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Condensation and large cardinals
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Sy-David Friedman and Peter Holy (Wien)

Abstract. We introduce two generalized condensation principles: Local Club Con-
densation and Stationary Condensation. We show that while Strong Condensation (a gen-
eralized condensation principle introduced by Hugh Woodin) is inconsistent with an w1-
Erdés cardinal, Stationary Condensation and Local Club Condensation (which should be
thought of as weakenings of Strong Condensation) are both consistent with w-superstrong
cardinals.

This article is a contribution to the outer model programme (see [11]),
whose aim is to show that large cardinal properties can be preserved when
forcing desirable features of Gddel’s constructible universe. The properties
GCH, <, 0O, definable wellordering and gap-1 morass were discussed in [8|,
1], 17, 141 5, 1]. In this article we consider Condensation. The central result
of this paper is Theorem [25] which shows that Local Club Condensation is
consistent with the existence of w-superstrong cardinals, the “strongest” of
large cardinals (for the definition of w-superstrong cardinals see Definition
below); its main auxiliary theorem is Theorem a quite different proof of
which can be found in the second author’s doctoral dissertation [13]. This
work is also relevant to a result of Itay Neeman [I7] regarding the large
cardinals required to force PFA over L-like models (see the final section of
the present paper).

Condensation principles. Godel’s universe L of constructible sets sat-
isfies Condensation in a very strong form. There exists a sequence (Ly: o €
Ord) such that:

(a) L =, La, Lq is transitive, Ord(L,) = o, o < 3 — Lo € Lg, and
L) =gy Lo for limit A.
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(b) For each a: If (M, €) is elementary in (Lg, €) then (M, €) is isomor-
phic to some (Lg, €).

We will give definitions of various generalized forms of Condensation;
those definitions apply to models M of set theory with a hierarchy of levels
of the form (M, : o € Ord) with the properties that M = |J,corq Ma, each
M, is transitive, Ord(M,) = «, if @ < § then M, € Mgz, and if v is a
limit ordinal then M, = (J, <y M,. We will often use M, to also denote
the structure (M, €, (Mp: § < «)), where context will clarify the intended
meaning. If B has domain B and is elementary in some M,, we say that B
condenses or that B has Condensation iff (B, €, (Mg: 3 € B)) is isomorphic
to some (Mg, €, (Mg: f < &)). We also say that B condenses or that B has
Condensation in this case.

In [19], Hugh Woodin defines the principle of Strong Condensation, which
may be reformulated in the context of models with a hierarchy of levels as
follows:

Total Strong Condensation is the statement that for every «, there
is a structure A = (Mg, €, (Mp: f < a),...) for a countable language such
that each of its substructures condenses

Strong Condensation is the same statement with a ranging only over
cardinals and with the additional assumption that for every cardinal «,
M, = H,, the collection of sets whose transitive closure has cardinality less
than .

Strong Condensation for « is the statement of Strong Condensation
for a single (fixed) cardinal o together with the assumption that M, = Hy
for all cardinals k < a.

Total Strong Condensation is the strongest fragment of Condensation
which we will consider in this paper. Strong Condensation follows from Total
Strong Condensation by Lemma [I] below. A natural weakening of Total
Strong Condensation is given by the following:

Stationary Condensation is the principle that for each o and infinite
cardinal k < a, any structure A = (M, €, (Mg: f < «),...) for a countable
language has a condensing substructure B with domain of size x, containing
K as a subset.

As we will show later, Strong Condensation is inconsistent with the ex-
istence of an wi-Erddés cardinal. Since our main focus lies on condensation
principles in the presence of very large cardinals, this notion is thus too

(*) As we may assume that A is skolemized, we could replace “substructure” by
“elementary substructure” in the above. Similar remarks will apply to the definitions of
all further generalized condensation principles below.
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strong for our purposes. We will show that Stationary Condensation is con-
sistent with the existence of an w-superstrong cardinal. But there is a much
stronger generalized condensation principle which we will show to be con-
sistent with the existence of an w-superstrong cardinal as well:

Local Club Condensation is the statement that if o has uncount-
able cardinality £ and A = (M, €, (Ms: B < «),...) is a structure for a
countable language, then there exists a continuous chain (By: w < v < k)
of condensing substructures of A whose domains B, have union M,, each
B, has cardinality card~y (the cardinality of v) and contains ~ as a subset.

Whenever we want to work with any of the above notions, we will be in
the situation that M = (L[A], A) for some A C Ord and (M,: o € Ord) =
(LoJA]: a € Ord). In this case, we say M is of the form L[A] and note that
(B,€,A) < (Mg, €, A) implies (B, €,(Mg: f € B)) < (Ma, €,(Mg: 5 < a))
and if (B, €, A) is isomorphic to (Mg, €, A) then (B,€,(Ms: f € B)) is
isomorphic to (Mg, €, (Ms: 8 < &)).

Acceptability is the statement that, assuming M is of the form L[A],
for any ordinals v > 4, if there is a subset of § in M1\ M., then H+1(§) =
M, 1, where HM~+1(§) denotes the Skolem hull of & in M1 = Li1[A]
using the predicate AN (y+1).

NoOTE. The above property might also be referred to as “Weak Accept-
ability”, since in the literature, “Acceptability” is often used for the follow-
ing, closely related notion: If there is a subset of § in M1\ M., then there is
a surjection of 6 onto M., in M, 1. We will stick to the term “Acceptability”
for our above-defined notion though.

LemMA 1. Total Strong Condensation — Local Club Condensation —
Stationary Condensation — GCH. In fact, if Stationary Condensation holds,
then for all infinite cardinals k, H, = My has cardinality k.

Proof. We only prove the last statement, as the other implications are
immediate. Suppose (M,: o € Ord) witnesses Stationary Condensation.
Let A = (Mqy,€,(Mp: B < ), fo) with f, a bijection from carda to «a.
Let B be the domain of a condensing substructure of A of size carda,
containing card « as a subset, as provided by Stationary Condensation. As
fa 18 contained in the structure A, it follows that o« C B, and hence that
B = M, has size card .

Thus if & < k%, then M, C H,_+ by transitivity of M, hence M, =

Ua<rt Mo € H, 4 for all infinite cardinals x. Now if 2 € H,+ choose some
onto

a such that z € M,. Let f: k — tcl({z}) and apply Stationary Conden-
sation to the structure (My, €, (Mpg: 3 < «), f) to obtain & < k™ such that
x € Mg C M, +. Therefore H,+ C M,+; it follows that H, = M, for all
infinite cardinals . =
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Strong Condensation

DEFINITION 2. A cardinal k is a-Erdds iff k — (a)<¥, i.e., for any
F : [5]5¥ — 2, there is a subset H of k of order-type « such that F is
constant on [H]" for each finite n.

FacT 3 (see [14]). Let k be the least a-Erdds cardinal, with o a limit
ordinal. Then k is strongly inaccessible and if C C k is CUB and A is
a structure for a countable language whose universe includes k, then there
exists I C C of order-type o such that I is a good set of indiscernibles
for A, i.e., whenever a,b are finite increasing sequences from I of the same
length, then a,b have the same type in A, allowing parameters less than
min(a Ub).

THEOREM 4. If there is an w1-FErdds cardinal then Strong Condensation
fails @

Proof. Suppose that x is the least wi-FErdés cardinal. We show that
Strong Condensation for  fails. Assume for a contradiction that Strong
Condensation for x is witnessed by 4. We may assume that A is skolem-
ized. Let I be a good set of indiscernibles for A of order-type w; with I
contained in the CUB set C' of & < k such that Mz is A-closed. For any
limit initial segment J of I let X ; be the A-closure of J.

CLAIM.

(a) J is cofinal in X ;N Ord.
(b) If Jo C Jy are limit initial segments of I then X j, NOrd is an initial
segment of Xy, N Ord.

Proof of Claim. (a) For any « in J, X jn, is a subset of M, as J is a
subset of C. So X; = (H{Xjna: @ € J} C U{My: o € J} = Mgyyp g, s0
XN Ord € Mgy, s N Ord —supJ

(b) Suppose a = t(j) with 7 increasing from Ji, a <sup(X,;,NOrd) =
sup Jy, and ¢ a term in the language of A. erte Jas j() U]l where jg is the
part ij in Jy. Choose jl in Jy above « so that j = jo U]l is increasing with
the same length as j. Then by goodness, o = tA(j) = tA( ") € X, ®Claim

It follows that (X7, €) is isomorphic to (M., , €) = (Hy,, €). Let 7 be an
isomorphism from (M, , €) onto (X1, €). As M, is an element of X; we can
choose a in M, such that 7(a) = M,,. Choose a real R not in a. Then 7(R)
does not belong to w(a) = M, . But as w + 1 is contained in X, 7(R) = R
so R does not belong to M, , a contradiction to Lemma (1| »Tpheorem 4

(?) A stronger result, with w;-Erdés replaced by weakly wi-Erdds, easily follows from
Proposition 9 of [I8], which was proven independently.
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Stationary Condensation

DEFINITION 5. Suppose that j: V. — M is an elementary em-
bedding with critical point #. Define j%(x) = &, " 1(k) = j(j"(r)), j* (k) =
Un<o i (k). We say that j is an a-superstrong embedding iff Hja(,,y € M,
and k is a-superstrong iff k is the critical point of an a-superstrong embed-
ding.

FacT (see [15]). There are no elementary embeddings j: V — M with
critical point k& such that Hjo(.))+ € M. The existence of an w-superstrong
embedding is not known to be inconsistent.

THEOREM 6. Stationary Condensation is consistent with the existence
of an w-superstrong cardinal.

Proof. Suppose that x is w-superstrong. By Theorem 2 of [I1], we may
first force the GCH, preserving the w-superstrength of x. Now for each infi-
nite cardinal o add a Cohen subset of at by a reverse-Easton iteration. Let
Ay C [a,a™) be the a™-Cohen set added (shifted up to «) and let A be the
union of the A,’s. Then V[A] equals L[A], as any ground model set is coded
into one of the A,’s. We claim that Stationary Condensation is witnessed
by the M,’s, where M, = L,[A] for each o € Ord.

The forcing is cofinality-preserving and o-closed. Also, by the argument
of the proof of Theorem 2 of [I1], the w-superstrength of « is preserved.

CLAIM. For each infinite cardinal K, any set of ordinals in V[A] = L[A]
of cardinality k is covered in V by a set of ordinals of cardinality .

