FUNDAMENTA
MATHEMATICAE
231 (2015)

Upper and lower estimates for Schauder frames
and atomic decompositions

by

Kevin Beanland (Lexington, VA), Daniel Freeman (St. Louis, MO)
and Rui Liu (Tianjin and College Station, TX)

Abstract. We prove that a Schauder frame for any separable Banach space is shrink-
ing if and only if it has an associated space with a shrinking basis, and that a Schauder
frame for any separable Banach space is shrinking and boundedly complete if and only if
it has a reflexive associated space. To obtain these results, we prove that the upper and
lower estimate theorems for finite-dimensional decompositions of Banach spaces can be
extended and modified to Schauder frames. We show as well that if a separable infinite-
dimensional Banach space has a Schauder frame, then it also has a Schauder frame which
is not shrinking.

1. Introduction. Frames for Hilbert spaces were introduced by Duf-
fin and Schaeffer in 1952 [DS] to address some questions in non-harmonic
Fourier series. However, the current popularity of frames is largely due
to their successful application to signal processing which was initiated by
Daubechies, Grossmann, and Meyer in 1986 [DGM]. A frame for an infinite-
dimensional separable Hilbert space H is a sequence of vectors (z;)2; C H
for which there exist constants 0 < A < B such that for any x € H,

(1) Allz]* <Y (@, 2)* < Bllz|)*.
i=1

If A= B =1, then (z;)°, is called a Parseval frame. Given any frame
(x;)2, for a Hilbert space H, there exists a frame (f;)°, for H, called an
alternate dual frame, such that for all z € H,

o0

(2) r =Y (z, fi)z:.

=1

2010 Mathematics Subject Classification: Primary 46B20; Secondary 41A65.
Key words and phrases: Banach spaces, frames, Schauder frames, atomic decompositions.

DOI: 10.4064/fm231-2-4 [161] © Instytut Matematyczny PAN, 2015



162 K. Beanland et al.

The equality in allows the reconstruction of any vector = in the Hilbert
space from the sequence of coefficients ((x, f;))72,. The standard method to
construct such a frame (f;)$2; is to take f; = S™ Lg; for all i € N, where
S is the positive, self-adjoint invertible operator on H defined by Sz =
o2 {x, xi)x; for all € H. The operator S is called the frame operator
and the frame (S~1z;)%, is called the canonical dual frame of (;)2;.

In their AMS memoir [HL], Han and Larson initiated studying the dilation
viewpoint of frames, that is, analyzing frames as orthogonal projections of
Riesz bases, where a Riesz basis is a semi-normalized unconditional basis for
a Hilbert space. To start this approach, they proved the following theorem.

TueoreM 1.1 ([HL]). If (x;)2, is a frame for a Hilbert space H, then
there exists a larger Hilbert space Z > H and a Riesz basis (z;)2, for Z
such that Pxz; = x; for all i € N, where Px is the orthogonal projection
onto X. Furthermore, if (x;)7, is Parseval, then (%), can be taken to be
an orthonormal basis.

Recently, Theorem was extended to operator-valued measures and
bounded linear maps [HLLL]. Recently as well, a continuous version of The-
orem |1.1] was given for vector bundles and Riemannian manifolds [FPWW].

The concept of a frame was extended to Banach spaces in 1988 by Feich-
tinger and Grochenig [FG] (and more generally in [G]) through the intro-
duction of atomic decompositions. The main goal of [G] was to obtain for
Banach spaces the unique association of a vector with the natural set of
frame coefficients. In 2008, Schauder frames for Banach spaces were devel-
oped [CDOSZ] with the goal of creating a procedure to represent vectors
using quantized coefficients. A Schauder frame essentially takes as its defi-
nition an extension of the equation to Banach spaces.

DEFINITION 1.2. Let X be an infinite-dimensional separable Banach
space. A sequence (z;, f;)72; C X x X* is called a Schauder frame for X if
x =22, fi(lzr)z; for all x € X.

In particular, if (z;)7°; and (f;):2, are frames for a Hilbert space H, then
(fi)2, is an alternate dual frame for (z;)$°; if and only if (x;, f;)52; is a
Schauder frame for H. As noted in [CDOSZ|, a separable Banach space
has a Schauder frame if and only if it has the bounded approximation
property. By the uniform boundedness principle, for any Schauder frame
(xi, fi)52, of a Banach space X, there exists a constant C' > 1 such that
SUPy > 1D i, fi(z)zi|| < C||:1:H for all z € X. The least such value C is
called the frame constant of (x;, f;);2,. A Schauder frame (x;, f;)52; is called
unconditional if the series x = Y .2, fi(z)x; converges unconditionally for
all z € X. The following definitions allow the dilation viewpoint of Han and
Larson to be extended to Schauder frames.
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DEFINITION 1.3. Let (x;, f;)32, be a frame for a Banach space X, and let
Z be a Banach space with basis (2;)72; and coordinate functionals (2])2;.
We call Z an associated space to (x;, fi)52,, and (2;)32, an associated basis,
if the operators T': X — Z and S : Z — X are bounded, where T'(x) =
T filx)x;)) = > fi(z)z for all x € X and S(z) = SOz (2)z) =
>z (2)x; for all z € Z.

Essentially, Theorem [I.1] states that a frame for a Hilbert space has an
associated basis which is a Riesz basis for a Hilbert space. Furthermore, the
proof in [HL] actually involves constructing the operators T and S given in
Definition [I.3] and thus the definition of an associated space is a very natu-
ral way to extend the notion of dilation of Hilbert space frames to dilation
of Schauder frames. In [CHLJ, it is shown that every Schauder frame has an
associated space, which is referred to as the minimal associated space in [LJ].
Being able to dilate a Parseval frame for a Hilbert space to an orthonormal
basis is very useful in understanding and working with frames for Hilbert
spaces. The minimal associated basis may be used similarly for studying
Schauder frames. However, if a Schauder frame has some useful property,
then an associated basis with a corresponding property should be used
to study the Schauder frame. To take full advantage of this approach, we
need to characterize Schauder frame properties in terms of associated bases.
This would allow the large literature on Schauder basis properties to be
applied to Schauder frames. For example, in [CHL] it is proven that a
Schauder frame is unconditional if and only if it has an unconditional asso-
ciated space.

If (24, fi)32, is a Schauder frame, then the reconstruction operator, S,
for the minimal associated space contains c¢g in its kernel if and only if a
finite number of vectors can be removed from (z;)7°, to make it a Schauder
basis [LZ]. This implies in particular that except in trivial cases, the minimal
associated basis will not be boundedly complete and the minimal associated
space will not be reflexive. Thus, to work with a reflexive associated space,
we will need to consider a new method of constructing associated spaces.
A Banach space with a basis is reflexive if and only if the basis is shrinking
and boundedly complete. In order to characterize when a Schauder frame has
a reflexive associated space, it is then natural to consider a generalization of
the properties of being shrinking and boundedly complete from the context
of bases to that of Schauder frames.

DEFINITION 1.4. Given a Schauder frame (z;, f;)72; C X x X*, let T}, :
X — X be the operator T,,(x) = > -, fi(x)x;. The frame (x4, f;)52, is
called shrinking if ||z* o T,|| — 0 for all * € X*. The frame (z;, f;)72, is
called boundedly complete if Y2 | «**( f;)x; converges in norm to an element
of X for all ** € X**.
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As noted in [CL], if (z;)72, is a Schauder basis and (z})°, are the
biorthogonal functionals of (z;)$°;, then the frame (x;, )52, is shrinking if
and only if the basis (z;)72, is shrinking, and the frame (z;, )3, is bound-
edly complete if and only if the basis (z;)°; is boundedly complete. Thus
the definition of a frame being shrinking or boundedly complete is consistent
with that of a basis. In [L], the frame properties “shrinking” and “boundedly
complete” are called “pre-shrinking” and “pre-boundedly complete”.

It is not difficult to see that if a Schauder frame has a shrinking associated
basis, then the frame must be shrinking as well, and that if a Schauder
frame has a boundedly complete associated basis, then the frame must be
boundedly complete. In [L], the minimal and maximal associated spaces
are defined, and it is proven that if a frame is shrinking and satisfies some
strong local conditions, then the minimal associated basis is shrinking, and
if a frame is boundedly complete and satisfies some strong local conditions,
then the maximal associated basis is boundedly complete. The advantage
of these theorems is that explicit associated bases are constructed with the
desired properties of being shrinking or boundedly complete. On the other
hand, not every Schauder frame with a shrinking or boundedly complete
associated basis satisfies the local conditions given in [L]. Thus, this is not
a complete characterization of which frames have a shrinking associated
basis or of which frames have a boundedly complete associated basis. In the
following theorem, we give a complete characterization.

