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Ordered group invariants for one-dimensional spaces
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Inhyeop Yi (Victoria)

Abstract. We show that the Bruschlinsky group with the winding order is a hom-
eomorphism invariant for a class of one-dimensional inverse limit spaces. In particular we
show that if a presentation of an inverse limit space satisfies the Simplicity Condition, then
the Bruschlinsky group with the winding order of the inverse limit space is a dimension
group and is a quotient of the dimension group with the standard order of the adjacency
matrices associated with the presentation.

1. Introduction. Ordered groups have been useful invariants for the
classification of many different categories. A class of ordered groups, dimen-
sion groups, was used in the study of C*-algebras to classify AF-algebras
([6]), and Giordano, Herman, Putnam and Skau ([8, 9]) defined (simple) di-
mension groups in terms of dynamical concepts to give complete information
about the orbit structure of zero-dimensional minimal dynamical systems.
Swanson and Volkmer ([15]) showed that the dimension group of a prim-
itive matrix is a complete invariant for weak equivalence, which is called
C*-equivalence by Bratteli, Jorgensen, Kim and Roush ([5]). And Barge,
Jacklitch and Vago ([3]) showed that, for a certain class of one-dimensional
inverse limit spaces, two spaces are homeomorphic if and only if their asso-
ciated substitutions are weak equivalent, and that if two inverse limit spaces
are homeomorphic and the squares of their connection maps are orientation
preserving, then the dimension groups of the adjacency matrices associated
with the substitutions are order isomorphic.

A recent development ([2, 3, 4, 7, 8, 15]) is the refinement of H'(X) as a
topological invariant for certain one-dimensional spaces X, by making this
group an ordered group. Here H'(X ) is the direct limit of first cohomology
groups on graphs approximating the space X. There is a natural order on the
first cohomology of a graph (a coset is positive if it contains a nonnegative
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function), and the standard order on H'(X) is the direct limit order derived
from the natural graph orders (see Definition 3.7). Except for parts of [4]
and [7], the ordered cohomology results have involved the standard order.

A second order on H'(X), the winding order, is geometrically natural
as its positive elements are the homotopy classes of continuous orientation
preserving maps from X to S'. Boyle and Handelman ([4]) defined the wind-
ing order for suspension spaces of zero-dimensional dynamical systems, and
showed that in some (but not all) cases it agrees with the standard order.
Forrest ([7]) defined the winding order for the first Cech cohomology groups
of directed graphs (thus taking the step of removing dynamics), and used
this to show that whenever two one-dimensional inverse limit spaces are
pro-homotopy equivalent, then their first Cech cohomology groups with the
standard order are order isomorphic.

In this paper, we extend the definition of the winding order to a large
class of one-dimensional spaces, “compact branched matchbox manifolds”.
We show that, for a compact connected orientable branched matchbox man-
ifold with an inverse limit presentation satisfying the Simplicity Condition,
the Bruschlinsky group with the winding order is a simple dimension group,
and the winding order equals the standard order. This is a natural exten-
sion of the relations between zero-dimensional minimal systems and simple
dimension groups in Giordano, Herman, Putnam and Skau ([8, 9]) to an
appropriate class of one-dimensional spaces. As a corollary we obtain an
independent proof of some results of Forrest and Barge, Jacklitch and Vago
([7, 3]) computing dimension group invariants for the oriented generalized
one-dimensional solenoids of Williams ([16, 17, 18]).

The outline of the paper is as follows. In Section 2, using work of Aarts
and Oversteegen ([1]), Mardesi¢ and Segal ([12]) and Rogers ([14]), we de-
fine compact connected orientable branched matchbox manifolds, and show
that they all have presentations by orientation preserving maps of finite di-
rected nondegenerate graphs. In Section 3, we show that the Bruschlinsky
group with the winding order of a compact connected orientable branched
matchbox manifold with the Simplicity Condition is order isomorphic to the
direct limit of the graph groups with the standard order defined from the
presentation (and therefore the winding and standard orders agree). And
in Section 4, we recall the axioms for one-dimensional generalized solenoids
and calculate the Bruschlinsky groups with the winding order of an example
in which the Bruschlinsky group is not given by the obvious direct limit of
presenting matrices.

2. Branched matchbox manifolds and ordered groups. Aarts and
Oversteegen ([1]) defined a matchboz manifold to be a separable metric space
Y such that each point y € Y has a neighborhood which is homeomorphic
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to Sy x I, where S, is a zero-dimensional space and I, is an open interval.
For a topological embedding h : Sy x I, — Y, they called h(Sy x I)) a
matchbox neighborhood of y € Y. A matchbox manifold Y is called orientable
if each arc component C,, a € A, of Y has a parameterized immersed arc
Pa : R — C, such that each point ¥y € Y has a matchbox neighborhood
h(Sy x I,) with the following property: for each & € A and each ¢t € R with
pa(t) € h(Sy x I,) there exists an open interval I containing ¢ such that
pry o h=! o p, is increasing on I, where pr, is the canonical projection from

Spa(t) X Ipa(t) to Ipa(t)-

THEOREM 2.1 ([1]). For a one-dimensional space Y, the following are
equivalent:

(1) Y is an orientable matchbox manifold.

(2) Y is the phase space of a flow without rest point.

(3) There exists a cross section K with return time map rx such that' Y
is the standard suspension of (K,rk).

Branched matchbox manifold. We define a branched matchboxr to be a
topological space homeomorphic to U = ((S1 x (—1,0]) U (S2 x [0,1)))/~
such that S; and S, are zero-dimensional separable metrizable spaces and
there is a (closed) equivalence relation ~ on S; U S such that

(1) for every s; € S; (02 € Sa, respectively) there exists at least one
s9 € Sy (01 € Sy, respectively) such that s1 = sy (01 = 09, respectively),

(2) (S1US2)/~ is a zero-dimensional metrizable space with the quotient
topology, and

(3) (s1,1) ~ (s2,7) if and only if either s; ~ sy and i = j =0 or s1 = s
and ¢ = j.

