 case apart is the fact that homotopic LCC! em-
beddings of a 2-complex in a 5-manifold need not be isotopic. (Consider
a homotopy in S° from a pair of unlinked 2-spheres to a pair of linked
2-spheres.) In the case that n > 6, the following strategy is applied in or-
der to modify the decomposition map so that the nondegeneracy set has
embedding dimension at most n — 3:

Let m : M — M/G denote the decomposition map. Suppose that {«;}
is a countable dense collection of LCC! embeddings of finite 2-complexes
into the decomposition space M /G. Using Proposition 23.5B of [11], the de-
composition map is modified to be 1-1 over the images of these embeddings.
Assuming that 7 is now the modified decomposition map, let af = 7 1a;.
Then {a}} is a set of LCC! embeddings of 2-complexes in M. Therefore,
for a given finite LCC! embedded 2-complex K C M, there is a controlled
homotopy between the inclusion of K and a map in {a]} (the control is
measured in M/G). The homotopy is piecewise linear (p.l.) adjusted to re-
move singularities sufficiently so that a controlled ambient isotopy may be
obtained. The p.l. adjustment requires that the self-intersection set of the
image of the homotopy is of dimension at most 0. Hence n > 2(dim(K) +1),
i.e., n > 6. The controlled ambient isotopy is used to modify the decom-
position map to be 1-1 over the image of K. By applying a series of moves
guided by controlled ambient isotopies, the decomposition map is modified
so that the nondegeneracy set misses an infinite 2-skeleton of M, and hence
has embedding dimension < n — 3.

Without the assumption that n > 6, the necessary isotopies may not
exist and therefore this particular strategy fails for n = 5.

6. Overview of the proof in the case n = 5. In this paper we will
demonstrate how to approximate a cell-like map F' : M — X, where M is
a 5-manifold, by another cell-like map for which the nondegeneracy set has
embedding dimension at most 2. The proof of the cell-like approximation
theorem in dimension 5 will then be complete. (See [11] for details.) In
particular, we will prove the following theorem:

THEOREM 6.1 (Main Theorem). Suppose F': M — X is a cell-like map
defined on a 5-manifold M where dim X =5 and X has DDP. Then F can
be approximated by a cell-like map ¥ : M — X such that the embedding
dimension of Ny is at most 2.

The procedure for proving the Main Theorem is outlined as follows:

STEP 1. Improve the map F' : M — X so that F is 1-1 over a “very
large” countable dense collection of LCC! embedded 2-complexes in X. The
lifts of the maps in the collection will serve as targets for moves in the next
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step. Now let F' : M — X denote the improved map and G denote the
induced decomposition.

STEP 2. Establish a procedure to move a 2-complex K in M “near” a
target. In particular, we show that K may be almost entirely pushed onto a
target by an isotopy, the deficit being realized on a finite set of disks in K of
arbitrarily small size and K being mapped into GG, for some prescribed .

STEP 3. Determine an ambient pseudo-isotopy of M, the limit of a com-
position of controlled pushes, the covers of isotopies described in Step 2, such
that the end of the ambient pseudo-isotopy h satisfies

(a) his 1-1 on K and takes K off Ng,
(b) Gj, = {h~!(x)}, the decomposition induced by h, has nondegeneracy
set Nj, such that dem(NVy,) < 2.

STEP 4. Apply shrinking fixing a 2-complex to obtain a self-homeo-
morphism @ : M — M such that

(a) @|[K] = h|[K],
(b) @ = h outside h~1(V') where V is a small neighborhood of h(K),
(c) o(®,h) < e.

STEP 5. Given the 2-skeleta of a sequence {K;} of triangulations whose
mesh tends to zero, apply Steps 3 and 4 to determine homeomorphisms
®; - M — M, removing K; from the appropriate nondegeneracy set, and
proper cell-like maps F; = F;_1®; : M — X (Fy = F') such that the limit
map ¥ of {F;} is 1-1 over the image of the 2-skeleta. Then ¥ will be an
approximation of F' such that Ny has embedding dimension at most 2, our
desired result.

7. Improving the decomposition map. In this section we will show
how to modify a cell-like map F' : M — X, where M is a 5-manifold, so
that F is 1-1 over a “very large” collection of LCC! embedded 2-complexes
in X. These complexes lift to LCC! embedded complexes in M which act
as guides for the controlled moves presented in the next step.

DEFINITION 7.1. A map F : M — X is said to be LCC" refined provided
that F is 1-1 over a countable collection of LCC! embedded k-complexes in
X, k <2, denoted by A, satisfying the following:

(1) The Density Property: For any finite k-complex K, k < 2, A contains
a countable dense subset of the collection of all maps of K into X.

(2) The Restriction Property: If A : K — X is a map in A and L <
sd"(K) for some n > 0, where sd"(K) is the nth barycentric subdi-
vision of K, then A|[L] is also a map in A.
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(3) The Extension Property: If v : L — X is a map in A, and K is a
finite k-complex, k < 2, such that L < K, then any map A : K — X
such that A|[[L] = v can be approximated by a map p: K — X in
A such that u|[L] = A|[L] = v.

In particular, we say that F' is LCC" refined over A.

In [11] it is shown that if X is a locally compact separable ANR with
DDP and K is a finite 2-complex, then each map A of a finite 2-complex K
into X can be approximated by an embedding p : K — X such that u(K) is
LCC! in X [11, Proposition 24.1]. For our purposes here we need a relative
version of this result.

PROPOSITION 7.2. Suppose that X is a locally compact separable ANR
that has DDP and A : K — X is a map defined on a k-complex K, k < 2,
and L is a subcomplex of K such that \|[L] is an LOC" embedding. Then
A can be approzvimated by an LCC' embedding i so that u|[L] = \|[L].

Proof. Let {(Dy,D;,)} be a countable collection of cell pairs in K — L
of dimension at most 2 which separate the points of K — L (that is, for any
two points =,y € K — L, there is an index k such that = € Dy,y € D}). Let
{si} be a countable dense collection of pairwise disjoint LCC! embeddings
of arcs and disks into X missing A(L).

Let K ={p: K — X | p|[L] = A|[L]}. Define Oy, to be the set of maps
1 € K such that:

(1) pu(Dy) N p(Dy) = 0,

(2) (u(Dr) U (D)) 0 (L) = 0,

(3) u(K) NULyim(s;) = 0.
Clearly, Oy, is open in K. The fact that Oy is dense in K follows from the
fact that A\(L) and Ule im(g;) are LCC! embedded and that X is an ANR.
Let O =y Ok. For every p € O:

(1) pl[L] = Al[L],

(2) p is an embedding,

(3) w(K) misses [ J;2, im(s;) and is therefore an LCC! embedding.

The conclusion of the theorem now follows since O is dense in K. =

THEOREM 7.3. Suppose that F': M — X 1is a cell-like map where X is a

locally compact separable ANR that has DDP. Then F can be approximated
by a cell-like LOCY refined map.

Proof. Note that the set of all finite k-complexes, k < 2, is countable.
Therefore, there is a countable dense collection of LCC! embeddings of finite
k-complexes in X. The set of all restrictions of these maps to the finite
subcomplexes of the nth barycentric subdivisions, n = 0,1,2,..., of the
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domain is also countable. Denote the countable collection of embeddings
together with their restrictions as Ag. We define A; inductively as follows:
Consider a given map « : K — X in A; 1. Note that the set of finite
complexes L such that K < L is countable. For each L, use Proposition
7.2 to determine a countable dense collection, denoted &;[a](L), of LCC!
embeddings that are extensions of a. Let &fa] = Uy i Eilof(L) and & =
Uaea,_, €ila]. Let A; be the collection of maps in &; together with their
restriction maps to subcomplexes of the nth barycentric subdivisions, n =
0,1,2,..., of the domain. Let

O
i=1

Then A is a countable dense collection of LCC! embeddings in X that
satisfies the density, restriction and extension properties.

We claim that F': M — X can be approximated arbitrarily closely by
a cell-like map F' : M — X that is 1-1 over A. Briefly describing how this
goes, one starts by enumerating the images of the various embeddings from
Aas Ay, As, . ... Then one examines the usc decomposition G1 of M induced
by F over Ay; specifically, G1 consists of sets of the form F~1(2), z € Ay,
together with the singletons of M — F~1(A;). The possible nonmanifold
set of the associated decompositions space, M/G1, is contained in the 2-
dimensional polyhedron homeomorphic to A; and equal to the image of
F~1(A;) ~ Aj, which one can readily see is 1-LCC embedded in M/Gq,
using lifting properties of cell-like, proper mappings. According to [23], G
is shrinkable. Thus, there exists a cell-like map pu; : M — M such that
{u7(Z) | z € M} = Gy and Fy = Fpuy' is a close approximation to F.
Note that F} : M — X is a cell-like map which is 1-1 over A;.

Repeat the process, using Fi in place of F', to obtain a new cell-like map
F5 approximating F; which is 1-1 over A; U As. Since F7 is already 1-1 over
Aq, one can do the shrinking that determines F5 while keeping points of
FY(A)) fixed, so that F; and F, agree on Fy ' (A1) = F; '(A;). Continue
in this fashion, obtaining successive cell-like maps F}y : M — X which are
1-1 over Ule A;, Just as in the proof of [11, Theorem 23.2], one can impose
controls on the successive approximations Fj to ensure that limy_, o, F} is
a cell-like map F' : M — X that is 1-1 over |J; A;. Therefore F' is an
approximation of F that is LCC! refined over A. m

8. Isotopies and covers. In this section we note some results about
isotopies and covers that will be needed in later sections. It follows from the
first result, due to Bryant and Seebeck [5], that it will be sufficient to estab-
lish our technology in the p.l. setting. The second theorem is due to Hudson
[19] and the third is a controlled version of the same result. The fourth
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is primarily attributed to Connelly [10] and Miller [20] with contributions
made by Cobb [8], Akin [1], and Bryant and Seebeck [5] (see [3]).

THEOREM 8.1 (Bryant-Seebeck). Suppose f : K — M is an LCC*
embedding of a k-dimensional polyhedron K into a p.l. n-manifold M, and
n—k >3, n>5. Then for every e > 0, there is an e-push H of f(K) such
that Hi f is p.l.

THEOREM 8.2 (Hudson). Suppose that K is a compact k-dimensional
polyhedron, M is a p.l. n-manifold, and n—k > 3. Then any p.l. isotopy of
K in M is ambient.

Given such a p.l. isotopy, after taking a general position approximation
as in [2] (see also [24]), one can obtain a controlled analog of the Hudson
ambient isotopy result.

THEOREM 8.3. Suppose that K is a compact k-dimensional polyhedron,
M is a p.l. n-manifold where n —k >3, Kk >0, h: K xI — M is a p.l
isotopy such that diam(h(xx 1)) < k for allz € K, and W is a neighborhood
of h(K x I). Then there exists an ambient isotopy H : M x I — M supported
i W such that the track of each point under H has diameter less than nk
and Hhy = hy.

THEOREM 8.4 (Miller, Connelly). Suppose that K is a k-dimensional
compact polyhedron, M is a p.l. n-manifold, and f : K — M 1is a proper
topological embedding, n—k > 3. Then for every e > 0 there is a 6 > 0 such
that if \; : K — M are p.l. embeddings, i = 0,1, within § of f, then there is
an e-push H of f(K) in M such that H\g = \1.

Next, we establish a basic fact about covers:
LEMMA 8.5. If A is a cover of H respecting t1 then A’ = /1(/1;21 x id) is
a cover of H respecting to.