THEOREM 1.5. Let (x;, f;)52, be a Schauder frame for a Banach space X .
Then (x4, fi):2, is shrinking if and only if (x;, fi);, has a shrinking asso-
ciated basis. Furthermore, (x;, ;)72 is shrinking and boundedly complete if
and only if (x4, i)32, has a reflexive associated space.

The properties of being shrinking and boundedly complete do not im-
mediately give us much structure to directly create an associated space. To
obtain Theorem we will prove a stronger result, involving upper and
lower estimates. In [OSZ2], it is shown that every Banach space with sepa-
rable dual satisfies certain upper estimates and that every separable reflexive
Banach space satisfies certain upper and lower estimates. As we will be us-
ing these estimates, we will define them precisely in Section |3 One of the
main results of [OSZ2] is that every separable reflexive Banach space em-
beds into a reflexive Banach space with a finite-dimensional decomposition
(FDD) satisfying the same upper and lower estimates, and one of the main
results of [FOSZ] is that every Banach space with separable dual embeds
into a Banach space with a shrinking FDD satisfying the same upper esti-
mate. We extend the techniques developed in [OSZ1] to Schauder frames,
and prove the following theorems which are extensions of the results from
[OSZ2] and [FOSZ|, and will be used to prove Theorem
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THEOREM 1.6. Let X be a Banach space with a shrinking Schauder
frame (x4, fi)72,. Let (v3)52, be a normalized, 1-unconditional, block stable,
right dominant, and shrinking basic sequence. If X satisfies subsequential
(v3)$2, -upper tree estimates, then there exist (n;)2,, (K;)5°, € [N]* and an
associated space Z with a shrinking basis (2;)$2, such that (spanjcpn, n,.,)%i)ic1
is an FDD that satisfies subsequential (vi,):2,-upper block estimates.

THEOREM 1.7. Let X be a Banach space with a shrinking and boundedly
complete Schauder frame (x;, f;)72,. Let (u;)72, be a normalized, 1-uncondi-
tional, block stable, right dominant, and shrinking basic sequence, and let
(v3)$2, be a normalized, 1-unconditional, block stable, left dominant, and
boundedly complete basic sequence such that (u;) dominates (v;). Then X
satisfies subsequential (u;)°-upper tree estimates and subsequential
(v3)22, -lower tree estimates if and only if there exist (n;)2,, (K;)2, € [N]¥
and a reflexive associated space Z with associated basis (z;)2, such that
the FDD (spatjepn, n,,,)%j)icy Satisfies subsequential (u,)$2,-upper block
estimates and subsequential (vi,)52, -lower block estimates.

Using the theory of trees and branches in Banach spaces developed by
Odell and Schlumprecht, we find that Theorem [I.5 follows immediately from
Theorems and [L.7 The basic idea is that every Banach space with sepa-
rable dual satisfies subsequential (v;)$°,-upper tree estimates for some nor-
malized, 1-unconditional, block stable, right dominant, and shrinking basic
sequence (v;)°;. If X is a Banach space with a shrinking Schauder frame,
then it is known that X must have separable dual, and hence we may ap-
ply Theorem to obtain a shrinking associated basis to the shrinking
Schauder frame. Similarly, every separable reflexive Banach space satisfies
subsequential (u;):2;-upper tree estimates and subsequential (v;)?°;-lower
tree estimates for some basic sequences (u;);°; and (v;)72; satisfying the
hypotheses of Theorem If X is a Banach space with a shrinking and
boundedly complete Schauder frame, then it is known that X must be re-
flexive, and hence we may apply Theorem to obtain a reflexive associated
space for the Schauder frame. Because Theorems [1.5 are our main the-
orems, at the end of Section [3| we will prove explicitly (assuming some well
known properties about Tsirelson spaces) how Theorem follows from
Theorems [1.6] and [[.71

One of the main goals in proving the upper and lower estimate theorems
in [OSZ1] and [FOSZ| was to obtain embedding results that preserve quan-
titative bounds on the Szlenk index. In [Z], Zippin proves that every Banach
space with separable dual embeds into a Banach space with a shrinking basis,
and that every separable reflexive Banach space embeds into a Banach space
with a shrinking and boundedly complete basis. On the other hand, there
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does not exist a single Banach space Z with a shrinking basis such that ev-
ery reflexive Banach space embeds into Z [Sz]. To prove this result, Szlenk
created an ordinal index Sz on the set of separable Banach spaces such that:
(1) Sz(X) is countable if and only if X has separable dual, (2) if X embeds
into Y then Sz(X) < Sz(Y'), and (3) for every countable ordinal « there
exists a Banach space with separable dual X such that Sz(X) > a. Thus, if
Z is a separable Banach space such that every Banach space with separable
dual embeds into Z, then Sz(Z) is uncountable and hence Z does not have
separable dual. There have been many further results in this direction, for
example Bourgain [B] proved that if Z is a separable Banach space such
that every separable reflexive Banach space embeds into Z, then also every
separable Banach space embeds into Z. Bourgain then asked if there exists
a separable reflexive Banach space Z such that every separable uniformly
convex Banach space embeds into Z. In [OS2] Odell and Schlumprecht con-
struct such a space answering Bourgain’s question.

Inspired by [OS2], Pelczyriski asked if for every countable ordinal « there
exists a reflexive Banach space Z such that every separable reflexive Banach
space X with max(Sz(X), Sz(X*)) < a embeds into Z, which naturally leads
to the question if there exists a Banach space Z with separable dual such
that every separable Banach space X with Sz(X) < « embeds into Z. There
have been two separate methods of answering these problems. The proofs of
Argyros and Dodos [AD] and Dodos and Ferenczi [DF] used the descriptive
set theory framework of studying sets of Banach spaces which was initiated
in Bossard’s PhD thesis [Bos|. The proofs in [OSZ2] and [FOSZ] used instead
the equivalence of a Banach space X satisfying Sz(X) < w® with the Ba-
nach space having separable dual and satisfying certain upper T, .-estimates,
where T, . is the Tsirelson space of order o and constant c. This approach
was later generalized to more ordinals than just w® by Causey [C1], [C2].
We will rely on many of the techniques used in these papers, but there will
be some notable distinctions. In all of [OS1], [OS2], [OSZ1], [OSZ2], [C1],
and [C2], the very first step in the embedding theorems is to use Zippin’s
theorem to embed the Banach space into either a reflexive Banach space with
a basis or a Banach space with a shrinking basis. In our case, obtaining a
reflexive associated space or shrinking associated basis is the conclusion of
our Theorem rather than the first step in the proof. This is a significant
obstacle, and much of the theorems and lemmas that we prove in Section
are aimed at overcoming it. Using the equivalence between upper Tsirelson
estimates and bounds on the Szlenk index (namely [FOSZ, Theorem 1.3]
and [OSZ2, Theorem 21]), we obtain the following corollaries as immediate
applications of Theorems and (the necessary definitions will be given
in Section [3)).
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COROLLARY 1.8. Let (z;, fi){2, be a shrinking Schauder frame for a
Banach space X and let o be a countable ordinal. Then the following are
equivalent:

(a) X has Szlenk index at most w™.

(b) X satisfies subsequential Ti, .-upper tree estimates for some constant
0<c<1, whereT, . is the Tsirelson space of order o and constant c.

(¢) (s, fi)32, has an associated shrinking basis (z;)$2, such that there
exist (n;)2, (K;)2, € [N]Y and 0 < ¢ < 1 such that the FDD
(SPancy, n,, 1)2i)i01 satisfies subsequential (tr,)72,-upper block es-
timates, where (t;)2, is the unit vector basis for Ty ..

(d) (x4, fi)72, has an associated Banach space with a shrinking basis and
Szlenk index at most w™.

COROLLARY 1.9. Let (z4, fi)?2, be a shrinking and boundedly complete
Schauder frame for a Banach space X and let o be a countable ordinal. Then
the following are equivalent:

(a) X and X* both have Szlenk index at most w*”.

(b) X satisfies subsequential Ty, c-upper tree estimates and subsequential
T, .-lower tree estimates for some constant 0 < ¢ < 1.

(c) (xi, fi)i2, has an associated shrinking and boundedly complete
basis (z;)72, such that there exist (n;)2,, (K;)72, € [N]¥ and 0 <
¢ < 1 such that the FDD (spanjc, »,,,)%i)i21 satisfies subsequential
(tr; )21 upper block estimates and subsequential (t, )52, -lower block
estimates, where (t;)52, is the unit vector basis for T, .