REMARK 2.2. In this paper, we will always be concerned with the case
where S7 and S are compact.

For s1 € 7 and sy € S5 such that s; ~ s9, the set

(({s1} x (=1,0)) U ({s2} x [0,1)))/~

is called a match.
A branched matchbox manifold is a separable metrizable space Y together
with a collection of maps called charts such that

(1) a chart is a homeomorphism h : V' — U where V' is an open set in Y’
and U is a branched matchbox,

(2) every point in Y is in the domain of some chart, and

(3) for charts hy : Vi — Uy and hg : Vo — Uz the change of coordinates
map ho o h1_1 s h1(Vi NVa) — ha(Vh N V3) is continuous.

Every branched matchbox U has the direction given by the second coor-
dinate, with a continuous projection pyy : U — (—1, 1) defined by [(z, j)] — 7.
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Following the approach of Aarts and Oversteegen ([1, §3]), we call a branched
matchbox manifold Y orientable if it can be covered by branched match-
boxes with directions agreeing on overlaps, i.e., there are oriented branched
matchboxes U; with projections p; : U; — (—1,1), open sets V; covering Y,
and homeomorphisms h; : V; — U; such that for every ¢, j and every locally
one-to-one curve 7 : [0,1] — V; NV}, p; o h; o is increasing if and only if
pj © hj o~y is increasing. The particular collection of charts, maximal with
respect to this change of coordinate property, is called an orientation of the
branched matchbox manifold Y.

Ordered group. A preordered group is a pair (G,G4) where G is an
Abelian group, and the positive cone G4 is a submonoid of G which gener-
ates G. We write g1 < g9 if go — g1 € G4 for g1,92 € G. If (G, G) satisfies
the additional condition G; N—G4 = {0}, then (G, G4) is called an ordered
group.

An order unit in a preordered group is an element u € G4 such that
for every g € G there exists a positive integer n = n(g) such that g < nu.
A preordered group (G, G ) is unperforated if for every g € G and positive
integer n, ng € G4 implies g € G4. We say that an ordered group (G,G+)
has the Riesz Interpolation Property if given g1, g2, h1, he € G with g; < h;
(1,7 =1,2), there is a k € G such that g; < k < h;.

Bruschlinsky group with the winding order. For a compact metric space
Y, let C(Y, S') be the set of continuous functions from Y to S!, and

R(Y) ={¢ € C(Y,S") | ¢(y) = exp(2mig(y)) for some g € C(Y,R)}.

) =
Then R(Y) is the subgroup of functions homotopic to a constant map in
C(Y,S1). The Bruschlinsky group of Y ([13, §4.3]) is given by

Br(Y) = C(Y,SY/R(Y).

It is well known that H'(Y), the first Cech cohomology group of Y, is
isomorphic to the Bruschlinsky group of Y ([4, 10]).

Now suppose that Y is an oriented compact branched matchbox mani-
fold. Let Cg (Y, S') be the set of ¢ € C(Y, S!) such that there exists a map
1 € R(Y) for which ¢ -1 is non-orientation reversing, i.e., for every orienta-
tion preserving parameterized curve v : R — Y, (¢-1)(7y)(t) does not move
in the clockwise direction as t € R increases.

Define Brg(Y) = {[¢] | ¢ € Ca(Y,S1)}. Then (Br(Y),Brg(Y)) is a
preordered group. We call this preorder the winding order ([4, §4]).

REMARK 2.3 ([4, 4.7]). It is possible that the Bruschlinsky group with
the winding order of a compact orientable space is not an ordered group.

OBSERVATION 2.4. Homeomorphic orientable compact metric spaces
have order-isomorphic Bruschlinsky groups with the winding order.
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PROPOSITION 2.5 ([10]). The Bruschlinsky group of a compact branched
matchbor manifold is a torsion-free group.

Recall that a continuum is a compact connected metric space.

LEMMA 2.6 ([10]). Let Y be a continuum, ¢ € C(Y,SY), and p, : St —
St defined by z +— 2" for every positive integer n. Then n - [¢] = [pn o ¢].

PROPOSITION 2.7. The Bruschlinsky group with the winding order of a
compact connected oriented branched matchbox manifold Y is unperforated.

Proof. Suppose that ¢ € C(Y, S1) and n €Z are such that n-[¢] = [pno¢]
€ Brg(Y). Then there exists a map ¢ € R(Y) given by y — exp(27mig(y))
with g € C(Y,R) such that (p,, o ¢) - ¢ is non-orientation-reversing.

Define ¢ : Y — S by y — exp(2mi - 19(y)). Then we have ¢ € R(Y)
and (ppo@) -1 = ppo(¢p- 1;) For every orientation preserving parameterized
curve y: R =Y,

((Pno @) - ¥) (1) =pao (@) o x(t) = pao (@) oY1)

does not move clockwise on S! as t € R increases. So ¢- 1; is non-orientation
reversing as n is a positive integer. Therefore ¢ € Cg(Y,S'), and (Br(Y),
Brg(Y)) is unperforated. =

REMARK 2.8. If Y is a compact connected orientable matchbox mani-
fold, then the above Propositions 2.5 and 2.7 follow from Propositions 4.5
and 3.4 of [4] and Theorem 2.1.

One-dimensional continua. In [14], Rogers introduced the following no-
tions for one-dimensional continua.

Suppose that X; and X5 are graphs and that V; and &; are the vertex
set and the edge set of X, respectively, i = 1,2. A continuous onto map
f: Xo — Xj is called simplicial relative to (V1,Vs) if f(V2) C Vy and for
every edge ez € & there is an edge e; € & such that f|.,\y, is a hom-
eomorphism onto e; \ V; or a constant map. The map f : Xo — X is
simplicial if it is simplicial relative to some vertex sets of X7 and Xs. And
f is called light if the preimage of each point is totally disconnected.