Proof of claim. Let & be a name for a set of ordinals of cardinality .
First suppose that s is regular. Then  is forced to belong to an extension of
V by a forcing of size k (the iteration below ) and the result follows easily.
If kK = U{Ka: o < cof k} is singular (with each k, regular and greater than
cof k), then inductively extend a given condition without changing it below
cof k, to obtain a ground model cover of size k, for the first k, elements
of &; after cof k steps, the resulting condition covers & by a ground model
set of size k. ®w(Qlaim

Now let x be an infinite cardinal, a an ordinal of cardinality at least s
and S = (La[A],€,4,...) a name for a structure in V[A] for a countable
language. We may assume that S is skolemized (and therefore any substruc-
ture of S is isomorphic to (La[A], €, A4,...) for some @ < o, A C @). We
show that below any condition p there is a condition ¢* which forces Con-
densation for the universe of some substructure of S of size x which contains
Kk as a subset. For any condition p let p(x) denote the xT-Cohen condition
specified by p, whose domain we write as [k, |p(k)|). We construct a de-
creasing sequence (p;: i < w) of conditions with pyp = p and greatest lower
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bound ¢. Let ¢y = k. Given p;, choose p;+1 < p; forcing that some x;41 € V
of cardinality % contains the set of ordinals in the S-closure of x; U |p;(x)|
as a subset, and that AN z; has a P;-name, i.e. a name which depends only
on the generic below k. The latter is possible using the fact that the forcing
P factors as Py * P[k,00) where Plk,00) is k¥-closed. Let = {J,_, @n.
Then ¢ forces that z is the set of ordinals of a substructure of S and ANz
is forced to have a P.-name. Therefore we are free to extend the xT-Cohen
condition ¢(k) to ¢*(k) so that (S-closure of x, €, A) is forced by ¢* to be
isomorphic to (L) (.)[A], €, A) Thus we have forced Condensation for

the S-closure of z, the universe of a substructure of S of size x, containing
K as a subset, as desired. ®Theorem |

REMARK. Actually, more than Stationary Condensation holds in the
model witnessing the previous theorem: For any uncountable x < «, k reg-
ular, any club subset C' of [M,]<" has a condensing element M. (Stationary
Condensation implies this only for uncountable successor cardinals x.) But
instead of verifying this, we show next that the stronger principle of Local
Club Condensation both holds in the known fine-structural inner models
for large cardinals and can be forced consistently with an w-superstrong
cardinal.

Local Club Condensation

LEMMA 7. Local Club Condensation is equivalent to the following, seem-
ingly weaker statement: If o has uncountable cardinality «, then the struc-
ture A = (My,€,(Mpg: < «a),F) has a continuous chain (By: v € C)
of condensing substructures with domains B., UweC B, = M,, C C k is
club, C' consists only of cardinals if k is a limit cardinal, each B. has car-
dinality cardy and contains v as a subset, where F denotes the function
(f,x) — f(x) whenever f € M, is a function and x € dom(f) N M,.

Proof. Suppose (M, : a € Ord) witnesses the above-described, seem-
ingly weaker property. First note that for any infinite cardinal s, H + C
M,.+: If not, let A > K be the least cardinality of some « such that x € H,+
belongs to M,. But then x belongs to the domain of some condensing B < A
of cardinality < A\ which contains x as a subset and a function from x onto
tclz as an element, i.e. which contains tclx as a subset, using closure un-
der F'. Thus x belongs to My for some & < A, contradicting leastness of A.

Now we prove that Local Club Condensation holds, by induction on k:
Assume «a has uncountable cardinality x and € = (M, €, (M3: 8 < a),...)

(3) We use here the fact that |g(k)| = 2 N xT and that ¢* may decide the values of

the generic predicate A in the interval [z N k™, |¢*(k)|) according to the values of ANz

above k1.



Condensation and large cardinals 139

is a structure for a countable language. As £ € H,.+, we may choose o > « of
cardinality x such that £ € M,,. We obtain a continuous chain (B,: v € C)
of condensing substructures of A" = (M, €, (Ms: f < /), F) with domains
B, as described in the statement of the lemma. We may assume £ € Byinc-
Then we obtain a continuous chain (D, : v € C) of condensing substructures
Dy = (Dy,€,{Mg: B € D5),...) of € such that |, Dy = Ma, each D,
has cardinality card~y and contains v as a subset by setting D, = £[B5,,
using the fact that F' is part of the structure A’.

Now if k = 1 with § an uncountable cardinal, then by reindexing we
can assume that C' = [§, k), choose & so that (Ds,€,(Mg: B € Dy)) is
isomorphic to (Mg, €, (Mg: f < @)) and define D, for v < § by applying
Local Club Condensation inductively to @. If x is a limit cardinal, we let
(7i: i < ot C) be the increasing enumeration of C' and fill in (D,: v € C) to
(D,: w < v < k) by applying Local Club Condensation inductively. m

THEOREM 8. In known L[E] models (see [20]), Local Club Condensation
holds.

Proof sketch. We verify the form of Local Club Condensation stated
in Lemma m taking M, to be L,[E]. Suppose that a has uncountable
cardinality A and let Lg[E] = Jg[E], with 3 at least a, ¥i-project to A.
For CUB-many ordinals A < ), the ¥1-hull in Lg[E] of A with p, the first
standard parameter for Lg[E], contains the witnesses for the ordinals in p.
Moreover we can guarantee that this 3;-hull condenses to a mouse with
Yi-projectum A, as either \ is a limit cardinal, in which case we can choose
each X to be a cardinal, or \ is a successor cardinal, in which case we can
choose each A to be a limit point of {y < A: v = AN Xy-hull of v U {p}
in Lg[E]}. It follows that the X;-hull of A with p in Lg[E] condenses to an
initial segment of L[E] and therefore we may take B5 to be the intersection
of this hull with L,[E]. =

Forcing Local Club Condensation

LEMMA 9. Assume (fy: v € [k,kT)) is so that each fy is a bijection

from k, a regular uncountable cardinal, to v and 3 € [k,x™"). There is a club
of 6 < K such that f,[0] = fgld] N« for all a € fg[d] \ k.

Proof. Note that whenever X > [ is transitive below x and elementary
in (H.+, €, F) with F(a,v) = fo(y) for y <k and k < a < k*, then X Nk
is as desired, which is easily seen using elementarity. The claim follows as
{XNk: X <(H+,€,F)} contains a club in k. =

DEFINITION 10. If P is a notion of forcing and 7 is a cardinal, we say
that P is nt-strategically closed iff Player I has a winning strategy in the
following two-player game with perfect information: Player I and Player 11
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alternately make moves where in each move, each player plays a condition
of P. Player I has to start and play 1p in the first move. Player II is allowed
to play any condition stronger than the condition just played by Player I
in each of his moves. Player I has to play a condition stronger than all
previously played conditions in each move, and has to make a move at every
limit step of the game. We say that Player I wins if he can find conditions
to play in any such game of length 7™ (on arriving at n*, the game ends,
no condition has to be played at stage n™).

Now we will show how to force Local Club Condensation while preserv-
ing w-superstrong cardinals. We assume that the universe V we start with
satisfies GCH, that R is a predicate well-ordering V, and that we work in
the model (V, R). Note that the definition of the forcing iteration given be-
low depends on the predicate R and we will see in the proof of Theorem
that a careful choice of R will be important for large cardinal preservation.

Definition of basic objects. For each ordinal «, fix f, as the R-least
bijection from the cardinality of a to «. Let S denote the forcing poset
consisting of the conditions {1,0,1} where 0 <g 1,1 <g1,0 Lg 1. An S-
generic filter simply decides for either 0 or 1. For two compatible conditions
so and s1 in S, let sg U s1 denote the stronger of both. Whenever card « is
regular and g C (a+1) @, let Cy(g) denote the following forcing poset @:

If card o is a successor cardinal, card o = 0%, then ¢** is a condition in
Calg) iff

e ¢** is a closed, bounded subset of [#,0"), and
o Vne g™ glot fa[n]) = g(a).
If card « is inaccessible, then ¢** is a condition in C,(g) iff

e ¢** is a closed, bounded set of cardinals below card «, and
o Vi€ g™ g(ot faln]) = g(e).
Conditions in C,(g) are ordered by end-extension (in both cases).

Definition of the forcing. We will force with P, a reverse Easton-like
iteration of Q(«a), a € Ord. If @ < w, then Q(«) denotes the trivial forc-
ing. If carda = w or card« is singular, then Q(a) = Q(«a)(0) = S. If
card « is regular, then Q(o) = Q(a)(0) * Q(a)(1) with Q(a)(0) = S and
Q(a)(1) = Ca(ga+1), where go41 denotes the generic predicate obtained
from the generic for PY (where PP = P, * Q(«)(0), with P, denoting the
iteration P below «) as follows: g441[w = 0. For any ordinal 8 € [w, ],

(*) We identify sets with their characteristic functions and vice versa in the following
(. g(8) = 1B € g).

(®) For suitable g, Cu(g) will ensure that g(a) is coded by glcard a. This “canonical
function coding” was first introduced in [2] and [3].
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ga+1(B) is either 0 or 1, depending on whether the PP-generic GP decides
for either 0 or 1 at Q(3)(0), i.e. gat+1(B) = 1iff Ip € G pIBIFp(B)(0) = 1.
To complete the definition of P, we need to specify the supports used; before
doing so, we introduce some further notation:

For any notion of forcing in some forcing extension, we let 1 denote
the standard name for its weakest condition 1. Assume p is a condition in
some @iteration of (Q(a): v € §) for § € Ord U{Ord}. If card « is regular,
we write p,, instead of p(a)(0) and we write p* instead of p(«a)(1). If card «
is singular or card @ = w, we write p, instead of p(a) and say that p* = 1
for notational simplicity. We call {vy: py # 1} the string support of p and
denote it by S-supp(p); we call {v: pi* # 1} the club support of p and denote
it by C-supp(p).

P is a standard iteration. For every «, p € P, iff for all 8 < v, p[8 € Pg,
if v = 8+ 1 is a successor ordinal then I-p, p(3) € Q(3), and:

1. if «y is regular, S-supp(p) is bounded below -,
2. C-supp(p) € S-supp(p), and
3. if card~y is regular, card(C-supp(p) N [card v, 7)) < card~.

P is the direct limit of the Py, v € Ord. Note that by 2, supp(p), the support
of p, is equal to S-supp(p).

For v < f3, ple, 8) denotes pl[a, 3) and Pla, 3) denotes the iteration
P restricted to the interval [«, ). Whenever we use such notation, we will
tacitly assume that « is a cardinal (which will not necessarily be the case
for ), and whenever we talk about properties of Pa,3), we will tacitly
assume that we are in some generic extension after forcing with P, (with
generic G, and generic predicate go: go(y) = 1 iff Ip € G plylFp, =1).
We will later show that forcing with P, preserves cardinals, cofinalities and
the GCH. If card 3 is regular, we write p[a, ) to denote pla, 3) " p(3)(0);
and Pla, 3)® denotes Pla, 8) x Q(3)(0). If p € Pla, 8) or Pla, ), we also
write plvy for pla,v) and p|® for pla,~)®.

We will usually assume that any condition p has the following properties
(possible as a dense subclass of conditions does):

Al ¥y 1p IFp, € S.
A2. V7 1Pﬂ,@ H—pf;* S ny(g,wrl).
A3. Yy ((py =1) vV (1p, IFpy #1)).

We will at some points have to temporarily withdraw from assumption A2
above. We will explicitly mention whenever we do so.

Fact 11. If p || q in P (or any of its restrictions), then they have a
greatest lower bound in P.

