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On the spectrum of stochastic perturbations of the shift
and Julia sets
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Abstract. We extend the Killeen-Taylor study [Nonlinearity 13 (2000)] by investi-
gating in different Banach spaces (£%(N), co(N), ¢(N)) the point, continuous and residual
spectra of stochastic perturbations of the shift operator associated to the stochastic adding
machine in base 2 and in the Fibonacci base. For the base 2, the spectra are connected
to the Julia set of a quadratic map. In the Fibonacci case, the spectrum is related to the
Julia set of an endomorphism of C2.

1. Introduction. In this paper, we study in detail the spectrum of
some stochastic perturbations of the shift operator introduced by Killeen
and Taylor in [3]. We focus on large Banach spaces for which we complete the
Killeen—Taylor study. We also investigate the case of the Fibonacci base, but
in this case, we have not been able to compute the residual and continuous
spectra exactly.

We recall that in [3], Killeen and Taylor defined the stochastic adding
machine as a stochastic perturbation of the shift in the following way: let
N be a nonnegative integer written in base 2 as N = ngg) i(N)2¢ where
gi(N) =0or 1 for all 4. It is known that there exists an algorithm that com-
putes the digits of N 4 1. This algorithm can be described by introducing an
auxiliary binary “carry” variable ¢;(N) for each digit €;(NN) in the following
manner: Put c_1(N 4+ 1) =1 and

Ei(N)—I-CZ‘_l(N—i-l)
2

51(N+1) 261(N)—|—CZ,1(N+1) mod 2, CZ(N—Fl):
for i > 0, where [z] denotes the integer part of z € R,..
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Let {e;(n) : ¢ > 0, n € N} be an independent, identically distributed
family of random variables which take the value 0 with probability 1 — p
and the value 1 with probability p. Let N be an integer. Given a sequence
(ri(N))i>0 of 0’s and 1’s such that 7;(N) = 1 for finitely many indices 1,
we consider the sequences (r;(N + 1));>0 and (¢(N + 1));>_; defined by
d {(N+1)=1and foralli>0,

ri(N +1) =7r;(N) +e;(N)c;_; (N + 1) mod 2,
i(N) + ei(N)c;_1(N +1)

G(N+1)= 5 :

With this definition a number > 5, 7;(N)2¢ transitions to a number
Yoo ri( N+1)2'. In particular, an integer N having binary representation of
the form €, ..., 11011 ... 11 transitions to €, ...€x+1100...00 with prob-

— —

k k
ability p**1, and a number having binary representation ¢, ..., 11...11
k
transitions to &, ..., 00...00 with probability p*(1 — p). Equivalently, we
k

obtain a Markov process ¥(N) with state space N by setting ¥(N) =
2o mi(IN)2". The corresponding transition operator is denoted by S,.

For p = 1 the transition operator equals the left shift, hence the stochas-
tic adding machine can be seen as a stochastic perturbation of the left shift
operator. It is also a model of Weber law in the context of counter and
pacemarker errors. This law is used in biology and psychophysiology [4].

In [3], P. R. Killeen and J. Taylor studied the spectrum of the transition
operator Sy, (of ©)(N)) on £*°. They proved that the spectrum o(S)) is equal
to the filled Julia set of the quadratic map f : C — C defined by f(z) =
(z— (1 —p))?/p?, ie. o(Sy) = {z € C: (f*(2))n>0 is bounded} where f™ is
the nth iteration of f.

In [6], Messaoudi and Smania defined the stochastic adding machine in
the Fibonacci base in the following manner. Consider the Fibonacci sequence
(Fyn)n>0 given by

Fo=1, Fy =2, Fo=F, 1+ F, 2 Vn2=>2.

Using the greedy algorithm, we can write every nonnegative integer N in a
unique way as N = ngg) gi(N)F; where £;(N) =0 or 1 and &;(N)g;+1(N)
# 11, for all i € {0,...,k(N) — 1} (see [11]). It is known that addition of 1
in the Fibonacci base (adding machine) is recognized by a finite state trans-
ducer. In [6], the authors defined the stochastic adding machine by intro-
ducing a “probabilistic transducer”. They also computed the point spectrum

of the transition operator acting in £°° associated to the stochastic adding
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machine with respect to the base (F},),>0. In particular, they showed that
the point spectrum oy, (.S)) in £°° is related to the filled Julia set K of the
function g : C?> — C? defined by

1
9(z,y) = <p2(:v —1+p)(y—1 +p),x).
Precisely, they proved that
opt(Sp) = Kp ={A € C: (¢gn(N))n>1 is bounded},

where qp, (2) = 2z, qr, (2) = 2,

1 1—p
qr,(2) = ];qu_l<Z)qu_2(Z) - for all k > 2
and for all nonnegative integers n, we have ¢,(z) = ary, - - 4F,, where

Fy, + -+ Fy,, is the Fibonacci representation of n.
In particular, oy, (Sp) is contained in the set

E ={A€C:(¢r,(N))n>1 is bounded} = {A € C: (A, \) € K4}

where A\ =1 —p+ (1 — X —p)?/p.

Here we investigate the spectrum of the stochastic adding machines in
base 2 and in the Fibonacci base in different Banach spaces. In particular, we
compute exactly the point, continuous and residual spectra of the stochastic
adding machine in base 2 for the Banach spaces cg, ¢, £%, a > 1.