Proof. Suppose that A is a cover of H respecting t;. Then A;, = id and
Ao (Hy xid) = H. Let A" = A(A;,! x id). Note that A}, = A, A;,' = id.
Furthermore, Hy, = Ay, Hy,. Hence
A'o(Hy, xid) = A(Ay,! xid)o(Hy, xid) = Ao(A,' Hy, xid) = Ao(Hy, xid)=H.
Therefore Aj, = id and A’ o (Hy, x id) = H so A’ is a cover of H respect-
ing to. m

Lemma 8.5 motivates the following definition.

DEFINITION 8.6. If A is a cover of an isotopy H, then the tg-shift of A
is the isotopy A’ = /1(/1;01 x id).
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9. Singularity structures and structure maps. The failure of ho-
motopic LCC! embeddings of a 2-complex K in a 5-manifold M to be iso-
topic is illustrated in Figure 1. The picture is of the lift H : K x I — M x 1
of a homotopy H : K x I — M in general position. Note that the embed-
dings of the 2-complex K in M x {0} and M x {1} appear 1-dimensional,
but the nature of the problem is correctly represented. In this case, the
paths of two distinct 2-simplexes in K cross in a single point p. Due to
dimension constraints, this intersection cannot always be removed. In the
n > 6 case of the cell-like approximation theorem, where a decomposition
G of M is specified, the extra dimension allows for the removal of such a
singularity so that K can be pushed to the end of H, which is determined
to miss Ng. We will demonstrate that in the n = 5 case, the goal of push-
ing K off Ng may be accomplished through a sequence of pushes that end
“near” target 2-complexes embedded in M away from the nondegeneracy set.

Mx {1}

N ¥

Mx {0}

Fig. 1. The obstruction to adjusting a homotopy to an isotopy. The 2-complex K is
represented by two disjoint copies of S*.

In this section, we identify structures associated with singularities of
homotopies that will serve as guides for modifications in the next section
that will produce nearby isotopies. In particular, we will do the following:

(1) Define singularity structures for p.l. level preserving maps H : K X
I — M x I whose singularities consist of isolated double points.

(2) Use the singularity structures to define an isotopy J : K* x I — M,
where K* is the complex formed by identifying points z; and y; in
K that correspond to the double points (z;,t;) and (y;,t;) of H :
KxI—MxI.

(3) Show that the isotopy J can be further approximated by a p.l. iso-
topy, with sufficient controls to achieve the goals of the next sections.

It is the p.l. condition that requires extra special care and is the ultimate
goal of this section. The p.l. condition will be needed later in the application
of Theorem 8.3.
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DEFINITION 9.1. Suppose that H:KxI—>MxIisa p-l. level pre-
serving map so that ¢ = H (x, to) = H(y, to) and the tracks of z and y by H
in M x I meet only at q. Then an artifact map for q is a p.l. level preserving
map v : I x I — M x I such that

(1) $(0,¢) = H(z,1),

(2) ¥(1,t) = H(y,1),

(3) v(I x {to}) = q,

(4) Y[[I x (I —{to})] is an embedding,
(5) $I[(I = o) x (I — {to})) misses m(FT).

If 3 denotes the path ¥|[I x {1}] that connects H (z,1) to_ﬁ(y, 1) in M X
{1}, then we say that the artifact map ends in 3 or ends at 3 (see Figure 2).

Mx {1}

N X

Mx {0}

Fig. 2. An artifact map. The shaded region is im(¢).

DEFINITION 9.2. Suppose that H : K x I — M is a homotopy so that

the lift H : K x [ — M x I is a level preserving p.l. map in general position
such that the following hold:

(a) The only singularities of H are double points occurrlng at{qi,...,qm}
C M x I such that for ¢ = H(zi,t;) = H(yi,t:), {x1,..
Y1y .-, Ym} is a set of distinct points in K.

(b) For each ¢;, there is an artifact map ¢; : I x I — M x I.

(c) The images of the maps v; are mutually disjoint.

* 7xm?

Then H is a well-behaved homotopy and the collection of artifact maps is
said to be a singularity structure for H.

The following result demonstrates the existence of singularity structures
for well-behaved homotopies.

PROPOSITION 9.3. Suppose that H : K xI — M x1I is alevel preserving
p.l. map in general position so that ¢ = H(x,tg) = H(y,to) and the tracks
of x and y by H in M x I meet only at q. Let v, and o denote the paths
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of x and y by I:T, respectively. Suppose that V' is an open set in M and
B:1 —V x{1} is a p.l. embedding connecting H(x,1) to H(y,1) such
that Q = B U7, U5y contracts in V x I. Then there is an artifact map
Y I x I — V x1I forq ending at 3. Moreover, for any prescribed p.l.
3-complex in M x I, we may assume that im()) misses the 3-complex away
from Q.

Proof. Since @Q contracts in V' x I, it is straightforward to determine a
map w: I x I — V x I satisfying

(1) w(0,t) = H(z,1),

(2) w(1,t) = H(y, 1),

(3) w(I x {to}) = q,

(4) w(s, 1) = B(s).
Define ¢ = (IIy ow) x I, and note that ¢ is level preserving. Approximate
¢ by a p.l. level preserving map fixed on the 1-complex (01 x I)U(I x {tg,1})
and supported in V. General position may then be applied to remove any
unnecessary singularities and any intersections with a prescribed 3-complex
away from @ while preserving the levels. The resulting map 1 is the desired
artifact map. =

DEFINITION 9.4. Suppose that H : K x I — M is a well-behaved
homotopy with a singularity structure specified as in Definition 9.2 and
¢: M x I — M x I is a map such that

(1) ¢ is level preserving,

) ¢ =id outside N (U™, im(¢;);€),

3) ¢ =1id on each N(im(¢;);e) N (M X t;),

) ¢ =idon H({y1,...,ym} x I),

5) {i(Ixt) |t e I—{t;} and i =1,...,m} are the only nondegenerate
elements of the decomposition G4 induced by ¢.

Then ¢ is said to be an (H, ¢)-buttressing map.

PRrROPOSITION 9.5. Suppose that H : K x I — M 1is a well-behaved
homotopy with singularity structure specified as in Definition 9.2 (or 9.1).
Then for any € > 0 there exists an (H,e)-buttressing map. Moreover, if
L < K such that {x1,...,2m} C K — L and {y1,...,ym} C L, we may
require that the (H,e)-buttressing map is the identity on H(L x I).

Proof. Let H and L be given as in the hypothesis (if not otherwise
specified, let L = {y1,...,ym}). Without loss of generality, suppose that e
is sufficiently small so that the e-neighborhoods of im(v;) are disjoint. Let
G* be the decomposition of M x I with nondegeneracy set Ng= = {1;(I xt) |
teI—{t;} andi=1,...,m} (see Figure 3). It follows from the p.l. structure
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Mx {1}
U

R,

Fig. 3. A level preserving decomposition induced by an artifact map.

of H and v; that G is strongly shrinkable preserving levels and fixing
H(L x I). (Section 12 provides details reinforcing this statement.) Hence
the decomposition map 7* : M x [ — (M x I)/G* is a (level preserving)
near-homeomorphism. Thus there is a level preserving homeomorphism 7 :

(M x I)/G* — M x I so that for ¢ = hr*,

(1) ¢ = id outside N(|J;", im(¢;);¢€),

(2) ¢ =id on N(im(¢);€) N (M X t;),

(3) ¢ =id on H(L x I).
Then ¢ is level preserving and {¢;(I xt) |t € I — {t;} andi = 1,...,m}
are the only nondegenerate elements of the decomposition G4 induced by ¢.
Thus ¢ is an (H,¢)-buttressing map. m

Mx {1}

NIV

Mx {0}

Fig. 4. The lift of an isotopy J : K* x I — M that is U-near H respecting the singularity
at q.

DEFINITION 9.6. Suppose that H : K x I — M is a well-behaved homo-
topy with singularity structure specified as in Definition 9.2. Let 6 denote
the quotient map defined on K that identifies x; and y;. Let K™* be the com-
plex that is the image of . Let U be an open set containing [ J;", im(1);).
Then J : K* x I — M is an isotopy U-near H respecting the singularities
{q1,...,qn} if for i = 1,...,m there are neighborhoods U; C U of im(1);)
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such that

Jo(0xid)=H on H—l([(M x I) — Lnj Uz} U 6[(M x{t:}) N Ui])
i=1 i=1
(see Figure 4).

PRrOPOSITION 9.7. Suppose that H : K x I — M 1is a well-behaved
homotopy with singularity structure as specified in Definition 9.2. Then for
anye >0 and L < K such that {z1,...,2} C K—L and {y1,...,ym} C L,
there is an isotopy J : K* x I — M that is N(U;~, im(v;);€)-near H and
Jo(@xid)=H on L x I.

Proof. By Proposition 9.5 there is an (H,¢)-buttressing map ¢ that is
the identity on H(L x I). Let J = ¢H o (67! xid). Note that Jo(§ xid) = H
on L x I. Hence J is the desired isotopy. =

REMARK 9.8. One should note here that the isotopy .J found in the proof
of Theorem 9.7 is not p.l., primarily due to the failure of ¢ = hn* to be a
p.l. map. To see this, recall that for m > 2, a map from R™ to itself whose
only nontrivial point preimage is a segment cannot be p.l. Thus, in general,
even the level maps of J fail to be p.l. We must do extra work to overcome
this difficulty. because the p.l. condition aids in ensuring the existence of a
cover. Therefore, it will be desirable to approximate J by a p.l. map that is
again N(J;", im(¢););e)-near H without moving points of L x I. The next
propositions will establish the parameters in which the adjustment is made.

ProrosITION 9.9. Let K be a compact k-dimensional polyhedron, L a
subpolyhedron of K, and M an n-manifold such that n — k < 3. Suppose
that J : K x I — M is an isotopy so that J|[L x 1| is p.l. and £ > 0. Then
there is a p.l. isotopy J' : K x I — M such that

(1) J=J on L x 1,
(2) o(J.J') <e,
(3) J=J on any finite set of levels for which J is p.l.

Proof. We will first show the theorem is true in the case that J is con-
stant on L. Using a relative version of Theorem 8.4, for each ¢t € I, there
is a d; such that if f1, fo : K — M are p.l. embeddings d; close to J; and
agreeing with J; on L, then f; and fy are p.l. (g, L)-isotopic. Let n be a
Lebesgue number for {N(¢,0;)}. Choose 0 =ty < t1 < -+ < tp_1 <t, =1
so that o(J;,,,Ji;) < n/3. The set of levels {tg,t1,...,t,} should include
the finite set of levels for which J is specified to be p.l. from the hypotheses.
If J;, is p.l.,, define Ay, = Jy,. Otherwise, let A, be an n/3-approximation of
Ji; by a p.l. embedding that agrees with J;;, on L. Thus o(\¢,,,, As;) < n/3.
Then \;,,, and )y, are p.l. (¢, L)-isotopic. The homotopy product J’ of these
isotopies is a p.l. isotopy satisfying the conclusion.
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To prove the general case, apply Theorem 8.2 to determine a p.l. cover A
of the p.l. isotopy J|[L x I]. Note that A and A=1 are p.l. level preserving
homeomorphisms. Let J* = Iy A~J. It follows from the fact J|[L] =
Ao (Jo|[L] x id) that

J[L] = Dy A~ Ao (Jo x id) = Jo|[L].