(5) The full support iteration for example.
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Proof. Each iterand of P has canonical greatest lower bounds for its
compatible conditions (namely their union), thus the same holds for P. m

CLAIM 12 (String extendibility). Work in a P,-generic extension. As-
sume B > « and f is a function with domain d C [a, ) which is bounded
below every regular cardinal such that for every~y € d, f() is a Pla,y)-name
and 1pjo - I- f(v) € {0,1}. Then any given p € Pla, 3) with S-supp(p) N d
= () can be extended to q < p such that ¢, = f(y) whenever v € d. m

DEFINITION 13 (upper part of a condition). Given a cardinal n € [a, )
and p € Pla, 3), we define u,(p) € Plo, 8) as follows:

(uafo))s = o) = |

and call u,(p) the nT-strategically closed part of p. We let u,(P[a, 8)) :=
{un(p): p € Pla,B)} and call it the n*-strategically closed part of Pla, f3).

NOTE.

1 fa<~y<npt,
ps*  otherwise,

1 ifa<y<n,

p, otherwise,

e The fact that u,(p) € Plw, 3) heavily uses assumptions Al and A2.

e If n = w or n is a singular cardinal, then u,(P[n, 3)) = Pn, 3).

e We may think of u,(p) as the condition extracting from p its string of
bits in the interval [, n") and everything at and above n*.

DEFINITION 14 (lower part of a condition). If n € [a, ) is a cardinal
and p € Pla, 3), we define [,(p) as follows:

(1a(p)) = {1 o=z

p, otherwise,
where v ranges over the interval [a, ), and call ,(p) the n-sized part of p.
Note that [,(p) is in general not a condition in P|a, 3). Note also that I, (p)
complements u,(p) in the sense that it carries exactly all information about
p not contained in w,(p).

*k

o f1 if 3>~ >nt,
p5"  otherwise,

NOTATION. Assume (s': i < §) is a decreasing sequence of conditions
in S. Then (s':i < §) is eventually constant and we denote its limit by
Ui<s s'. Given a decreasing sequence of conditions in Pla,3) of limit
length §, we say that r is the componentwise union of (p': i < §) iff for

every 7 € [, ),
Ty = Up,ly and r)" = U(pz):*
<9 <9
7 is usually not a condition in Pla, ) m but S-supp(r) and C-supp(r) can
be calculated as if r were a condition by letting S-supp(r) := {v: r, # 1} =

Ui<s S-supp(p’) and C-supp(r) := {v: Ty # 1} = Ui<s C-supp(p*).

(") Unless {(p*)3*: i < §) is eventually constant, r%* will not be closed.
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DEFINITION 15 (stable below 77). Assume (p': i < ) is a decreasing
sequence of conditions in P[a, 3) of limit length § < n*, where n € [, 3) is
a cardinal. We say that (p': i < §) is stable below n™ iff

e (I,(p"): i < §) is eventually constant, or
e 7 is singular and for every cardinal o < n, (I, (p*): ¢ < §) is eventually
constant.

FACT 16. If {p': i < 0) is a decreasing sequence of conditions in Pla, 3)
of limit length 6 < n™ which is stable below n™ where n € [a, B) is a cardinal,
then the componentwise union of (p'In™: i < &) is a greatest lower bound

for (piint:i<d). m

DEFINITION 17 (greatest lower bound). Given a cardinal n € [«, 5) and
a decreasing sequence (p': i < &) of conditions in P[a, 3) of limit length § <
n™ which is stable below 7T, form their componentwise union 7. Observe that
S-supp(r) is bounded below every regular cardinal and C-supp(r) N [4,07)
has size less than 8 for every regular 6.

We want to form g € P|a, 3) by setting, for every v € C-supp(r),y > n™:

(1) QOtfa,[supr:;*] =Ty ()
(2) ¢3" =73 U{supri*}.
(3) g¢ = r¢ for every £ € S-supp(r), and q* =g for every £ < nt.

All other components of g should have value 1. If such a ¢ exists, we say
that ¢ is the greatest lower bound for (p": i < ¢).

FacT 18. Given a cardinaln€ [, 3) and a decreasing sequence (p*: i <)
of conditions in Pla,3) as in Definition if we can form their greatest
lower bound q as above, then q is a greatest lower bound (in the usual sense)
for (p*:i<4). m

NOTE. Definition equally makes sense and Fact equally holds
within Pla, 3)® (instead of Pla, 3)). It will often be the case in the follow-
ing that when we give a definition or prove a statement concerning Pl«, [3),
an analogous definition or statement will make sense or hold for Pla, 3)?,
which we will not mention in general.

DEFINITION 19 (cardinal predecessor). If # is a successor cardinal,
0 = AT, then 6= := \. If 0 is inaccessible, #~ may be chosen to be any
cardinal less than 6. If I consists only of regular cardinals, we say that
(0=: 0 € I) is a predecessor sequence iff whenever 6y < 6 are both in I,
0.~ > 0.

(%) Whenever we want to do this, we will be in a situation where each sup ry" will
have been decided to equal an actual ordinal value (and is not just a name for an ordinal).
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DEFINITION 20 (information at ). If p € Pla, ) and 6 € [a*,3) is
regular, 6 < ¢, we let ¢ := min(¢,07), ¢ +1:= min({ + 1,0") and define

i5(p) = {C,pIC + T} U (C-supp(p) N [6,0)),  ia(p) = i (p).

DEFINITION 21 (suitable genericity). Let p € Pla,3), ¢ € [, ], 0 €
[a™, () regular and assume card(ig(p)) <0~ < 0. Assume (M*: i < §) is an
increasing sequence of length § < 8 of domains of elementary submodels of
(H,, R) for some large, regular v and each M; is of size less than 6, transitive
below 6, with ig(p)U{H*, (M;:i<6)} C Ms. Assume g < pand t € Pla, 3).
We say t < q is suitably generic for Pla, () at 0 over (M": i < §) below p
with respect to 6~ iff:

la. If { < B3, then t meets every dense subset of uy— (P[a, ()) which is
definable in M? using parameters in ig(p) Ui{0=, (M i < §)}, in
the sense that for each such dense set D, there is s > [ such that
seD.

1b. If ¢ = ¢ = 3, then t meets every dense subset of uy- (P[a, £)®) which
is definable in M?® using parameters in ig(p) U {0~, (M*: i < §)}, for
every £ < (, & € M.

2. If 0 = cardf and B = ( = v+ 1 is a successor ordinal, then wuy- ()

forces that sup(t}*) > sup(S-supp(p) N 6).

REMARKS.

e [ is to be read off from p in Definitions 20] and [21] above.

e Note that when we require that ¢ is suitably generic for Pla,() at
0 over (M': i < §) below p with respect to = in the following, we
implicitly require that ig(p) U{6~,(M?*:i<6)} C M°, that each M®
has size less than 6, is transitive below 6 and card(ig(p)) <60 <0.

e Observe that if ¢ is suitably generic for Pla, () at 6 over (M*: i < §)
below p with respect to 6~ and ¢’ < ¢, then ' is suitably generic for
Pla,¢) at 6 over (M*: i < §) below p with respect to 6.

THEOREM 22. Suppose w < & < n < «, with a,n € Card. Then the
following hold:

1. [Greatest lower bounds] Assume (p': i <) is a decreasing sequence
of conditions in Pla,«) of limit length v < n* which is stable be-
low nt. Let (¢;: 1 < 7y) be such that for each i < vy, ¢; is least such
that p'lG, @) = p'[G,a). Let S; = (0; : C-supp(p’) N [0,67) # 0,
0 < () be a predecessor sequence for every i < ry. Assume that for
every 0 € [n*,a): if j < vy is least such that C-supp(p’ N[0,07)) # 0,
then (Mg: Jj <1 <) is an increasing sequence of domains of elemen-
tary submodels of (H,, R) for some large (with respect to ), regqular

v with union My = Uj§i<7 M§, such that for eachi € [j,7), if 0 < (i,
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then pi*1 is suitably gemeric for Pla,(;) at 6 over (M): k < i) |(%)
below p* with respect to 0. . Then the sequence (pt:i < v) ha
greatest lower bound.

2. [Smallness of the iteration| If o is regular, then u, (P&, o)) has a
dense subset of size o. Otherwise u,(P[a,)) has a dense subset of
size a.

3. |Genericity] Let p € Pla,a), ¢ < a and I C [a*,() so that I con-
sists only of reqular cardinals and is bounded below every inaccessible.
Assume S = (0~ : 6 € I) is a predecessor sequence, card(ig(p)) <0,
§ <minl and (M}: i < 6) is an increasing|('V)| sequence of domains
of elementary submodels of (H,, R) for some large (with respect to ),
reqular v such that each Mg is of size less than 0, transitive be-
low 8 and i5(p) U {0~, (Mj: i < 8)} C My for all § € 1. Then for
every q < p, there is t < q such that t is suitably generic for Pla,()
at 0 over (My: i < §) below p with respect to 0~ for every 0 € I and
l(min[)—(t) = l(min[)—(q)' If SupI§ZI, then t[sup I a) = Q[Sup I Oé),
otherwise t[(sup I)*,a) = q[(sup )T, ).

4. [Strategic closure] u, (P&, a)) and u,(P[a,a)®) are both n'* -strate-
gically closed.

5. [A stronger form of genericity] Let p € Pla,a) and I C [a™,a) so
that I consists only of reqular cardinals and is bounded below every
inaccessible. Assume S = (07: 60 € I) is a predecessor sequence,
(In: 0 € I) is such that Iy D ig(p) and card(ly) < 0~ for all 6 € I,
§ <minl and (M}: i < 6) is an increasing () sequence of domains
of elementary submodels of (H,, R) for some large (with respect to ),
reqular v (M), such that each Mg is of size less than 0, transitive
below 0 and Iy U {0~,(Mj:i < &)} C M for all & € I. Then for
every q < p, there is t < q such that limin )~ () = lminn-(q), t

V)
s

meets every dense subset of ug- (Pla,a)) which is definable in M}
using parameters in IpU {0~ (M}: i < §)} .

6. [Early club information| Pla,«) has a dense subset of conditions
p for which p|i® forces that pi* has a Pla,cardi)-name for each
i € C-supp(p).

7. [Chain condition] Assume n is reqular. If J is an antichain of P[&, «)
such that whenever p and q are in J, uy(p) || uy(q), then |J| <.

(°) Let M} =0 in case k < j (and thus M} was not defined).
(10) We also allow for a proper initial segment with constant value ().

(*!) In particular, v should be large enough so that every p € D, (as defined in the
proof of can be represented in H,.

(*?) Note that if ¢ is as described, then ¢ is suitably generic for Pl@, @) at 6 over
(Mg: i < 6) below p with respect to 8~ for every 0 € I.
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8. [Early names]

o Assume n is reqular. Let f be a Pla, a)-name for an ordinal-valued
function with domain n. Then any condition in Pla,a) can be
strengthened to a condition q with the same n-sized part forcing
that for every v < m, there is a mazximal antichain of size at most n
below q deciding f(z), where for every element a of that antichain,
up(a) = uy(q). In particular, q forces that f has a Pla,y)-name
for some v < n™T.

o Assume 1 € [a,q] is singular. Let f be a Pla,a)-name for an
ordinal-valued function with domain n. Then for any ( < n, any
condition in P[a,a) can be strengthened to a condition q with the
same (-sized part, forcing that for every i <mn, there is a maximal
antichain of size less than n below q deciding f(z), where for every
element a of that antichain, uy(a) = uy,(q). In particular, q forces
thatf has a P,-name.