For the Fibonacci base, we improve the result in [6] by proving that the
spectrum of .S}, acting on £*° contains &,. The same result is proved for the
Banach spaces ¢g, ¢ and £*, a > 1.

The paper is organized as follows. In Section 2, we recall some ba-
sic facts of spectral theory. In Section 3, we state our main results (The-
orems 3.1-3.3). Sections 4 and 5 contain the proofs in the case of the base
2 and the Fibonacci base, respectively.

2. Basic facts from spectral theory (see for instance [2], [8]-[10]).
Let E be a complex Banach space and T' a bounded operator on it. The
spectrum of T', denoted by o(T'), is the set of complex numbers A for which
T — A1dg is not an isomorphism (Idg is the identity map).

If X is in o(T') then one of the following assertions holds:

(i) T — A1dg is not injective. In this case we say that A is in the point
spectrum denoted by oy (T).
(i) T'— A 1dg is injective, not onto and has dense range. We say that A
is in the continuous spectrum denoted by o.(T).
(iii) T — A1Idg is injective and does not have dense range. We say that
A is in the residual spectrum denoted by oy (T).
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It follows that o(T') is the disjoint union
o(T) =opt(T)Uoe(T)Uor(T).

The spectrum of a bounded operator acting on a Banach space is a compact
subset of C [I0]. There is a connection between the spectrum of 7' and
the spectrum of the dual operator T” acting on the dual space E' by T" :
¢ +— ¢ oT. In particular, we have

ProposITION 2.1 (Phillips Theorem [9, p. 145]). Let E be a Banach
space and T a bounded operator on it. Then o(T) = o(T").

We also have a classical relation between the point and residual spectra
of T and the point spectrum of T".

PROPOSITION 2.2 ([Il p. 581]). For a bounded operator T' we have
0r(T) C opt(T") C 0:(T) U ot (T).
In particular, if ope(T) = 0 then
or(T) = opt(T).

3. Main results. Our main results are stated in the following three
theorems.

MAIN THEOREM 3.1. The spectrum of the operator S, acting on co,
c and {4, a > 1, is equal to the filled Julia set Ky of the quadratic map
f(z) = (z — (1 — p))?/p?. Precisely, in cq (resp. £*, a > 1), the continuous
spectrum of Sy, is equal to Ky and the point and residual spectra are empty.
In ¢, the point spectrum is {1}, the residual spectrum is empty and the
continuous spectrum equals Ky \ {1}.

MAIN THEOREM 3.2. In (', the point spectrum of Sy, is empty. The
residual spectrum of Sy is not empty and contains a countable dense subset
of the Julia set Jy = 0Ky, viz. Uory f~™{1} C 0:(Sp). The continuous
spectrum of Sy, is the complement of the residual spectrum in the filled Julia
set Ky.

MAIN THEOREM 3.3. The spectra of S, acting respectively in £, co,
c and ¢, o > 1, associated to the stochastic Fibonacci adding machines
contain the set £, = {\ € C: (A1, ) € Ky} where K is the filled Julia set
of the function g and \y =1 —p+ (1 — X —p)?/p.

CONJECTURE 3.4. We conjecture that in the case of ¢!, the residual spec-
trum of the transition operator associated to the stochastic adding machine
in base 2 is 0;(Sp) = Un—, f~"{1}. For the Fibonacci stochastic adding ma-
chine, we conjecture that the spectra of S, in the Banach spaces appearing
in Theorem 3.3 are all equal to &,.
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REMARK. The methods we use can be adapted to a large class of stochas-
tic adding machines given by transducers. Furthermore, let us point out that
from the Killeen and Taylor method one may deduce in the case of £*° that
the residual and continuous spectra are empty. By contrast, here we compute
directly the residual and continuous spectra in £%, ¢y and c.

4. Proofs in base 2. We are interested in the spectrum of S, on three
Banach spaces connected by duality. The space ¢y is the space of complex
sequences which converge to zero, in other words, the continuous functions
on N vanishing at infinity. The dual space of ¢y is by the Riesz Theorem
the space of bounded Borel measures on N with total variation norm. This
space can be identified with ¢!, the space of summable row vectors. Finally,
the dual space of ¢! is £>°, the space of bounded complex sequences.

We are also interested in the spectrum of S, as an operator on the space
% with « > 1 and also in the space ¢ of convergent complex sequences.

PROPOSITION 4.1. The operator S, (acting on the right) is well defined
on each X € {cp,c, 0" (o > 1)}; moreover, ||Sy| < 1.

Since the operator S, is doubly stochastic, the proposition is a straight-
forward consequence of the following more general lemma.

LEMMA 4.2. Let A = (aij)ijen be an infinite matriz with nonnegative
entries. Assume that there exists a positive constant M such that

(1) sup <§:am) <M, (2) sup (ZaL]) < M.
j=0

€N jeN

Then A defines a bounded operator on the spaces cy, ¢, £>° and % with
a > 1. In addition the norm of A is less than M.

Proof. From (1) it is easy to see that A is well defined on ¢* and its
norm is less than M.

