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Shadowing in actions of some Abelian groups
by

Sergei Yu. Pilyugin and Sergei B. Tikhomirov (St. Petersburg)

Abstract. We study shadowing properties of continuous actions of the groups Z”
and ZP x RP. Necessary and sufficient conditions are given under which a linear action of
7P on C™ has a Lipschitz shadowing property.

1. Introduction. One of the main fields of the classical theory of dy-
namical systems (i.e., of actions of the groups Z and R) is the theory of
structural stability.

This theory has influenced, in particular, the theory of shadowing of
approximate trajectories (pseudotrajectories) in dynamical systems. At
present, shadowing theory is well developed (see, for example, the mono-
graphs [6, 7]).

In parallell to the classical theory of dynamical systems, global qualita-
tive properties of actions of groups more general than Z and R have been
studied (let us mention structural stability and ergodicity of Anosov actions
[1, 8] and rigidity properties of hyperbolic actions [2, 3]).

In this paper, we study shadowing properties of the groups ZP and
7P x R4. We reduce the shadowing problem for a continuous action @(n, ),
where n € ZP, to well known shadowing and expansivity properties of a
single homeomorphism &(v, -) (Theorem 1). It is shown that a similar result
holds for actions of some infinite-dimensional groups (Theorem 1’).

We give necessary and sufficient conditions under which a linear action
of ZP on C™ has a shadowing property (Theorem 2).

Finally, we study shadowing properties of the group ZP x R? (Theo-
rem 3).
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2. Actions of ZP. Let (M, p) be a metric space and let H(M) be the
set of homeomorphisms of M. Let G be an Abelian group with operation —+.
A continuous action
(1) P:GxM-—-M
is defined by the following conditions:

(i) &(n,) € H(M) for n € G;

(ii) ¢(0,2) = x for x € M,

(iii) @(n +m,-) = &(n,P(m,-)) for n,m € G.

We begin with actions of the group G = ZP.

Let us introduce some notation. Denote by N (a, A) the a-neighborhood
of aset AC M.

Let I = {1,...,p}. Fix n = (n1,...,np) € ZP, i € I, and k € Z. We
denote by n(i, k) the element n’ € ZP such that n; = n; for j € I, j # i,
and n; = n; + k. According to this notation, n(i,0) = n for any 1.

The definition of @ implies that the homeomorphism
(2) fz,k(n) = QS(”(% k)v ) © @71(717 )
does not depend on n € ZP. We denote it by f; .

Fix a positive number d. We say that a set { = {z, € M : n € ZP} is a
d-pseudotrajectory of @ if

(3) o(Tp(i+1), fix1(wn)) <d  forany n € ZP and i € I.

This definition is a natural generalization of the definition of a pseudotrajec-
tory of a homeomorphism h € H (M) (see [7]). Let us recall that a sequence
¢ ={xn, € M :n € Z} is called a d-pseudotrajectory of h € H(M) if

(4) 0(Tnt1, h(zy)) <d for any n € Z.

Assume that A1 is uniformly continuous on M. In this case, for any d’ > 0
there exists d € (0,d’) such that inequalities (4) imply
o(@n—1,h " (zn)) < d,

so that any d-pseudotrajectory of h is a d’-pseudotrajectory of the action
U :Zx M — M, where ¥(n,z) = h"(z).

The following two properties of continuous dynamical systems are well
known (see, for example, [7]).

We say that a homeomorphism h € H (M) has the shadowing property

on a set V C M if given ¢ > 0 there exists d > 0 such that for any
d-pseudotrajectory {x,, € V :n € Z} of h there is a point x € M such that

(5) o(h"(z),zn) <e fornelZ.

We say that a homeomorphism h € H(M) is expansive on a set U C M
if there exists a constant b > 0 (expansivity constant) such that if for two
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points z,y, we have
h(z),h"(y) € U,  o(h™(z),h"(y)) <b, forallneZ,

then z = y.