Thus J* is an isotopy fixed on L. Choose £ > 0 so that if dlam A < &,
then /T(A) < e. It follows from the special case proved above that there is
a p.l. isotopy J** fixed on L such that o(J**,J*) < € and J** = J* on the
specified levels. Then the isotopy J' defined by J' = AJ** is the desired
isotopy. =

THEOREM 9.10. Suppose that H : K x I — M 1is a well-behaved homo-
topy with singularity structure specified as in Definition 9.2.Then for any
e >0 and L < K such that {z1,...,2m} C K — L, {y1,...,ym} C L, and
H|[L x I| is a p.l. map, there is a p.l. isotopy J : K* x I — M that is
N(UL, im(v;); €)-near H so that J o (0 x id) = H on L x I. Moreover, if
¢: M xI— MxIisan (H,e)-buttressing map fized on H(L x I) so that
oH is p.l. on K x {t1,...,tm}, we may require that Jo (0 xid) = oH on
K x {tl,.‘.,tm}.

Proof. Let I <K so that L< L', {z1,..., 2y} C K—L' and H(K—L x I)
C N(U™, im(¢;); €). By Proposition 9.7 there is an isotopy J' : K*xI — M
that is N(J;", im(¢);); €)-near H so that J' o (6 x id) = H on L' x I. Note
that J' o (0 x id)(K — L' x I) C N(U™, im(¢););€). Choose n > 0 so that
N(J' o (8 xid)(K = I/ x I);n) ¢ N(U™,im(¢;);€). By Proposition 9.9,
there is a p.l. isotopy J : K X I — M such that

(1) J=J on L' x I, and

(2) o(J.J") <n
Note that J is N(|J;", im(¢;);e)-near H and Jo (6 xid) = H on L' x I.
Therefore, J is the desired isotopy.

To satisfy the “moreover” condition, let ¢ be as in the formulation of
the theorem and J' = d)f[ o (#~! xid). By applying Proposition 9.9, we may
obtain a p.l. isotopy J : K* x I — M approximating J’ so that

(1) J=J =Ho (0 xid) on L x I,

(2) J is sufficiently close to J' so that J is also N(|J";im(¢);e)-

near H,
(3) Jo (@ xid)=J o (0 xid) = ¢H on K x {t1,...,tm}.

It follows that J is the desired p.l. isotopy. =
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10. Moving a 2-complex “near” a target. Given a well-behaved
homotopy with singularity occurring at ¢ = H (z,t0) = H (y,tp), our strat-
egy will be to identify a particularly nice thin product neighborhood within
an e-neighborhood of the image of an artifact map for ¢. The product neigh-
borhood will allow us to determine a modification of H, by a replacement
procedure within the e-neighborhood, that removes the singularity at ¢. In
the setting of the next section where a decomposition is specified, it will be
shown that for any € > 0 it can be arranged that the corresponding modified
H ends in G<. on a neighborhood of 2 and ends in N elsewhere.

Our first theorem provides a key step to the replacement procedure de-
tailed in the final theorem of this section.

THEOREM 10.1. Suppose that H : K x I — M 1is a homotopy such that
the lift H:KxI— MxI isa level preserving p.l. map in general position
with one singularity, a double point, at ¢ = ﬁ(:ﬁ,to) = Ef(y,to) (to #0,1),
and P 1s an artifact map for q. Then for any € > 0 and disjoint p.l. disks
D,D' C K such that € int(D), y € int(D’), and H(D U D') x I) C
N(im(v);¢e), there are p.l. isotopies e : BS x I — M and I : M x I — M
so that

(1) (DU D') x I ¢ H Y (im(¢)) c (DU D') x I,
(2) im() C im(@) C N(im(e); =),
(3) I' is a cover of H|[K — D x I] respecting to,
(4) I' is a cover of e respecting to.

Furthermore, if J : K* x I — M is an isotopy N (im(v);e)-near H so that
Jo(@xid)=H on K — D x 1, A is a cover of J respecting to, ¢ : M x I —
M x I is an (H,e)-buttressing map, and §2 is an open set containing im(1)),
then we may require that A=Y = id on [(M x I) — N (im(¢)); )] U[M x {to}]
and TA™1¢ =id on (M x I) — £2.

Proof. Let D and D’ be disjoint p.l. disks in K as above. Let J : K*xI —
M be a p.l. isotopy N (im(v);e)-near H so that

Jo(@xid)=H onK-DxI

and let A be a cover of J respecting tg. Note that J and A are given or may
be constructed by applying Theorem 9.10. Moreover,

J=Ao (Jto X ld)
By Theorem 9.5, there is an (H,¢)-buttressing map ¢ that is the identity
on H(K — D x I).
Let B be a p.l. 5-ball in M x {to} so that ¢ € int(B) x {t9} and
9_1th1(3) = DU D'. Such a B may be found by taking a small regular
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neighborhood of H((D U D') x {tp}) in M x {to}. Let
T =¢ 'AB x I).

Without loss of generality we may assume that B is sufficiently small so

that
T C N(im(¢); €).

Choose ¢ > 0 so that N(im(¢);e’) € T or N(im(¢);e') N2 C T if 2
is given. Let ¢’ be an (H,¢)-buttressing map. Let € : B> x I — M x I be
defined by "

e= ¢ Ao (j x id)

where j : B> — B is a p.l. homeomorphism. Note that since im(¢) = T,
the im() C im(@) € N(im(w);e).
Since on (DU D’) x I, Jo (6 x id) = H and ¢ = id, we have
H((ODUD')xI)=¢ 'Jo (6 xid)((dDU D) x I)

= ¢ Ao (Jy, xid)o (6 x id)((dD U D') x I)

— ¢ Ao (J;,0(ODUD ) xI)Co ' AB x I) =T = im(8).
Also,

H(K-DUD')xI)Nnim(e) = ¢ ' J(K —DUD)xI)NT = 0.

Hence ~
H'(im(e)) c DUD' x I.

Therefore, € is the desired embedding.
Now define I' = ¢/¢ "L A. Tt is clear that I}, is the identity map since
®' ¢! and A are the identity map on the ¢y level. Note also that

Ji0|[K —D| = Jo (0 xid)|[K — D x {to}]
= IIjJ o (0 xid)|[K — D x {to}| = Hy¢H|[K — D x {to}]
= Iy o (¢[M x {to}]) o (H|[K =D x {to}))
= Iy H|[K-D x{to}] = H|[K—D x {to}| = Hy|[K—D].
Hence
I'o (Hy,|[K—D]xid)
= ¢'¢ Ao (Hy,|[K — D] x id)
= ¢'¢ " J(Jy, x id) "o (Hy|[K — D] x id)
= ¢'¢ 1 I(Jit x id) o (Hy,|[[K — D] x id)
= ¢/¢ " LpH o (071 xid) o (J;;' x id) o (Hy,|[K—D] xid)
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= ¢'Ho (07 I Hy |[K — D| x id)
= ¢'Ho (07 J;; Hy, x id)|[K — D x I)
=¢'H|[K—DxI|=H|[K—-DxI|.
Therefore
H|[K — D xI| =To(Hy|[K — D] x id)

and so I' is a cover of H|[K — D x I| respecting tp.
Note also that

= My d'¢~ A(j x id)[[B® x {to}]
—HMo(¢¢ 1AHM x {toh)) o (4 xid) IIB® x {to}])
= Iy o ((j x id)|[B® x {to}]) =
and hence
ey xid) = I'(j xid) = ¢'¢ ' Ao (j x id) = .
Therefore
e=1"o(ey xid)

and so I' is a cover of e respecting to.

Further note that I'A™! = ¢/¢~! = id on [(M x I) — N (im(¢); €)] U[M x
{to}] and I'A~1¢ = ¢/ = id on (M x I) — £2. In conclusion, I' is the desired
cover of H|[K — D x I| and e. =

THEOREM 10.2. Suppose that H : K x I — M 1is a well-behaved homo-
topy such that the lift H:KxI— MxI is a level preserving p.l. map in gen-
eral position with one singularity, a double point, at ¢ = I:T(x, to) = ﬁ(y, to)
(to #0,1), and 1 is an artifact map for q. Then for any € > 0 there exist a
p.l. disk D in K and an isotopy H' : K x I — M so that

(1) x € D,

(2) diam(D) <e,

(3) H'(D x I) C N(im(¢); ),
(4) H=HonEK—-DxI,
(5) Hy = Hp.

Furthermore, if J : K* x I — M is an isotopy N (im(v);e)-near H so that
Jo(0xid) = H on K — Dx1I and A is a cover of J respecting to, ¢ : M xI —
M x I is an (H,e)-buttressing map and {2 is an open set containing im(),
then we may require that H' is covered by an isotopy I' : M x I — M
respecting to so that TA~Y = id on [(M x I) — N (im(¢); €)]U[M x {to}] and
TA='¢ =id on (M x I) — 1.
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Proof. Let € > 0. Let D, D’ be p.l. disks in K such that z € int(D),
y € int(D'), diam(D) < € and H((D U D') x I) € N(im(¢);e). Let J :
K* x I — M be an isotopy N (im(v));e)-near H so that Jo (0 x id) = H on
K — D x I and let A be a cover of J respecting tg. Note that J and A are
given or may be constructed by applying Theorem 9.10. By Theorem 10.1
there are p.l. isotopies e : B> x I — M and I' : M x I — M so that

(1) (9DUD) x I C H'(im(e)) c (DU D) x I,

(2) im(y) C im(e) C N(im(); e),
(3) I'is a cover of H|[K — D x I| respecting to,
(4) I' is a cover of e respecting to,
(5) FA' =idon [(M x I)— N(im(¢); €)]U[M x {to}] and ['A~1¢p =
n (M xI)— 1.
Mx (1)
Mx{0}

Fig. 5. The result of a replacement procedure

Our strategy will be to remove the intersection point g by replacing the
map H|[D x I| with an embedding into N(im(); ) that does not meet
H|[K=D x I (see Figure 5). Let Q = IIps o (&) 'H(D x 0). Let p :
DxI — Qx1I besuch that u(z,t) = (s, t) where €(s,0) = H(z, 0). Note that
H|[OD x I| = éu|[0D x I]. Now let H' = H U &u. Note that H'(D x I) C
N(im(¢);e), H = H on K — D x I, and H) = Hy. Also note that the
map I' : M x I — M is a cover of H' respecting ty since it is a cover of
H|[K — D x I] respecting to and a cover of e respecting t¢, or in particular
a cover of eu respecting to. By construction, Hy = Hy. Then H' and I" are
the desired isotopies. =

COROLLARY 10.3. Sluppose that H : K x I — M s a well-behaved ho-
motopy so that the lift H : K x I — M x I is a level preserving p.l. map in
general position such that the following hold:

(a) The only singularities ofﬁ are double points occurring al {q1,-- - qm}
C M x I such that for q¢; = ﬁ(wi,ti) = H(yz,tZ {z1,..., Tm,
Y1, -+, Ym} 18 a set of distinct points in K.

(b) For each q;, there is an artifact map ; : [ x I — M x I.
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(¢) The images of the maps 1; are mutually disjoint.
(d) There are mutually disjoint open sets {U,...,Upn} so that U; is a
neighborhood of im(1);).

Then for any € > 0 there is a finite set {D1,..., Dy} of disjoint p.l. disks
in K and an isotopy H' : K x I — M so that

(1) x; € D;,

(2) diam(D;) < e,

(3) H'(Di x I) € N(im(¢);e),

(4) H'=H on K —JI", D; x I,

(5) Hy = Hop.