Now, let v = (vy)n>0, v # 0, be such that lim,_,, v, = [ € C. Then
for any € > 0 there exists a positive integer jo such that for any j > jo, we
have |v; — 1| <e/(2M). Let d = 3272, apn,j. Then from (1) we have, for any
n €N,

Jo—1

= 9
(A1) (A0 —dil = | Y anle; = 0] £ Y angly — 1]+ 5.
j=0 =0

But by (2), for any j € {0,...,jo — 1}, we have ) _° jan; < 00, so there
exists ng € N such that for any n > ng and j € {0,...,jo — 1}, we have

(4.2) where ¢ =sup{|v; —[|:j € N}.

g
<=
lanl < 2jo(6 +1)
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Combining (4.1) with . we get
|(Av), —dl| <&, ¥n > ny.

Hence AX C X if X =¢g or c.
Now take a > 1 and v € £%. For any ¢ € N, we have

|(Av);|* < (Zal]]v]> .

Let o be the conjugate exponent of «, i.e., 1/a+ 1/’ = 1. Then, by the
Holder inequality,

(i ai,jlvjl)a < (i am')a/a/(i ai,jlvj\“)-
§=0

3=0 j=0
Hence
©© o e aja ;2 o
(4.3) (Zai’j’vj’> < (supZalJ) (Zai,ﬂ@ﬂ >
=0 N -0 =0
Thus
o o [e.e] o
|Av]jg < Mooy <Zaz’,jlvj|a) =My (Z@i,j)h)jla
i=0 ;=0 j=0 i=0
o0
< M sup (3 aig ) ol < M ol
jeN N5
Therefore
[Av]a < MlJv]q-

Hence A is a continuous operator and || Al < M.
The case a = 1 is an easy exercise and it is left to the reader. m

From Proposition we deduce that S}, is a Markov operator and its
spectrum is contained in the complex unit disc.

Consider the map f: 2 € C — (#)2 and denote by K the associ-
ated filled Julia set defined by

Ky = {z € C:[f™()] » oc}.

Killeen and Taylor investigated the spectrum of S, acting on ¢°°. They
proved that the point spectrum of S, is equal to K'y. In addition, they showed
that the spectrum is invariant under the action of f. As a consequence, one
may deduce that the continuous and residual spectra in this case are empty.

Here we will compute exactly the residual part and the continuous part
of the spectrum of S, acting on ¢y, c and /¢, a > 1.
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THEOREM 4.3. The spectrum of the operator S, acting on each X €
{co,c,0* (1 < a < 00)} is equal to Ky. More precisely, in co (resp. (¢,
a > 1), the continuous spectrum of Sy is equal to Ky and the point and
residual spectra are empty. In c, the point spectrum is the singleton {1}, the
residual spectrum is empty and the continuous spectrum is Ky \ {1}.

For the proof of Theorem we shall need the following proposition.

PROPOSITION 4.4. The spectrum of S, in each X € {cg, ¢, {* (1<a<o0)}
is contained in K.

The main idea of the proof of Proposition [4.4] can be found in the Kil-
leen—Taylor proof. The key argument is that Sf, is similar to the operator
ES, ® OS,, where

~ S,—(1-p1d
Sp — p ( p)
p

and F, O denote the even and odd operators acting on X by
E(hg, h1,...) = (ho,0,h1,0, he,...),
O(ho, hi,...) = (0, ho,0,h1,0,he,...),
for any h = (ho, h1,...) in X. Precisely, for all v = (v;)i>0 € X, we have
512,(1)) = ES,(vo,v2,...,02p,...) + OSy(v1,v3, ..., 02041, ..).
As a consequence we deduce from the mapping spectral theorem [9] that
the spectrum of S, is invariant under f.
Let us start the proof of Theorem by proving the following result.
ProposITION 4.5. The point spectrum of S, acting on each X ¢
{co, 0% (o > 1)} is empty, and the point spectrum of S, on c is {1}.
For the proof, we need the following lemma from [3].

LEMMA 4.6 ([3]). Let n be a nonnegative integer and X, = {m € N :
(Sp)n,m # 0}. Then the following properties are valid:

(1) For all nonnegative integers n, we have n € X,, and (Sp)nn =1—p.

(2) Ifn=c¢cp...€10, kK > 2, is an even integer then X, = {n,n+1} and
(Sp)n,n+1 =p.

(3) If n=¢g...e,01...1 s an odd integer with s > 1 and k >t > s+1,

S
then X;, = {n,n+1,n—-2"+1 (1 <m < s)} and n transitions
ton+1=c¢p...610...00 with probability (Sp)nn+1 = p*t, and

S
ton—-2"4+1=¢p...01...10...0, 1 <m < s, with probability
S—m m

(Sp)n,n—2m+1 =p™(1—-p).
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Proof of Proposition . Let A be an eigenvalue of S, associated to
the eigenvector v = (v,)p>0 in X € {co,c,0* (a > 1)}. By Lemma
(Sp)ii+x = 0 for all i,k € N with k£ > 2. Therefore, for all integers k > 1,
we have

k

(4.4) D (Sp)k-1.ivi = Avg_1.
i=0
Hence one can prove by induction on k that for all integers k > 1, there
exists a complex number g = qx(p, A) such that
(4.5) Uk = Qg0

By Lemma [4.6| and the fact that ((S, — AId)v)en = 0 for all nonnegative n,
we get

n
(4.6)  p"ogn + (1 —p— Nvgn_1 + Zpi(l —P)Ugn_9i =0, VYn > 0.