Consider two sets V,U C M. We say that a homeomorphism h € H(M)
is topologically Anosov with respect to the pair (V,U) if the following con-
ditions are satisfied:

(TA1) there exists 6 > 0 such that N(§,V) C U;
(TA2)  h has the shadowing property on V;
(TA3) h is expansive on U.

In the case V.= U = M, the definition above coincides with the standard
definition of a topologically Anosov homeomorphism [7].

Let us formulate a theorem giving sufficient conditions under which ac-
tion (1) has a property of shadowing its pseudotrajectories.

Recall that a family F of mappings of M is called equicontinuous if
given € > 0 there exists § > 0 such that if z,y € M and p(z,y) < 0, then

o(f(z), f(y)) < e for any f € F.

THEOREM 1. Assume that there exist V,U C M and v € ZP such that
the homeomorphism f = ®(v,-) is topologically Anosov with respect to the
pair (V,U). Assume, in addition, that the family {f; +1 : i € I} is equicon-
tinuous. Then for any € > 0 there exists d > 0 with the following property:
if {xn, € V :n € ZP} is a d-pseudotrajectory of ¢ then there exists a unique
point x such that

(6) o(P(n,x),x,) <e forall neZP.

REMARK 1. Obviously, the assumptions of Theorem 1 are satisfied if M is
a closed smooth manifold and V' C M is a hyperbolic set of a diffeomorphism
f = ®(v,-). It is well known that in this case there exists a neighborhood
U of the compact set V' such that f is topologically Anosov with respect to
the pair (V,U) (see [7]). Since M is compact, the family {f; +1 : 7 € I} is
obviously equicontinuous.

In addition, in this case the dependence of € on d is Lipschitz, i.e., there
exist positive constants L and dy such that if {z, € V : n € Z} is a
d-pseudotrajectory of f with d < dp, then there is a point z such that
(5) holds with h = f and ¢ = Ld. The proof of Theorem 1 below shows
that if f = @(v,-) has such a Lipschitz shadowing property (instead of
the usual one), then there exist positive constants L and df, such that if
{zn, € V :n € ZP} is a d-pseudotrajectory of @ with d < dj,, then there is a
point z such that (6) holds with e = Ld.

A particular case of the above-mentioned situation is the so-called
Anosov action of ZP on M (see [1]), i.e., an action of ZP by diffeomor-
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phisms such that some diffeomorphism f = @(v,-) is Anosov (this means
that the manifold M is a hyperbolic set of f).

Proof of Theorem 1. Let N(6,V) C U and let b be an expansivity con-
stant of f on U. Fix € > 0. Decreasing it if necessary, we may assume that

(7) 4e < min(40, b)
and that o(z,y) < ¢ implies
(8) 20(fi+1(x), fi+1(y)) <b for anyie I.

For the fixed €, we find d’ > 0 such that any d’-pseudotrajectory of f in V
is e-shadowed by a trajectory of f (i.e., analogs of inequalities (5) hold).
Since the family {f; +1 : @ € I} is equicontinuous, there exists d > 0
depending only on ), |v4|) such that if {z,} is a d-pseudotrajectory of
), then

(
(1
(9) o(f(zn),tnty) <d  for any n € ZP.
We assume, in addition, that
(10) 4d < b.
We claim that this d has the desired property. Fix pu € ZP and consider

the sequence
Yk = Tptkv) k eZ.

It follows from (9) that {yx} is a d’-pseudotrajectory of f (lying in V).
Hence, there exists a point z(u) such that

(1) o (1)) <&, ke
Since yi, € V, inequalities (11) and (7) imply that
(12) few)eU, kel

Let 2’'(1) be another point for which (11) holds. In this case (12) holds for
2'(u) as well. It follows from (7) that then

o(f*(2()), FH(' (W) <26 <b, k€L,

and the expansivity of f on U implies that z(u) = 2’(u). Hence, the point
z(u) with property (11) is unique.