Furthermore, if N(im(;);e) C U; and J : K* x I — M s an isotopy
N(im(¢);e)-near H so that Jo (0 x id) = H on K —J"{ D; x I, A is a
cover of J, ¢ : M x I — M x I is an (H,e)-buttressing map, and 2 is
an open set containing | J;~, im(v);, then we may require that H' is covered
by an isotopy I' : M x I — M respecting the singularities of H so that
FA™Y =id on [(M x I) — N(Uim(¢;);€)] U U (Us 0 (M x {t;}))] and
TA'¢=id on (M x I) — 1.

Proof. Without loss of generality, assume e > 0 is given so that N (im(v););e)
C U; for each ¢ = 1,...,m. Choose p.l. disks D;, D; C K so that diam(D;)
< eand H((D;UD})x I) C N(im(¢;); ). Let J : K* x I — M be an isotopy
as in the statement, and let A be a cover of J : K* x I — M. Both J and
A are specified or may be constructed by applying Theorem 9.10.

We will proceed inductively on ¢ = 1,..., m by performing a replacement
procedure to remove each singularity, one at a time. Let K[i| be the complex
formed from K by attaching x; to y; for j > i. Note that K[0] = K*. Let
0[i] : K — K[i] denote the attaching map. Let O[i] : K[i] — K[i]* = K[i—1]
denote the map that attaches x; to y; in K[i|. Define ¢[i] = ¢ on U; and
¢[i] = id otherwise. Note that ¢ = ¢[1]...o[m].

CASE i = 1. Define H[1] : K[1] xI — M so that H[1] = Ho (0[1]~! xid)
on Dy x I and H[1] = J o (©[1] x id) on (K[1] — Dy) x I. Then H[1] is
a p.l. map with one singularity at ¢; = ﬁ(ml,tl) = ff(yhh) and 1 is
an artifact map for ¢;. Let J[1] = J and note that K[1]* = K[0] = K*.
Hence J[1] is an isotopy of K[1]* that is N(im(¢1);e)-near H[1] so that
J[1] o (O[1] x id) = H[1] on (K[1] — D1) x I. Let A[1] be the t;-shift of A.
Then A[1] is a cover of J[1] respecting t1. Thus ¢[1] is an (H[1], €)-buttressing
map. By Theorem 10.2 there exist an isotopy H'[1] : K[1] x I — M and a
disk D; in K so that

(1) x € Dy,
(2) diam(Dy) < ¢,
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(3) H'[1)(D1 x I) € N(im(¢1);¢),
(4) H'[1] = H[1] on (K — D) x 1,
(5) H'[1]o = H[1]o.

Furthermore, we may require that ['[1] is covered by an isotopy I'[1]: M x I
— M respecting ?; so that T'[1A[1)7' =id on [(M x I) — N(im(¢1);€)] U
(U1 N (M x {t1})] and [3A; ¢[1] =id on (M x I) — 0.

CASE i > 1. Define H[i] : K[i] x I — M so that H[i| = H o (A[i]~! x id)
on D; x I and Hli] = H'[i — 1] on (K[i] — D;) x I. Then HJi] is a p.l. map
with one singularity at ¢; = H (zi,t;) = H (yi, t;) and v; is an artifact map
for g;. Let J[i] = H'[i — 1] and note that K[i]* = K[i — 1]. Hence J[i] is an
isotopy of K [i]* that is N (im(t);); €)-near H[i] so that J[i]o(O[i] xid) = H]i]
on (K[i] — D;) x I. Let A[i] be the t;-shift of I'[i — 1]. Then A[i] is a cover
of J[i] respecting t;. Thus ¢[i] is an (H[i], €)-buttressing map. By Theorem
10.2 there exist an isotopy H'[i] : K[i] x I — M and a disk D; in K so that

(1) x € Dy,

(2) diam(D;) < e,

(3) H'[i](D; x I) C N(im(¢3); )

(4) H'[i] = H[i] on (K — D;) x I,

(5) H'lilo = Hlio.
Furthermore, we may require that H'[i] is covered by an isotopy I'[i] : M x I
— M respecting t; so that I'[i]A[i]~! = id on [(M x I) — N(im(t;);€)] U
[U; N (M x {t;})] and [;A;1¢[i] = id on (M x I) — £2.

At the mth step, K[m] = K. The desired isotopy is H' = H'[m| and the
desired cover I' is the O-shift of I'[m]. =

11. Moving a 2-complex off the nondegeneracy set. In this sec-
tion, our focus will be on a 5-manifold M and a cell-like usc decomposition G
such that M /G is finite-dimensional and has DDP. The map 7 : M — M /G
will denote the associated decomposition map. In view of Theorem 7.3, we
may assume that 7 is LCC! refined over a collection A of LCC! embeddings
satisfying the density, restriction and extension properties of the definition
of a LCC! refined map. The collection of lifts of maps in A will be denoted
by A*. In particular

A" ={a" | a* =7ta, a € A}
Note that A* is a countable collection of LCC! embeddings of 2-complexes
in M.
Given a 2-complex K in M we desire to push K off the nondegeneracy

set Ng by a pseudo-isotopy that is small as viewed in M/G. This will be
accomplished by a sequence of moves that takes K successively closer to



Cell-like approxzimation theorem in dimension 5 103

a controlled limit of maps in 4*. The following theorem will be key to
obtaining the control needed for these pushes.

THEOREM 11.1. Let w: M — X be a cell-like map of a compact p.l. n-
manifold M onto a finite-dimensional metric space X . Then for everye > 0,
there is a 6 > 0 so that if f,f : K — M are LOC' embeddings of a finite
k-complex K, where k < n —3 and H : K x I — M is a (6, L)[r]-isotopy
between [ and f' supported in an open set U, then there is an e[r]-push
A:M xI— M of f(K — L) supported in U that is a cover of H.

This theorem follows from 8.3 and the techniques established by Miller
in [20] with special care taken to measure controls in the decomposition
space.

The pseudo-isotopy sought for in this section will be comprised of a
sequence of moves which are detailed in the following theorem.

THEOREM 11.2. Let G be a cell-like usc decomposition of a 5-manifold
M with associated decomposition map m: M — M/G such that 7 is LOC?
refined over A. Suppose K is a finite 2-complex and f* : K — M is an LCC!
embedding such that f*(K) C G<,. Furthermore, suppose that L < K and
L' is a simplicial neighborhood of L in some nth barycentric subdivision of K
such that f*|[L'| € A*. Then for any ¢ > 0 and G-saturated neighborhood
U* of f*(K — L), there exist a finite set D consisting of disjoint p.l. disks
in K — L' and an isotopy I' : M x I — M so that

(1) I is supported in U™,

2) I'o (f* xid) is a (4n, L)-isotopy,
) I is also an e[r]-isotopy,

) I' pushes f*(K) into G <.,
)
)
)

5) for D € D, diam(D) < e,

I f*I[K —UD] € A*,

if D € D, then oIy f*(D) N7l f*(K — D) = 0,

(8) for all D € D, diam(I f*(D)) < 4n.

Moreover, if Z is a compact subset of M that misses f*(K) and n(Z) is
LCCY, we may also require that nI'(Z) N7l f*(K) = 0.

Proof. Let ¢ > 0 and U* be a G-saturated neighborhood of K — L/
missing L. Choose § > 0 (6 < ¢/2) to satisfy Theorem 11.1 for . Let
f=nf"

Our first goal is to identify an embedding of A : K — M /G in A suffi-
ciently close to f* to act as a target for the desired isotopy. Define

Vi =a {(N(f(K = L');9) and W* = Geau[N(f*(K —L);n)).
Note that W* is a neighborhood of f*(K — L') since f*(K) C G,. Let
o*=U"NnvV:nw=.

(
(3
(4
(
(6
(7
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In particular, O* is the intersection of G-saturated neighborhoods of
f*(K—L') and is therefore a G-saturated neighborhood of f*(K — L'). Thus
O = m(0O*) is a neighborhood of f(K — L').

Let 3¢ < § be a Lebesgue number for the cover

F =A{nm(Gsat[N(z;m)]) NO |z € f*(K - L")}

of f(K—L')in M/G. Let X\ € A such that X is (¢, L')-homotopic to f and
define \* = 7~ \. Then there is an approximate lift to a (¢, L')[r]-homotopy
H : K x I — O" such that Hyp = f* and H; = A", which we also note is
a (2n, L')-homotopy. We may assume that H is in general position so that
the singular set consists of double points occurring at {q1,...,qm} C M xI.
We may also assume that the double points have distinct M-coordinates so
that for H(z;,t;) = H(yi,t;) = qi, the elements of {x1,y1,...,Tm,Ym} are
distinct. It follows that the track of x; by H meets only the track of y; by H
and vice versa, the intersection occurring at ¢;. Without loss of generality,
we may also assume that x; and y; are the vertices of some nth barycentric
subdivision of K. Note that since H is supported in an open set away from L,
neither x; nor y; are in L. Since H is constant on L', at least one of x; or
y; is in K — L’ for each i. By relabeling points if necessary, we impose the
condition that z; € K — L.

Our next goal is to construct the guiding structure for our isotopy. We
begin by defining artifact maps for each ¢;. Let a; = H|[{z;} x I| and

Ef = {(N(m1Ip(g:); ¢)) C OF N Gt [N (Ipg (qi); 2m))-

Note that @; U 3; C Ef. Let ; : I — M be a p.l. path connecting H (x;,1)
to H(y;, 1), and otherwise missing H (K x {1}) so that @; U 3; U7, contracts
in EY. By the extendability condition on A we may, and do, require that
N UL, v € A*. By Proposition 9.3, there are artifact maps ¢; : I x I —
E¥ x I ending at 7; x {1} so that im(¢;) Nim(¢p;) = 0 if ¢ # j.

To establish the appropriate control for the replacement procedure,
choose £ so that

e <& <e,

d{z1,..., e}, {y1, - ym}) > € in K,
N(im(t);§) C Ef x I,

N(im(¢;);€) N N (im(y);); §) = 0 for i # j,
N@#H;¢) C G,

7(N (7€) N7 (N(7;:£)) = 0 whenever i £ ;.

Note that the last two conditions are possible since \* UJ/~, v; € A*. Now
let Y* = U2, N(im(¢;); §) and K* be the complex obtained by identifying
each z; to y; in K.
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By Corollary 10.3, there exist a finite set {D1,..., Dy} of disjoint p.l.
disks in K and an isotopy H' : K x I — M so that

(1) x; € D;,

(2) diam(Dy) < &

(3) H'(D; x I) C N(im(¢); €),
(4) H=Hon K —J;>, D; x I,
(5) H{y = Hy.

Note that H' is a (3¢, L')[n]-isotopy and hence a (0, L")[r]-isotopy.

By Theorem 11.1 and our choices of ¢ and d, there is a cover I" of H’
that is an e[r]-push of f*(K — L’ x I) supported in U*.

Now we verify that I' is the desired isotopy.

(1) I' is supported in U* by construction.

(2) Since f* = Hy = H and H' = I'o (H|, x id), we have I'o (f* x id) =
H'. Note that H'(D; x I) C E} and diam(E}) < 47. Furthermore,
H' = H away from |J;", D; x I and H is a (2n, L')-isotopy. It follows
that H' is a (4n, L)-isotopy. Hence I'o (f* x id) is a (47, L')-isotopy.