(d) (x4, fi);2, has an associated reflexive Banach space Z such that
Z and Z* both have Szlenk index at most w™.

Both Schauder frames and atomic decompositions are natural extensions
of frame theory into the study of Banach space. These two concepts are
directly related, and some papers in the area, such as [CHL], [CL], and
[CLS], are stated in terms of atomic decompositions, while others, such as
[CDOSZ|, [L], and [LZ], are stated in terms of Schauder frames.

DEFINITION 1.10. Let X be a Banach space and Z be a Banach sequence
space. We say that a sequence of pairs (x;, f;)72; C X x X* is an atomic
decomposition of X with respect to Z if there exist positive constants A
and B such that for all z € X:

(a) (fi(z:)i2 € Z,

(b) Allz|l < [I(fi(z:))21]lz < Bliz]),

(c) @ =322 filz)z:.

If the unit vectors in the Banach space Z given in Definition form
a basis for Z, then an atomic decomposition is simply a Schauder frame with
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a specified associated space Z. We choose to use the terminology of Schauder
frames for this paper instead of atomic decomposition, as, to us, an associ-
ated space is an object which is useful for studying the Schauder frame but
is external to the space X and frame (z;, f;):2,. Our goals are, essentially,
to construct “nice” associated spaces, given a particular Schauder frame.
However, our theorems can be stated in terms of atomic decompositions. In
particular, Theorem [1.5] can be formulated as follows.

THEOREM 1.11. Let X be a Banach space and Z be a Banach sequence
space whose unit vectors form a basis for Z. Let (x;, f;)72, be an atomic
decomposition of X with respect to Z. Then (x;, fi);2, is shrinking if and
only if there exists a Banach sequence space Z' whose unit vectors form
a shrinking basis for Z' such that (z;, f;)32, is an atomic decomposition
of X with respect to Z'. Furthermore, (z;, f;)72, is shrinking and boundedly
complete if and only if there exists a reflexive Banach sequence space Z'
whose unit vectors form a basis for Z' such that (x;, f;)$2, is an atomic
decomposition of X with respect to Z'.

2. Shrinking and boundedly complete Schauder frames. It is well
known that a basis (x;) for a Banach space X is shrinking if and only if the
biorthogonal functionals (z}) form a boundedly complete basis for X*. The
following theorem extends this useful characterization to Schauder frames.

THEOREM 2.1 ([CL, Proposition 2.3], [L, Proposition 4.8]). Let X be
a Banach space with a Schauder frame (x;, f;)72; C X x X*. The frame
(@i, fi)52, is shrinking if and only if (fi,z;);2, is a boundedly complete
Schauder frame for X*.

It is a classic and fundamental result of James that a basis for a Banach
space is both shrinking and boundedly complete if and only if the Banach
space is reflexive. The following theorem shows that one side of James’
characterization holds for frames.

THEOREM 2.2 (|CL, Proposition 2.4], [, Proposition 4.9]). If (z;, fi)2,
is a shrinking and boundedly complete Schauder frame of a Banach space X,
then X is reflexive.

It was left as an open question in [CL] whether the converse of Theorem
holds. The following theorem shows that this is false for any Banach
space X, and is evidence of how general Schauder frames can exhibit fairly
unintuitive structure.

THEOREM 2.3. Let X be a Banach space which admits a Schauder frame
(i.e. has the bounded approximation property). Then X has a Schauder frame
which is not shrinking.
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Proof. Let (x;, f;);2; be a Schauder frame for X. If (x;, f;)72; is not
shrinking, then we are done. Thus we assume that (x;, f;)72, is shrinking. Fix
x € X such that x # 0, and choose (y;)2; C Sx= such that yf —,+ 0. For all
ne N7 we define elements (xén—Qa f?/m—Q)v (xén—lv fén—l)? (xé’m fén) € X xX*
in the following way:

T3n—2 = Tn, T3p—1 = &, T3n =T,

fan—2="Ffns  fan-1=—Yn,  fan =1y
As yf —+ 0, it is not difficult to see that (:EZ, f)22, is a frame for X. How-
ever, (Z;, f;)$2, is not shrinking. Indeed, let z* € X* be such that z*(z) = 1.
As (x“ fi)$2, is shrinking, there exists Ny € N such that [> 22, 2*(z;) fi(y)|

< Iyl for all y € X and M > No. Let M > Ny and choose y € Bx such
that y3,(y) > 3/4. We now have the following estimate:

2% o Tspm| > % 0 T3 (y) = o Z fity)x™ (x;)
i=M+1

»Mw
|
N

Thus ||z* o T|| - 0, and hence (Z;, f;)32, is not shrinking. m

As a Schauder frame must be shrinking in order to have a shrinking
associated basis, Theorem implies that not every Schauder frame for a
reflexive Banach space has a reflexive associated space.

DEFINITION 2.4. If (z;, f;)$2, is a Schauder frame for a Banach space X
and (z;)72, is an associated basis, then (z;, f;)72, is called strongly shrinking
relative to (z;)2, if

|lz* 0 Sy|| =0 for all ™ € X™,
where S, : Z — X is defined by S, (z) = > o 25(2);.

1=n "1

It is clear that if a Schauder frame is strongly shrinking relative to some
associated basis, then the Schauder frame must be shrinking. Also, if a
Schauder frame has a shrinking associated basis, then the frame is strongly
shrinking relative to the basis. In [CL], examples of shrinking Schauder
frames are given which are not strongly shrinking relative to some given
associated spaces. However, we will prove later that for any given shrink-
ing Schauder frame, there exists an associated basis such that the frame is
strongly shrinking relative to the basis. Before proving this, we state the
following theorem which illustrates why the concept of strongly shrinking
will be important to us, and allows us to use frames in duality arguments.

THEOREM 2.5 ([CL, Lemma 1.7, Theorem 1.8]). If (x;, f;)$2, is a Schauder
frame for a Banach space X, and (z;)$2, is an associated basis for (x;, fi)52,
then (1), is an assoczated basis for (fi,x:i)2, if and only if (z;, ;)2 is
stmngly shrinking relative to (2;)52,.
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Furthermore, given operators T : X — Z and S : Z — X defined by
T(x) =Y fi(x)z; for all x € X and S(z) = Y 25 (2)x; for all z € Z, if
(xi, fi)52, is strongly shrinking relative to ()52, then S* : X* — [2]] and

T* : [2f] = X* are given by S*(z*) = > a*(x;)zf for all z* € X* and

T
T*(2*) = > 2" (zi) fi for all z* € [2]].
Applying Theorem to reflexive Banach spaces gives the following
corollary.

COROLLARY 2.6. If (z;, fi)32, is a shrinking frame for a reflexive Banach
space X and (z;)2, is an associated basis such that (x;, f;)52, is strongly
shrinking relative to (z;)32,, then (fi, ;)2 is strongly shrinking relative to
(2)32-

Before proceeding further, we need some stability lemmas. Note that if
(2:)§2, is a basis for a Banach space Z, with projection operators P, ) :
Z — Z given by Py, 1> aiz;) = Zie(n’k) aizi, then Py py o Py oy = 0
and P, o) © P11y = 0 for all k& < n. The analogous property fails when
working with frames. However, the following lemmas will essentially allow
us to obtain this property within some given € > 0 if n is chosen sufficiently
larger than k.

LEMMA 2.7. Let (x;, fi)52, be a Schauder frame for a Banach space X .
Then for all € > 0 and k € N, there exists N € N such that N > k and

n

fi( i fj(iﬂ)xj)ffi

J=mo

sup <eglz| foralxe X.

n>m>N>k>ng>mo i

Proof. As (x;, fi)52, is a Schauder frame, for each 1 < ¢ < k with f, # 0,
there exists Ny > k such that sup,,>,,>n, |2 i, fi(ze)zil| < /(K| fel). Let
N = maxj</<j, Ny. We now obtain the following estimate for n > m > N >

k>mng>mgand xz € X:

H En: ‘i fi(@) fi(xj)wi

i=m j=mg

< k max H Zn: filze)z;

as k > nyg

< k max H i fe(x) fi(we)w;

1<e<k

[fell 2] < ellzll  asn>m >N, m

1<e<k

In terms of operators, Lemma [2.7] can be stated as follows: for all k € N,
if (x4, fi)72, is a Schauder frame then limy_,« || T o (Idx —T})|| = 0, where
T, : X — X is given by Tp(z) = Y ;2 fi(x)x; for all n € N. We now
prove that for all £ € N, if (x;, f;)72; is a shrinking Schauder frame then
limy o0 ||(Idx — Tx) o T || = 0. The frame given in the proof of Theorem
shows that we cannot drop the condition of shrinking.
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LEMMA 2.8. Let (z;, fi){2, be a shrinking Schauder frame for a Banach
space X. Then for alle > 0 and k € N, there exists N € N such that N > k
and

sup
n>m>N>k>no>mo

ng n
Z f2< Z f](x)xj)xl <el|z|| foralzxze X.
i=mo j=m
Proof. By Theorem 2.1} (fi, z;):2; is a Schauder frame for X*. Thus for
each 1 < ¢ < k with xy 75 0, there exists an integer Ny > k such that

SUP > m> N, (1D i () 51l < e/ (Kllzel]). Let N = maxj<e< Ne. We now
obtain the following estimate for n > m > N >k > ng > mg and = € X:

| 2 A( %ttt

i=mo

<k sup ’f[(zn:fj(SU)l’j)ngH as k> ng

1<e<k et

1<e<k !