Now we fix i € I. Let ¢/ be any of the points u(i,+1) and let y be the
corresponding homeomorphism f; 1 or f; 1. Consider the sequence

y;c = Ty 4k, keZ,
and apply the same reasoning as above to find the point z’ such that
(13) o(f¥ () <e, kel
We claim that
(14) 2 = x(z()).
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By the choice of ¢, it follows from (11) that

(15) 20(x(f*(2())), x(yx)) < b, k€ Z.
Since {xz,} is a d-pseudotrajectory of (1),
(16) o(x(yr), yi) < d.

Combining (13)—(16) and taking into account the equality X(fk(z(,u,))) =
E(x(2(n))), we see that

o(fF (), RO () < o5 (), yi) + 0ok X (i) + oOx(wi) s x(FF (2(w))))
<e+d+0b/2<D

(see (7) and (10)). Since (13) implies f*(z’) € U, it follows from the estimate
above and from (12) that equality (14) holds.
Now (11) implies that

(17) o(z(p),xz,) <e forany p € ZP.

Our reasoning above shows that for any pair p and ' = p(i,+1), ¢ € I, the
points z(p) and z(u') satisfy

2(p(i, £1)) = fix1(z(p))-
It follows immediately that z(p) = @(p, 2(0)). Now (17) implies that
o(®(p,2(0)),x,) <e for any p € ZP.

This differs from the desired inequality (6) only in notation.
To establish the uniqueness of a point x satisfying (6), note that such an
x must satisfy

Q(fk(m)vyk) <g, ke Z7
where y, = 2k, and z(0) is the unique point having this property.
The theorem is proved.

A statement similar to Theorem 1 can be proved for actions of some
infinite-dimensional groups. Let G be the subgroup of Z* defined by the
following condition: n = {n; : i € Z} € G if and only if

Z In;i| < oo
i€Z
(see, for example, [4]). For n € G and i,k € Z, we define n(i,k) € G
and homeomorphisms (2) in the same way as above. The definition of a
d-pseudotrajectory of (1) is similar to that for an action of Z? (with Z? and
I replaced by G and Z, respectively).
For any n,n’ € G, there exists a finite sequence

/
no=mn,ny,..., Yy =mn

with the following property: for any j € {1,...,1—1} there exists i € Z such
that either nji1 = n;(i,1) or nj11 = n;(i,—1).



88 S. Yu. Pilyugin and S. B. Tikhomirov

Now it is easy to see that the reasoning in the proof of Theorem 1 yields
the following statement.

THEOREM 1’. Assume that there exist V,U C M and v € G such that
the homeomorphism f = ®(v,-) is topologically Anosov with respect to the
pair (V,U). Assume, in addition, that the family {f; +1 : i € Z} is equicon-
tinuous. Then for any e > 0 there exists d > 0 with the following property: if
{zy, € V :n € G} is a d-pseudotrajectory of (1), then there exists a unique
point x such that

o(P(n,x),x,) <e forallneg.

3. Linear actions of ZP. Consider a linear action of ZP on C™. In this
case, we fix p nonsingular m x m matrices Ay, ..., A,. Assuming that they
pairwise commute, we get the action
(18) ¢:7P xC" —C™
defined by
(19) d(n,r) = A" ... A
for n = (ny,...,npy) € ZP and x € C™.

It is known [5] that for any family of pairwise commuting matrices 4;
there exists a unitary matrix U such that each matrix T; = U~ A4;U is upper
triangular. Obviously, the change of variables x = Uy preserves any shad-
owing and expansivity properties. Hence, we may assume that the matrices
A; are upper triangular.

Denote by A;; the jth diagonal element (i.e., the (j,j) entry) of A;.