(3) By construction I" is an e[m]-isotopy.

(4) I' pushes f*(K) into G, as a result of the choice of &.

(5) diam(D) < < e for D € D.

(6) INf*|[K — D] € A* is a result of the choice of .

(7) Since Iy f* is an embedding on K x I and 7l f* is an embedding
on K —JD x I, by (6) and the choice of ¢ it follows that for each
D; €D, WFlf*(Di) N WFlf*(K - DZ) = 0.

(8) It follows from the choice of E} that diam([ f*(D;)) < 4n for i =
1,...,m.

Therefore I' is the desired isotopy.

The proof of the “moreover” part of this theorem follows from the ap-
plication of the “moreover” conditions of the theorems of Section 10. Let Z
be a subset of M missing f*(K) such that 7(Z) is LCC! in M/G. Without
loss of generality, we may assume that the artifact maps are chosen so that
the projection of the initial ends 7({J!", IIa((44)0)) misses 7(Z). Choose
¢:MxI— MxItobean (H,&)-buttressing map where ¢ is chosen as be-
fore. Since on each level M x{t}, ¢ collapses an arc not bounding a simplex in
I;'(KXI), we may select ¢ so that ¢H isp.l. on K x{0,t1,...,tm,1}. By The-
orem 9.10, there is a p.l. isotopy J : K* x I — M that is N (|J;~, im(¢;); §)-
near H so that Jo (0 xid) = H on K — L' x I and J o (0 x id) = ¢H on
K x {0,t1,...,tm,1}. Note that J is a (9, L)[r]-isotopy. By Theorem 11.1,
there is an g[r]-push A : M x I — M of f*(K — L') supported in Y* =
U™, N(im(v;); €) that is a cover of J. Let A = n - n(ITy¢ ' A(Z x {1})).




106 R. J. Daverman and D. M. Halverson

Since the ends of the artifact maps ; are contained in the nondegen-
eracy set of G x {1} and (Z x {0}) N U~ ¢¥i(I x {0}) = 0, we have
(A x {1}) n UM ¢i(I x {1}) = 0. The problem is, when we do the re-
placement procedures, as outlined in the proof of Corollary 10.3, if we are
not careful, A may meet the images H{(D;), thereby causing failure of the
“moreover” condition. To address this problem, let {2 be an open set in M x I
containing [ J;", im(¢);) and missing A x {1}. For convenience, we also re-
quire that 2N (M x {1}) is a (G x {1})-saturated open set in M x {1}. Now
when applying Corollary 10.3, we require, in addition to the five previously
required conditions, that

(6) H' is covered by an isotopy I : M x I — M respecting the singu-
larities of H so that I'A~' = id on [(M x I) — N(Jim(); €)] U
UL (N (9i;6) N (M x {t;})) and I'At¢=idon (M x I) — 0.

We now desire to show that
r(Z)Nrwl fY(K) = 0.
It suffices to prove that
[ a(Z) x {1} N [n~wl f(K) x {1}] = 0.
Note that
7w (Z) = 7wy D(Z % {1}) = 7 ' llp¢ P AZ x {1}) =

From the details of proofs of Theorems 10.1 and 10.2 and our choice of {2,
we have

Fﬁ*(QDz’) x {1} c .

Thus )
[wlal(Z) x {1}]N |:7T_17('Flf (L_J
)=

Also ZNf*(K) =0so I(Z)NIf*(K

) x {1} caxihne =0
@Slnceflf (K-U", D;) C Ng,
(1€ -

[~ lx(2Z) x {1}] N {ﬂ' L f* ) {1}} =0.

Therefore

77w (Z) x {) N [r tal f5(K) x {1}] =
We conclude that
r(Z)Nal f*(K) =10

so the “moreover” condition is satisfied. m
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We need just one more result which, in combination with Theorem 11.2,
ensures that K can be pushed into N§.

ProprosITION 11.3. Let K be a finite 2-complex and M a 5-manifold.
Suppose fori=1,2,... that:

(1) The set D; consists of m; pairwise disjoint p.l. disks in K so that

(a) for each D € Diyq there is a D' € D; so that D C int(D') (in
this case we denote D' as pre(D)),
(b) lim;_,oo max{diam(D) | D € D;} = 0.
(2) There is a sequence of homeomorphisms \; : K — M such that
Aivk|[K —UDi| = M|[K —UDi] for all k> 0.
(3) The set U; consists of m; pairwise disjoint open sets such that
(a) each D € D; corresponds to a unique U € U; such that \;(D) U
Ai+1(D) C U and X\; 1 (U) C pre(D),
(b) ULﬁ DUUQ DUUQ DUU;; DI
(¢) lim;_,oo max{diam(U) | U € U;} = 0.

Then A = lim;_. \; is an embedding of K.

Proof. 1t is clear from (2) and (3) that A = lim; . A\; exists and is
continuous. To see that A is 1-1, let z,y € K. Let Z = (;2,(UD;). There
are three cases to consider:

CASE 1: z,y € K — Z. There is some i so that x,y € K —|JD;. By (2),
Alz) # Ay).

CASE 2:z e K—Zandy € Zory € K—Z and x € Z. Without
loss of generality let + € K — Z and y € Z. From (1a), there exists an N
so that ¢ (JD; for all i > N. From (3a), )\;rll(UUiH) C UD;. Hence
Ait1(z) ¢ JUiqq for alli > N. By (2), Ai(x) = A(x) for all i > N. It is then
clear from (3b) that A(z) ¢ ;2 (U;). On the other hand, it follows from
(3a) and (3b) that A(y) € (o=, (UU;). Therefore A(z) # A(y).

CASE 3:y € Z and x € Z. By (1b) there is an ¢ so that there are disjoint
balls D, D, € D; such that x € D, and y € D,. It follows from (3a) and
(3b) that there are disjoint open sets Uy, Uy € U;y1 such that A\i1(z) € Uy,
Ni+1(y) € Uy and U, N U, = 0. It is also clear from (3a) and (3b) that
Nivk(z) € Uy and N4k (y) € Uy, for all k > 1. It follows that A(x) € U, and
My) € Uy. Since U, NU, = 0, we conclude that A(x) # A(y).

Therefore X is 1-1 and gives an embedding of K. =

The following corollary is the main result for this section.

COROLLARY 11.4. Let G be a cell-like usc decomposition of a 5-manifold
M for which dim(M/G) < oo and the associated decomposition map 7 :
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M — M/G is LCC" refined over A. Suppose that K is a finite 2-complex
and f : K — M is an LCC' embedding. Then for any € > 0, there is a
cell-like map h : M — M that is the end of an e[r]-pseudo-isotopy such that
h|[f(K)] is an LOC* embedding, hf(K) N Ng = 0, h(Ny) C hf(K), and
dem(Ny) < 2. Moreover, if £2 is a G-saturated neighborhood of f(K) we
may assume that h is supported in {2.

Proof. Let € > 0 be given. Using Theorem 11.2, we will define h as the
limit of a sequence of pushes of f(K) whose restrictions to f(K) satisfy the
hypotheses of Proposition 11.3.

In order to ensure that the end of the pending pseudo-isotopy, which will
be denoted as h, has the property that hf(K) is LCC! and dem(Ny,) < 2,
we identify a sequence of triangulations of M, namely 17,75, ..., such that

e mesh(7;) — 0,

e the 2-skeleton Tl.(z) of each T; misses f(K)U J{im(a]) | af € A*}.
This condition is possible because f(K) is an LCC! embeddmg and
because 7 is LCC! refined over A.

We will implement controls in the construction of the desired pseudo-isotopy
so that hf(K') and Nj, miss | ;2 T;. It will follow that the end of the pseudo-
isotopy will take f(K) to an LCC! embedding and that dem(N,) < 2.

Let Z; = 7T_17T(Uj 1 ]( )) By our choice of T; and since m is LCC!
refined over A, each 7(Z;) misses the set (J{im(«;) | o; € A}. Hence 7(Z;)

is LCCL.

STEP 1: The first push. Choose n; sufficiently large so that f(K) C Gy, .
Let &1 = min{e/4,m}, L1 = L} = 0 and U; = 2. By Theorem 11.2 there
is a set Dy consisting of disjoint p.l. disks in K — L; and an isotopy I'! :
M x I — M so that

(1) Fl is supported in Uy,
o (f xid) is a (4n, L})-isotopy,
I'! is also an &1 [r]-isotopy,
I'* pushes f(K) into G.,,
for D € Dy, diam(D) < &1,
IR =UDr) € A,
if D € Dy, then I} f(D) N7l f(K — D) =0,
for all D € Dy, diam(I'} (D)) < 4y,
) 7 L}(Z0) Ol f(K) = .

Define hy = Fll and A\ = Fllf.

(2) I
(3)
(4)
()
(6)
(7)
(8)
9

STEP 2: The ith push for i > 1. Suppose that ;_1, A\;_1, and D;—; are
given. Let n; = €;_1. Note that \;_1(K) C Gy,. Define ¢; = min{e/27+1 n;}
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and L, = K —|UD;_1. Let D,_; be a collection of disjoint disk neighbor-
hoods of the elements of D;_1 in some k;th barycentric subdivision of K
where k; is chosen sufficiently large so that the disks in D,_; satisfy con-
ditions (5) through (8) listed above when D)_; is replaced with D;_;. Let
Li=K-UDi_,

Now let U; denote a collection of G-saturated neighborhoods of the ele-
ments of {\;_1(D) | D € D;}, one neighborhood for each disk in D;, so that
Ul c JUi—1. Let U; = [JU;. From condition (7) and the choice of D}, we
may assume that these neighborhoods are pairwise disjoint and if U is an
element of U; containing D € D;, and D’ € D} is the disk such that D C D,
then \; !, (U) N K C int(D’). We impose the following conditions on U;:

7(Ui) Nmhi—1(Zi—1) = 0 (see condition (9)),
e 7(U;) N7(Z;) =0 (from the choice of Z;), and
o if U € U; then diam(U) < 4n;—1 + 2,1 < 6m; (see conditions (4)
and (8)).

By Theorem 11.2 there is a set D; consisting of disjoint p.l. disks in K — L;
and an isotopy I": M x I — M so that

) Fl is supported in U;,

o (A1 x id) is a (4m, L})-isotopy,
is also an ¢;[r]-isotopy,
pushes \;_1(K) into G,

(1

(2) r

(3)

(4)

(5) for D € D;, dlam( ) < &4,
(6)

(7)

(8)

(

Fl
FZ
x| [K —UDi) € A, |

if D € D;, then 71\ (D) NwliN_1(K — D) =0,

for all D € D;, diam(I{\;—1(D)) < 4n,
) wI{(Z) R LK) = 0.

Define h; = [f oI} ' o--.0oT} and \; = I'¥\;—1. Note that

e The set D; consists of a finite number, say m;, of disjoint p.l. disks
in K so that

(a) for each D € D;1; there is a D’ € D; so that D C int(D’),
(b) lim;_,oo max{diam(D) | D € D;} < lim; .o &; = 0.

6
7
8
9

e The sequence of homeomorphisms \; : K — M satisfies \j1x|[ K — D;]
= \N|[K —UD;| for all k> 0.
e The set U; consists of m; disjoint open sets such that
(a) each D € D; corresponds to a U € U; such that A\;(D) U Aiy1(D)
C U and \;1(U) C pre(D),
b))y Uh o DU DU D -+,
(¢) limj_—oo max{diam(U) | U € U;} < lim;_.o, 61; = 0.
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Let
h=1lim h; and A= lim A;.