& sup | 3 @)l o
J=m

n

Jew) | Nl el < el asn > m > Ne.
m

<k sup ’
1<e<k !

Our method for proving that every shrinking frame has a shrinking asso-
ciated basis is to first prove that every shrinking frame is strongly shrinking
with respect to some associated basis, and then renorm that associated basis
to make it shrinking. The following theorem is thus our first major step.

THEOREM 2.9. Let (x;, f;)52, be a shrinking Schauder frame for a Ba-
nach space X. Then (x;, )72, has an associated basis (z;)72, such that
(@i, fi)32, is strongly shrinking relative to (z;)2,.

Proof. We repeatedly apply Lemmato obtain a subsequence (Nj)32
of N such that for all £ € N,

zk: fi( z": fj(l’)ﬂfj)wz

(3) sup <272M||z|| for all z € X.

n>m> Ny

We assume without loss of generality that x; £ 0 for all ¢ € N. We denote
the unit vector basis of cop by (2;):2;, and define the following norm || - ||z
for all (a;) € cpo:

n
H E ;25 :maxH E a;T;
Z n>m || 4
i=m

k n
V max 2kH E fz( E ajiL‘j>{L‘z
keEN, n>m>Ny, - :
=1 j=m
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It follows easily that (z;)7°, is a bimonotone basic sequence, and thus (z;)32,
is a bimonotone basis for the completion of ¢y under ||-|| z, which we denote
by Z. We first prove that (z;)5°; is an associated basis for (z;, f;)72;. Let
C be the frame constant of (x;, f;)$2,, that is, maxy>m || Y i, fi(x)zi]| <
C||z| for all x € X. By and (4), the operator T : X — Z, defined by
T(x) =Y fi(z)z for all z € X, is bounded and ||T']| < C. We know that
1>, aizillz > ||>oi,, aizi||, and hence the operator S : Z — X defined
by S(z) =) zf(%)x; is bounded and ||S|| = 1. Thus (z;)$2, is an associated
basis for (x;, fi)52;.

We now prove that (z;, ;)2 is strongly shrinking relative to (z;)$°;.
Let ¢ > 0 and 2* € Bx~. As (zy, f;):2, is shrinking, we may choose k € N
such that 2% < £/2 and 1252k 1 " (%5) f5]| < e/2. We obtain the following
estimate for any N > N and z = > a;z; € Z:

x*(i ;T ) Zw xj ]Z(Z ale) as (fi,xi)i2, is a frame for X~
= Z z*(z;) f; ( Z aifci) + i (x5)f; ( i am)

=) i=N j=k+1 i=N

ﬂuMZﬁQ)mMWWEj @[ 12112

<WMHWmW§j @il 121z by @ as N > N
j=k+1
< (e/2)lzllz + (e/2)|z]l2-

Thus, for all z* € X* and € > 0, there exists M € N such that
l2* (32§ 25 (z)xi)| < e for all N > M and z* € Byz-. Hence, (z;, f;)32,
is strongly shrinking relative to (2;)72. =

The following lemmas incorporate an associated basis into the tail and
initial segment estimates of Lemmas [2.7] and [2.§]

LEMMA 2.10. Let X be a Banach space with a shrinking Schauder frame
(@i, fi)32,. Let Z be a Banach space with a basis (z;)2, such that (x;, fi)52,
is strongly shrinking relative to (2;);2,. Then for all k € N and € > 0, there
exists N € N such that

sup H Z ( *(z) f](xl)>zf

k>n>m

for all x* € X*.

Proof. Let k € N and € > 0. By renorming Z, we may assume without
loss of generality that (z;)$°, is bimonotone. Let K > 1 be the frame con-
stant of the frame (f;, z;)72, for X*. We choose a finite QHSH -net (y))aca in
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{y* € K- By~ : y* € span; ;< fi}. By Theorem the bounded operator
S* o X* — [2f] is given by S*(z*) = > 2, " (x;)zf for all * € X*. As
(2)22, is a basis for [2f]22,, for each a € A, there exists N, € N such that
[Py © "W = I, vl < /2. We set N = maxoea No.
Given, z* € BY and m,n € N such that k > n > m, we choose a € A for

which [}y, — z;;m 2*(2;) ]| < £/(2]1S]). Consequently,
|55 (5 wrmtten)] = o5 oo

< 1Piv,o0) © S (ya)l + HP[N,oo) OS*(ya Z (2 fJ)H

:m

n

i 3w

< 1P o0y © 8" W)l + I P o) 1511

8 JR—
2|15
LEMMA 2.11. Let X be a Banach space with a shrinking Schauder frame

(xi, )32, ,and let Z be a Banach space with a basis (2;);2,. Then for all
k €N and e > 0, there exists N € N such that

sup H Z( *(z5) f](a:,))z;k

n>m>N

13
< = S
5+ IS

<ellz*||  for all ¥ € X*.

Proof. Let k € Nand e > 0. As (z;, f]) ° , is a Schauder frame for X, the
series ) 22, fj(xi)x; converges in norm to z; for all ¢ € N. Thus there exists
N € N sttch that supy sy |57, £5(@)2 | < 2/ (6221 for all 1 < i < k.
For z* € Bx+~ and n > m > N, we have

HZ< @)= ZHZfJ zo)as|

£
< § e =

The following lemma and theorem are based on an idea of W. B. Johnson
[J], and are analogous to Proposition 3.1 in [FOSZ|, and Lemma 4.3 in [OS1].
Their importance comes from allowing us to use arguments that require
“skipping coordinates”, and in particular, will allow us to apply Proposition

214

LEMMA 2.12. Let X be a Banach space with a boundedly complete Schauder
frame (x;, )52, C X x X*. Let ¢; \, 0 and (p;){2, € [N|¥. There exists
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(ki)72, € [N]* such that for all x** € X** and all N € N there exists M € N
such that ky < M < kny1 and

sup < enllz™|.

PM+1>N>MZ>prr—1

> (e

Proof. Assume not; then there exist ¢ > 0 and Ky € N such that for
all K > Ky there exists 237 € By« such that for all Ko < M < K
there exists nx a,mrg .y € N with py—1 < mrgym < ngyw < puyr and
||Z?fmAiM 3 (fi)zil| > €. As [pam—1,pm+1] is finite, we may choose a se-
quence (K;)°; € [N]“ such that for every M € N there exist ny;,mpy € N
such that ng, pr = nar and mg, pr = may for all ¢ > M. After passing to a
further subsequence of (K;);2,, we may assume that there exists ** € X**
such that 3% (f;) — 2™*(f;) for all j € N. Thus |37 o™ (fi)zil| > e.
This contradicts the series > ;2 **(f;)z; being norm convergent. m

THEOREM 2.13. Let X be a Banach space with a shrinking Schauder
frame (x4, f;)72,. Let Z be a Banach space with a basis (2;);2; such that
(@i, fi)52, is strongly shrinking relative to (z;):2,. Let (p;)52, € [N]¥ and
(01)22, C (0,1) with 6; N\, 0. Then there exist (¢;)52,, (N;)52, € [N]¥ such
that for any (k;);2, € [N|¥ and y* € Sx-«, there exist yi € X* and t; €
(Nk;,_1—1,Nk,_,) for all i € N with No =0 and to = 0 such that:

(a) y" =221y
and for all £ € N we have
(b) either [[y;|| < be, or supp,, — >nom 12520 ¥i (@5) f3ll < Scllyz|l and
SUPp>m>pg,, 1252 Y2 (@) f511 < ellyz
©) 1Ppey way, )0 Wisy T 97 Ty — ¥ )lze <o,
kg kot

where Py is the projection operator Pr : [2f] — [2]] given by Pr(>°a;z}) =
Yicraizy for all Y- a;zf € [27] and all intervals I C N.