=1
Hence

1 1

Von — B — < — 1>U0,

p p

where
1 n—1 '
A = _E ((1 —p— A)’U2n71+(2n—1_1) -+ Zpl(l — p)'l)2n—l+(2n—172i)> .
=1

On the other hand, by the self-similarity structure of the transition ma-
trix Sp, one can prove that if ¢ and j are two integers such that for some
positive integer n we have 2"~ <4, j < 2", then the transition probability
from i to j is equal to the transition probability from i — 277! to j — 27~L.

Using this last fact and (4.6)), it follows that

N
Vgn = —(Qon—-1Ugn—1 — | — — 1 | vg.
p p

This gives
1 1
wr el (1)
p 2 \p
where
1l—p—2A
g0 =q1 = ——————-
p

CASE 1: v € ¢y or £*, o > 1. We have lim,_,o0 gon = 0. Thus by (4.7)),
we get p = 1, which is absurd, then the point spectrum is empty.

CASE 2: v € ¢. Assume that limg, = [ € C. Then by (4.7), we deduce
that I = 1 or [ = p — 1. On the other hand, for any n € N, there exist k
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nonnegative integers n; < --- < ng such that n = 2™ + ... 4 2" We can
prove (see [3]) that

(4.8) n = gam1 - Qoni-

Then lim gyn—2,9n = I = [, thus [ = p— 1 is excluded. Since S, is stochastic,
we conclude that [ =1 and opt (Sp) = {1}. =

REMARK. By the same arguments as above, Killeen and Taylor [3] proved
that the point spectrum of S, acting on £°° is equal to K. In fact, it is easy to
see from the arguments above that oy ¢ (S,) = {A € C : ¢,,(\) bounded}.
Indeed, implies that if (gan),>0 is bounded, then |gan| < 1 for all n > 0.
This clearly forces opg e (S,) = {A € C : gan(A) bounded} by (4.8). Now,

since
gn =ho f"PohTHq) =ho fPHN), VneN,

where h(z) = z/p— (1 — p)/p, we conclude that op oo (Sp) = K. It follows
from Proposition that oy~ (Sp) = Ky and the residual and continuous
spectra are empty.

PROPOSITION 4.7. The residual spectrum of Sy acting on X € {co, ¢, £*
(a > 1)} is empty.

Proof. Let A be an element of the residual spectrum of S, acting on cg
(resp. ¢). Then, by Proposition we deduce that there exists a sequence
u = (ug)g>0 € ¢* such that u(S, — A1d) = 0.

CrLAIM. uy = (1/qx)uo for all k € N.
We have
Vk € 2N,  (u(Sp — A1d))k+1 = pu + (1 —p — Nug41 = 0.
Hence
(4.9) Vk € 2N, up = qrug41-

If k is odd, then k = 2" — 1+t where t = 0 or t = Z§:22”jwith 1<n<
ng < -+ < ng. Since (u(Sp, — A1d))k41 = 0, we have

(4.10) P 4+ (1 —p— Nuggr + Zpi(l — P)Upyoi = 0.
i=1

Observe that the relation (4.10) between uy and wugyon is similar to the
relation (4.6) between von and vg. We will prove, by induction on n, that

(411) U = qonUf42n .
Indeed, if n =1 then by (4.10) and (4.9), we get
pu + (q1(1 = p—A) + p(1 — p))ugt2 = 0.
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Therefore
U = <q% ! _p>uk 2 = qQUf+2
=\—- +2 = +2-
p p

Thus is proved for n = 1.

Now, assume that holds for 1,...,m — 1. Take n = m and
1<i<m.Then k+2'=1+2+---+2m1 4+ 20 4+ =2 — 1+ ¢ where
t' = 2™ + t. Applying the induction hypothesis, we get

Ug42i = (il y2i+1 = (2i(i+1 ... Jom—-1Uf4om.
On the other hand, since 2¢ + .- +2m~1 = 2™ _ 2/ we have

(412) Uk+22‘ — q2m_2iUk+2m,
Considering ([.10) with n = m and ([{@.12) yields
1 m
Up = —W ((1 —p—A)ggm_1+ Zp%(l — p)q2m72iuk+2m)'
i=1

Combining this with (4.5)) and (4.6)), we obtain (4.11]) for n = m. Thus (4.11))

holds for all integers n > 1.
In particular, ugn—1_; = ggn-1ugn_q for all n > 1. Thus

1 1
(413) Ugn_1 = ug = up, Vn > 1.
q20Q2 . . .(Qon—1 qon_1
On the other hand, for all integers n > 1, by (4.9) we have ugn =

@o0Ugn 400, and from (4.11)) we see that

(414) Ugn = (20Q21U22_119n = *** = (20(¢21 ... (Jon—-1Ugn+1_7.
Consequently, from (4.13) and (4.14)), we obtain
1
(4.15) ugn = —ug, Vn > 1.
qon

Now fix an integer £ € N and assume that £k = > ; 2™ where 0 < n; <
.-+ < ng. We will prove by induction on s that
(4.16) up = L ug = iuo.
gon1qon2 . .. Qons qk
Indeed, it follows from (4.15]) that (4.16]) is true for s = 1.
Now assume that is true for all integers 1 < i < s.