1— 00 71— 00

Note that & is the end of the pseudo-isotopy I' = lim;_ao I % I 1.5 'L,
By condition (3) of the construction of I'*, I" is an ¢[r]-pseudo-isotopy. It
follows from Proposition 11.3 that A = hf is an embedding. Since hf(K) C
Gy, for all i, we have hf(K) C NE.

To see that h(Ny) C hf(K), we first show that (52, Ul C h(K).
Suppose that y € ();2; UU;. Then for each i there is an open set U;
U; so that y € U,. Since diam(U;) < 6, it follows that Nz 1U =
Also for each i there is a disk D; C K so that h;f(K) = \(D;) C U,
D;y1 C D;, and U;yq C U;. Let x € N2y D;. Then h;f(xz) C U; for all .
Hence hf(z) € N2, Ui so hf(x) = y. Therefore h(Ny,) C hf(K). Now
suppose that h(p) = h(q) € h(K). Then for some i, h(p) = h(q) ¢ U;. But
then by construction, h(p) = h;(p) # hi(q¢) = h(q), which contradicts our
supposition. Therefore, h(Ny) C hf(K).

We claim that hf(K) misses | Jio; Zi. If 2 € K — (72, (U D;) then there
is an i so that x € K — |JD;. It follows that hf(z) = Xi(x) ¢ U2, Zi.
If z € N;2,(UD;), then for all i, hf(z) € U; which misses Z;. Again it
follows that fh(x) ¢ U2, Zi. Therefore, for all z € K, fh(z) ¢ U2, Z;.
Hence hf(K) misses |J;2, TZ.(Q), which ensures that h|[f(K)| is an LCC!
embedding.

We also claim that N, misses |J;2; Z;. If p ¢ (oo, Us, then there is
a j so that p ¢ U; for all i« > j. If ¢ € Z; and m = max{j, k}, then
h(p) = hm(p) # hm(q) = h(q). Suppose p € (2, U; and ¢ € Zj. Then
h(p) € N2, U; = N2, Ui. However, h(q) = hix(q) ¢ Uy. Thus U2, Z;
does not meet Nj. It follows that Nj, misses [J;2; TZ@), which ensures that
dem(Ny) < 2. Clearly, h is supported in §2. Therefore h is the desired map. =

12. Shrinking fixing a complex. In this section we will describe the
technology for shrinking a decomposition while fixing a 2-complex K. The
symbol M will be used throughout to denote a compact p.l. 5-manifold. The
notation 7 will denote an arbitrary decomposition map, and is not intended
to represent the decomposition map specified in the previous section. The
purpose is to establish a procedure by which we can shrink out the decompo-
sition of M induced by the map h given in the conclusion of Corollary 11.4
without perturbing the complex K. In particular, this section is devoted to
proving the following theorem:

THEOREM 12.1. Suppose K is a finite 2-complex LCC' embedded in M,
and G is a cell-like usc decomposition of M for which the decomposition
map © : M — M/G is 1-1 on K, Ng C 7 '7(K) and dem(Ng) < 2.
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Then for each € > 0 and each neighborhood U of Ng in M there exists a
homeomorphism F : M — M/G such that

(1) FI[K] = =[[K],

(2) FI[M -U] ==|[M-U],

(3) o(F,7) < e.

The proof of this theorem will follow from standard shrinking technology,
as developed by Edwards [16], modified to perform that shrinking while
fixing a preassigned subset.

DEFINITION 12.2. Suppose S is a metric space, K is a subset of S, G is
a usc decomposition of S, and 7 : S — X is the associated decomposition
map. Then G is strongly shrinkable firing K provided that for every € > 0
and every neighborhood U of Ng, there is a homeomorphism ¢ : S — §
satisfying

(1) o[[K] =id[[K],

(2) @ is supported in U,

(3) diam(®(g)) < € for all g € G,

(4) o(m,7P) < e.

Note that if GG is strongly shrinkable fixing K, then 7 is necessarily 1-1 on K.

The proofs of the next two propositions are exactly the same as those
found in [11, Theorem 5.2] and [11, Corollary 5.2D], respectively, with added
stipulations that the relevant maps and homeomorphisms fix K.

PROPOSITION 12.3. Suppose G is a usc decomposition of a compact met-
ric space S and K is a closed subset of S. Then the decomposition map
m: S — S/G can be approrimated, arbitrarily closely, by homeomorphisms
fizing K and supported in any preassigned neighborhood U of Ng if and only
if G is strongly shrinkable fixing K.

PROPOSITION 12.4. Suppose G is a usc decomposition of a compact met-
ric space S with associated decomposition map ® : S — S/G, and K is a
closed subset of S. Then G is strongly shrinkable fixing K if and only if, for
each € > 0 and each neighborhood U of Ng, there exists a map p: S — S
such that

o ul[K] =id|[K],

o 1 is supported in U,

o G={u(s)|se S}

o o(np~tm) <e.

PROPOSITION 12.5. Suppose K is a finite 2-complex LCC' embedded

in M, C is a cell-like set such that dem(C) < 2 and C N K is cell-like,
e >0, and D is a topological cone neighborhood of C N K in K such that
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CNK Cint(D) Cc D C N(CnN K;e). Then there exists a 5-cell B in M
such that C C int(B) C B C N(C;e) and BN K = D, and D is standardly
embedded (i.e., equivalent to a subcone of B = O % S*) in B.

Proof. Treat K as a subcomplex of M [5]. Start with a 5-cell E that is
a combinatorial cone neighborhood in M of some point p € C'N K, where
ENK = D is a subcone of E (for instance, when D is a 2-cell then £ =
B? x B3 with D = B?x0 C B?x B3) and E C N(C;¢). Standard engulfing
techniques give a homeomorphism 6 : M — M fixing K U (M — N(C;e¢))
such that, for B = O(F),C C int(B).

Here is an outline of how the engulfing works. Specify a triangulation
T of M having very small mesh, with K carried by the 2-skeleton of T
Let V be a compact subpolyhedron carried by a subcomplex of T', with
C Cint(V) C V C N(C;e), and let P denote the 2-skeleton of V relative
to T'. With appropriate size controls, V' can be chosen so that there exists an
engulfing homeomorphism 0; : M — M fixed outside N (C; ) and on K such
that P C 01(int(E)). In the first barycentric subdivision V"’ of the simplicial
structure on V inherited from T, let ) denote the dual 2-skeleton to P. Since
C'N K misses @ and dem(C) < 2, there exists another homeomorphism 65 :
M — M (moving points very little) which is fixed on KU(M —V') and moves
C off Q, achieving @ C 02(M — C). Finally, stretch across the join structure
of V'’ via a third homeomorphism 63 : M — M, fixing PUQ U (M — V),
such that

9391(int(E)) U 02(M — C) =M.

Set O = 9519391, and note that © fixes K. Applying «9;1 to the above
equality, we find

O(int(E) U (M - C) = 6,1 (M) = M,

so clearly C' C O(int(F)) = int(B), and B C N(C;¢), since O restricts to
the identity outside N(C;¢). u

LEMMA 12.6. Consider B™ as a cone O x 0B™. Suppose Z is a compact
set in OB™ and Y is a compact set in int(B™). Then for any e > 0 there is
a homeomorphism 0 : B" — B" fixing 0B™ and O *x Z such that ¥(Y) is
contained in the e-neighborhood of O x Z.

Proof. It suffices to prove this proposition in the case of B" = {x € R" |
Ix|]| < 1} where O is the origin 0. Choose v > 0 so that Y C int(yB").
Assume without loss of generality that € < v and obtain a continuous func-
tion 7 : OB™ — [e,7] so that 7(Z) = v and 7(0B"™ — N(Z,¢)) = ¢. Define a
homeomorphism ¢ : B™ — B™ such that 1) is the identity map on 9B"U{0},
(x) = (7(x)/7)x for each x such that ||x|| = v, and for the remaining points
1 is a linear extension on each segment {tx | ¢t € [0, 1], x € 9B™}. Then ¢
is the desired homeomorphism. =
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A similar argument establishes the next lemma. It enables us to obtain
homeomorphisms like ¢ : B® — B™ of Lemma 12.6 as the composition of
finitely many homeomorphisms, each one moving points less than a prede-
termined constant amount.

LEMMA 12.7. Consider B™ as a cone O * OB™. Suppose v € (0,1), n €
(0,7), Z and Z' are compact subsets of 0B™ with Z D Z','Y is a compact
set in (0% Z)NyB™, and U is a neighborhood of (O x Z) N~yB™. Then there
is a homeomorphism ¢ : B™ — B™ such that

(1) ¥|[dB" U (O * Z)U (B* —U)| =id|[dB" U (O * Z) U (B" = U)],
(2) o(¥,id) <,
(3) p(Y) C (y =) (O % Z)U[N(O* Z';n) N (0 x Z)|.

PROPOSITION 12.8. Suppose K is a 2-complex LCC' embedded in M,
f: M — X is a cell-like mapping that is 1-1 on K and that induces a
decomposition Gy = {f~*(x) | & € X} for which the nondegeneracy set Ny
has embedding dimension at most 2 and satisfies f(Ng) C f(K), and V is
a neighborhood of f(Ny). Then f can be approzimated, arbitrarily closely,
by a cell-like map F : M — M satisfying

(1) Fis1-1 on K,

(2) FIIM = £1(V)] = fITM — £1(V)],

(3) the nondegeneracy set Ng has embedding dimension at most 2,
(4) F(Np) c F(K — K©),

Proof. Let G = {f~1f(v) | v € KO} together with all singletons from
the rest of M denote the decomposition induced by f over the vertices
of f(K). The key step involves showing that G strongly e-shrinks while
fixing K. Identify the vertices {vy,...,v;} in KO and apply Proposition
12.5 to obtain pairwise disjoint 5-cells { By, ..., Bx} such that

FHf (i) Cint(Bi) € By € fTHV NN (f(vi)ie/2))

with B; N K C N(v;;¢€) a cone neighborhood of v; in K. Lemma 2.5 ensures
that G strongly e-shrinks fixing K.

As a result, Proposition 12.4 promises a map p : M — M satisfying

o u|[K] =id[[K],

e 41 is supported in f~1(V),

oG ={p'(z)|ze M}

o o(fut, f) <e.
The required cell-like map is F = fu~!, which obviously is 1-1 over F(Kq)U
(X — F(K)). The nondegeneracy set of F' is locally equivalent to that of f,
so dem(Np) < 2, since embedding dimension is locally determined. =
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PROPOSITION 12.9. Given the data from the conclusion of Proposition
12.8, the map F' can be approximated, arbitrarily closely, by a cell-like map
F: M — X satisfying

(1) F is 1-1 on K,

(2) FI[M - F~Y(U)] = F|[M - F~'(U)],

(3) the nondegeneracy set Nz has embedding dimension at most 2,

(4) F(Np) C F(K — KW).

We leave proof details to the reader. The argument is essentially the same
as that for the forthcoming Proposition 12.11, except that some of the cone
neighborhoods in K employed in the latter are simpler to describe (being
2-cells). Besides, for the decompositions arising in the Main Application, we
can avoid use of 12.9 but must use Proposition 12.11.

DEFINITION 12.10. Given a closed subset K of M, a usc decomposition
G of M, with decomposition map = : M — M/G, and € > 0, we say
that an amalgamation G* of G strongly e-shrinks fizing K if, for every
neighborhood U of Ng«, there exists a homeomorphism h : M — M such
that h is supported in U, h fixes K, o(mh,7) < € and diam(h(g*)) < ¢ for
each ¢g* € G*.