An inverse limit sequence { X, fi} on graphs is called light simplicial
if each f; is light simplicial, and is called light uniformly simplicial if each
X} is a graph with a vertex set V;, and each map fi : X — X1 is light
simplicial relative to (Vx_1, V).

THEOREM 2.9 ([12, 14]). Suppose that X is a one-dimensional contin-
uum.

(1) X is homeomorphic to an inverse limit of a light simplicial sequence
{ Xk, fx} on graphs.
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(2) X is homeomorphic to a light uniformly simplicial inverse limit on
graphs if and only if there exists a map m: X — [0, 1] such that 7=1({0,1})
is totally disconnected and w|. is a homeomorphism for every e which is the
closure of a component of X \ m—({0,1}).

Suppose that { Xk, fi} is a light simplicial sequence on graphs. Let
[o¢]

X == XD <f—1 Xl <f—2 .= {(270,561, .. ) € ]h_[)(]g ‘ fk—&-l(ajk—l—l) = ZL‘k}
k=0

For a one-dimensional continuum Y, we call the sequence { Xk, fr} a pre-
sentation of Y if X is homeomorphic to Y.

NOTATION 2.10. Suppose that G is a directed graph. We consider a di-
rected edge e of G as the image of a local homeomorphism from [0, 1] to e
such that e(0) is the initial point of e and e(1) is the terminal point. Then
we can represent each point x € e as e(t) (possibly e(0) = e(1)).

Recall that a continuous map p : [0,1] — G, a directed graph, is ori-
entation preserving if e op : I — [0,1] is increasing for every interval
I C [0,1] such that p(I) is a subset of a directed edge e. A continuous map
f : G1 — G2 between two directed graphs is orientation preserving if, for
every orientation preserving map p : [0,1] — G1, fop: [0,1] — Gs is ori-
entation preserving ([7]). A directed graph is called nondegenerate if every
vertex has at least one incoming edge and at least one outgoing edge.

Suppose that Y is a compact connected oriented branched matchbox
manifold. Since Y is a one-dimensional continuum, there is a light simplicial
presentation { Xk, fx} of Y by Theorem 2.9. The following proposition shows
that the orientation of Y decides the directions of edges in each coordinate
space Xj so that every connection map fr : X — Xp_1 is orientation
preserving.

PROPOSITION 2.11. Suppose that Y is a compact connected oriented
branched matchbox manifold. Then Y has a light simplicial presentation
by orientation preserving maps of directed nondegenerate graphs.

Proof. Suppose that {hy : V' — U} is an orientation of Y where U is
a branched matchbox with the projections py : U — (—1,1). Let { Xk, fx}
be a light uniformly simplicial presentation of Y given by Theorem 2.9, and
. © Y — X} the canonical projection to the kth coordinate space. If e is
an edge of Xj with . ' (e \ Vi) N hy' (U) # 0, then give the direction to
the set (e \ Vi) N (w0 hy'(U)) C e so that, for every curve v : [0,1] —
Tt (e \ Vi) N hi'(U), pu o hy o is increasing if and only if e~ o 7 0 is
increasing. Since {hy} is an orientation of Y, we can extend this direction
on (e \ V) N ohy' (U) to e, and each edge Xy has a direction induced by
the orientation of Y.
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Suppose that © = (zg,z1,...) is a point in Y such that xp € X} is
a vertex and that U is a branched matchbox such that the domain of hy
contains x. Then there is a match M C U containing hy(z) such that
pula o hy(z) =t for some t € (—1,1). Since mg o hy' o (py|am)~H(—1,1))
and 7y 0 h&l o (pular)~t((t, 1)) are nonempty sets in X}, there exist an edge
e_ such that (7, o h;' o (pu|a)~*((—1,%))) Ne— # 0, which is incoming
to xy, and an edge ey such that (7 ohl_]1 o(pulm)~t((t,1)))Nes # 0, which
is outgoing from xp. Therefore X} is nondegenerate.

Suppose that ex € & and ep_1 € E_1 are two edges such that ey =
fr(ex), and hy : V. — U is a chart such that W = 7, 0 hy, (U) N (ex, \ Vi)
# (. Then fi(W) C mp_1 0 hal(U) N (ex—1 \ Vk—1), and for every curve
v :[0,1] — hi (U) Ny tex \ Vi), €, b om0y is increasing < py o hy o is
increasing < e;_ll 0 M_1 07y is increasing.

Let v : [a,b] — hy (U) N, (e \ Vi) be given by 7, 0(t) = ex(t). Then
we have 7,1 0 Y(t) = froex(t), and e; ', o mp_1 0 Y(t) = €.}, o fr 0 ex(t)
is increasing as t is increasing. Therefore f : X — Xp_1 is orientation
preserving. m

COROLLARY 2.12. Suppose that Y is a compact connected orientable
branched matchbox manifold. Then there is a continuous map m:Y — S?
such that 7=1(1) is totally disconnected and |, is an orientation preserving
homeomorphism for every £ which is an arc component of Y \ 7 1(1).

Proof. Define 7 : ¥ — S! by @ = (z0,71,...) — exp(2mit), where
t € [0,1] is given by zg = e(t) € e € &. Then 7 is well defined and
71(1) = {z € Y | 39 € W} is a zero-dimensional set. Since ¢, an arc
component of Y \ 771(1), is given by £ = (eo \ Vo, e1 \ V1, ...) where ¢; € &,
74 — S given by z = (eo(t),e1(t),...) — exp(2mit) is an orientation
preserving homeomorphism. =

We have the following proposition from Theorem 2.9.

PROPOSITION 2.13. Every compact connected orientable branched match-
box manifold has a light uniformly simplicial presentation.

STANDING ASSUMPTION 2.14. From now on, a graph means a finite di-
rected nondegenerate graph.