9. [Distributivity] For any 6, P[0, «) is 0-distributive.

10. [Preservation of the GCH] After forcing with P,, GCH holds.

11. [Covering, preservation of cofinalities| For every cardinal 6, every
p € P, and every P,-name & for a set of ordinals of size 6 there is
a set X in 'V of size § and an extension q of p such that glF& C X.
Therefore forcing with P, preserves all cofinalities.

12. [Factorization| Whenever a* > «, Pla, o) is isomorphic to a dense
subset of Pla,a) x Pla, o).

13. [Club Extendibility] If I C [&,«) is such that card(I N @) < O for
every regular 0, I C Uy, oguiarl6,07) and (6%:i € I) is such that
§; < cardi for everyi € I, then for every p € Pla,a), there is ¢ < p
such that Vi € I q[i® |- max ¢* > ;.

Proof. By induction on a.

Proof of . Assume (p’: i < «) is as in the statement of the theo-
rem, using predecessor sequences S; and models Mg. We want to show
that (p': i < ) has a greatest lower bound. Let r be the component-
wise union of the p’. Let ¢ be largest such that for each i < v and each
§ < ( there exists j > 4 such that (; > §. We may assume that ( = a,
as the claim follows inductively otherwise. We obtain the following, us-
ing suitable genericity, for every 8 > n™ with C-supp(r) N [0,0%) # 0:
sup(S-supp(r) N ) = My N ; C-supp(r) N [0,0%) = My N [0, min(0", a));
if 6 is inaccessible, card My = sup(S-supp(r) N O) = My N 6.

If 8 € C-supp(r) and 3 > nt, choose j < ~y such that 3 € Mgardﬁ. Then
(p'1B: j <i < ) satisfies the hypothesis of clause 1] (at stage ), using the
predecessor sequences (S;: j < i < v) and models (M}: j < i < 7). Let ¢°
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denote the inductively obtained greatest lower bound of (p‘[3: i < v), and
(¢”)® the inductively obtained greatest lower bound of (p![3%: i < ).

Assume T < ¢ € C-supp(r) and cardé = #. Then (¢°)® forces that
suprg® = sup(S-supp(r) N 9) Furthermore f¢ is a bijection between
6 and &, by elementarity of My, thus fe[(Mg N @) is a bijection between
My N O and My N &. Thus if we let my denote the collapsing map of My,
it follows that (¢*)® forces that my(€) = ot(f¢[sup r¢*]). If 6 is inaccessible,
then mg(&) > My N O = sup(S-supp(r) N O) = card My, thus for any & # &1
in C-supp(r) with card§y = 6y and card&; = 6y, mp, (&) # 7o, (§1) and we
can build ¢ out of r by setting, for every & € C-supp(r) with & > nt,

g =1 U{Supreh,  Grg(e) =T
letting q¢ = r¢ for every £ € S-supp(r) and g = rg* for every £ < nt,
once we know that ¢¢ forces r¢ to have a P
nt <60 =card¢, € € C-supp(r).
To see this is the case, choose i < = such that £ € C-supp(p') and
G > & The set D := {p € uy-(P[a,§)): plF(p’)¢ has a Pla,sup(S-supp(p)
N#))-name} is dense in Uy~ (Pl[d, €)) using clause[§|inductively and definable

up(S-supp(r)ne)-Rame whenever

in My from parameters in iy (p*) U {6; }. The statement follows by suitable
genericity of p'*1.

NOTE. ¢, as obtained above, will usually not satisfy property A2. But
we may replace ¢ by an equivalent ¢’ satisfying A2, where we say that ¢ and
q are equivalent iff ¢ < g and q < ¢'.

Proof of [3. Assume for simplicity of notation that n = & is singular
and hence u,(P[a, o)) = Pla,a). Other cases are similar. We prove that
D, = {p € Pla,a): V0 Iy S-supp(p) N [#,0") = [#,~)} has an equivalent
dense subset E, of size « if « is regular and of size o™ if « is singular, in
the sense that for every p € D, there is p’ € E,, such that p < p’ < p. Note
that D, itself is dense in Pla, o).

Regular cardinals. If « is regular, conditions in P[a, a) have bounded
support below «, thus the claim follows by clause [2] inductively.

Successor ordinals. Assume p € D, o = 341 and Dg has an equivalent
dense subset Ej3 of size ot inductively. The condition pg can be identified
with an antichain of Eg below p[3. Since for any two elements ag, a1 of
such an antichain, uecard o (@0) || Ucarda(@1), such an antichain will have size
at most card a using clause [7| inductively, thus there are a™-many pos-
sible choices for pg. The condition p/’g* can be identified with a collection of

(**) If £+ 1 = a, then supr{* > sup(S-supp(r) N 6) follows using clause 2 of suitable
genericity. Otherwise, sup7¢* > sup(S-supp(r) N @) follows by easy density arguments and
clause 1 of suitable genericity. sup(S-supp(r) N60) > sup " uses similar density arguments
together with clause |§| inductively, clause 1 of suitable genericity and clause El inductively.
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< card a-many antichains of Eg below p[3, each elementwise paired with
ordinals below card «; thus using similar arguments to those before, there
are at-many possible choices for pg*. Hence D, has an equivalent dense
subset of size a™.

Singular ordinals. If « is singular and p € D,, we can modify p to
an equivalent p’ such that for every v < «, p'[v € E,. Hence D, has an
equivalent dense subset of size [[,_, 7" < a™.

Proof of [3

CAstE 1: ¢ < «a. Then clause [3] immediately follows inductively from
clause ol We may thus assume in all subsequent cases below that ( = a.

CASE 2: « is a successor ordinal, « = 8+ 1. It follows inductively from
clause [5| that, given ¢ < p we can find ¢’ < ¢ which satisfies clause 1 of
being suitably generic for Pla, () at 6 over (M{: i < §) below p for every
6 € I. It is easy to strengthen ¢’ to ¢ which also satisfies clause 2 of suitable
genericity.

CASE 3: Mfarda is bounded in «. Let p := card o, let o := sup(M/fﬂa),
let (M 3)* be the smallest elementary submodel of (H,, R) which contains
M/f U{a*} as a subset and is transitive below p, let (M})* := M} if 6 # p
or i # 60, and apply clause [3] inductively to obtain ¢’ < gla* such that ¢’ is
suitably generic for Pla,a*) at 6 over ((M})*: i < §) below p with respect
to 6~ for all @ € I. Then ¢t := ¢’ ¢[a*,a) is as desired. Note that case 3
covers the cases of a regular and cof a = card a.

CASE 4: « is a singular cardinal. Let (0;: i < &) enumerate I in in-
creasing order. We build a decreasing sequence (p’: i < £) of conditions in
Pla,a) with p® = ¢ so that given p’, p"*! is suitably generic for Pla, «)
at 0; over <Mgi: j < 6) below p with respect to 6;~, lef(pi“) = lef(p")
and p"t10;", a) = p'[6;", ). If i < £ is a limit ordinal, note that we may
choose p’ to be the greatest lower bound of (p/: j < i) as (p?(¢): j < 1) is
eventually constant for every ¢ € [@, ). If £ =+ + 1 is a successor ordinal,
t :=p7 is as desired. If £ is a limit ordinal, ¢ := p¢ is as desired.

CASE 5: cof a < carda, a ¢ Card. Let p = carda. Let p® be suitably
generic for Pla,a) at 6 over (Mj: i < §) below p with respect to 6~ for
every 0 € I'\ {u} @ If 4 & I, we are done by letting t = p°. Assume p € 1.
We may assume that sup(M, 3 Na) = «, as we may use case 3 otherwise.
Let (;: i < cof a) be a cofinal, continuous and increasing sequence with
limit & and a9 > p. We construct a decreasing sequence (p': i < cof a) of

(**) This is possible using clauseinductively7 as p° < p is suitably generic for P[a, o)
at 0 over (My: i < J) below p with respect to 6~ for every 6 € I\ {u} iff p° [ is suitably
generic for Pla, u) at 6 over (Mg: i < §) below p[u with respect to 0~ for every 6 € I\{u}.
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conditions in P[a,«) with greatest lower bound ¢t = p®'® which has the
desired properties of the claim:

Choose p* > cof a in M 5 ﬂ Given p’, choose a predecessor sequence
(0;7: 0 € (u*, p], C-supp(p ) [0,67) # 0) so that 6; > card(iy’ (p')) and
0. > p* for each i, and choose (Nj: 0 € (u*, ], C- supp( )N [0 9*) # 0)
so that each N} is of size less than 6, transitive below 6, contains iy (p’) U
{6;, (Ng. j <)} and U]<Z Ng as subsets, and N§ < (H,, R). Apply clause
inductively to obtain (p’)’ < p’ which is su1tably generic for Pla, ;) at u
over (M},: i < §) below p with respect to p* such that [,~(p"*") = I+ (p").
Apply clause |3 inductively once more to obtain p'*! < ( %)/ which is suitably
generic for Pla,q;) at 6 over <Ng j < i) below p' with respect to 6
for every 0 € (u*,p] with C-supp(p’) N [0,0%) # @ such that L-(p"™!) =
L+ ((p")). Note that at any limit stage j < cof a, we obtain a greatest lower
bound of the (p’: i < j) by clause [l using the fact that (I,«(p®): i < cof a)
is constant.

Proof of . Choose some large (relative to a), regular v. Let p° €
uy(Pl&,@)). Given p’, choose a predecessor sequence (f; : C-supp(p’) N
[0,67) # 0) so that 6, > card(ig(p')) and §; > n for all i, and choose (My:
C-supp(p*) N [6,67) 7& () such that each Ml (Hl,, R) is of size less than 0,
transitive below 6 and contains ig(p’) U {67, (Mj: j < i)} and U;_; M} as
subsets. Assume ¢* < p’ and choose p'T! < ¢' such that p'+! € up(Pla, o))
is suitably generic for P[a,«) at 6 over <MJ j < i) below p’ with respect
to 6, for every 6 W1th C-supp(p’) N[0, 07) # 0, using clause [3 I Note that at
any l1m1t stage < nT, we may obtain a greatest lower bound of the p’ up to
that stage using clause 1

Proof of@ Let p € Pla,a), ¢ <pandlet S, I and (Iy, M}: 0 € I,i <§)
be as in the statement of clause [5] Let (6;: i < &) enumerate [ in in-
creasing order. We build a decreasing sequence (p': i < &) of conditions
in Pla,a) with p® = ¢ Given p’ so that i + 1 < &, let u := (6;)".
Choose a predecessor sequence (07 : 0 € (p, ), C-supp(p’) N [0,07) # 0)
so that 0, > card(ip(p')) and 6; > u for each i, and choose (Nj: 6 €
(1, @), C- supp( NN6,07) # ) so that cach N is of size less than 6, transi-
tive below 6, contains ig(p?) U{6; <N] j <)} and U]<Z as subsets, and
N} < (Hy, R). Use u"-strategic closure of u, (P[a, a)) to ﬁnd (p")" < p’ which
hits every dense subset of u, (P&, o)) which is definable in M(i from parame-
ters in Ip, U{(6;) ™, (M, : j < &)} such that 1,((p")’) = l.(p"). Use clauseto
obtain p™*! < (p?)’ which is suitably generic for P[a, «) at 6 over (Ng Jj<i)

(**) This is possible as cof a € MJ.
(*%) To avoid possible sources of confusion, note that (6;)~ and 6 are distinct objects.
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below p’ with respect to §; whenever C-supp(p’) N [0,07) # 0 and 6 > p.
Assume ¢ < € is a limit ordlnal If card ¢ is regular, then (lcardz(pf). J<i)is
eventually constant @ and if card is singular, then for every u < cardi,
(Lu(p?): j < i) is eventually constant and thus we we may, in each case,
choose p’ to be the greatest lower bound of (p’: j < i) using clause |1} If
& = v+ 11is a successor ordinal, ¢ := p” is as desired. If ¢ is a limit ordinal,
t:= p® is as desired.