PRroOPOSITION 12.11. Suppose G is a usc decomposition of a compact
metric space S such that for each € > 0, there exists an e-amalgamation G*
of G that strongly e-shrinks fixing the compact set K. Then G is shrinkable
fixing K.

Proof. This follows by a straightforward adaptation of [11, Theorem
20.1]. =

PROPOSITION 12.12. Suppose that K is a finite 2-complex LCC" embed-
ded in M, G is a 0-dimensional cell-like decomposition of M, the decom-
position map ™ : M — M/G is 1-1 on K, Ng C n~Yn(K — K1), and
dem(Ng) < 2. Then for every e > 0 and every neighborhood U of Ng, G
has an e-amalgamation G* so that Hg+ forms a null sequence and, for each
g* € Hgs, dem(g*) <2, g* C U, ¢* N K = g* N (K — KW) is a cell-like set
and diam(g* N K) < ¢.

Proof. Let C = KN Ng; it is a 0-dimensional, o-compact set, each point
of which meets exactly one element of G. Express C as J;,, Cj, with each
Cy, compact. Cover C7 by the interiors of finite number of pairwise dis-
joint 2-cells Dy 1,..., Dy in UN (K — KW), where each D1 ; and each
7(D1,;) has diameter less than e and dD;; N C = 0. For k = 2,3,... re-
cursively determine a family Dg 1, ..., Dy ) of pairwise disjoint 2-cells in
U N (K — KM) which miss all the previously determined D;;, whose interi-

ors cover Cy — Uf;ll U?:(Jl) D ;, whose boundaries miss C', and which satisfy



Cell-like approxzimation theorem in dimension 5 115

diam(Dy ;) < £/2% and diam(w(Dy;)) < €/2*. Define G* as the decomposi-
tion of M whose nondegenerate elements are the various sets 7~ 'm(Dy ;). m

PROPOSITION 12.13. Suppose that K is a finite 2-complex LCC" embed-
ded in M, G is a 0-dimensional cell-like decomposition of M, the decomposi-
tion map ™ : M — M/G is 1-1 on K, Ng C 7~} (n(K)), and dem(Ng) < 2.
Then G s strongly shrinkable fixing K.

Proof. From Proposition 12.9 we may assume that (after an approxima-
tion to the given cell-like map) Ng misses K1),

Fix ¢ > 0 and a neighborhood U of Ng. Apply Proposition 12.12 to
obtain an ¢/3-amalgamation G* of G whose nondegenerate elements form
a null sequence such that diam(¢* N K) < ¢/3, ¢* C U, and dem(g*) < 2
for each g* € G*. By Proposition 12.11 it suffices to show that G* strongly
e-shrinks fixing K.

Let A ={g1,...,gr} include all elements of G* having diameter at least
e/3. Specify a set {Uy, ..., U} of pairwise disjoint G*-saturated open sets
such that diam(7(U;)) < ¢, g; C U; C U, and any other g* € G* — A satisfies
diam(g*) < /3. Use Proposition 12.5 to obtain a collection {Bj,..., By}
of disjoint 5-cells such that g; C int(B;) C B; C U; and Bj N K is a 2-cell
D; C K with diam(D;) < ¢/3. Choose a point O; € int(D;) — Ng+. We
follow a shrinking procedure very similar to that found in [11, Proposition
22.1], except in this case the shrinking also fixes K.

The following lemma is needed:

LEMMA 12.14. Consider B™ as a cone O * OB™. Suppose that Y is a
compact set in int(B"™) missing O and Z is a compact set in OB™ such that
dem(Z) < dem(Y')—1. Then there is a homeomorphism ¢ : B™ — B"™ fizing
O x Z so that if O x X is the union of all cone segments meeting p(Y'), then
dem(O * X) < dem(Y) + 1.

Proof. Let dem(Y) = k so that dem(Z) < k—1. Choose a sequence {T;}
of triangulations of 9B™ with mesh going to zero so that the (n — k — 2)-
skeleton of T; misses Z. Let P; denote the geometric cone in B™ from O over
the (n — k — 2) skeleton of T;. Then applying the hypothesis on embedding
dimension, we can adjust Y to miss | J P; by a homeomorphism ¢ which fixes
O x Z. Let X be the projection of ¢(Y) from O to dB™. Then

dmX <(n—-1)—(n—k—-2)—1=k;
moreover, p(Y) CO*x X and dem(O*« X) <k+1=dem(Y)+1. =
Regard Bj as O;j x 0Bj and Z; C Z; C 0B; with
9; CO;jxZ;, dem(Z;)=2, KNBj=Dj=0;xZ.
Set A; = O; * Z;. Choose > 0 so that n-diameter subsets of O; * 0B; have
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image diameter less than €/3 in Bj, and assume 7 to be so small that the
n-neighborhood of O x Z’ corresponds to a set in B; of diameter less than
e near D;. Decreasing 7 if necessary, choose an integer m > 0 such that
v = (m+1)np <1 and g; corresponds to a subset of yvA;. Set Wy = U.
Apply Lemma 12.7 in each B; and extend over M — j Bj via the identity
to obtain a homeomorphism ¥; : M — M satisfying

(1) @[ U (M — W) = id |[K U (M — Wp)),

(2) o(¥1,id) < /3,

(3) ¥1(gj) C [(v —¢/3)A; UN(O; * Z;¢/3)| N (05 * Zj).

Now if the images under ¥; of all g* € G* — A that meet |J;(v —¢/3)A;
would have diameter less than /3, we could choose a neighborhood Wy C
Wy of U;(v — n)A; such that if g* € G* — A and ¥1(g") N Wy # 0, then
diam (¥ (g*)) < n, and we could apply Lemma 12.7 again to obtain a second
homeomorphism ¥, : M — M so YW shrinks |J;vA4; to (v — 22/3)A4;.
However, that is too much to expect, in general, and to address that obstacle
we use the following:

LEMMA 12.15. Suppose K is a finite 2-complex LCC" embedded in M,
e >0, and G* is a cell-like usc decomposition of M for which Hg+ forms a
null sequence of compacta, where dem(g*) < 2 and g*NK = g* N (K — KW)
is a cell-like set of diameter less than ¢ for each g* € G*, A is a compact
3-dimensional polyhedron in M, and g, € G* satisfies diam(g; N K) < ¢/3.
Then there exist a neighborhood W of g: and a homeomorphism 1y : M — M
such that

o YI[K U (M —W)] = id|[K U (M —W)],

e diam(¢)(g*)) < /3 for all g* € G* with Y(g*) NW N A # (.

Lemma 12.15 is proved in much the same fashion as [11, Lemma 22.3],
with additional stipulations about not moving points of K. (Unlike in [11],
there is no need here for an inductive argument, because embedding di-
mension considerations make the result quite obvious when dem(A) < 3.)
Details are left to the reader.

Returning to the proof of Proposition 12.13, we consider the finite collec-
tion of elements g* € G* — A whose images under ¥; have diameter at least
£/3 (and, hence, diameter at most ). Apply Lemma 12.15, with ¥ (G*) and
positive number £/3, in very small neighborhoods (i.e., in e-diameter neigh-
borhoods) of such ¥ (g*) to obtain a resulting homeomorphism ¢; : M — M
such that

(4) Y| [KU (M = Wo)] = id[[K U (M — Wo)],

(5) ¥al[¥i(g™)] = id|[¥1(g™)] for all g~ € A,
(6) diam(y1¥1(g*)) <e/3 for all g* € G* — A with ¥ (g%) NU; Aj # 0.



Cell-like approxzimation theorem in dimension 5 117

Now choose a neighborhood W1 C Wy of J;(y — €/3)A; such that if
g* € G* — A and 1¥(g*) N Wy # 0, then diam(¢1¥1(g*)) < €/3. Again
apply Lemma 12.7 to obtain a second homeomorphism ¥, : M — M so that

(7) Bl [K U (M —W1)] =id|[KU (M — W),

(8) o(¥2,id) < ¢/3,

(9) V2((v—¢/3)Aj) C (v—2¢/3)A;UIN(O;% Zise/3)NA;], j = 1,2,....

At this point consider the finite collection of elements ¢g* € G* — A whose
images under W11 ¥ have diameter between €/3 and . Apply Lemma 12.15,
with Yo ¥ (G*) and positive number /3, in very small neighborhoods of

such Yo11¥1(g*) to obtain a resulting homeomorphism 9 : M — M such
that

(10) ¥o|[KU (M — Wh)] =id|[[K U (M — Wh)],

(11) tho|[Wa11 ¥ (g")] = id |[[Warp1¥1(g™)] for all g* € A,

(12) diam(i/)glpgi/)llpl (g*)) < 6/3 for all g* € G* — A with oWy ¥y (g*) N
Wi n Uj Aj #+ 0.

Repeat this procedure, producing successive homeomorphisms ¥, 1,
Yy, Yo, ..., Ym—1,¥m. The composition F' = ¥, Y., 1W—1 - - - YoWatp1 ¥ has
the desired effect. Not only does it shrink each g; € A C G* to small size
while keeping K fixed, it does the shrinking with control: if

%%71%71 e Q;[)1W1 (g*)a where g* S G* - Av

becomes dangerously large (that is, of diameter between €/3 and ¢), either
1, rectifies that problem or s pushes that image off Uj A; and allows
later compressions of these g; € A across A; to sweep past without further
affecting any moderately large images. In other words, the large elements
of G* are shrunk to small size, without allowing any of the originally small
elements to become too big. =

Proof of Theorem 12.1. This argument is quite similar to that of [11,
Theorem 23.2], with minor notational changes. It is so fundamental that we
present some of the details.

Filter m(K) into Fy-sets § = Q7! c Q° C Q' C @Q? = n(K) so that
dim(Q%) < i and dim(Q* — Q') = 0 [11, Lemma 23.1]. We shall apply
previous results from this section to successively approximate m by cell-
like maps that are 1-1 over Q°, Q', Q2, respectively. The Claim is that for
i = 0,1,2 and € > 0 there exists a cell-like map F; : M — M/G such
that o(F;, m) < (i + 1)e, F; is 1-1 over Q' U (M — n(K)), F;|[K U (M —U)|
= 7|[K U (M — U)]J, and the nondegeneracy set of F; has embedding di-
mension at most 2. Once the claim is established, the final F5 will be a
homeomorphism that approximates m and agrees with 7 on K U (M — U),
as required.
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To begin, express Q" as the countable union of compact 0-dimensional
sets Z;. Choose open subsets Vi, V5, ... of M/G with Vi1 C V;, m=1(V4) C
U and 7(K) D> ();V; D Q°. We shall produce cell-like maps f; : M —
M/G,j €{0,1,2,...}, with fo = 7, satisfying the following conditions:

(1) o(fizr, f5) < /27T .

(2) fjis 1-1 over (M/G — w(K)) U Uj_y Zi;

(3) there exists a PL triangulation T of M of mesh less than 277 whose

2-skeleton 7'®) misses the nondegeneracy set of fi

@) fal[T2 U £74Z) U (M — 7)) = KITE U iz o
(M — f71(V))] for j,k € {1,2,...};
(5) for z € M —(T,7 U f71(Z;)) and j,k € {0,1,2,.. .},

o(Fjrin @), fian(@)) < 475 fn(@), (T} U Zp).