(2

Proof. By Theorems and (fi,x:)$2, is a boundedly complete
frame for X* with associated basis (2])22,. After renorming, we may assume
without loss of generality that (z;)$2; is bimonotone. We let K be the frame
constant of (f;, z;)72,. Let £; \, 0 be such that 2¢;41 < &; < J; and (1 + K)g;
< 62, for all i € N.

By repeatedly applying Lemma to the frame (z;, f;)72, of X, we may
choose (qx)72, € [N]¥ such that for all k € N,

no n
(5) sup > fi( > fj(ﬂﬁ)wj)iﬂi
"Zmzqu+1 >qu ZnOZmO i:mo ]:m

<egllz]| for all z € X.
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By Lemma after possibly passing to a subsequence of (g)72,, we may
assume that for all k € N,

(6) sup H Z ( () f; ($1))ZZ*

nzmzqu 1 i=1 j=m

for all ¥ € X*.

By applying Lemma to the frame (x;, f;)7°, of X, after possibly passing
to a subsequence of (g;)72, we may assume that for all £ € N,

i_ZfZ(ZfJ ;)

J=mo

(7) sup

nZWZqu+1 >Pgqy, 210 =>Mo

< epyrllz]]  for all x € X.

By Lemma after possibly passing to a subsequence of (gj)72,, we may
assume that for all k € N,

® s | T (X eehe)s

n>m>1 :
pq > 1= qu+1 J=m

< epgllz]]  for all z* € X™.

By Lemma there exists (V;)52, € [N]¥ such that Ny = 0, and for all
x* € X* and for all k € N there exists ¢ty € N such that N < tx < Npy1

and Dy, cucmep, 20 2 (@) fill < el

Let (k;)72, € [N]“ and let y* € Sx-. For each i € N, we choose
t; € (Ng;, Ni,,,) with tg = 1 such that

n
9) sup H Z y*(xj)fjH < &
pqti+1>n2m2pqtrl j=m
-1
We now set y = Z?Z)qt y*(x;)f; for all i € N. We obtain
i—1

00 oo Pa;—

PEDD Z “(z)fi = Zy (@) f5 =y

=1 1=1 j=pq,.

1—1

Thus (a) is satisfied.

In order to prove (b), we let £ € N and assume that ||y;|| > ;. Let
m,n € N be such that n > m > Pay, - To prove property (b), we consider the
inequalities
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[ seas] =355 v

j=mi= p%[ 1

Pay, — Pay,—1—
<HZ Z (w3) fi( Ly f])‘+“z Z (z3) fi( €Ty f]H
Jj=mi= pqte 1 Jj=mi= pqté 1
Pgy, —1 Pag, 1~
SKH Z xz fz Zj fJH
i:pqtz 1 Jj=mi= =Pay, ,

< Key, +¢e¢, by @ and @
< (X4 K)e llyell /60 < (1 + K)eellygll /60 < dellyz |-
Thus SUPp>m>p,,, 1225 vi () f3ll < delly7ll, proving the first of the two

inequalities in (b). We now assume that £ > 1, and let m,n € N be such that
Pg, , >n=>m. To prove the remaining inequality in (b), we observe that

n Pa,

| Zyz il =32 Z (o) file) i

Jj=mi= pqtZ 1

Paty_y+17
<[> Z T DYDY Wi)fi(%)fjH
j=mi=pq,, _ 1+1 J=m =Pay,_,
n  Pay,” Paty_y+171
<|Ix Z v+ K| Y v
J=Emi=pg,, =Pa,_,

<é&t 41+ Kep—1 by and @
< (ety 11+ Kee)llyp /00 < (L + K)ee1llyell /e < Sellyz |-

Thus SUDp,,  >n>m 1225 v7 () f5]l < delly7 ||, and hence all of (b) is sat-
isfied. -
To prove (c), we note that

HP[qu pay, S Wi T Y Y - y*))
kg kgy1

Z*
P —1
qN’feH
_ * * * * N\ S %
= H Z (We—1 +y7 +yip — ¥ (@i)7
i—quk
Ny Pq 1
041 tg—2 [eS)
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Pany, 1_1 Pag, , 1 qukz 1_1 0o
< H Z ( Z y*(xj)fj(xi)>zz‘ +H Z ( Z y*(xj)fj(xi))zf
i:quké Jj= ’i:Pqu j:p‘“e-H
() Pqy ,2_1 qusz [
5 (S veane)ald] 35 (S venn)s

l:quke 7=1 i=1 j=pqt“_1

<5Nk[*1+5Nke+1 <eé&y byand @
Thus (c) is satisfied. =

Properties of coordinate systems for Banach spaces such as frames, bases,
and FDDs can impose certain structure on infinite-dimensional subspaces.
For our purposes, this structure can be intrinsically characterized in terms
of even trees of vectors [OSZ1]. In order to index even trees, we define

T ={(n1,...,n9¢) :ny < -+ <ngg are in N and ¢ € N}.

If X is a Banach space, an indexed family (74)acteven C X is called an
even tree. Sequences of the form ($(n1,...,n2e_1,k))zozn%,ﬁl are called nodes.
This should not be confused with the more standard terminology where a
node would refer to an individual member of the tree. Sequences of the form
(2015 T(ny,...mp0) )2y are called branches. A normalized tree, i.e. one with
|zal| = 1 for all a € TY" is called weakly null (resp. w*-null) if every node
is a weakly null (resp. w*-null) sequence.

Given 1>e>0and AC (NxSx«)¥, we let A ={(l;,y) € (N x Sx«)“:
there exists (k;,z}) € A such that k; < £;, ||aF — yf|| < e27¢ for all i € N},
and we let A. be the closure of A. in (N x Sx+)¥. We consider the following
game between players S (subspace chooser) and P (point chooser). The
game has an infinite sequence of moves; on the nth move S picks k, € N
and a finite-codimensional w*-closed subspace Z, of X* and P responds by
picking an element x} € Sx~ such that d(z}, Z,) < £27™. Now, S wins the
game if the sequence (k;, ;)72 the players generate is an element of As.,
otherwise P is declared the winner. This is referred to as the (A4,¢)-game
and was introduced in JOSZI]. The following proposition is essentially an
extension of Proposition 2.6 in [FOSZ] from FDDs to frames, and relates
properties of w*-null even trees and winning strategies of the (A, ¢)-game to
blockings of a frame.

PROPOSITION 2.14. Let X be an infinite-dimensional Banach space with

a shrinking Schauder frame (x;, f;)52,. Let A C (N x Sx«)“. The following
are equivalent:

(1) For all ¢ > 0 there exist (K;)2, € [N]* and 6 = (6;) < (0,1)

with 6; N\, 0 and (p;)2, € [N]¥ such that if (y})X, C Sx+ and
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(ri)i2o € [NJ* satisfy sup,, .\ >pome1 122520 v7 (25) /5] < di and
Supn>m>pr ||Zj myz (x])fjH < 6 fOT‘ allzGN then (K, ( 1?y2 ) EAE'
(2) For alle >0, S has a winning strategy for the (A,e)-game.
(3) For alle > 0 every normalized w*-null even tree in X* has a branch
mn A..

Proof. The equivalence (2)<(3) is given in [FOSZJ.

We assume (1) holds, and will prove (3). Let («7 T n2€))(n17.”7n22)€’1“0e<\>/en
be a w*-null even tree in X™*, and let € > 0.