CASE 1: k is odd. In this case

s n—1
k:ZQ”i:2”—1+l:Z2j+l
i=1 =0

where [ =0ifn=s+1landl=>) 7 2" ifn<s.
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If n > 2, we use (4.11)) to get up_9n-1 = gon-1u; and by induction
hypothesis, we have

1 1
Up = ——————Ug = —Ug.
Qanlqk_anl qk
If n =1, we consider (4.9)) to write uy = (1/q1)ur—1. Thus, we deduce,
by induction hypothesis, that

1 1
= ug = —up-
q19k—1 gk

CASE 2: k is even. In this case n; > 0, and by (4.9), we deduce that

Uk

Uk = 20U 20 = o0Up 421 _1-
Applying (4.11)), it follows that
Uk = QQOQQ1Uk+22_1 = -+ = (90(Q91 ... q2n1—1u1€+2n1,1

g qQOQQl “ e q2n171U(k_2n1 )+2n1+1_1.

Hence
Uk _= QQO “ e Qin—lQ2n1+IU(k_2nl)+2n1+2_1
=@y ... q2n1—1q2n1+1 e q2n2—1U(k_2n1 _2n2)+2n2+1_1.
Thus
Hnio qoi
(4.17) Uk = =" Ugns+1_1-
[[=1 g2ni
By (4.17)) and (4.13) we get
1 1
Uy = =5 Uy = —UQ.
Hf:l qani gk
Therefore we have proved that for all nonnegative integers k,
1
(4.18) Up = —ug.
dk

We conclude that u is in ¢! if and only if > 72, [1/qx()\)| < oo. But this
shows that the residual spectrum of \S), acting on cg or ¢ satisfies

— 1
4.19 o (S c{AeDO,l: ‘<oo}.

We claim that > 77 [1/gx(N)| < oo implies |gan_1| > 1 for all n > 1. Indeed,
by d’Alembert’s Theorem, we have

o0

’%4—1\

Now assume that n is even. Then n = 2F0 4+ ... 4 2km where 1 < ko < ki1 <
... < ky, (representation in base 2). In this case n+1 = 20 420 ... 4 2km

(4.20) lim sup



58 E. H. el Abdalaoui and A. Messaoudi

Using (4.8), we obtain |gn|/|gn+1| = 1/]q1], and by (4.20) we get
(4.21) | > 1.

Since

1 1
Gon = —Qon—1 — < — 1> for all n > 0,
p p

the triangle inequality yields |gan| > 1 for all n > 1. Let i be a positive inte-
ger. Since 2 —1 = E;;% 27, we deduce by that gyi_1 = qi-1q9i—2 -+ - q1.
Hence

|goi_1| > 1 for any ¢ > 1.
On the other hand, considering the first coordinate of the vector u(S,—A1d)
= 0 we have

(o]
(1=p—Nuo+ > p'(1—pugi_; =0.
i=1
Dividing by p, we obtain

(4.22) Q= Zpi_l(l =)/ 1
i=1

We claim that there exists an integer ig € N such that |ggi,_1| > 1. Indeed,
if not the series >,y 1/|gpi_1| will diverge. Thus |q1] < > 7%, pi(1 —p) +
p®~1(1 — p) < 1, absurd. We conclude that the residual spectrum of Sp
acting on ¢q (resp. ¢) is empty.

The same proof shows that the residual spectrum of S, acting on ¢¢,
a > 1, is empty. =

REMARK. By (4.19), it follows that A € o,(X) with X = ¢y, ¢ or 2,
a > 1, implies lim |g,(\)] = 400. But this contradicts Proposition SO
that oy, (Sp) = o (Sp) = 0.

PROPOSITION 4.8. The following equalities are satisfied:
0c,e(Sp) = K \ {1},  0cco(Sp) = 0cpa(Sp) = Ky forall a > 1.

Proof. Assume that X € {cg,c}. Then, by the Phillips Theorem, the
spectrum of S, in X is equal to the spectrum of S, in £>°, and from Propo-
sitions [£.5] and [4.7], we obtain the result.

Now, assume X = ¢*, a > 1. According to Propositions [.4] [£.5] and
it is enough to prove that Ky C o(S,). Consider A € K. We will prove that
A belongs to the approximate point spectrum of S,. For all integers k& > 2,
put w® = (1, (N), ..., qx()),0,0,...)t € £~ where (gx(A\))x>1 = (qr)r>1 18
the sequence defined in , and let u®) = w®) /||w®)|,.

CLAIM. lim,, e [|(Sp — AId)u®)]||, = 0.
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Indeed, we have
Vie{0,....k—1},  ((Sp— AId)u¥)); = 0.
Thus

— 00 |k Ty (e
Z’ S —)\Id (k))‘ :Zizk‘zj':o(sp )\Id)mwj | '

k
i=0 lw®]ig

Putting a; j = [(Sp — A1d); ;| for all ¢, j and using (4.3)), we get

k k
k)| k)|
|28 = A1)l < D718, — ML)l )
=0 =0

where C = sup;en(3-720 [(Sp — Ald); ;[)*/" and o is the conjugate of a.
Observe that C' is a finite nonnegative constant because S, is a stochastic
matrix and A belongs to Ky which is a bounded set.
In this way we have

k) o
SF o lwl® (S, — ATd)i )
[w® g

HaZI ’“)\‘“Z! Sp = Ad)s .