Proof of@. Let p° € Pla, ). Choose some large (velative to o), regular v.
We construct a decreasing sequence of conditions (p': i < w) with greatest
lower bound p, which will be as desired. Given p’, choose a predecessor se-
quence (f; : C-supp(p’) N 0,07) # 0) so that 6; > card(ig(p %)) for all 4,
and choose (M}: C-supp(p’) N [0,07) # 0) such that each M} =< (H,,R) is
of size less than 6, transitive below 6 and contains ig(p*) U {6, (Mg cj<i)}
and ;. .
dense subset of ug- (Pla,«)) which is definable in M from parameters
in ip(p) U {0, <Mg j < i)} for every 6 with C-supp(p’) N [0,0%) # 0,

using clause [5} Since if ¢ has cardinality # and ¢ € C-supp(p'), the set
D¢ = {t € Pla,§)%: tIFpg* has a Pla,()-name for some ¢ < 6} is dense

in Uy (Pla,£)®) using clause [§] inductively, and is definable in M} using

Mg as subsets. Choose p't! < p’ such that p't! meets every

parameters in ip(p’) U {0; }, it follows that p is as desired.

Proof of @ Apply clause [2| inductively to obtain a dense subset P[a,n)*
of Pla,n) of size n and apply [6] to obtain a dense subset P[n, ®)* of P[n, a)
of conditions as described in the statement of clause [fl Assume for a con-
tradiction that |J| > n for some antichain J of P[a,n)* * P[n, a)* (we use
clause [12] inductively here). As Pla,n)* has size n, p[a,n) is the same for
nT-many conditions p € J, hence there are p € Pla,n) and J' C P[n,a)*
such that pl- J’ is an antichain of P[n, a) of size n*. Work in any P,-generic
extension with p contained in the P,-generic. As GCH holds by clause
inductively, by a A-system argument, there is W C J’ of size n™ and a size
< n subset A of 5T such that C-supp(p) N C-supp(q) N[n,n") = A whenever
p # q are both in W. Again using GCH, there are only n-many possibilities
for (pi*: i € A) for p € P[n,a)*. Hence for nt-many conditions p in W,
(pr*:i € A) is the same (modulo equivalence). But—using the assumption
that u,(p) || uy,(¢)—any two such conditions are compatible, thus W (and
hence also J) is not an antichain.

Proof ofla Let p € Pla,a). First assume f is a P[a, a)-name for an
ordinal-valued function with domain n € [@, @) regular. Let I := {f(i): i€n}

(*") We use here the fact that (6;), > sup{6;: j < i} and for any regular cardinal &,
card{i: 6; < k} is less than k.
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Uiy (p), with f (7) being any name for the evaluation of f at i for each i.
Let M < (H,, R) of size n, transitive below " for some large (relative to ),
regular v such that I C M. Let ¢ < p be such that ¢ meets every dense
subset of u,(P[a®,a)) which is definable in M using parameters in I, using
clause ol As D; = {t € u,(P[a,«)): there is a mac of size at most 7 of
conditions s in Pla, ) with u,(s) = u,(t) deciding f(i)} is definable in M
from parameters in I and dense in u, (P[a, o)) for each i < 7 using clauses
and q is as desired. To be more precise, the fact that D; is dense in
u,(Pl@, a)) is seen using a construction to reduce the decision about f(i)
to the n-sized part of Pla, «) as follows:

Let p° € u,(P[a,a)). Choose ¢° < p° in P[a,a) such that ¢° decides
f(i). At stage j + 1, let p/™' < p° be any condition in P[a, ) incompatible
with all ¢, k < j, such that u,(p’*1) = u,(¢?) (if such exists) and choose
¢ T as follows:

° qj+1 < p7'+17

o ¢/ decides f(i), and

° un(qj"H) is chosen with respect to the strategy for n*-strategic closure
of u,(Pla, a)) below (uy,(¢*): k < j), using clause

At limit stages j < ', let p/ < p® be any condition in P[a, o) incompatible
with all ¢*, k < j, such that for all k < j, u,(p?) < u,(q®) (if such exists).
Note that a p’ satisfying the latter condition can always be found by the
strategic choice of the un(qk). Choose ¢/ < p’ deciding f(z) with u,(¢7) <
U (p?). .

Proceed until at some stage j no condition p’ as above can be chosen.
By clause [7] this will be the case for some j of cardinality < 1. We can
then find ¢ € u,(Pla,a)) such that t < u,(¢*) for every k < j. Hence we
may strengthen every ¢* to ¢* such that u,(g*) = u,(t) and 1,,(7*) = 1,,(¢%).
Then {G": k < j} is a maximal antichain of P[a, a) below ¢ deciding f(i).

Now assume f is a P[&,a)-name for an ordinal-valued function with

domain some singular cardinal 7 € [@, o], and ¢ <. Let n = U;_cof,, 7 With

each n; regular and 1y greater than both cof  and ¢. Let I; := {f(j): j € n;}
Uiy, +(p). Let p € Pla, ). Let (M;: i < cofn) be a sequence of elementary
submodels of (H,, R) for some large (relative to «), regular v such that each
M; has size n;, is transitive below nj and contains I; as a subset. Let ¢ < p
be such that ¢ meets every dense subset of u,, (P[a,a)) which is definable
in M; using parameters in I; for every ¢ < cof ), using clause [5| Similar to
the regular case above, it follows that ¢ is as desired.

Proof of[9 Assume i is a P,-name for a sequence of ordinals of length
less than 6. Then by clause [§] below any p € P, there is ¢ < p forcing that
2 has a Py-name.
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Proof of . P, has a dense subset of size at most a™ by clause [2l Thus
Fp, 20 = 6% for 6 > a. If & = «, the claim holds using clauses [§ and
For § < a, note that P, = Py * P[0%, ), where Ppy preserves 2/ = g+, If
0T = o, we are done. Otherwise, the result follows by clause @

Proof of . As P, has a dense subset of size at most a™ by clause
this is immediate for § > a". If « is regular, P, has a dense subset of size
a and hence this is immediate for = « in that case. If § < a and 07 < «,
this follows inductively, using the fact that P[6, a) does not add new sets
of size 0. If o = 67, we use clause [§/ to obtain ¢ < p forcing that for every
i < 0, there exists an antichain of size at most 6 below ¢ deciding the ith
element of z, thus g forces that we can cover & by some X € V of size 6.
If § = « is singular, note that the “singular case” of clause 8] also holds in
the case where n = a and thus we may apply clause [§| as above to obtain
q < p forcing that for every i < 6, there exists an antichain of size less than
0 below ¢ deciding the 7th element of .

Proof of. Note that whenever (p, &) € Pla, a)* Pla, o*), then p forces
that C-supp(d) N[, a™) has size less than «, C-supp(¢)N[a™, a™ ") has size
at most a, S-supp(d) N[, ™) has size a and each of those supports can be
covered by a set of the same size in the ground model. We may strengthen
p to ¢ such that ¢ decides those covering sets. Let D C Pla, a) * Pla, o)
be the dense set of conditions (g, ) as above. Now it can be seen as in the
proof of the Factor Lemma (see [I4]) that P[a, o) is isomorphic to D, using
the fact that P, has a dense subset of size at most a™ by clause

Proof of [13. Assuming I is as in the statement for a given sequence
(6: v € I) of ordinals, we want to find ¢ < p such that for every v € I,
il ¢y* > 0. We may assume that p, # 1 for every v € I. Choose a
predecessor sequence (0~ : I N [0,07) # 0) so that each = > card(ig(p)),
and a sequence (My: I N[A,07) # () of domains of elementary submodels
of (H,, R) for some large (relative to ), regular v, so that each Mpy has size
less than 6, is transitive below 0, contains (IN[#,07))Uig(p) as a subset and
A= <57: v € I) and 6~ as elements. Let ¢ < p be such that ¢ meets every
dense subset of uy- (P[@, «)) which is definable in My from parameters in
(IN[0,6%))U{A} Uig(p) U{0} for every 6 with TN [0,07) # (. As for
every v € I, the set D = {t € ug- (P[a, a)): t[yIF maxti* > 6} is dense in
ug- (P&, ) and definable in My from parameters in (I N[6,67)) U{A}U
io(p) U {0}, ¢ is as desired.

The fact that D, is dense in ug- (Pla, «)) is immediate if v > a*. If
v < @', by an easy density argument, for € either 0 or 1, the set S, :=
{€ < @: G5(§) = €} intersects every unbounded ground model subset of &
unboundedly often below &. Let € € {0,1} be such that p[yIFp, = €, choose

§ > & such that ot f,[6] € S and set ¢y = p5* U{d}. mTheorem 2
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COROLLARY 23. P preserves ZFC, cofinalities, cardinals and the GCH.

Proof. Note that whenever « is singular, P[k,c0), the iteration starting
from k, is k" -strategically closed. To verify this, we need variants of The-
orem clauses [1] and [3] using, instead of a single v which is large with
respect to «, a sequence (vp: § € Card) such that each vy is large with
respect to 6. Those variants are proven most similarly to clauses [1] and
of Theorem Then we can show that P[k,00) is kT -strategically closed
most similarly to the proof of Theorem clause [ using the sequence
(vg: 6 € Card) instead of a single v.

As Plk,0) is kT-strategically closed, it is kT -distributive for definable
sequences of dense classes. Now it can be seen easily from [10] Section 2.2],
that this suffices to show that P is tame and thus preserves ZFC. Preserva-
tion of cofinalities, cardinals and the GCH is immediate.

NoOTE. For every ¢ of regular cardinality, UpeG p;* is club in card i for
any P-generic G. This is immediate from Theorem [22] clause

CrAIM 24. P forces Local Club Condensation.