3. Orientable one-dimensional inverse limit spaces. In this sec-
tion we suppose that X is a compact connected oriented branched matchbox
manifold with a presentation { Xk, fi} such that each X} is a graph with
a fixed vertex set V; and each map fr : X — Xjp_1 is an orientation pre-
serving map such that f(Vix) C Vy—1 and fi|x,\y, is locally one-to-one.
Let & be the set of directed edges in X}, defined by Vi, C(&k, Z) the set of
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integer-valued functions on &, and Cy (&, Z) the subset of C(&,Z) with
range in the nonnegative integers Z, . For each vertex p; of Xj, define the
vertex function v; € C(E,Z) such that for every edge e € &,

—1 if e is an edge from another vertex point to p;,
0 if p; is the initial and terminal point of e, or p; & e.

1 if e is an edge from p; to another vertex point,
vie) = {
Write Vj, for the set of integral combinations of {v;} C C(&,Z), and call an
element of V; a vertex coboundary. Define

Then (gk, g_kfr, ) is a unital preordered group.

NOTATION 3.1. By a path in a graph X we mean a finite sequence

S(l) el™ of edges such that, for 1 < i < n, s(i) = £1 represents the
dlrectlon of e; and the terminal vertex of e; sC) is the initial vertex of eSJ(:Ir 1).
We write e® € p if p is a path and e is an edge such that e® is a factor of g.

A cycle is a path e] s .efb(n) such that the terminal vertex of ef;(n) is the

(1)

initial vertex of e]

We say that a function g in C(&,Z) is zero (nonnegative, respectively)
on cycles if the sum of g(e) over the edges e of every cycle in X} is zero
(nonnegative, respectively).

LEMMA 3.2 ([4, §3]). Suppose that g is an element of C(E,Z). Then

(1) g is an element of Vi if and only if g is zero on cycles in Xy, and
(2) [g] is an element of Cy(Ek,Z2)/ Vi = gi if and only if g is nonnega-
tive on cycles.

Given g € C(&,Z), define a continuous map
bg: X, — S,z exp(2mitg(e)) for x =e(t), t €[0,1].

Then ¢, is well defined as every vertex point maps to 1 € § 1 and ¢y is an
element of C'(X, S1).

LEMMA 3.3. Suppose that g is an element of C(E,Z). Then g is an
element of Vi, if and only if ¢4 is homotopic to a constant function 1 in
C(Xy, Sh).

Proof. Suppose that g is an element of Vj. For each vertex function v;
defined at the vertex p; of Xy, define a map hg,, : Xj — Sl for0<s<1by

e?™st if e is an edge from p; to another vertex point,
B, () = e‘?’”“ if e is an edge from another vertex point to p;,
o e2mis if p; is the initial and terminal point of e,

1 otherwise.
Then s — hgy,;, 0 < s <1, is a homotopy between ¢,, and 1.
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Now suppose that ¢, and 1 are homotopic on Xj. Since the winding
number of the restriction of ¢, to every cycle in Xj, is a homotopy invariant
and ) ., g(e) is the winding number for every cycle £ in X}, we conclude
that g is zero on every cycle, and that g is an element of V, by Lemma 3.2. =

Therefore we have a well defined map
w: GF — Br(Xy) given by [g] — [¢y].

PROPOSITION 3.4. Let 1y be defined as above. Then vy, is an isomorphism
of preordered groups (G*,G%) and (Br(Xy), Bre(Xy)).

Proof. Since ¢y, = ¢g-dp, Lk is a group homomorphism. By Lemma 3.3,
¢4 is homotopic to a constant function 1 if and only if g is a vertex cobound-
ary. So u, : G¥ — Br(X}) is injective.

To obtain an inverse of 1;, suppose that ¢ belongs to C(Xj,S!). Then
we can choose a map o : Vi — R where V. is the vertex set of X such that
o(p) = ¢(2mip(p)) for every vertex p of Xj. Define S, € C(X, S') by

e(t) — exp(2mi((1 —t)o(e(0)) +to(e(1)))), 0<t<1.
Then S, is homotopic to the constant map 1 by H, = Sy, for 0 < u < 1,
¢ is homotopic to ¢/S,, and for every vertex p of Xy, (¢/S,)(p) =1 € S'.

For each edge e € &, let 74(e) be the number of times the loop (¢/S,)(z)
winds around S* as x = e(t) moves on e. Since (¢/5,)(p) = 1 € S! for every
vertex p of Xy, ry(e) is well defined for each edge e. Then 74 : e — rg(e)
is an element of C(&,Z), and ¢, , wraps around S I the same number of
times as ¢/.5,. Therefore ¢, is homotopic to ¢/S,, and [¢] — [ry] gives the
desired inverse to ¢.

Clearly, if ¢ € C(&,Z4), then [1x(g)] = [¢4] is a positive element in
the winding order. Conversely, if [¢,] € Br(Xj) is positive in the winding
order, then there exists a map 1 € R(X}) such that ¢, -1 is non-orientation
reversing. It follows that g has to be nonnegative on cycles, and we have [g] €
gi by Lemma 3.2. Therefore ¢, is an isomorphism of preordered groups. m

Since fry1 : Xxyr1 — Xi is an orientation preserving map, if e is an edge
in &1, then fryi(e) is a path ey ...e, in Xi. Hence fry1 induces a map

fiw1 1 CEx, Z) — C(Ek41,Z), g+ go [,
where (g o fry1)(e) = D, g(e;) such that fri1(e) = e1...en in &. And
fr+1 induces another map

fivn: O(Xg, SY) = C(Xp11,8Y), ¢ do frrr.

LEMMA 3.5. Let fi, and ]?’,;H be given as above. Then there are well
defined homomorphisms from G* to GF*1 and from Br(X}) to Br(Xpy1)
defined by fi 4 and [}, respectively.
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Proof. For every v € Vi and every cycle £ in Xp11, fri1(£) is a cycle in
Xy and fi (v)(£) = v(fr+1(€)) = 0 by Lemma 3.2. Therefore f;;,(v) is an
element of Vi1, and the map G* — GF+1 given by [g] — [fii1(g)] is a well
defined homomorphism. That .]?;; 41 induces a homomorphism follows from
the definition of the Bruschlinsky group. =

Let us denote these well defined homomorphisms as f;, | and fng 415 €
spectively, if they do not give any confusion.