Now, for k = 2™, we will compute the terms

1(S, = Ad)u®||2 < CZ

 Jw®

A,W_Z| —Ald); i, 0<j<k

Assume that 0 < j < k= 2". Then (S, — AId); j = (Sp)i; for all i > k.

CASE 1: j is odd. Then by Lemma (Sp)ij #0ifand only i =35 —1
or i = j. Hence (Sp);; = 0 for all i > k. Thus

(4.23) Agj =0
CASE 2: j = 0. Then by Lemma we have
o0 (o ¢] )
(4.24) A=Y (Spio= > p'(1—p)=p"*.
i=2n i=n+1
CASE 3: j is even and j > 0. Then j = ¢,1...650...0 = Z?;SI ;2!

S
with s > 1 and ¢, = 1. But by Lemma (Sp)i,j # 0 if and only if
1=2"—1+ j for some 0 < m < s. Hence i < 2" = k.
Therefore, in this case

(4.25) Ay =0.
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Now assume j = k = 2". In this case, we have

o0

Ak,j = ’1 2 )\’ + Z (Sp)i,2"-
1=2"41

On the other hand, by Lemma [£.6] (Sp)i2n # 0 if and only if i = 2" +2™ —1
for some 0 < m < n, and (Sp)2nq2m_1.2n = p™(1 — p). Therefore

(4.26)  Agj =Y |(Sp = Ald)ign| = [L—p—= A+ Y p™(1—p).
=2 m=0
By (4.23))—(4.26)), we have for k = 2™ and 0 < j < k,
A #0 & j=0orj=k=2"
Consequently,

| Ao + [y [* A
le®g

P g (1L —p = A+ >0 o p™(1 —p))
Jw®™)||g

1(Sy = Ald)u®Vig < ©

=C

We claim that |[w®")||, — oo as n — co. Indeed, if not, since the sequence
|w®")||, is increasing, it must converge. Put w = (¢;)i>o with qo = 1. It
follows that the sequence (w(2n))n20 converges to w in ¢, which means
that there exists a nonzero vector w € (¢ such that (S, — AId)w = 0.
This contradicts Proposition Now, since A belongs to the filled Julia
set which is a bounded set and (g,)n>0 is a bounded sequence, it follows
that ||(S, — A1d)u®")||, — 0, and the claim is proved. We conclude that
belongs to the approximate point spectrum of S, and the proof of Proposi-
tion [4.§]is complete. m

This ends the proof of Theorem

Spectrum of S, acting on the right on ¢'. Here, we will study the
spectrum of S, acting (on the right) on ¢!. We deduce from Proposition
that this spectrum is contained in Ky. On the other hand, using the same
proof as for Proposition we find that K is contained in the approximate
point spectrum of S),. This shows that the spectrum of S, acting on s
equal to K.

THEOREM 4.9. In (', the residual spectrum contains a countable dense
subset of the Julia set Jy = OKjy. The continuous spectrum is not empty
and is equal to the complement of the residual spectrum in the filled Julia
set Ky.
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Proof. The proof of Proposition [£.7] shows that the residual spectrum
of Sp in ¢! is equal to the point spectrum of S, (acting on the right) in

(¢Y) = ¢*. By (4.18) and -, we see that

Ur(Sp)

X i—1(1 _
= {)\ € C: (gn(N)) and (1/gn (X)) are bounded and ¢; = Z p(l)}
im1 q2i_1

e i—1 1_
=K;nN {)\ € C: (1/gn(N)) is bounded and ¢; = Zp()}
qoi_1
=1

On the other hand we have

(4.27) g = f(ggnr) == ["(a]) = [T (N), Ym0,
Let n € Nand E,, = {A € C: gan(\) = 1}.
Cram 1. UpZ g En = U {1}

Indeed, let A € C be such that f™(\) =1 for some n > 1. Then, by (4.27)),

we have gan—1 = 1 or gyn-1 = —1. From (4.7)), we see that ggn—1 = —1 implies
gon = 1. Hence f~"{1} C E,_1UE,. Since 1 € E,, for all n > 0, we conclude

that >~ f7"{1} € U,y En. The other inclusion follows from (4.27).

Cram 2. (U, En C 0v(Sp)-
Indeed, assume that n € N and A € E,. Then by , we get

(4.28) g =1, VEk>n.

But from (4.28) and (4.8]), the sequences (gx(A))g>0 and (1/¢x(N))k>0 are
bounded. Moreover,

i=k+1 T2i-1
o i—k—1 1—
o gy = i p), Yk > 0.
il gok(ok+1 . .. ({9i—-1

Thus
x  i—1 1_

qup

From this, A € 0,(S,) and Claim 2 is proved.

ZP A-p

qoi_q
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Since 1 is a repulsing fixed point of f, it follows that (o7, f~"{1} is
a dense subset of the Julia set J;. From this fact combined with Claims 1
and 2, we conclude that the residual spectrum contains a countable dense
subset of the Julia set Jy.