THEOREM 2. Under the above conditions, the following statements are
equivalent:

(1) action (18) has the Lipschitz shadowing property, i.e., there exists
a constant L > 0 such that for any d-pseudotrajectory {x, : n € ZP} of &
there is a point x satisfying

(20) |P(n,z) — x,| < Ld, neZP,
where | - | is the standard norm of C™;
(2) for any j € {1,...,m} there exists i € {1,...,p} such that |\;;| # 1;
(3) there is no vector v # 0 such that
(21) Av = pv, i=1,...,p, where |u;|=1.
Proof. Denote by (nl), (n2), and (n3) the negations of (1), (2), and (3),
respectively. We prove the implications
(nl)=(n2)=(n3)=(nl).

First we prove (nl)=(n2).
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It follows from Theorem 1.3.2 of [7] that if a matrix A is hyperbolic (i.e.,
its eigenvalues \; satisfy |\;| # 1), then the homeomorphism f(x) = Az
of C™ has the Lipschitz shadowing property described in statement (1).
Obviously, this homeomorphism is expansive on C™. Thus, it follows from
Theorem 1 and Remark 1 that to establish (1) it is enough to show that
there exists n = (n1,...,np) € ZP such that the matrix
(22) A=A LAY

is hyperbolic.

For contradiction, assume that condition (2) is satisfied while any matrix
(22) has an eigenvalue A\ with |[A\| = 1. Since the matrices A; are upper
triangular, the set of eigenvalues of (22) is

{)\?]1)\2; cj=1,...,m}.
By our assumption, for any n = (n1,...,ny) there is j such that
(23) AT A =1
To proceed, we need the following auxiliary statement.

LEMMA 1. Assume that numbers ji;;, wherei =1,...,pandj =1,...,m,
satisfy the following condition: for any ni,...,n, € Z there exists j such that
(24) nipy + ..+ nppp; = 0.

Then there exists j such that
(25) uij:O, i:1,...,p.

Proof. We apply induction on p. If p = 1, our condition implies that for
ny = 1 there exists j such that niuq; = 0. Thus, p1; = 0, as required.

Now assume that our statement holds for p — 1. Fix na,...,n, € Z and
define u; = napoj + ... + nyupj. By our assumption, for any n; € Z there
exists j such that nipui; +u; = 0, hence

m
(26) P .= H(nlulj + Uj) = 0.

j=1
Since P is a polynomial in nq, and it equals zero for any ni, its coefficients
are zero. The leading coefficient (of n]") equals

H11H12 - - - B1m,

hence at least one of the 15 is zero.
Let J C {1,...,m} be the set of all j such that p1; = 0. Let k be the
number of elements of J. The coefficient of nT‘k in P equals

HUJ'H,LLU:O.

jed  g¢J
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Since the second product is nonzero, we see that

H U; = 0.

Jje€J
Thus, there exists j € J such that u; = 0. Our reasoning shows that for any
ng,...,ny there exists j’ such that

Ujr = Noflgjr + ...+ Npppir = 0.

This means that the numbers poj, ..., ppy;, 7 € J, satisfy the assumption of
our lemma. By the induction assumption, there exists j such that
[LQJ':...:,LLP]':O.

Since j € J, we also have ui; = 0, which completes the induction step. Our
lemma is proved.

Setting pi; = log|Aij|, we reduce condition (23) to (24). By Lemma 1,
there exists j such that |\;;| = 1 fori=1,...,p. The contradiction obtained
proves the implication (nl)=-(n2).

Before proving (n2)=-(n3), we establish an auxiliary statement.

LEMMA 2. Let A’l,...,A;, be pairwise commuting linear operators on
C™ such that
(27) ker(aj Ay + ... +apA}) # {0}
for any real numbers a1, ...,a,. Then
P
(28) () ker A] # {0}.
i=1

Proof. In the proof, we often use the following simple statement. Let A
and B be commuting linear operators and let ker B =Y. Then A(Y) C Y.
Indeed, if y € Y, then By =0, so ABy =0 and B(Ay) = 0. Thus, Ay € Y.