Proof. Let G be P-generic. Let A be the generic predicate obtained from
G,ie.a € A—3Jp e G plalkp, = 1. Note that V[G] = L[A] as any set of
ordinals in V is coded into A. We claim that (M, : « € Ord) witnesses Local
Club Condensation in V[G] with M, = L,[A]. If a has regular uncountable
cardinality « then Local Club Condensation is guaranteed by the forcing P:
Note that for each 5 € a'\ k we have A(3) = A(ot f3[d]) for all § in the club
Upea P C &. It follows that for a club C of 6 < x, A(3) = A(ot f3[d]) and
moreover fg[0] = f4[6] N for all 3 € f4[6]\ #; this is seen using Lemma [9]
Let, as in Lemmal[7} F denote the function (f,z) — f(x) whenever f € M,
is a function with =z € dom(f). Now let M} = (M,, €, (Mp: 8 < a), F,...)
be a skolemized structure for a countable language, and for any X C « let
M} (X) be the least substructure of M} containing X as a subset. Consider
the continuous chain (MZ(fq[0]): 0 € D), where D consists of all elements
d of C such that 0 C f,[0] = M:(fa[d6]) N Ord and f,[0] Nk € Ord. Then
M (fa[0]) condenses for each § € D.

Finally we must verify Local Club Condensation for a when « has singu-
lar cardinality x. Suppose that 8 > cand S € Visa Pg-name for a structure
(My, €, (Mg: B < a),R,F,...) for a countable language in L[A] such that
the S-closure of & is all of M, with F' as above, R the given well-ordering
of V (from which in particular the canonical functions (f;: i € Ord) were
chosen). We show that any condition p € Pg has an extension ¢* which forces
that there is a continuous chain (Y, : v € C) of condensing substructures of
S whose domains (yy: v € C) have union M, such that (y, N Ord: v € C)
belongs to the ground model, where C' is a closed unbounded subset of
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Card Nk, each y, has cardinality v and contains a 7y as subset. Choose C' to
be any club subset of Card N k of order-type cof K whose minimum is either
w or a singular cardinal and is at least cof k. Write C' in increasing order as
(vi: 1 < cof k). Choose some large (with respect to (), regular v.

Let p° = p. We may assume that C-supp(p®) N [v;",7;"") # 0 for every
i < cof k. Given p', let S; = (; : § > minC, C-supp(p’) N [0,07) # 0) be
a predecessor sequence such that 6, > card(ip(p')) and 6, > minC for
all i, and let (Mg: & > minC, C-supp(p’) N [0,6) # 0) be a sequence of
domains of elementary submodels of (H,, R) such that each My has size less
than 6, is transitive below 6 and contains ig(p') as a subset and p', 0, S
and (M : j < i) as elements. Moreover make sure that whenever 6y < 6,
Mg, < My, and that whenever 7 is a limit point of C', M, = Usecny Ms-
The latter is possible as min C' > cof k and we may thus sufficiently enlarge
the M!,, § € C'N~, after choosing ]\4@+ 2 Usecn~ M}, in the first place.

Choose pit! < p? following the strategy for wi-strategic closure of Py
such that p"*1 meets every dense subset of ug-(Ps) which is definable in
M, using parameters in ig(p’) U {6;, S, <Mg: j < i)} whenever C-supp(p’)
N[0,07) # 0 and 0 is inaccessible. If # is a successor cardinal and C-supp(p*)
N [0,0") # 0, we require that p"*! meets every dense subset of ug-(Pp)
in 143 ()

Finally, let r be the componentwise union of the (p’: i < w), and let ¢ be
their greatest lower bound. Let y, := |, 2\4;'+ for every v € C'. We have
obtained the following properties for every v € C"

(1) y, is transitive below 7,

(2)

(3) yy N [y*,7™™) = Csupp(r) N [yF, 7).

(4) g forces that the S-closure of y, intersected with Ord equals .,
(5)

(6) (yy: v € C) is continuous and increasing.
(1) is immediate as each of the M;; is transitive below y*; (2) and (3) follow
by suitable genericity. For (4), it suffices to show that the S-closure of Mf;+
intersected with the ordinals is forced by ¢ to be contained in M;iQ for every
i < w: We required that M,’;Jr € Mfyil Thus D = {t € u,(P3): tI-(S-closure
of Mfﬁ) N Ord is covered by a ground model set of size v} is dense in Pg
using clause [11| of Theorem contained (as an element) in M;il and will
thus be hit by p**2; (4) now follows as p**2 € M;‘JJ:Z: using elementarity, p*2

forces that we can cover the S-closure of Mf;+ by a set in M;Jf of size ~;

(*®) That is, every dense subset of uy— (Ps) definable in M{ using parameters in Mg.



Condensation and large cardinals 155

as v C Mf;[2, this covering set will be contained (as a subset) in M*T2,
(5) follows similarly to (4), using easy density arguments. (6) is immediate
by our requirements on the Mg.

Let m, be the collapsing map of y,. If £ € y, N [y,7T), then f¢ is
a bijection from 7T to &, hence fe[(yy NyT) is a bijection from y, N ~y*
to y, N ¢ by elementarity, i.e. my(§) = ot(felyy N yT]), therefore g(m(§))
= r(£). Now extend ¢ to ¢* such that for every { € y, with & > 4T+,
we have ¢*(m,(§)) = r(§); this is possible since if 7 is inaccessible then
sup(S-supp(r) N vy) = cardy,, and whenever C-supp(r) N [0,67) # @ and
0 is inaccessible, supr’* = sup(S-supp(r) N 0) > sup(C N 0)*t for every
¢ € C-supp(r) N [0,07) by easy density arguments, hence when we form
g out of r and have to set g(ot f¢[supr{*]) to be equal to ¢(¢) for ¢ €
C-supp(r) N [0,60"), we do not make any new requirements in the interval
[v,7")—note that ot f[suprf*] > suprf*. We have thus made sure ¢* forces
Condensation for g, for every v € C. =

THEOREM 25. Local Club Condensation is consistent with the existence
of an w-superstrong cardinal.

Proof. Assume k is w-superstrong, witnessed by the embedding j: V
— M. Let A be a well-ordering of V,; (viewed as a function A: k — V).
We use A to build a well-ordering of Vj.(,) as follows: By elementarity of j,
J(A) is a well-ordering of M, extending A. But V() = M), hence j(A)
is in fact a well-ordering of V(). Similarly, j(j(A)) is a well-ordering of
Vi2(y extending j(A). Going on like this for w steps, using the fact that
Vie(r) = Mjw (), we obtain a well-ordering B := |J, ¢, j"(A) of Vju(,) such
that j(B) = B. Now we perform a class forcing T' to add a predicate R
extending B which well-orders V: A condition in 7 is a function f from
an ordinal into V extending B; f is stronger than g in T iff f extends g.
Forcing with T does not add new sets and adds a predicate R which well-
orders V with the property that j(R[j“(k)) = R[j*“(k). Since no new sets
are added, j is an elementary embedding from (V,R) to (M, j(R)) with
J(R) == Uascor i (Rla).

Let P be the Local Club Condensation forcing relative to R as defined
at the beginning of this section, letting, for each ordinal 7, f, be the R-
least bijection from the cardinality of v to v. We want to show that forcing
with P preserves the w-superstrength of . Let (fy: v € Ord) denote the
M-version of (fy: v € Ord)—letting each fJ be the j(R)-least bijection
from the cardinality of v in M to «. Let P* denote the M-version of P
(using the definition of P in M relative to (f]: v € Ord)). Note that by
our choice of R, f, = f for v < j¥(k) and hence we have made sure that
for every n < w, Pjn() = P]Tkn(n). We want to find a V-generic G C P
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with corresponding predicate ¢ C Ord and an M-generic G* C P* such
that j”G C G* and V[Glju) € M[G*]. Let Gy, be generic for Pj),
and let Gy = Gj(x). Trivially, j"Gy = G € Gj(y and thus we may lift
j to j*: V[Gx] — M[Gj(,)]. For simplicity of notation, we will denote j*
(and any further liftings of j*) by j again. We want to show that we can

arrange that for every n € w, j”G[j"(k),j""!(x)) has a lower bound in

P[j™*Y(k), j7"2(k)) which is contained in G[j"*(k), ;" 2(k)). We will then
set Gln () = Gjn(x) for every n € w. We start with j"G[k,j(k)). Let r be
such that for every v € [j(x), j2(k)),

= U i@, = U iwy

PEGIK,j(K)) PEGK,j(r))

To simplify notation, we will abbreviate this as

r= U i

PEG[r,j(K))

an obvious abuse of notation, thinking of |J as the componentwise union
here. We will use similar abbreviations in similar cases. As we did earlier,
we write S-supp(r) for {y: r, # 1} and C-supp(r) for {7: Ty # 1}. We first
want to show that S-supp(r) is bounded below every regular cardinal and
that card(C-supp(r) N [6,0%)) < @ for every regular cardinal 6.

Assume 6 € [j(k)T, j2(x)] is regular. Then

S-supp(r) N6 = U S-supp(j(p)) N 0.
PEG[k,j(k))

But j(p) € P[j(),j*(x)) for every p € Gl, j(s)), so S-supp(j(p)) N0 is
bounded below 6, hence using the fact that P[x,j(k)) has a dense subset of
size j(k) and 6 > j(k) is regular, it follows that S-supp(r) N6 is bounded
in 6.

Cram 26. C-supp(r) N [j(k),j(k)") = j"[k, k™).

Proof. Assume v € C-supp(r) N [j(k),j(k)T). Then v € C-supp(j(p)) N
(%), 5(x)") = §(C-supp(p) N [k, 7)) for some p € Gx, j(K)).

But C-supp(p) N [, k1) has order-type less than s, thus j(C-supp(p) N
[k, %)) = j"(C-supp(p) N [£, £7)). =

We have thus shown that C-supp(r) N j(k)" has size kT < j(k).
Assume now that 6 € [j(k)*T, j2(k)) is a successor of a regular cardinal:

C-supp(r) N o = U C-supp(ij(p)) N 0.
PEG[k.5(k))

It follows as above that card(C-supp(r) N6) < 6.
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Having shown that r has appropriate supports, we want to form ¢ out
of r for every ¢ € [j(k), j2(x)] by setting, for every v € C-supp(r) below &,

(@) =12 ULsuprs Y (@)ou sy ouprer] = if cardy > ().

Of course we want to set (qf)y =1y for v < &, v in S-supp(r), and let other
components have value 1. We want to show, by induction on &, that ¢¢ is
a condition in P[j(k),&) for every ¢ € [j(k),5%(x)]. In that case, each ¢¢
is a lower bound for {j(p)[¢: p € G[k,j(k))} and ¢ := ¢/* (%) is the desired
lower bound for j”G[k,j(k)). For each ¢ as above, let (¢¢)® be such that
(qg)g9 = r¢ and (¢°)? ¢ = ¢5. If ¢° is a condition in P[j(k), &), then (¢°)® is
a condition in P[j(k),&)®.
CLAIM 27. Vv € [k,kT) otj(fy)[K] = 7.