On the other hand, (p — 1) € K since f((p — 1)?) = (p — 1)?, but
(p — 1)* & 0,(S,) because for any positive integer n, gon((p — 1)?) = p — 1,
which implies that lim g, = 0 and hence 1/¢, is not bounded. Thus (p — 1)?
€ 0¢(Sp). This finishes the proof of the theorem. m

CONJECTURE 4.10. The residual spectrum in ¢! equals |J°2, f"{1}.

Spectrum of S, acting on the left. The Phillips Theorem combined
with Proposition and Theorems and leads to the following re-
sult.

THEOREM 4.11. The spectrum of S, (acting on the left) in the spaces
co, ¢, £Y with 1 < o < 00 equals the filled Julia set Ky. Precisely:

In ¢y and £%* with 1 < a < 00, the spectrum equals the continuous spec-
trum.

In ¢, the point spectrum equals {1} and the continuous spectrum equals
Ky \{1}.

In €%, the point spectrum equals the residual spectrum in £'.

5. Fibonacci stochastic adding machine (see [0]). Let us consider
the Fibonacci sequence (F},),>0 given by the relation

Fy=1, Fy =2, F,=F, 1+F, o VYn>2.

Using the greedy algorithm, we can write (see [I1]) every nonnegative integer
N in a unique way as N = Zf’ijg) gi(N)F; where ¢;(N) = 0 or 1 and
6@(N)€i+1(N) ?é 0, for 0 S ) S k’(N) —1.

It is known that addition of 1 in base (F,),>0 (called the Fibonacci
adding machine) is given by a finite state transducer on A* x A* where
A = {0, 1}. This transducer is formed by two states (an initial state I and a
terminal state T'). The initial state is connected to itself by two arrows. One
of them is labeled by (10,00) and the other by (101,000). There are also
two arrows going from the initial state to the terminal one. One of these
arrows is labeled by (00,01) and the other by (001,010). The terminal state
is connected to itself by two arrows. One of them is labeled by (0,0) and
the other by (1,1).

Assume that N = ¢, ...¢¢. To find the digits of N+1, we will consider the
finite path ¢ = (pr+1, ax/bk, k) - - - (p2,a1/b1,p1)(P1,a0/bo, po) Where p; €
{I,T}, po = I, pp+1 = T, a;,b; € A* where A = {0,1} and the words
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ag ...agp and by, . . . by have no two consecutive 1’s. Moreover ...0...0ay ... ag
:...0...0€n...€0.
Hence N +1 =¢],...¢(, where
OObkb():OOE;LE()
Example: If N = 10 = 10010 then N corresponds to the path
(T,1/1,T7)(T,00/01,1)(1,10/00,1).
Hence N 4+ 1 =10100 = 11.

10/00

00/01 [k/

001/010 U

X/ x 101 / 000

_|
NN

~

Fig. 1. Transducer of the Fibonacci adding machine

In [6], the authors define the stochastic adding machine as follows. Con-
sider a “probabilistic” transducer 7, (see Fig. 2) where 0 < p < 1, defined
in the following manner.

The states of 7, are I and T'. The labels are of the form (0/0, 1), (1/1, 1),
(a/b,p) or (a/a,1 — p) where a/b is a label in 7.

The labeled edges in 7, are of the form (7, (x/z,1),T) where = € {0,1}
or of the form (r, (a/b,p), q) or (T, (a/a,1—p),q) where (r,a/b,q) is a labeled
edge in T, with ¢ = 1.

The stochastic process () is defined by (N) = > 72, ri(N)F; where
(ri(IN))i>0 is an infinite sequence of 0’s and 1’s without two consecutive 1’s
and with finitely many nonzero terms.

The sequence (r;(N));>0 is defined as follows. Put 7;(0) = 0 for all ¢, and

assume that we have defined (r;(IN — 1));>0, N > 1. In the transducer 7,
consider a path

e (T7 (0/07 1),T) . (T7 (0/0, 1)7T)(pn+1, (an/bmtn),pn) - (pl, (ao/bo,to),po)

where pg = I and p,,+1 = T, such that the words ...r;(N —1)ro(N —1) and
...00ay, ...ag are equal. We define the sequence (r;(IV));>o as the infinite
sequence whose terms are 0 or 1 such that ...71(N)ro(N) =...00b,...bp.
We remark that ¢)(N—1) transitions to 1)(IN) with probability pyv—_1)y(v)
=tptn—1-..10-
Example: If N = 10 = 10010, then, in the transducer of the Fibonacci
adding machine, N corresponds to the path

(T,1/1,T)(T,00/01,I)(I,10/00,1).
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In the stochastic Fibonacci adding machine, we have the following paths:

(1)
(2)
3)

(T, (1/1,1), T)(T, (0/0,1), T)(T, (0/0,1), T)(T, (10/10,1 — p),I). In
this case N = 10010 transitions to 10010 with probability 1 — p.
(T,(1/1,1),7)(T,(00/00,1—p),I)(I,(10/00,p),I). In this case N =
10 transitions to 10000 = 8 with probability p(1 — p).
(T,(1/1,1),T)(T,(00/01,p),I)(1,(10/00,p),I). In this case N = 10
transitions to 10100 = 11 with probability p?.

(10/10,1-p)

(00/ 00,1-p) (10./00,p)
(00/ 01,p) |

I
(001/010,p) \

(x/x 1) (001/001,1-p) (107/000,p)

AN

(101/101,1-p)

Fig. 2. Transducer of the Fibonacci fallible adding machine

By using the transducer 7,, we can prove the following result (see [6]).