PROPOSITION 3.6. Let 1, : GF¥ — Br(X}), frp1 and fv}’;ﬂ be given as

above. Then tgy10 fi 1 = fj4q 0Lk, and moreover, fi | and f} | are order
preserving homomorphisms.

Proof. Tt is not difficult to check, for every [g] € G¥,
(trt1 0 frr)([9]) = (figa © we)([9]),

and we have t11 0 fi | = fZH o L.

To show that .]?;; 41 is order preserving, suppose [¢] € Brg(Xz). Then
there exists a 1» € R(Xj) such that ¢ - ¢ is non-orientation reversing.
Since fr,,(¢) = ¥ o fry1 is an element of R(Xyy1) by Lemma 3.5 and
fra1 : Xka1 — Xy is orientation preserving, for every orientation preserving
parameterized curve v : R — Xjy.1, fry1 oy is an orientation preserving
parameterized curve in Xy, and

(@0 fe1) - (Yo fer1) (V) = (&) o fra1) (v(H) = (&) © (frr107)(F)

does not move in the clockwise direction as ¢t € R increases. Therefore
[ o frr1] = fk+1([d>]) is an element of Brg(Xy 1), and fk+1 is an order
preserving homomorphlsm Since ¢, is an order preserving isomorphism by
Proposition 3.4, fi ; = LkH o ka o 1 is also order preserving. m

Then {Qk,f,jﬂ} and {Br(Xk),f,:H} are directed systems. Let lii>ngk

and lim Br(X}) be the direct limits of {G*, fi,,} and {Br(Xk),fZ+1}, re-
spectively.

DEFINITION 3.7. Recall that Cy(&,Z) is the subset of C(&,Z) with
range in Z, and that G¥ is given by C (&, Z)/V}. Since Jii1:C(ErZ) —
C(Ek+1,2) defined by g — go fry1 is an order preserving homomorphism by
Proposition 3.6, (lim Gh, = 11_1)1&9_’“F is well defined. This set, as a positive
set, defines the order which is the direct limit order or the standard order
on lim Gk.

The standard isomorphism lim G* — Br(X). Suppose X = lim X} and
that 7 : X — X}, is the prOJeCtIOH map to the kth coordinate space If ¢ is
an element of C'(X}, S'), then ¢ induces an element ¢ o 7, € C(X, S1). We
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will use the isomorphism ¢z, : G¥ — Br(X}) and the natural map Br(X;) —
Br(X) defined by [¢] — [¢o7] to make an isomorphism ¢ : lim G+ — Br(X).

Let 1x, : X — St and 1z : X — S' be given by z;, — 1 € S and
x — 1 for all 7, € X}, and = € X, respectively. Suppose that ¢ is an element
of C(Xk, S') such that ¢ is homotopic to 1x, by H : Xj, x [0,1] — S. Then
¢ o m), is homotopic to 1g = 1x, o7 by the map H : X x [0,1] — S! given
by H(x,t) = H(m(x),t). Thus there is a well defined map

7 Br(Xy) — Br(X),  [¢] = [pom.
Since (¢1 - ¢2) o T = (P71 0 ) - (2 0 Tk) for all ¢1,¢2 € C(Xy, S1), iy is
a homomorphism. That fr1 o mpr1 = 7 0 X — X implies the following
lemma.

LEMMA 3.8. Let 7} and fZH be defined as above. Then FZ+1OE:<+1 =Ty
for all k.

Let ¢}, : Br(Xg) — lim Br(X}) be the natural map for each k. If pj ([¢]) =
o ([¢]) for [¢] € Br(X}) and [¢] € Br(X;), then there is a positive integer

m > k, 1 such that f% 1 0...0 ff ([¢]) = fi10...0 fr 1 ([¥]). Hence
i ([8) = Thg1 © a1 0 -0 i ([0

T © Pt 00 T (18]) = 7 (),

and there is a well defined group homomorphism

7 lim Br(Xy) — Br(X),  ¢i([¢]) — 7 ([0]) = [p o mi].
LEMMA 3.9. Suppose that & is an element of C(X,S'). Then there erist
¢ € C(X,8Y) and k > 0 such that € is homotopic to £ and &'(z) = &'(y) if
Proof. Define a metric d on X by

1
d(z,y) = o (@ Yk)
k=0

where z = (z0,21,...), ¥ = (Yo,¥1,...) € X and dj is a metric on X
compatible with its topology. Since X is a compact Hausdorff space, every
element in C(X,S') is uniformly continuous. So, for given ¢ and £ > 0,
there exists a nonnegative integer k such that for =,y € X, x = y; implies
d(E(),E(y) < e.

For x = (z0,...,2,...) € X, set 2¥ = {y € X | yx = a1}. Then
d(&(a),&(b)) < € for all a,b € z¥, and we can choose a point T € S* such
that 7 is the center of the smallest interval containing &(z¥) in S'. Define
¢ X — St by ¢|» = 7. Then it is clear that ¢’ € C(X,S!) and ¢(x) =
¢ (y) if 21, = yp.. Since d(&(w), €' (x)) < e for all z € X, € is homotopic to &'. m
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PROPOSITION 3.10. Let ©* be defined as above. Then w* is a group iso-
morphism.

Proof. To show that 7* is surjective, suppose & € C(X,S') and that
¢ and k are given in Lemma 3.9. Define ¢, : X, — S' by zp — &(z)
for + = (20,...,2k,...) € X. Then ¢y, is well defined, and it is trivial
that ¢ o 1 = &'. Therefore ¢ € C(X,S!) is homotopic to ¢, o 7, and
7 ¢ lim Br(X) — Br(X) is surjective.