Before describing their construction, we describe their purpose. Condi-
tion (1) ensures that {f;} is a Cauchy sequence of maps converging to a
map Fy close to m, where Fy is necessarily cell-like, by [11, Theorem 17.4].
Condition (2) requires f; to be 1-1 over Z;, condition (4) maintains the
same action over Z; by subsequent maps, and condition (5) provides critical
controls ensuring the same feature holds in the limiting map Fy, by prevent-
ing points of M — fj_l(Zj) from being sent to Z; by Fy. Consequently, Fj
will be 1-1 over Q. Similarly, f; is 1-1 over M /G — fj_l(V}-), subsequent
maps fjyi agree with f; over M — f}(V}) by (4), and thus Fy is 1-1 over
M/G—-NV; C M/G — n(K). Very important among all these properties,
condition (3) identifies a fine-meshed triangulation whose 2-skeleton T’ )

J
misses the nondegeneracy set of f;, condition (4) maintains the same action

relative to Tj(z) by subsequent maps, and condition (5) prevents any other
points of M from being sent to FO(TJ-@)) = fj(Tj(Q)) under Fy. As a result,

the nondegeneracy set of Fy will be contained in M — Uj Tj(2), causing it
to have embedding dimension at most 2. Consequently, construction of the
{f;} will establish the claim for the ¢ = 0 case.

To perform the construction of the first new map, fi, observe that the
decomposition G(1) induced over Z; by fo, namely,

G(1) = {fy*(?) | z € Z1} plus all singletons from M — f;1(Z),
is a 0-dimensional, cell-like decomposition of M satisfying the hypothesis
of Proposition 12.13. Applying Propositions 12.13 and 12.4 we obtain a
map g1 : M — M such that p; realizes G(1) (in other words, that G(1) =
{7 (x) | 2 € M}), uy moves no point of Tl(g) or outside Uy, and p; is limited
by the inverse image under fy = h of an open cover consisting of sets of di-
ameter less than /2. Define f; = foufl. Obviously fi is a well-defined map;
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most notably, it is 1-1 not only over Z; but also over all points x € M /G for
which f; 1(m) is a singleton. Its definition ensures that any nontrivial point
preimage under f; is homeomorphic to the preimage of the same point under
fo, so f1 is cell-like. One can produce the required p.l. triangulations 177 of M
to ensure that f; satisfies conditions (1) through (3). Construction of subse-
quent maps fs, f3,... proceeds in similar fashion, controlled to ensure satis-
faction of conditions (1) through (5). See [11, pp. 173—-174] for further details.

Now, on to the large-scale iteration. Assume F; : M — M/G (i = 0,1)
is a cell-like map satisfying the statements of the Claim. The new goal is
to produce another cell-like map F;11 : M — M/G, e-close to F; and 1-1
over (M/G — n(K)) U Q. Toward that end, express Q"1 as a countable
union of compact sets Z1, Zo,.... Determine open subsets V73 D Vo D ---
such that 7(K) > (;V; > Q""" and #~'(V3) C U. Exactly as in the i = 0
case, we find cell-like maps f; : M — M/G, j € {0,1,2,...}, with fo = F;,
satisfying conditions (1) through (5) as before, except for condition (2) which
is upgraded to:

(2') f; is 1-1 over (M/G —m(K))U Q' UUL_, Zk.

The key for starting and for iterating is that the decomposition induced by
fo = F; over Z is O-dimensional, since its nondegeneracy set is a subset of
71— Q' C Q"' — Q. This exposes the principal benefit of the filtration. Use
Propositions 12.13 and 12.4, as before, to approximate fy by a new cell-like
map fi which is 1-1 over (M/G — n(K)) U Q" U Z;. Continue the iteration,
obtaining maps fa, f3,... converging to the desired F;i;, and completing
the verification of the iterative step. This finishes the proof of the Claim
and of Theorem 12.1.

COROLLARY 12.16. Let K be a 2-complex LCC' embedded in M. Sup-
pose h : M — M is a cell-like map that is 1-1 on K, G}, is the induced decom-
position, h(Ny) C h(K), and dem(Ny) < 2. Then for each neighborhood V
of h(K) and each € > 0 there exists a homeomorphism @ : M — M such that

(1) @[[K] = h|[K],
(2) @ = h outside h=1(V),
(3) o(®,h) <e.

13. Proof of the main theorem. We are now ready to prove the
main theorem. In particular, we prove a restatement of Theorem 6.1 in the
language of decompositions.

THEOREM 13.1 (Main Theorem). Let G be a cell-like usc decomposition
of a compact, p.l. 5-manifold M for which dim(M/G) < oo and the asso-
ciated decomposition map ™ : M — M/G has the disjoint disks property.
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Then m can be approzimated by a cell-like map ¥ : M — M/G such that
dem(Ny) < 2.

Proof. By Theorem 7.3, # : M — M/G can be approximated by an
LCC! refined map. Without loss of generality, suppose that 7 is LCC! refined
over A. Fixe > 0 and set A\g = 7. Let { K;} be a sequence of pairwise disjoint,
LCC! embedded, finite 2-complexes that are the 2-skeleta of triangulations
of M whose mesh tends to zero. By Corollary 11.4 there is a cell-like map
hi : M — M, the end of a pseudo-isotopy moving Kj off Ng, so that
Q()\th,)\o) < 8/2, hi1is 1-1 on Ky, hl(Nhl) - h1<K1), and dem(Nhl) < 2.
Corollary 12.16 then provides a homeomorphism &, : M — M such that
@1HK1J = h1”K1J and Q(Aoﬁpl,)\o) < 8/2. Now A\ = M@y is 1-1 over
A1 (K7), since @1(K7) = hi(K7) misses Ng. To continue one must observe
that A1 : M — M /G is LCC! refined over A. The rest of the proof proceeds
like that of [11, Theorem 24.3]. In the next step, for instance, we apply
Corollary 11.4 again to locate a cell-like map hgo : M — M, the end of a
pseudo-isotopy supported in M — K7 and moving K5 off the nondegeneracy
set N>\1 of A1, so that Q()\lhg, )\1) < 8/4, ho is 1-1 on K>, hQ(NhQ) C hQ(KQ),
and dem(Np,) < 2. Corollary 12.16 then yields a homeomorphism ®9 : M —
M supported in M — K such that $2|[Ka] = ha|[K2] and o(A1 P2, A1) <
e/4. Here Ao = MWy is 1-1 over A\o(K3), since P9(K2) = ho(K2) misses
Ny, . In this fashion we build cell-like maps \; : M — M/G, i € {1,2,...},
where \; is 1-1 over \;(K;), and where this collection of maps forms a Cauchy
sequence converging to a cell-like map ¥ : M — M /G with o(¥, 7 = X\g) < €.
Besides maintaining controls to ensure {);} is a Cauchy sequence, motion is
carefully regulated to ensure that A\, x|[K; | = A\i|[K;] and Aj4p is 1-1 over
Ni+k(K;). With even more careful control the same feature is preserved in
the limit, i.e., ¥ is 1-1 over ¥(Kj;) and hence 1-1 over ¥(|J;2, K;). It follows
that dem(Ny) < 2. m

The cell-like approximation in dimension 5 now follows as a corollary, as
explained in Sections 4 and 5.

THEOREM 13.2 (Cell-like approximation theorem in dimension 5). Sup-
pose G is a cell-like decomposition of an 5-manifold M. Then G is shrinkable
if and only if M/G is finite-dimensional and has the disjoint disks property.

References

[1] E. Akin, Manifold phenomena in the theory of polyhedra, Trans. Amer. Math. Soc.
143 (1969), 413-473.

[2] R. H. Bing, Radial engulfing, in: Conference on the Topology of Manifolds (East
Lansing, MC, 1967), Prindle, Weber & Schmidt, Boston, MA, 1968, 1-18.



Cell-like approxzimation theorem in dimension 5 121

[3] J. L. Bryant, Piecewise linear topology, in: Handbook of Geometric Topology, Else-
vier, 2002, 219-259.
[4] J. L. Bryant, S. Ferry, W. Mio, and S. Weinberger, Topology of homology manifolds,
Ann. of Math. (2) 143 (1996), 435—467.
[5] J.L.Bryant and C. L. Seebeck, Locally nice embeddings in codimension three, Quart.
J. Math. Oxford (2) 21 (1970), 265-272.
[6] J.W. Cannon, The recognition problem: what is a topological manifold?, Bull. Amer.
Math. Soc. 84 (1978), 832-866.
[7] —, Shrinking cell-like decomposition of manifolds. Codimension three, Ann. of Math.
(2) 110 (1979), 83-112.
[8] J. I. Cobb, Taming almost PL embeddings in codimension 3, Abstract 68T-241,
Notices Amer. Math. Soc. (2) 15 (1968), 371.
[9] M. M. Cohen, Simplicial structures and transverse cellularity, Ann. of Math. (2) 85
(1967), 218-245.
[10] R. Connelly, Unknotting close polyhedra in codimension three, in: Topology of Man-
ifolds, J. C. Cantrell (ed.), Markham, Chicago, 1970, 384-388.
[11] R. J. Daverman, Decompositions of Manifolds, AMS Chelsea, Providence, RI, 2007.
[12] R. J. Daverman and D. Repovs, General position properties that characterize 3-
manifolds, Canad. J. Math. 44 (1992), 234-251.
[13] R. J. Daverman and T. L. Thickstun, The $-manifold recognition problem, Trans.
Amer. Math. Soc. 358 (2006), 5257-5270.
[14] A. N. Dranishnikov, On a problem of P. S. Aleksandrov, Mat. Sb. (N.S.) 135 (177)
(1988), 551-557, 560 (in Russian); English transl.: Math. USSR-Sb. 63 (1989), 539—
545.
[15] J. Dydak and J. J. Walsh, Infinite-dimensional compacta having cohomological di-
mension two: an application of the Sullivan conjecture, Topology 32 (1993), 93-104.
[16] R. D. Edwards, The topology of manifolds and cell-like maps, in: Proc. Internat.
Congress Math. (Helsinki, 1978), Acad. Sci. Fennica, Helsinki, 1980, 111-127.
[17] J. Hollingsworth and R. B. Sher, Triangulating neighborhoods in topological mani-
folds, General Topology Appl. 1 (1971), 345-348.
[18] J. F. P. Hudson, Eztending piecewise-linear isotopies, Proc. London Math. Soc. (3)
16 (1966), 651-668.
[19] —, Piecewise Linear Topology, Benjamin, New York, 1969.
[20] R.T.Miller, Close isotopies on piecewise-linear manifolds, Trans. Amer. Math. Soc.
151 (1970), 597-628.
[21] F. Quinn, An obstruction to the resolution of homology manifolds, Michigan Math. J.
34 (1987), 285-291.
[22] C.P. Rourke and B. J. Sanderson, Introduction to Piecewise-Linear Topology, Ergeb.
Math. Grenzgeb. 69, Springer, Berlin, 1972.
[23] F. C. Tinsley, Doctoral Dissertation, Univ. of Wisconsin at Madison, 1977.
[24] P. Wright, Radial engulfing in codimension three, Duke Math. J. 38 (1971), 295-298.
Department of Mathematics Department of Mathematics
University of Tennessee Brigham Young University
Knoxville, TN 37996-1300, U.S.A. Provo, UT 84602, U.S.A.
E-mail: daverman@math.utk.edu E-mail: denisesh@math.byu.edu

Received 9 November 2005;
in revised form 20 October 2007