We shall construct by induction sequences (r;)32, (n;)52; € [N]* such
that K, = ngit1 and sup, >psm> [y Tl o) (Z3) il < di and
SUP > m>p,. 1D j=m Yi (27)fi]l < 0; for all i € N. To start, we let 7o = 1
and n; = K. Now, if £ € N and (r;)_, and (n;)2“T' have been cho-
sen, then since (a:(nh 7n2£+17k))k:”2£+1+1 is w*-null, we may choose nos1o >
nges1 such that ||z n17~--,"22+17"2l+2)(xj)fj|| < (pr, +1)710451. Thus, we have
SUPp,, 4 1>2n>m>1 szzmw* () fill < deg1- As (5, f5)2, is a

(n1,-n2041,M2042)
Schauder frame, we may choose 7711 > r¢ such that

n
Sup H Z x>(k7117~--»n22+1,n2e+2)(xj)fjH < 5£+1'
n2m2pry, g 0
We then let ngrpp = Ky, . Thus, (r;)i2, and (n;)2; may be constructed

by induction to have the desired properties, giving (ng;—1, z} Ty n%))z:l

(Kri—l7xz<n17“.7n2i))'?il € Aa'

We now assume (2) holds, and will prove (1). Let € > 0. The fact that
player S has a winning strategy for the (A, e)-game means that there exist
an indexed collection (k:(gc*’“_’zz))(xikywwz)eXm of natural numbers and an

indexed collection (X <~ of cofinite-dimensional w*-closed
(z* )eX

subsets of X* such that 1f (xF)2, C Sx+ aEd d(z7, XE"I o )) < =e27¢ for
all ¢ € N, then (kj(mf:vxf)’X(Zﬁ,wi‘))zl S Ae/2 and (k( Tt Z))fil € [N]w
We construct by induction (K;)9, (pi)$2; € [NJ“, (4 )‘Zx’l € (0,1)~,
and a nested collection (D;)$2; C [X<*]* such that D; is 55627 dense
in [f]-]g"zl and if (y/)°; C Sx» and ()72, € [N]* are such that both
Suppri71+12n2m21 szzm y:(x])fj” < 51 and SuanmZpri ”Z?:m y:(x])f]H
< §; for all i € N, and 2} € D, are such that |ly} — z}| < 55627 for all

i €N, then Ky, > kg, pr ) and d(zf, X(o .)) < 5627 This would

imply that (k(z“f,..-,zf%kax;,...,x;))zﬁl € A.jp. Hence, (K,,_,,yf)2, € A. as
Ky 2 Ky, ar ) and [lyf — 27| < €27 for all ¢ € N. Thus all that
remains is to show that (K;)%2,, ()2, € [N]* and (D;)2, C [X<“]* may
be constructed inductively with the desired properties.



Upper and lower estimates for Schauder frames 179

We start by choosing K1 = ky. As (x4, fi)72, is a shrinking Schauder
frame for X and X; C X* is cofinite-dimensional and w*-closed, by Lemma
there exist p1 € N and 01 > 0 such that if sup, >p>m>1[1227-,, ¥ () fll
< 4y for some y* € Sx«, then d(y*, Xjj) < €. We then let Dy be some
finite se-net in [fi]?2,. Now we assume n € N and that (K;)7; € [N]<%,
(p)y € [N]<¥, (&), € (0,1)<¥, and (D;), C [X=“]=“ have been
suitably chosen. As (z;, f;)7°; is a shrinking Schauder frame for X, and
X(*zp ) © X* is cofinite-dimensional and w*-closed for all (z7,...,x})
in [D,]|<¥, by Lemma there exist p,4+1 € N and 0,41 > 0 such that
if supy, , >nome1 | 27m ¥ (@) fill < Ontr for some y* € Sx., then
d(y*vﬂ(z’{,...,x;)e[Dn}@ X{x;,‘..,xg)) 2062 n=1 We then let

Ko = max

Kes,...ap)
(@},smp ) E[Dy] < 1T

and let D, 1 be a finite 2052 n—1_jet in [fl]anrl' .

3. Upper and lower estimates. If (z;)7°; and (v;){2, are two se-
quences in Banach spaces and C' € R, then we say that (x;):2, is C-dominated
by (v3)$2, if |3 aimi]| < O3 aZvZH for all (a;) € coo. Let Z be a Banach
space with an FDD (E;)22,, let V' = (v;)?2, be a normalized 1-unconditional
basis, and let 1 < C < oo. We say that (E;)°, satisfies subsequential
C-V -upper block estimates if every normalized block sequence (z;)°; of
(E;)2, in Z is C-dominated by (v, )2, where m; = minsuppg(z;) for
all i € N. We say that (E;)$°, satisfies subsequential C-V -lower block esti-
mates if every normalized block sequence (z;)$°, of (E;)?2, in Z C-dominates
(vm,;)$2,, where m; = minsuppg(z;) for all i € N. We say that (E;):2, sat-
isfies subsequential V -upper (resp. lower) block estimates if it satisfies sub-
sequential C-V-upper (resp. lower) block estimates for some 1 < C' < 0.

Note that if (E;)$°, satisfies subsequential C-V-upper block estimates
and (2;)72; is a normalized block sequence with maxsuppg(zi—1) < ki <
minsuppg(z;) for all i > 1, then (2;)72, is C-dominated by (vg,)2; (and a
similar remark holds for lower estimates). The following well known lemma
shows why upper estimates are useful for proving theorems about shrinking
basic sequences, and why lower estimates are useful for proving theorems
about boundedly complete basic sequences.

LEMMA 3.1. Let (E;)2, be an FDD and let (v;):2, be a normalized basic
sequence. If (v;)72, is weakly null and (E;)5°, satisfies subsequential V -upper
block estimates, then (E;)2, is shrinking. If (v;)32, is boundedly complete
and (E;)2, satisfies subsequential V -lower block estimates, then (E;)$2, is
boundedly complete.
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Proof. We first assume that (v;)°; is weakly null and (E;)5°, satisfies
subsequential C-V-upper block estimates for some C' > 0. Let (2;)°; be a
normalized block sequence of (E;)$°,. We know that (2;)72, is C-dominated
by (vm,)52; where m; = minsuppg(z;) for all i € N. Let ¢ > 0. Because
(v3)$2, is weakly null, there exists (A\;)"_; C (0,00) such that Y \; =1
and ||>° Aivm, || < €/C. Hence, || Aizi|| < C|>. Aivi|]] < . We infer that
0 is contained in the closed convex hull of every normalized block sequence
of (E;), and hence (Ej;) is shrinking.

We now assume that (v;)22; is boundedly complete and (E;)$°, satis-
fies subsequential V-lower block estimates. Let (z;)7°; be a seminormalized
block sequence of (FE;)2;. We see that (v,,,):2; is dominated by (z;)72,;
where m; = minsuppg(z;) for all i € N. As (v,,,)52; is boundedly complete,
SUPen |> iy Um, || = oo. Hence, sup,cy || i zil] = oo, and thus (E;)$0,
is boundedly complete as well. m

Subsequential V*)-upper block estimates and subsequential V-lower block

estimates are dual properties, as shown in the following proposition from
[OSZ1].

ProprosiTION 3.2 ([OSZ1), Proposition 2.14]). Assume that Z has an
FDD (E;)2,, and let V = (v;)32, be a normalized and 1-unconditional basic
sequence. The following statements are equivalent:

(a) (E;)$2, satisfies subsequential V -lower block estimates in Z.
(b) (E)$2, satisfies subsequential V') -upper block estimates in Z*).

(Here subsequential V) _upper estimates are with respect to (vF)52,, the
sequence of biorthogonal functionals to (v;)$2;.)

Moreover, if (E;)72, is bimonotone in Z, then the equivalence holds true
if one replaces, for some C > 1, V-lower estimates by C-V -lower estimates
in (a) and V) -upper estimates by C-V'*)-upper estimates in (b).

Note that by duality, Proposition holds if we interchange the words
“upper” and “lower”.

We are interested in creating associated spaces which have coordinate
systems satisfying certain upper and lower block estimates. The particular
Banach spaces that we start with do not themselves have such coordinate
systems, and hence we need to consider intrinsic coordinate-free proper-
ties of a Banach space which characterize when a Banach space embeds
into a different Banach space with a coordinate system having certain up-
per and lower block estimates. These intrinsic coordinate-free Banach space
properties are defined in terms of even trees. Let X be a Banach space,
V = (v)$2; be a normalized 1-unconditional basis, and 1 < C' < oo. We
say that X satisfies subsequential C-V -upper tree estimates if every weakly
null even tree (zq)aereven in X has a branch (nog—1, T(n, ... n,,)) 2, Such that
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(T(n1,...;m00)) 721 18 C-dominated by (vn,, ,)72,. We say that X satisfies sub-
sequential V -upper tree estimates if it satisfies subsequential C-V-upper tree
estimates for some 1 < C' < oo. If X is a subspace of a dual space, we say
that X satisfies subsequential C-V -lower w* tree estimates if every w*-null
even tree (Ta)aereven in X has a branch (ngs—1,%(n, .. ny))72; Such that
(T(ny,...;m00) ) 721 C-dominates (vp,, ;)72

A basic sequence V' = (v;)72, is called C-right dominant if for all se-
quences mi < mg < ---and ny < ny < - - - of positive integers with m; < n;
for all ¢ € N, the sequence (vy,, )2, is C-dominated by (vy,)32,. We say that
(v3)$2, is right dominant if for some C' > 1 it is C-right dominant.