Suppose £1,& € C(X,S') and that & is homotopic to &. Then by the
surjectivity of 7*, there exist nonnegative integers k < [ and ¢ € C (X}, S'),
Y € O(X;,S') such that & is homotopic to ¢ o 7, and & is homotopic to
¥ o . Since p o = P o fry10...0 f;om, we have

i (W) = @i ([0 fraro. o fil) = ¢ o fi onvo fiia(18]) = wi(g])-

Hence 7* is injective. =

Therefore the isomorphisms ¢, Gk — Br(Xj) and 7* : lim Br(Xj) —
Br(X) induce an isomorphism ¢ : @gk — Br(X).

Order isomorphism. Assume now that the presentation { X, fx} satisfies
the following

SIMPLICITY CONDITION. For each k > 1 there exists (k) > k such that
frr10...0fi(e) = Xy for every | > k(k) and e € &, where & is the edge set
of Xl.

Then the winding order on Br(X}) and Br(X) is an order.

THEOREM 3.11. Suppose that the presentation {Xy, fr} satisfies the
above Simplicity Condition. Then ¢ : (lim gk,li_n}g_’i) — (Br(X),Brg (X))
is an isomorphism of ordered groups.

Proof. Trivial case. Suppose that all but finitely many Xy, have a unique
edge, i.e., X}, is homeomorphic to the circle S' with a unique vertex by the
Standing Assumption 2.14, and that the connection map fi : X — Xp_1
is the identity map if X}, = X,_; = S'. Then it is obvious that

(lim G, lim G%) = (Br(X), Bre(X)) = (Z,Z+),
and ¢ is an isomorphism.

Nontrivial case. First, ¢ is a group isomorphism, and clearly ¢(lim gf;) -
Brg (X). It remains to show that  maps lim G% onto Brg (X). So we assume
that [¢] is an element of Brg(X). Then there is an [A] in G¥ for some & > 0
such that [¢] = [¢, o 1], and we need to show [h] € G

That [¢] is an element of Brg(X) implies that there is a map v € R(X)

such that (¢pp o mg) -7y is non-orientation reversing. Since v is an element of
R(X), there is a continuous map g : X — R such that y(z) = exp(2mig(x)).
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For y = (Y0, Yr,.-.) € X, if yp = e(t) for e € & and t € [0,1], then
¢p, o T - 7y is defined by y — exp(27i(th(e) + g(y)))-
Suppose that (¢, o my) - is a constant map to S*. Then [(¢p, o 7x) 7] =

[¢n o 7x] - [7] = [¢n o m] = [1] in Br(X) as 7 is homotopic to the identity
element in Br(X). Hence the equivalence class of h is the identity element
in li_n)lgk, for ¢ : li_n)lgk — Br()?) is an isomorphism.

Next suppose that (¢ o m;) - v is not constant on S'. Then there are
a nonnegative integer m, a small interval I contained in some edge ¢’ of
Xjtm, and € > 0 such that if I" is any orientation preserving curve in X
and i (I|[a,p) = I, then length{((¢s o my) - ) o I'ljg 5} > €.

Given an arbitrary constant L, by the Simplicity Condition we can choose
a sufficiently large integer M such that e’ is covered under f*t™*lo . o
fEHm+M at least L times by every edge in Epymnr.

Define

H=fr mimo--.0fip(h)=hofrri0...0 foxminm € C(Ertmsn Z).

Then by Lemma 3.8, ¢y o Trpmin € C(X,SY) is homotopic to ¢, o m.
For z = (zo,...,TktmiM,.-.) € X, as Tktrmen moves forward through a
directed edge e of iy, its image under ¢ g © Ty ymar moves Y h(e) -
ne(€) times around S!, where n.(€) is the number of times e covers € € &,
under the map fFtlo.. . o frtm+M,

LEMMA 3.12. For every edge € € Epim+nr, H(e) > 2mLe — 2max|g|.

_ Proof. Regard e as a curve e(t), 0 <t <1, and pick a curve I" : [0,1] —
X such that mgmiar 0 I'(t) = e(t). As t increases from 0 to 1, the point

((pnom) - y) o I'(t) = (¢ppomp o I'(t)) - (yo I'(t))
moves counterclockwise on S* from e279('(0) to 2milg(I'()+H(e))  covering
an arclength A in the plane such that

1
A< %(H(e) + 2max|g|).

Because ¢pompol’ = ¢pp o frr10...0 fotminrs © Thtminr © Ly as t runs from
0 to 1 the curve frimi10...9 fetmins © Trrman © I'(t) wraps around e’ at
least L times, and therefore A > Le. Consequently, 2w Le — 2max|g| < H(e)
as required. m

Since we can choose M to make L as large as we wish, we can make
the choice to guarantee H(e) > 0 for every edge. Therefore [H] = [h] is an
element of g_"ﬁ. n

Dimension group. Let M be an r X s nonnegative integer matrix. Then
the matrix M determines a homomorphism Z* — Z" by the ordinary ma-
trix multiplication. The simplicial order on Z" is the usual ordering Z’" =
{(n1,...,ny) | n; > 0}. Then the corresponding homomorphism M : Z* —
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7" is positive with respect to the simplicial order, that is, a > 0 implies
M(a) > 0.

DEFINITION 3.13 ([6, §2]). Let M; be an r(i) x r(i — 1) nonnegative
integer matrix. For a system of ordered groups and positive maps

7r(0) M mr(1) M2

the set-theoretic direct limit lim(Z"®, M;) is an ordered group under the
— .

usual limit addition operation with the positive cone lim(Zi(z),Mi) =
—

U2 Miso (ZT_I)) where M;. is the induced map from Z"=1) to the direct
limit lim(Z"®, M;).

An ordered group (G,G4) is called a dimension group if it is order iso-
morphic to the limit of a system of simplicially ordered groups with positive
maps.

Let (G,G+) be a dimension group. A subgroup H of G is called an order
tdeal if H is an ordered group with the positive cone Hy = H N G4+ and
0 <a<be H implies a € H. The dimension group (G, G) is called simple
if it has no proper order ideal.

In a simple dimension group (G, G4 ) with an element g € G, if neither g
nor —g lies in G4, then g is called an infinitesimal element. If u is an order
unit and ¢ is an infinitesimal element of G, then g 4+ u is also an order unit.