We prove the lemma by induction on p. The case p = 1 is trivial. Let

p = 2. Define
Cr = /1—|—]{3A,2 and X = ker C},

for nonnegative integer k. Obviously, C; and C; commute for any ¢ and j.
Our statement above implies that

(29) CZ(X]) C Xj.

Let Lin(Y7,...,Y;) be the linear hull of the linear subspaces Y1,...,Y,.
We claim that there exists n such that

(30) Xp41 NLin(Xo, ..., Xp) # {0}

Indeed, if X,,+1 NLin(Xo,...,X,) = {0} for any n, then

dimLin(Xy, ..., X,) = Y _dimX; > n+ 1,
i=0
which is impossible if n > m.
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Let n be minimal satisfying (30). Consider z # 0 such that

(31) x € Xpt1 N Lin(Xo, ..., Xp).
Represent x in the form zg + ...+ x,, where x; € X;. Note that
(32) Cn+1$ == Cn+1$0 + ...+ Cn+1$n = 0.

It follows from (29) that

yi = Cpi1w; € X,
Relation (32) implies that

Yo+ ...+yn=0.

If we assume that y; # 0 for some ¢, and consider the maximal i with this
property, then

yi = —(yo + ... +yi—1) € Lin(Xo, ..., X;_1),
contradicting the choice of n and the inequality ¢ — 1 < n. Thus,
(33) y; =0 for 0<i<n.
Since = # 0, there exists k € {1,...,n} such that x; # 0. The equalities
yr = Cpy12, =0 and Cixp =0
(recall that xj € ker C) written in the form
(A +(n+ 1Az =0 and (A} + KAL)z, =0
imply that xj € ker A} Nker A}. Thus, our lemma is proved for p = 2.
Now assume that our statement holds for p. Define
Bir = A1 + kA, and X, = ker B; .
Since the operators A pairwise commute, so do B; j and A}. Condition (27)
implies that any linear combination of B; ;, and A} has a nonempty kernel.
By the induction assumption applied to A; 11, B2k, ..., By with any £,
Vi i=ker A, ;N XopN...NX, # {0}
The same reasoning as above shows that there exists n such that
Y41 NLin(Yy, ..., Y,) # {0}.
Consider the minimal n with this property. Take y; € Y; such that
(34) Ynt1 = Yo+ .-+ Yn

and yp4+1 # 0. Applying the operator Bs ;41 to (34) and taking into account
that yp41 € Y41 C Xo 41, we see that

(35) 0= BZ,n+1y0 +...+ BQ,n+1yn-

Since Bgp+1y1 € Y, the reasoning applied to establish (33) shows that
B y1y; = 0 for any [ € {0,...,n}.
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Consider y; # 0. We claim that
(36) yi € ker A] Nker Ay N...Nker Ay, ;.

Since y; € Y}, we have y; € ker A;9+1' The relations By 11y = 0 and y; €
Y; C Xy imply that

(Al +(n+1)A)y, =0 and (A7) + 1A%y =0.
It follows that Ajy; = 0 and ASy; = 0. Since y; € X;; = ker B;; for any
1l €{3,...,p}, we see, in addition, that
(A + 1Ay, = 0.
Thus, Aly; = 0 for these [, relation (36) holds, and the lemma is proved.

This lemma implies an important property of our pairwise commuting
triangular matrices A1, ..., A,, generating action (18). Obviously, the desired
implication (n2)=-(n3) follows from this property.

COROLLARY. For any j € {1,...,m} there exists a vector v # 0 such
that
(37) Aiv = )\ij'Ua 1= 1,...,p.

Proof. Fix j and consider the matrices
A= Ai = NijEn,

where E,, is the identity m x m matrix. These matrices are triangular and
pairwise commute. Their jth diagonal elements are zero.