Proof. If o < &, then j(f,)(a) = j(fy(a)), thus j(fy)[k] = ;" fy[xl],
which has order-type v as j is order-preserving. =

First assume ¢ < j(k)*. Given (¢%)®, note that it forces that sup re”
= k. Let v be such that j(y) = £ and v € [, x™). Then ot f¢[x] = v and
(qg)ﬁ‘/9 = 1. Let p € G[k,7)® be such that p|y decides p,. We are free to
choose ¢**! as desired by letting (¢**1), = 1 iff plyIFp(y) = 1. We may
thus show that ¢/ is a condition in P[j(x),j(x)"). Now assume ¢ has
regular cardinality 0 € [j(k)", j%(k)), & € C-supp(r).

CrAM 28. (¢%)®IFsup r¢* > sup(range j N 0).

Proof. 3p € G[k,j(k)) & € C-supp(j(p)). For every 6, the set

Ds = {t € Pls,j(x)): Vi > 6" i € C-supp(t) — tIFmaxt;* >}

is dense in P[k, j(k)). Assume *5 < 0, B € range(j), and choose ¢t < p in
Dj-1(3) N G[r,j(k)). Then Vi > 6 i € C-supp(j(t)) — j(t)[i® - max j(t);*
> (. Thus (¢°)® I-sup r¢* > sup(rangej N 6).

CLAIM 29. If v € C-supp(r) has cardinality 0, v <&, then (¢°)® IF sup T
= sup rg*.

Proof. Assume Ju < (¢5)® ulFsup ry* < suprg®. Then there is p €
G|k, j(k)) with ulFmax j(p);* > supr3*. We may assume v € C-supp(j(p)).
The set

D := {t < p:Vn V6 € C-supp(p) N [77,77+)
tI- max t5* > sup{maxp;*: i € C-supp(p) N [n,7")}}
is dense below p. Choose t € DNG|k, j(x)). Then (¢°)® <j(t)[£® IF max j(t)2*

> j (p)g*, hence ul-maxj(t)}* > supr3*, a contradiction. Assuming that

Ju < (¢5)® wl-sup 3" > supr¢* analogously leads to a contradiction.
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Cramv 30. If v € C-supp(r) has cardinality 0 and v < &, then
(qé)EB I-ot fy[sup ri;*] < ot fe[sup rg*]

Proof. Choose p € G|k, j(k)) with v, £ both in C-supp(j(p)). We al-
ready know that (¢%)®IFsup r3* = suprf. Given v’ < (@)%, let u < o
decide supr¢* and denote that value by s. Note that for every regular car-
dinal 7, there exists a club C; C 7 of ordinals ¢ such that for all 6y < d;
both in C-supp(r) N [n,n™), ot fs,[¢] < ot fs,[¢]. We say that C), separates
C-supp(r) N [n,n™) in this case. Let C = (Cy: C-supp(p) N [n,n") # 0).
Then j(C) = (E,: C-supp(j(p)) N [n,n") # 0) has the property that for
each 1, E, separates C-supp(j(p)) N [n,nT). We want to finish the proof by
showing that s € Ey and thus u forces the desired property of the claim:

Assume for a contradiction that s & Ey and thus Fjy is bounded in s by
some a < s. Choose ¢t < p in Gk, j(k)) such that tl-a < maxj(t)}" =
maxj(t)z* € Ey. This is possible since there is p’ < p in G|k, j(k)) such that
max j(p')5* > a and D := {t: Vn Vdp, 61 € C-supp(t) N[n,n™) tI-maxty: =
max t5* € Cy} is dense in P[x, j(k)), so we may choose t € D N G|k, j(k))
below p’. Then ¢ is as desired. But ulF-maxj(t)}* < supri* = s, thus u
forces that Ey is not bounded by « below s, a contradiction as desired. =

CramM 31. (¢%)®IF ot fe[sup r¢*] > sup(S-supp(r) N 6).

Proof. Note that sup(S-supp(r) N #) is a limit ordinal and assume for a
contradiction that Ju < (¢°)® ul-ot fe[sup r¢"] < a < sup(S-supp(r) N 6)
for some . Choose p € G|k, j(r)) such that sup(S-supp(j(p)) N 0) > «
and ¢ € C-supp(j(p)). Now note that D := {t: tI-¥n V§ € C-supp(p) N
[, n") maxt;* > sup(S-supp(p) N7n) and fs[maxt;*] O maxt;*} is dense
in Pk, j(k)) below p. Choose t € DN Glk, j(x)). Then j(t) IF max(j(t)g") =
sup(S-supp(j(p)) N 6) > a and fe[max j(¢);*] 2 maxj(t)g*. Thus (¢5)® <
J(t)1€F IF ot fe[sup r¢"] = ot fe[max(j(t);*)] = o, a contradiction. w

CraM 32. If 0 is inaccessible, then

sup(S-supp(r) N @) > card(C-supp(r) N [0,67)).

Proof. The set
D := {p: ¥ inaccessible sup(S-supp(p) Nn) > card(C-supp(p) N [n,77))}
is dense in Plk, j(k)). Hence

sup(S-supp(r) N0) = | J  sup(S-supp(j(p)) N 6)
PEG[K.5 ()
is greater than or equal to
J  card(C-supp(j(p)) N[6,6")).
PEG[K,j(K))
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So for every p € G|k, j(k)), sup(S-supp(r) N #) > card(C-supp(j(p)) N
[0,07)). As Pk, j(k)) has a dense subset of size j(k), it suffices to show
that sup(S-supp(r) N @) > j(k), which is true as j(k) € S-supp(r). =

CLAIM 33. ¢° forces that r¢ has a P[j(k),sup(S-supp(r) N 6))-name.

Proof. Choose p € G[k,j(k)) such that £ € C-supp(j(p)). Note that
D :={t < p: Vn V§ € C-supp(p) N [n,n") t|dI-ts has a P[k,sup(S-supp(t)
Nn))-name} is dense in P[x, j(k)) below p. Choose t € DN G|k, j(k)). Then
J(t)1¢ forces that j(t)¢ = r¢ has a P[j(x),sup(S-supp(j(t)) N #))-name. The
claim follows as sup(S-supp(j(¢)) N 6) < sup(S-supp(r) N 6). =

Now by the above claims, we may set ¢ felsuprs] = T¢ and qg* =
r¢ U {supr¢*}, ie. given that (¢%)® is a condition in P[j(k),&)®, we find
that ¢! is a condition in P[j(k),& + 1). If £ is a limit ordinal, then
¢° is a condition in P[j(k),€), as for each ¢ < &, ¢¢[¢ is a condition in
P[j(k),¢) inductively and ¢° has appropriate supports. So we finally ob-
tain ¢ € P[j(k), j%(x)) which is below j”G[k, j(x)), our desired master con-
dition. If we choose our P[j(k),j2(k))-generic G[j(x),j2(k)) to contain ¢
we have ensured that j”Glk,j(k)) C G[j(x),5%(k)) and we may thus lift
the embedding j: V[Gx] — M[Gj] to j: V|G| — M[Gj2(,]. But
in order to be able to further lift the embedding j, we have to demand a
little more of G[j(k),7?(k)): We will define a condition t € P[j(x),j%(x)),
show that ¢ and ¢ are compatible, demand that G[j(k),j?(k)) contains
both ¢ and ¢, and show how this helps us to deduce that j”G[j(x),5?(k))
has a lower bound in P[j?(k),j(k)). This will finally enable us to lift
Ji VI[Gjl — MGz to j: V|G — M[Gjs(,]. The further lift-
ings of j up to j: V[Gje(y)] — M[Gjw (.| then work the same way (more
precisely, it will be immediate to find ¢ € Pju(,) such that if we demand
that q € Gju(n), then j”Gju(K/) - G]’w(ﬁ)).

o Let c:=U{j(4): AC[j(r),j(r)"), [A] <ij(r)}.

e Let d := sup(range(j) N j2(k)).

NoTE. Whichever G[j(k),j?(k)) we choose, if we then let

r= |J i),
PEG[j(K),j2(r))
it will be the case that
C-supp(r) N [ (), 7(5) ") = ¢

and sup r** = d for v € C-supp(r) N [j*(k), j?(k) ™).

Definition of t. For every v € ¢, let A, be a maximal antichain in

P[j(k),7(x)T) which j-decides the bit at ~, in the sense that for every
a € Ay, j(a)]y decides j(a),: this is possible as the set D of conditions
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pin P[j(k),j(x)") such that p decides {ps: & € C-supp(p)} and such that
v € C-supp(j(p)) is dense in P[j(x),j(x)"). But for any such p, j(p) decides
j(p)y by elementarity. Now we let, for every v € ¢,

tor f,[d) = {(a,€): a € Ay A j(a)lFj(a), = e€}.
Similar to Claim one may show that ot f,[d] is different for different
v € c. We let t5 = 1 for all § which are not as above and let ¢;* = () for
all §. Note that each ts5 is a P[j(k),d)-name, since d > j(x)T. We need to
show that t has sufficiently small supports in order to be a condition in
P[j(k),7%(k)). The following is clearly sufficient:

CrLAmM 34. card(c) <d.

Proof. For each A C [j(k),j(k)T) of size less than j(k), card(j(A)) €
range(j) Nj2(k). There are only j(x)"-many possibilities for A and thus the

claim follows as d > j(k)T. m

CrLam 35. t | q.

Proof. For v € ¢, ot f,[d] > d. It suffices to note that whenever ¢ €
S-supp(q), then § < d. =

This allows us to demand that G[j(k), j2(x)) contains both ¢ and ¢.

Lifting. We want to lift j: V|G| — M[Gj2()] to j: V[Gj] —
MI[Gjs ()] Let 7 = UpGG[j(n),jQ(n))j(p)' As before, one shows that r has

appropriate supports. We want to form ¢ out of r by setting, for every
v € C-supp(r),
@ =ryU{supry ot Solsuprss] =71y if cardy > Jj(K).

Of course we want to set ¢, = r for v in S-supp(r) and let other compo-
nents have value 1. We want to show that § is a condition in P[j%(k), j3(k)).
In that case, ¢ is obviously a lower bound for j”G[j(x),j2(x)). Note that
since t € G[j(k),j*()), it follows that g(ot f,[supr2*]) = r, for every
v € [52(k),5%(k)") (to be exact, there exists p € G[j(k),5?(k)) such that
§(p) Iy decides r., and thus forces the above), which shows that §[j2(k)™" is
a condition in P[j?(k),j2(k)"). The rest of the proof that § is a condition
in P[j2(k),j3(k)) works as in the proof for ¢ above.

Master condition. Continue as above for w-many steps, in this way defin-
ing a master condition u € Pju(,) with the property that u < j”Gjw (., and
choose a Pju(,)-generic Gjw(,) containing u. Let G;L(H) = Gju(g) N P;‘w(ﬁ).

CLAIM 36. G;W(H) 18 wa(ﬁ)—generic over M.