It is well known that a dimension group defined as above by matrices
M; is simple if for every ¢ there exists j such that all entries of the matrix
M;M;_y ... M;y1M; are strictly positive.

Suppose that {Xp, fi} is a presentation of an (orientable) branched
matchbox manifold with the edge set & of Xj. Then for each edge e; € &,
fr(e;) is a path ef’(ll) . ..efg?((;))) in Xj_; such that s(j) = 41 denotes the

’ () s(j+1)
J E i,j+1
1 < j < j(i). Therefore we can define an induced map fj : & — & _; by
friei— ei(ll) . .efv(j]((;))).

DEFINITION 3.14. Suppose that X has n; edges for all £ > 0. Then the
adjacency matriz My of (fk,gk,gk,l) is an nyg X ng_1 matrix such that for
any edges e; € & and e; € E,_1, My(i,j) is the number of times fr(es)
covers e; ignoring the direction of the covering.

direction and the terminal point of ef is the initial point of e for

LEMMA 3.15 ([6, §3]). A countable ordered group is a dimension group
if and only if it is unperforated and has the Riesz Interpolation Property.

PROPOSITION 3.16. Suppose that { Xk, fr} is a presentation of a com-
pact connected orientable branched matchboxr manifold with the adjacency
matrices My,. Then
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(1) (lim C(&, Z), lim Cy (€5, Z)) = (Hin(Z7, M), lim(Z7%, My.).
If the presentation satisfies the Simplicity Condition, then

2) (lim &, Z), lim L and (lim G%, lim are simple dimen-
l'_}CE Z 1'_)C+5 Z d 1'_)9’“ 1_>gf; le d
ston groups.

Proof. (1) For each g € C(&,-1,Z) and f}; : C(&E—1,Z) — C(&,Z)
given by g +— g o fi, if we represent g as (g(e1),...,g(en, ,)) € Z™1,
then C'(£,—1,7Z) is isomorphic to Z™ -1 and f;(g) = g o f is given by Mj, -
(9(e1),-- -, g(en,_,))". Hence we have lim C(&E_1,Z) = lim(Z™, My,). Since
C4(Ek—1,7) is the set of elements in C'(E,_1,7Z) with range in Z, C(Ex—1,Z)
is simplicially ordered, and so is lim C(€,Z). Therefore (lim C(&,Z),
lim C'y (&, Z)) is order isomorphic to (lim(Z™, M), lim(Z'}*, My)).

(2) Suppose that H is a proper order ideal of (lim C(&, Z),lim C4 (&, Z))
and that b € Hy. Then there exist a nonnegative integer k and h € C1 (&, Z)
such that b = [h] € lim C(&, Z). By the Simplicity Condition, there is a
nonnegative integer (k) > k such that fryiq0...0 fi(e) = X} for every
| > k(k) and every edge e € &. If a € lim C} (&, Z), then we can choose
a positive integer | > k(k) and g € C4(&,Z) such that a = [g]. Let n =
maxeeg, g(e). Then n-b=[n-ffo...off johl€ Hy andn- ffo...0
fizioh—g € Cy(&,Z). So we have 0 < a < n-band a € Hy. Therefore
Hy =1lim C4 (&, Z), and (lim C(&, Z),lim C4 (€, Z)) is a simple dimension
group.

The group (lim Qk,li_r)ng_’fr) =~ (Br(X),Brg(X)) is an unperforated or-
dered group by Proposition 2.7, and its positive set is the image of the pos-
itive set of lim C(&y,Z) under the quotient map x : lim C(&, Z) — li_r>ngk.
We claim that with this quotient order, (h_H)l Gk, thg_’ﬁ) satisfies the Riesz
Interpolation Property (and therefore by Lemma 3.15 is a dimension group).
(We learned this argument from unpublished remarks of David Handelman.
The general line of argument is also implicit in remarks on pp. 58 and 66
of [8].)

Let V' = ker x. Note that if V' contains a nonzero positive element u, then
for every g € @C+(5k,Z) we have 0 < g < nu for some integer n, and
therefore 0 < x(g) < 0, which contradicts the image of x being a nontrivial
ordered group. Therefore all elements of V' are infinitesimals.

To show the Riesz Interpolation Property, suppose that [a1], [a2], [b1], [b2]
€ li_n>1gk satisfy [a;] < [bj] (7,5 = 1,2). Let a;,b; € lim C(&,Z) be preim-
ages of [a;] and [b;], respectively. Since —[a;] + [b;] is a nonzero positive
element of h_r)ngk, there exists a v;; € V such that —a; +v;; +b; is a
nonzero positive element of lii>n0 (&, 7Z). Because v;; is an infinitesimal el-
ement, it follows that —a; +b; is a nonzero positive element of lim C (&, 2),
and a; < b; for i,j7 = 1,2. Hence by the Riesz Interpolation Property for
lim C'(&, Z) there exists an element ¢ € lim C(&, Z) such that a; < ¢ < b;.
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Then by the definition of the quotient order we have [a;] < [c] < [by]
for all 4,7, as required. Therefore (lim Gk, thg_’ﬁ) is a dimension group by
Lemma 3.15.

Suppose that (G, G+) is a proper order ideal of (lim Gk, lim gi) Then it is
not difficult to see that (H, Hy) = (x " }(G), x 1(G4)) is a proper order ideal
of (lim C (&, Z), lim C (€, Z)) which is a simple dimension group. Therefore
(lim G*, h_n)19’i) is a simple dimension group. =

If each graph X, is a wedge of circles, then V. = {0} as each edge in X},
is a cycle. So we have the following corollary:

COROLLARY 3.17. Suppose that the presentation { X, fr} satisfies the
Simplicity Condition and that each graph Xy is a wedge of circles. Then
(lim Qk,li_r>ng_’ﬁ) is order isomorphic to (im(Z™, My), im(Z}*, My,)).