Hence, condition (27) of Lemma 2 is satisfied. By Lemma 2, there exists
a vector v # 0 such that Alv =0 for i = 1,...,p. Obviously, v satisfies (37).

Now let us prove the implication (n3)=-(nl). Fix a vector v with |v| =1
satisfying (21). We claim that action (18) does not have the shadowing prop-
erty. Let us construct a pseudotrajectory as follows. Fix a positive number
d and a sequence {¢; : | € Z} of integers with the following properties:
lcio1 — ¢] = 1 for any [, the sequence |¢;| is unbounded, and the limits

lim C]
|| —o00

do not exist. Define A = p; and set a; = de;Av and
T, =AY ... AyPa,, forn= (n1,...,mp).
The sequence {x,} is a 2d-pseudotrajectory of (18). Indeed,
B i£1) = A Tniny)

for ¢ > 2. Since v is an eigenvector of As,..., A, with eigenvalues |u;| = 1,
it follows from

+1 +1
A7 L(ni,enp) — x(nlil’n2w~:np)| = |Ay* .. ~AZp (A7 an, — an,+1)|
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and

that
|Ait1m(n1:-~7np) - x(nlil,n%mynp)‘ = ‘Edv| =d.

To complete the proof, we claim that

sup |®(n,y) — xn| = 00
n

for any y € C™. To see this, it is enough to show that

(38) sup |2((n1,0,...,0),y) — x(nhov”,g)‘ =00
ni,0,...,0
for any y € C™. Fix a basis ey, ..., e, in C™ as follows:

e1=v, Aie;=Ae;+e;1 for2<i<k,

B 0
e (4e)

in this basis, where B and C are k x k and (m — k) x (m — k) matrices,

and

respectively.
If oW is the first coordinate of a vector a € C™ in the chosen basis, then
(1) _ !
T00,..0) = deA°.

For y = (y1,...,ym) € C™, write y' = (y1,...,yx)-
The matrix B has the form AFEy + J, where J* = 0 for ¢ > k. Hence, for
any y € C™,
NG NG o i Y
A = (B = — AT =A"P(l
(Al = (By) (;(l_i)m /) o),
where P(l) is a polynomial in [ of degree not exceeding k — 1 (determined
by the fixed vector y).
If (38) does not hold for some y € C™, then the expression
1
(Al =2y | = lder = P(D)]
is bounded in [. This contradicts the choice of the sequence ¢; since either
P(1) is constant (while ¢; is unbounded) or |P(l)| — oo as |I| — oo (while ¢
does not have limits as |I| — c0).
The proof is complete.

4. Actions of the group Z? x R%. Now we pass to continuous actions
of the group G = Z” x RY9. As above, (M, o) is a metric space and H(M) is
the set of homeomorphisms of M.
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We represent n € ZP x RY in the form n = (n”,n%), where n? =
(n1,...,mp) and n% = (npy1,...,npiq). Let Iy = {1,...,p}, Iy = {p + 1,

..,p+q},and I = I; U I,. For any set m = {m;}, where i € I, i € I, or
i € I, we define |m| = )", [my].

FixneZP xRY,iel,and k € Z (ifi € I;) or k € R (if i € I3). As
above, we denote by n(i, k) the element n’ € Z? x R? such that n’; = n; for
jeI,j#1i,and n, =n; +k.

Consider the homeomorphisms

fix1 = D(n(i,£1),") o ® Y(n,-), i€l
Gi—p(t,:) = @(n(i,t),-) o o (n,), 1€ Is.
We use different notation for dependence on “time” to emphasize the differ-
ence between the “discrete-time” generators f; +1, ¢ € I1, and “continuous-
time” generators g;—,(t,-), i € I>.

Fix a positive number d. We say that a set £ = {z, € M : n € ZP x R?}

is a d-pseudotrajectory of @ if

(39) o(Tp(i41), fix1(zn)) <d, i€,
(40) Q(wn(i,t)ygifp(ta*rn)) <d, |t| <l i€l

for any n € ZP x RY.