Proof. Suppose D € M is open dense on P]T‘;(N) and write D as j(f)(a)

where dom(f) = Vju(x) and a € Vjnt1(,) for some n € w. We may assume

that every element of M is of this form. Choose p € Gjw(,) such that p
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reduces f(a) below j"(x) whenever a belongs to Vjn(.) and f(a) is open
dense on Pju(,), in the sense that if ¢ extends p then ¢ can be further
extended into f(a) without changing u;n(.)(g). The existence of p as above
is shown similarly to the proof of Theorem [22] clause [§] using the fact that
Vin(x) has size j" (k). Then j(p) belongs to j”G ju () C G;W(H) and reduces D
below j"*1(k), i.e.if ¢ < j(p) then Ir < q r € DA Ujnt1() (T) = Ujn1(,5)(q)-

Hence E := {q € Pjni2(y): " i(p)[j" 2 (x), (k) € D} is dense be-
low j(p)1j"*?(k) in Pjntz(. Since Gjnsz(,) contains j(p)[j"2(k) and is
Pin+o()-generic over M, Gjni2() N E # (). Choose a condition ¢ in that
intersection. Then ¢~ j(p)[i"2(k),j“(k)) € DN Glo()- ™

By the above, we obtain a lifted embedding j: V[Gje(.)] — M[G;w(n)].
As P[j¥(k),00) is j*(k)T-distributive by Theorem we may choose an
arbitrary P[j“(k), 00)-generic G[j*(k),c0), assume that j is given by an
ultrapower@ and apply Lemma 3 of [11] to find a P*-generic G* extending
G;w(n) and an elementary embedding j: V[G] — M[G*| extending j: V —

M. As VI[Gljee) = Vjo(n) [G;L(H)] C M[G*], j witnesses w-superstrength of
k in V[G]. wTheorem 25

Consequences of Local Club Condensation. It is easy to see that
Local Club Condensation implies {x(FE) for every regular x and every sta-
tionary E C k. The proof is very similar to the proof that {.(FE) holds
in L for every regular x and every stationary E C k: see e.g. [9] for both
that proof and the definition of {y(FE). $u, in fact already follows from
Stationary Condensation.

Local Club Condensation has interesting consequences for the existence
of locally definable well-orderings. We say that a class A of ordinals witnesses
Local Club Condensation iff the sequence (Ly[A]: o € Ord) witnesses Local
Club Condensation in the sense of its original definition. The proof of The-
orem shows that it is consistent to have A C Ord witnessing Local Club
Condensation in the presence of w-superstrong cardinals.

THEOREM 37. Suppose that A C Ord witnesses Local Club Condensa-
tion. Then for each limit cardinal k (including Ro) and each n € [2,. .., w],
there is a well-ordering of H,+n which is Aq-definable over H,+n with pa-
rameter AN kY. If k is inaccessible then AN k™ can be replaced by ANk
and we may also allow n = 1.

Proof. Suppose that a™ < 3 < o™" and fg is any bijection between
a™ and 3. As A witnesses Local Club Condensation, we have: 3 € A iff

(*?) To say that j: V — M is given by an ultrapower means that every element of
M is of the form j(f)(a) where f has domain Hjw (. and a belongs to Hjw ).
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{vy<a™: ot fz[y] € A} contains a club, and S & A iff {y<at: ot fz[y] € A}
contains a club. This gives a well-ordering of H,++ = L,++[A] which is
Aq-definable over H, ++ with parameter AN a™, namely the canonical well-
ordering of L.++[A]. By composing these definitions we get, for any limit
cardinal k and any n € [2,...,w], a well-ordering of H,+» which is A;-
definable over H, . with parameter A N k™. If x is inaccessible, then we
can apply the same argument to show that ANk™ is Aj-definable over H, +
from the parameter AN k. =

COROLLARY 38. [t is consistent with an w-superstrong cardinal that
whenever k s regular and uncountable, H, + has a well-ordering which is
A1-definable over H,+ with parameters. m

In [2] and [3] the previous corollary is improved to eliminate the param-
eters. It is not possible to allow k to be w, as large cardinals imply that H,,
has no definable well-ordering, even with parameters. The case of singular
K is open.

Variations of the Local Club Condensation forcing. We can show
the following, using a (much simpler) variant of the forcing used to obtain
Local Club Condensation above:

THEOREM 39. Assume k is reqular uncountable, 2¥ = k* and k<" = k.
Then there is a k-strategically closed, kT -cc forcing which forces a /Aq-
definable (from a parameter a C k) well-order of H,+. Moreover, one can
additionally make a given ground model subset of H,.+ Ai-definable (from
the same parameter a C H).

Proof sketch. The idea is to construct A C k™ such that H,+ = L,+[A4]
and such that A is in fact Aj-definable from A Nk in H,+. The predicate
A will look very much like a predicate witnessing Local Club Condensation.
Our forcing S to achieve this will be an iteration of length ™ with sup-
ports of size less than . It will be similar to P+, the forcing P to obtain
Local Club Condensation (as defined in the section “Forcing Local Club
Condensation”) up to k™, but we replace P, by x-Cohen and we construct
the predicate A between x and x* ourselves, where we successively choose
segments of size k (instead of letting the generic choose segments of size
1 as we did when we forced Local Club Condensation) and use a slightly
enhanced version of the forcings C,(g), which is capable of ensuring ap-
propriate condensation of those x-sized segments of the predicate into the
generic below k (Cy(g) only did this for a single bit of the predicate at «).
When constructing the predicate between x and x*, we have to take care
that in the final model, H,+[A] = L,+[A]. We will describe S in more detail
in the following:



Condensation and large cardinals 163

At stage 0, we force with x-Cohen forcing and let g be the generic subset
of k, and ANk = g. The iterands of S will be trivial in the interval (0, ).
Choose, for each f € [k, k™), some bijection fz: Kk — 3. If a > K, a = K+ &,
we choose, at stage a of the iteration, a subset s of the interval doms =
k- (1+&),k-(1+&+1)), let Aldoms = s and then force with C(s, g) to
ensure that we will be able to read off s from AN k: (p*,p*™) is a condition
in C(s,g) iff

e p* is a subset of dom s of size less than x, and
e p** is a closed, bounded subset of k.

(¢*, q™) extends (p*,p**) in C(s, g) iff
°*q 27",
e ¢™* end-extends p**, and
o Vv €p* Ve g™\ p™ glot fy[n]) = s(v).

By careful book-keeping, it is easy to ensure that all relevant subsets of x
which appear in intermediate models of the iteration S are inserted into the
predicate A at some stage, so that if a is any subset of k in some intermediate
model of the iteration S, then a is an element of L[A N a] for some o < k™.
The forcing S is k-strategically closed, which is seen similarly to the proof
of Theorem clause @ It is easy to see that S is k'-cc, using the fact that
any two conditions in S which specify the same k-Cohen condition and have
the same **-components are compatible (we can just take the union of their
*_components to obtain a condition stronger than both). Now by the x*-cc,
every subset of k in the final model after forcing with S will appear in some
intermediate model of the iteration, thus we may infer that H, + = L,.+[A].
Our forcing ensured that for any ordinal § € [k,x) and any bijection fgz
between x and 3, f € A iff {y < k: ot fz[y] € A} contains a club, and
BEAiff {y < k: ot fg[y] ¢ A} contains a club. Thus, as in the proof of
Theorem we now conclude that H,+ has a Aj-definable well-order using
the parameter A N x.

To additionally make a given ground model subset z of k¥ Aj-defin-
able from A N k within H,+, we may for example choose A N [k, k")
slightly more carefully in the above so that for every v < k™, A(k- (1 +7))

=z(y). =

REMARKS. (a) With more care, “k-strategically closed” can be improved
to “r-directed closed” in the statement of Theorem [39} It can be observed by
analyzing the strategy for strategic closure of the Local Club Condensation
forcing given in [13] (Definition 8.5 of “strategic belowness”, the forcing is
the same that we used to force Local Club Condensation in the present
paper, but the strategy witnessing strategic closure is quite different) that
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our forcing S has a k-closed dense subset of conditions @' By the nature
of the extension relation on S, it is easy to see that any k-closed subset of
S is in fact k-directed closed.

(b) A technique similar to the above is used in [12] Chapter IV], to make
the club filter restricted to any ground model costationary set S Aj-definable
over H,+ in a parameter, preserving the stationarity of subsets of S. (This
argument however needs, in addition to the hypotheses of Theorem the
extra hypothesis that « is not the successor of a singular cardinal or at least
that ™ € I[k™], the approachability property for x*.)

(c) Philipp Liicke [I6] has obtained a version of Theorem [39| when 2 is
greater than k1. Using “Kurepa tree coding” he shows that in this case there
are r-closed, kT -cc forcings which add a As-definable wellorder of H,.+ and
which make a given ground model subset of H,+ Aj-definable over H,.+.

A possible future application of Local Club Condensation. We
can show the following variation of a theorem in [I7], using a variation of
the proof given in that paper:

THEOREM 40. Assume M is of the form L[A] and satisfies Acceptability,
Local Club Condensation and O at small cofinalities. If there is a proper
forcing extension V. of M in which PFA(c*-linked) holds and T = wy , then
(7, (rT)M] is ¥2-indescribable in M.

For the definition of a X}-indescribable interval of cardinals, we refer
the reader to [I7], and for OJ at small cofinalities, we refer to [II]. It is
shown in [I1] how to force [J at small cofinalities and preserve various large
cardinals. A cofinality-preserving forcing will preserve [ at small cofinalities.
As a corollary, we get the following:

COROLLARY 41. Assume (k) is a large cardinal property of k consis-
tency-wise weaker than a ¥2-indescribable interval [t,71), such that we can
force Local Club Condensation and Acceptability by a cofinality-preserving
forcing which preserves p(k). Then it is consistent that ¢(k) holds but no
proper forcing extension satisfies PFA(c™ -linked).

A positive answer to the following open question would not only be of
central importance for the Outer Model Programme but would also show

(*°) A main observation is that the handling of separating clubs (see [I3] for a def-
inition) is unnecessarily complicated in [I3]. We can choose a separating club for every
v C [k, k") of size less than « in advance, by letting, for every {ao, 1} C [k, £7), Ciap.ar}
be a separating club for {ao, a1} and then for every v C [k, x") of size less than x, let
C, = m{ao,al}gv C{ag,a1}- This gives us the property that Cy, C C,, whenever v1 2 wo.
Using this observation, it is not hard to see that the conditions p € S such that all
p; and p;* are ground model objects and CUiESL\pp(p)\{O} pr D |p(0)| = supp;* for every
1 € supp(p) \ {0} form a k-closed dense subset of S.
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that the hypotheses of Theorem [£0] and Corollary [1] are not vacuous in the
presence of very large cardinals:

QUESTION 42. Ghven a model of Set Theory which satisfies GCH and
has (very) large cardinals, can we define a cofinality-preserving forcing to ob-
tain a model of Local Club Condensation and Acceptability while preserving
certain (very) large cardinals?

NoOTE. In [13], it is shown how to force Acceptability by cofinality-pre-
serving forcing and preserve various large cardinals. In Theorem [25| of the
present paper and in [13], it is shown how to force Local Club Condensation
by cofinality-preserving forcing and preserve various large cardinals. The
question is whether it is possible to force both of these properties simulta-
neously (and witnessed by the same predicate A C Ord) while preserving
large cardinals.

QUESTION 43. Is it possible to force a “fine structure theory”, preserving
w-superstrongs? To what extent is Local Club Condensation consistent with
the failure of the combinatorial principle J and the nonexistence of morasses
(at various cardinals)?
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