LEMMA 3.3 ([FOSZ, Lemma 2.7]). Let X be a Banach space with sepa-
rable dual, and let V = (v;)$2, be a normalized, 1-unconditional, right domi-
nant basic sequence. If X satisfies subsequential V -upper tree estimates, then
X* satisfies subsequential V*-lower w* tree estimates.

Let (x;, fi)32, be a shrinking Schauder frame for a Banach space X, and
let (v;)$2, be a normalized, 1-unconditional, block stable, 1-right dominant,
and shrinking basic sequence. For any C' > 0, we may apply Proposition@
to the set A = {(n;,77)2; € (N x Sx«)* : ()72, C-dominates (v;; )2}
to obtain the following corollary.

COROLLARY 3.4. Let (zi, fi)2, be a shrinking Schauder frame for a
Banach space X, and let V. = (v;)2; be a normalized, 1-unconditional,
block stable, right dominant, and shrinking basic sequence. The following
are equivalent:

(1) There exist C > 0, (K;)24, (pi)$2, € [N]¥, and § = (§;) C (0,1)
with 0; N\, 0 such that if (y7);2, C Sx+ and (1;)52, € [N]¥ are se-
quences such that both supy<,<m<p, 1 1220 i (25) 5]l < 6i and

SUp,, <n<m 122500 Ui (2) fjl1 < 0 then () =c (vk, )

(2) X satisfies subsequential V -upper tree estimates.

Let Z be a Banach space with a basis (2;)72,, let (p;)32, € [N]* with
p1 =1, and let V' = (v;)$2; be a normalized 1-unconditional basic sequence.
The space Zy (p;) is defined to be the completion of cyg with respect to the
following norm || - || z,, where for (a;)$2, € Co()'

Pr; +1 1

|32 e SIS e
=1 J =Pr;

Note that (z;)72; is a Schauder basis for Zy (p;) and (span;cpp, n,. 1) 25)i21
is an FDD for Zy (p;). The following proposition from [OSZ1] is what makes
the space Zy essential for us. Recall that in [OSZ1], a basis, (v;)$2;, is called
C'-block stable for some C' > 1 if any two normalized block bases (x;):°; and

(yi)§2, with max(supp(z;),supp(y;)) < min(supp(zi+1),supp(yi+1)) for all

= max
VAYS MGN,ISTO§T1<"'<T1\4
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i € N are C-equivalent. We say that (v;)5°; is block stable if it is C-block
stable for some constant C. We will make use of the fact that the property
of block stability dualizes. That is, if (v;)72, is a block stable basic sequence,
then (v})2, is also a block stable basic sequence. Another simple, though
important, consequence of a normalized basic sequence (v;)7°; being block
stable is that there exists a constant ¢ > 1 such that (vy,)72, 1s c-equivalent
to (Ung,, )52, for all ()2, € [N]¥. Block stability has been considered be-
fore in various forms and under different names. In particular, it has been
called the blocking principle [CJT] and the shift property [CK]| (see [FR]
for alternative forms). The following proposition recalls some properties of
Zy (pi) which were shown in [OSZ]1].

ProprosiTION 3.5 ([OSZI, Corollary 3.2, Lemmas 3.3, 3.5, and 3.6]).
Let V = (v;){2, be a normalized, 1-unconditional, and C-block stable basic
sequence. If Z is a Banach space with a basis (z;)72, and (p;)5°, € [N]¥ with
p1 =1, then (spanjcpp, », ) %5)icy satisfies subsequential 2C-V -lower block
estimates in Zy (p;). If the basis (v;):2; is boundedly complete, then (z;)5°,
is a boundedly complete basis for Zy (p;). If the basis (v;)2, is shrinking and
(2i)22, is shrinking in Z, then (z;)2, is a shrinking basis for Zy (p;).

If U = (u;)2, is a normalized, 1-unconditional, and block stable basic
sequence such that (v;){2, is dominated by (u;)2y and (Spanjcip, n,. 1) %)ic1
satisfies subsequential U-upper block estimates in Z, then (spanje[pijpiﬂ) 2§)724
also satisfies subsequential U-upper block estimates in Zy (p;).

THEOREM 3.6. Let X be a Banach space with a shrinking Schauder
frame (z;, fi)2, which is strongly shrinking relative to some Banach space Z
with basis (2;)2, and bounded operators T : X — Z and S : Z — X defined
by T(x) = fi(x)z for allx € X and S(z) =Y zf(2)x; for all z € Z. Let
V = (v3)2, be a normalized, 1-unconditional, block stable, right dominant,
and shrinking basic sequence. If X satisfies subsequential V -upper tree es-
timates, then there exist (n;)52,, (K;)2, € [N]“ such that ZE‘ )(nl) is an

associated space of (fi,x;)2, with bounded operators S* : X* — Z(* . )(nz)

and T* : Za* )(n,) — X given by S*(z*) =Y a*(x;)z} for all x* € X* and

S*(z*) = Zz () fi for all z* € Z{U;{_)(ni).

Proof. After renorming, we may assume that the basis (z;)°; is bimono-
tone. The sequence (f;,z;)72; is a boundedly complete Schauder frame for
X* by Theorem and we find that X* satisfies subsequential V*-lower
w* tree estimates by Lemma By Theorem 2.5, the basis ()52, is
an associated basis for (fi, ;)52 Wlth bounded operators S* : X* — Z*
and T : Z* — X given by S*(z*) = > a*(x;)z] for all 2* € X* and
S*(2*) = > 2*(z)fi for all z* € Z*. Let ¢ > 0. By Corollary there
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exist C > 0, (K2, (p)2; € [N, and § = (§;) C (0,1) with & \,0
and ) d; < e such that if (y/)2; C Sx+ and (r;)52, € [N]¥ satisfy
Supl§n§m§p7i71+1 HZ]:nyz (l.])f]H < 5 and Suppngngm“ijny:(x])f]“
< 0, then (y)) > (U}}Ti—l). We apply Theorem to (@i, fi)2q, (Pi)72y
€ [N]¥, and (6;)$2, C (0,1) to obtain (g;)2,, (N;)°, € [N]“ satisfying the

conclusion of Theorem m
OO

By Theorem 2.5 (z7)2, is an associated basis for (f;,z;)2,, and we
denote the norm on Z* by || - || z=. We block the basis (2])2°; into an FDD

by setting F; = span,c yzj for all ¢ € N. We now define a new

[Pqu ’qui+1 J

norm || - || z- on span(z})°; by setting, for all (a;) € cqo,
qNT7,+1
* * *
a;izi|| . = E ) a;z;|| v
HZ v z* MEN 1<'r‘0<7“1< <T’MH 777 Z* KNTZ' Vv
_qu/r‘

We let Z* be the completion of span(z;)$°; under the norm || - || ;.. Note
that [|z*||z+ < ||z*]| 7« for all z* € Z*. As ( )29, is block stable, there exists
a constant ¢ > 1 such that (v;, )52, ~. (v*. )2, for all (nz)Z:1 € [N]¥. We

Ti+1

now show that ||.S*(y*)|| 7« < (1 + 2¢)3cC||S|| ||y*|| for all y* € X*.
Let y* € X* with ||[y*]| =1, M e Njand 1 <79 <71 < -+ < rpr. We will

* M qu""i -1 * * || %
show that (142¢)3cC[ S| ly™| = 122521 12 =p, ¥ (@7 05y, [Iv+- By

Theorem there exist yi € X* and ¢; € (Nrill,l, N,, ) for all 1 €N
with Ny = 0 and tg = 0 such that
(a) y* =321
and that for all ¢« € N we have
(b) either [[y7[| < &, or supy, — spom 1225 vF (25) S5l < dillyf |l and
SUPn>m>py, 122 jmm Y7 (25) fi1l < 0illy7
(c) I y o S* (Wi Tyl Huia —y)llze < i

[quki ’quki—o—l

We let A = {i € N: |ly*|| > d;}. By our choice of (p;)?2,, we deduce that
Wi /llyiNica zc vk, Jiea- Thus, Cl3 e avill = 1205 i llvE,, llve
We now obtain the following lower estimate for ||y*|:

"l = | > wi| by (@)
> [ Ywi|+ X lwil-e as Yoi<e
€A

igA
* 1 * *
A ez 5[ Yl vk,
igA

1 * *
> = > i ik,

€A

— &

A
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SER (TN

> 3@”2”% Ly vl

)—e
V*

e,

— &
V*

> S*(y* * * Y .
- 3CC||SH Z H (yl—]_ + yl + yl_i_]_)HZ /UKTZ',1 v I

1 * * (% * * %
= 3cCS|| Z HP[qui,quiH)S (Yi1 + i "‘Z/z'Jrl)HZ*UKTFl ve €

qu7,+1 -

1
1
= 3CC||S|| || y x])Z]H KT‘Z 1|y

Thus ||S*y*||z« < ( +?5)3CCHSH ly*|| for all y* € X*. Furthermore, as
2% 7- < 12711 - for all z*€ 27, we have [y || < | T 15" |l 7+ < | T* | 157 -
for all y* € X*. Hence, S* : X* — Z* is an isomorphism. We observe that
T* : Z* — X* is bounded, and hence T* : Z* — X* is bounded as well, since
l2*|| z+ < ||2*|| 2« for all 2*€ Z*. Thus, Z* is an associated space of X*. u

—2¢ by (c).