In the case of a flow (i.e., for I; = @ and I = {1}), this definition
corresponds to the standard definition of a pseudotrajectory (see Remark 2
below and the books [6, 7] for the details and discussion).

Let us formulate two properties which we need to give conditions under
which @ has a shadowing property.

Denote by R the set of orientation preserving homeomorphisms « : R? —
R? such that «(0) = 0. Let o = (a1, ..., ).

Fix v = {v1,...,Vptq} € ZP x R? and consider the corresponding hom-
eomorphism f = &(v,-). Fix, in addition, a homeomorphism « € R and
consider the mapping

U(k,a)= f”’l 0...0 ff”‘? o gl(al(kyc), Jo...o gq(aq(kl/c), ),

where k € Z.

To simplify the presentation, we formulate the properties (and the main
result of this section) for the phase space M (instead of its subsets); possible
generalizations (similar to properties defined in Sec. 2) are trivial.

We say that the homeomorphism f = &(v, -) has the flow-type shadowing
property (FTS property) if given £ > 0 there exists d > 0 such that for any
d-pseudotrajectory {yi : k € Z} of f there is a homeomorphism « € R and
a point z € M such that

(41) oW (k,a)(2),yx) <e for ke Z.
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We say that the homeomorphism f = @(v,-) is flow-type expansive (has
the FTE property) if given A > 0 there exists § > 0 with the following
property: if a,a’ € R and

(42) o(U(k,a)(2),¥(K o)) <d, kez,

for some points z and 2/, then there exist numbers 71, ..., 7, such that
(43) |71+ ...+ || < A4,

(44) 2 =g1(m1,") 0...0g4(74,)(2).

REMARK 2. The introduced properties are natural generalizations of the
corresponding properties for flows.

Let ¢ be the flow of an autonomous system of differential equations on a
smooth manifold. Assume that the system has a hyperbolic set A containing
no rest points. It is known (see [6]) that the flow ¢ has the following analogs
of the FTS and FTE properties in a neighborhood U of A.

We say that {y; : t € R} is a (d, 1)-pseudotragectory of ¢ if

0(Yr+r,¢(T, 1)) <d  for any t € R and [7| < 1.
Given € > 0 there exists d > 0 such that if {yy € U : t € R} is a

(d, 1)-pseudotrajectory of ¢, then there is a homeomorphism « € R (here
g =1) and a point z € M such that
(4

,1
5) o(p(a(t), z),ys) <e forteR.

Given A > 0 there exists § > 0 with the following property: if a, @’ € R,

d(a(t), 2),9(d(t),2') € U,
o(d(a(t), 2),9(' (1), 2')) <6, teER,

for some points z and 2/, then there exists a number 7 such that
(46) IT| < A,
(47) 2 = ¢(1,2).
In addition, there exist numbers L, dy, dp > 0 such that if d < dj, then (45)
holds with ¢ replaced by Ld, and if 6 < dp, then (46) holds with A replaced
by Lé.
The same reasoning as in the proof of Theorem 1 (with obvious modifi-

cations) establishes the following statement.

THEOREM 3. Assume that there exists v € ZP x RY such that the homeo-
morphism f = ®(v,-) has the FTS and FTE properties. Assume, in addition,
that the family

F = {fi,:l:l 11 € Il} @] {gi—p(t, ) : |t| < 1, 1€ Ig}
1s equicontinuous. Then for any € > 0 there exists d > 0 with the following
property: if {x, € V :n € ZP x R?} is a d-pseudotrajectory of @, then there
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exists a point x and a mapping T : ZP x R? — 7P x R? such that

(48) o(P(1(n),z),zy) <e, mneZPl xR
(49) (r(n)? =n", |(r(n))” = n“| <elg+[n]).
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