The following corollary follows from Observation 2.4 and Theorem 3.11.

COROLLARY 3.18. Suppose that ()Ti, fl) 18 a compact connected orient-
able branched matchboxr manifold with the Simplicity Condition for i =1,2.
If X1 s homeomorphic to Xo, then h_n)lg{€ is order isomorphic to h_n)lgé€

REMARK 3.19. (1) The dimension group of adjacency matrices is not a
homeomorphism invariant. See Example 4.4.

(2) The isomorphism in Corollary 3.18 need not respect distinguished
order units ([4, §1]).

4. One-dimensional generalized solenoid. One interesting class of
branched matchbox manifolds is one-dimensional branched solenoids, in-
cluding one-dimensional generalized solenoids of Williams ([16, 17, 18]). Let
X be a directed graph with vertex set V and edge set £, and f: X — X a
continuous map. We define some axioms which might be satisfied by (X, f)

([18])-
Ax10M 0 (Indecomposability). (X, f) is indecomposable.
Axiom 1 (Nonwandering). All points of X are nonwandering under f.

AxioM 2 (Flattening). There is k > 1 such that for all z € X there is
an open neighborhood U of x such that f*(U) is homeomorphic to (—¢, ).

Axiom 3 (Expansion). There are a metric d compatible with the topol-
ogy and positive constants C' and A with A > 1 such that for all n > 0 and
all points z,y on a common edge of X, if f™ maps the interval [z, y] into an
edge, then d(f"z, fy) > CA\"d(z,y).

AxioM 4 (Nonfolding). f™|x_y is locally one-to-one for every positive
integer n.

AxioM 5 (Markov). f(V) C V.



Ordered group invariants for one-dimensional spaces 283

Let X be the inverse limit space

oo
X:XLXL .= {(1‘0,:171,:172,...) S HX‘f(l‘nJrl):l‘n},
k=0

and f: X — X the induced homeomorphism defined by

(33‘0, T1,T2,y .. ) = (f(."L‘()), f(ﬂ:‘l), f(:Ez), .. ) = (f(l‘o),l‘o,aj‘l, .. )

Let Y be a topological space and g : Y — Y a homeomorphism. We call
Y a 1-dimensional generalized solenoid or 1-solenoid and g a solenoid map
if there exist a directed graph X and a continuous map f : X — X such that
(X, f) satisfies all six axioms and (X, f) is topologically conjugate to (Y, g).
If (X, f) satisfies all axioms except possibly the Flattening Axiom, then we
call Y a branched solenoid. If we can choose the direction of each edge in
X so that the connection map f : X — X is orientation preserving, then
we call (X, f) an orientable presentation, and Y an orientable (branched)
solenoid. If (Y, g) is a branched solenoid with a presentation (X, f), then
there exists an n x n adjacency matrix Mx ; where n is the cardinal number
of the set of edges in X. If X is a wedge of circles and f leaves the unique
branch point of X fixed, then we say (X, f) is an elementary presentation.

We get the following proposition from Theorem 3.11 and Corollary 3.17.

PROPOSITION 4.1. Suppose that (X,f) is an orientable branched
solenoid with an adjacency matriz M. Then ¢ : (im(Z", M), im(Z%, M)) —

(Br(X),Brg(X)) is an epimorphism of ordered groups. If (X, f) is an ele-
mentary presentation, then v is an isomorphism.

REMARK 4.2. We need the elementary presentation condition for the
injectivity of ¢. See Example 4.4.

ExXAMPLE 4.3 ([18, §2] and [11, §7.5]). Let X be the unit circle on the
complex plane. Suppose that 1 and —1 are the vertices of X, and that
the upper half-circle e; and the lower half-circle eo with counterclockwise

Fig. 1. (X, f) with the wrapping rule f

direction are the edges of X. Define f : X — X by f : 2z — 22. The

f:Ex — E% is given by f : e — erez, ez — ejez, and the adjacency
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11
= (11,

(Br(X), Bra(X)) = (Z[1/2),Z[1/2] N R..).

matrix is

Therefore we have
Figure 1 represents the presentation (X, f) with the wrapping rule f.
Similarly, if (Y, g) is given by Figure 2, then (Y,g) does not satisfy

A

—
Fig. 2. (Y, g) with wrapping rule ¢

the Flattening Axiom and (Y, 7) is a branched solenoid. The wrapping rule
g: & — & is given by a +— ab, b — a and the adjacency matrix is

1 1
= (11,

Br(V)=Z®Z and Bre(V) = {VEZ@Z‘V- <1+‘/5,1> >0}u{0}.

Thus

2

The following example shows that the dimension group of adjacency
matrices induced by a presentation is not a homeomorphism invariant.

EXAMPLE 4.4 ([18, 4.8 and 5.1]). Let X be a wedge of two circles a,b
with a unique vertex p, and f : X — X be defined by a +— aab and b — ab.
So (X, f) is given by Figure 3. Suppose that Y is given by Figure 4 and

a A

Fig. 3. (X, f) with a unique vertex {p}
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Y

B

Fig. 4. The graph Y with two vertices {q,r}

that the wrapping rule g : &y — &5 is given by

ar—yaf, B, v Byaf.

Then it is shown in [18, 4.8] that (X, f) is topologically conjugate to (Y, 7).
Their adjacency matrices are given by the matrices

9 1 1 1 1
M(X,f) = (1 1) and M(y’g) = 0 0 1
1 2 1

Since the determinants of M(x ) and My, are 1 and —1, respectively,
Mx y) and My, g4 are invertible over Z. Hence the dimension group of Mx s
is Z? and that of M, (v.g) 18 Z3. Therefore the dimension group of Mx ) is
not isomorphic to the dimension group of My, g).

Since (X, f) is elementarily presented, the dimension group of Mx ) is
order isomorphic to the Bruschlinsky group of (X, f). And the Bruschlinsky
group of (Y,g) is given by the dimension group of (i ;) Hence we have

o (5510 =0}

Br(X) = Br(Y) X Z & Z with
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