We now restate and prove Theorem[I.6] which is an extension of Theorem
1.1 in [FOSZ] to Schauder frames.

THEOREM 3.7. Let X be a Banach space with a shrinking Schauder
frame (z;, fi)32,. Let (v;)2, be a normalized, 1-unconditional, block stable,
right dominant, and shrinking basic sequence. If X satisfies subsequential
(v:)32, -upper tree estimates, then there exist (n;)5°,, (K;)52, € [N]* and an
associated space Z with a shrinking basis (2;)72; such that (spanjc, n,. ) %i)i1
is an FDD which satisfies subsequential (vi, )2 -upper block estimates.

Proof. As (x;, f;)52, is a shrinking Schauder frame, it is strongly shrink-
ing relative to some associated basis (z;)$°, for a Banach space Z by Theo-
rem[2.9] We thus have bounded operators T : X — Z and S : Z — X defined
by T(z) =) fi(x)z for all x € X and S(z) = > 27 (z)x; for all z € Z. By
Theorem (3.6, there exist (n;)5°,, (K;)2, € [N]* such that Ly )(nz) is an

K
associated space of (f;, ;)2 with bounded operators S* : X* — Z(*v;( )(nl)
and T* : Z(*v;(i)(ni) — X given by S*(2*) = > a*(x;)z; for all 2* € X* and
T*(z*) = > 2*(z) fi for all z* € ZEkv;( )(nl) We define Z as the completion

of [7]?2, under the norm
= sup z*(Zaizi).

HE A;Z; || _
Z Z*EBZ*

« (ng)
G A
As (2})$2, is a boundedly complete ba81s of Z( . )(nz) by Proposition

we see that (2;)72; is a shrinking basis for Z and that the dual of Z is
Za%)(ni). We now prove that Z is an associated space for (z;, f;)72;.
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If (yf)2, € X* and y7 —y+ 0, then (S*(y;))2, converges w* to 0
as a sequence in Z*. Thus ((S*(y))(z;)):2, converges to 0 for all j € N.
Furthermore, (S*(y}))$2, is bounded in Z?U;{i)(ni) as Z(*v;(i)(ni) is an asso-
ciated space of (fi,x;)52;. Proposition 3.5 shows that (2})22; is a boundedly
complete basis for Za* )(ni), and hence converging w* to 0 in Za* )(nz) is

K; K;

equivalent to converging coordinatewise to 0 for bounded sequences. Hence,
(S*(yF))2, converges w* to 0 in Z, )(nl) Thus S* : X* — Z7 . \(n;) is

vk, (vk;,)
w*-to-w* continuous, and hence is a dual operator. Thus, S : Z — X is well
defined and bounded.

If (y))2, C Z} . \(n;) converges w* to 0 in Z} )(ni), then (y7)2, is

(vi,) (v,
bounded and converges coordinatewise to 0. Hence, (y})?°, is bounded and
converges coordinatewise to 0 in Z* as ||z*[| z« < ||2* ”Z<* o) for all z* € Z*.
UK,L
Hence, (y;):2, converges w* to 0 in Z* as (z})?2, is a boundedly complete
basis for Z*. Thus, (T™(y}))52; —w+ 0 in X*. Hence T* : Z7 , |(n;) > X™ is

(vi,)
w*-to-w* continuous, and so a dual operator. Thus, T : X — Z is well de-
fined and bounded. This tells us that Z is an associated space for (x;, fi)$2;.
By Proposition the FDD (spanjcy, n,,,) 27 )2y satisfies (v}, )-lower block
estimates in Z*, and hence (SPatjepn, .. 1) %5)i0y satisfies (vk,)P2;-upper

block estimates in Z. By Lemmawe conclude that (z;)$°, is shrinking. m

We now restate and prove Theorem[I.7] which is an extension of Theorem
4.6 in [OSZI] to frames.

THEOREM 3.8. Let X be a Banach space with a shrinking and
boundedly complete Schauder frame (x;, f;)52,. Let (u;)52, be a normalized,
1-unconditional, block stable, right dominant, and shrinking basic sequence,
and let (v;);2, be a normalized, 1-unconditional, block stable, left domi-
nant, and boundedly complete basic sequence such that (u;) dominates (v;).
Then X satisfies subsequential (u;):2, -upper tree estimates and subsequential
(v3)$2, -lower tree estimates if and only if there exist (n;)32,, (K;)52, € [N]¥
and a reflexive associated space Z with associated basis (z;)2, such that
the FDD (spanjci, n, ) %j)ic1 satisfies subsequential (uk,):< -upper block
estimates and subsequential (vk,);2, -lower block estimates.

Proof. By Theorem (xi, fi)72, has an associated space Z with a
shrinking basis (2;)5°, such that there exist (m;)$2,, (k;)$2; € [N]¥ such that
the FDD (span;cim, m,. ) 2j)ic1 satisfies subsequential (uy,);2;-upper block
estimates. We notice that (f;, ;)72 is a shrinking frame for X* which is
strongly shrinking relative to the associated basis (2]):°; by Corollary
The space X satisfying subsequential (v;)°,-lower tree estimates implies
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that X* satisfies subsequential (v})?°,-upper tree estimates. Thus we may
apply Theorem to the space X*, the frame (f;, z;);2;, and the associated
basis (z)72; to obtain (n)2, (K)2; € [N]* such that Z,, )(n) is an
associated space for (z;, f;)22;. Furthermore, we may assume that (n;)32; is a
subsequence of (m;)$°, and that (K;)$°, is a subsequence of (k;)2; as (v;)52,
is left dominant. By Lemma the FDD (spanjcp, », ) 2j)ic; satisfies
subsequential (ug,):°;-upper block estimates and subsequential (vg,)5;-
lower block estimates. By Lemma we deduce that (z;)72; is shrinking
and boundedly complete. Thus, Z is reflexive. =

We now show that Theorem [L.5] follows immediately from Theorems
and 3.8

Proof of Theorem . Let (x4, fi)72, be a shrinking Schauder frame for
a Banach space X. Then X must have separable dual by Theorem We
claim that X must satisfy subsequential (v;)°;-upper tree estimates for
some normalized, 1-unconditional, block stable, right dominant, and shrink-
ing basic sequence (v;):°;. Indeed, as X has separable dual, X must have
countable Szlenk index. In particular, Sz(X) < w™ for some countable or-
dinal a.. By [FOSZ, Theorem 1.3], there exists a constant ¢ € (0,1) such that
X satisfies subsequential Ty, .-upper tree estimates, where Tj, . is Tsirelson’s
space of order o and constant c. The unit vector basis for 7, . is a nor-
malized, 1-unconditional, block stable, right dominant, and shrinking basic
sequence (see [OSZ2), Proposition 3| as well as [CJT] and [LT] for a proof).
Thus, we may apply Theorem to obtain a shrinking associated basis for
the shrinking Schauder frame (z;, f;)5°;.

We now assume that (x;, f;)7°, is a shrinking and boundedly complete
Schauder frame for a Banach space X. Then X must be reflexive by The-
orem We claim that X must satisfy subsequential (u;)$°;-upper tree
estimates and subsequential (u})?°,-lower tree estimates for some normal-
ized, 1-unconditional, block stable, right dominant, and shrinking basic se-
quence (u;)72,. Indeed, as X is separable and reflexive, both X and X*
must have countable Szlenk index. In particular, Sz(X), Sz(X*) < w® for
some countable ordinal . By [OSZ2, Theorem 21], there exists a constant
c € (0,1) such that X satisfies subsequential T}, .-upper tree estimates and
T, ~-lower tree estimates. The unit vector basis for 7T, . is a normalized,
1-unconditional, block stable, right dominant, and shrinking basic sequence.
Thus the unit vector basis for 77 . is a normalized, 1-unconditional, block
stable, left dominant, and boundedly complete basic sequence. We apply
Theorem to obtain a reflexive associated space for the shrinking and
boundedly complete Schauder frame (z;, f;)2,. »
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