PROPOSITION 5.1. Let N be a nonnegative integer. Then the following
statements hold:

(1)
(2)

3)

N transitions to N with probability 1 — p.

N = gp...e900 with k > 2 transitions to N +1 = ¢, ...e901 with
probability p.

N = ¢...001010...1010 with s > 1 and k > t > 2s + 2 tran-

2s
sitions to N +1 = ej...010...00 with probability p°T*, and to

2
N—S" Fyg=N—Fy+1=¢,...50010...100...00, 1 <

2s—2m 2m

m < s, with probability p™ (1 — p).
N =¢p...00101...0101 with s > 2 and k >t > 2s+1 transitions
—_—
2s
to N+ 1 = ¢g...01000...000 with probability p*, and to N —
2s
St Fy=N—Fopi1+1=¢p...60010...100...00, 2 <m <s,

with probability p™ (1 — p). 2omzm 2ml

N =¢€p...e3001 with k > 3 transitions to N +1 = ¢, ...e3010 with
probability p.
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By Proposition 5.1 we construct the transition graph. We also find the
associated transition operator .S,.

1—p p 0 0 0 0 0 0 0 0 0 0o o0..
0 1-p 0 0 0 0 0 0 0 0 0o o0..
p(1—p) 0 1-p p? 0 0 0 0 0 0 0 0o o..
0 0 0 1-p »p 0 0 0 0 0 0 0o o0..
p(1—p) 0 0 0 1-p p? 0 0 0 0 0 0o o0..
0 0 0 0 0 1—p p 0 0 0 0 0o o..
0 0 0 0 0 0 1-p p 0 0 0 0o o0..
p2(1—p) 0 0 0 0 p(1—p) 0 1—p p3 0 0 0 O0..
0 0 0 0 0 0 0 0 1—p p 0 0o o..
0 0 0 0 0 0 0 0 0 1-p p 0o o0..
0 0 0 0 0 p(1—p) 0 0 p(1—p) 0 1-p p2 O..

Fig. 3. Transition graph of the stochastic adding machine in the Fibonacci base

REMARK. In [6], the authors prove that the point spectrum of S in £
is equal to the set K, = {\ € C: (¢n(A))n>1 is bounded}, where gg,(2) = z,
qm (2) = 22, qr, (2) = (1/p)qr,_, (2)qr,_,(2)— (1 — p)/p for all k > 2, and for
all nonnegative integers n we have ¢, = qFy, - - - 4Fy,, where Fy, + -+ Fy,,
is the Fibonacci representation of n. In particular, op(Sp) is contained
in

E ={AeC:(¢r,(N))n>1 is bounded} = {A € C: (A1, \) € K4}

where K, is the filled Julia set of the function g : C? — C? defined by
9(@,y) = (z(x = 1+p)(y—1+p),z) and \y =1 —p+ (1 — A —p)*/p. They
also investigated the topological properties of &,.

PROPOSITION 5.2. The operator Sy, is well defined in the Banach spaces
co, ¢ and %, o > 1. The point spectra of S, acting in co and £* associated to
the stochastic Fibonacci adding machines are empty. In c, the point spectrum
equals {1}.

Proof. By Proposition [5.1] we can prove that the sum of the entries in
every column of .S, is bounded by a fixed constant M > 0.

Indeed, let n € N and s, = ) ;2 pin be the sum of the entries in the
nth column.

If n=c¢g...901 or n =€y ...e3010 (Fibonacci representation), then by
(1), (2) and (5) of Proposition [5.1] we have s, = 1.

Ifn =¢ep...e4010...00, s > 2, then for all integers i € N, p;, > 0

—— )

S
implies that i =nori=n—1ori=¢...6010...001...01, s > 2m, or

s—2m 2m
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1=¢€...6010...010...10, s > 2m. Hence
—— ——

s—2m 2m

[e.e]
sn <1—p+plPl 42> p™(1—p) <1+2p.
m=1

If n=0, then s, <1+ p.

On the other hand, since S}, is a stochastic matrix, Proposition shows
that .S, is well defined in ¢, ¢ (resp. in £%, a > 1).

Now, let A be an eigenvalue of S, in X where X € {cp, ¢, ¢* (> 1)}
associated to the eigenvector v = (v;);>0 € X. Since the transition probabil-
ity from any nonnegative integer ¢ to any integer i + k, k > 2, is p; ;1 = 0
(see Proposition , the operator S, satisfies (Sp)i i+ = 0 for all i,k € N
with k > 2. Thus for every integer k > 1, we have

k
(5.1) Zpk—l,ivi = \Vp_1.
i=0
Hence we can prove by induction on k that for any integer k£ > 1, there
exists a complex number ¢ = cx(p, A) such that

(5.2) Vi = CrVp.

Using the fact that the matrix S}, is self-similar, we can prove that ¢, = g
for all k € N (see Theorem 1 in [6]). Since
05.(2) = Sar, (ar, ()~ L, vnel,
p p
and (gp,) converges to 0 as n — oo, we deduce that the point spectrum
of S, acting in ¢y (resp. in £%, & > 1) is empty. Using the same idea as in
Proposition we see that ope . = {1}. =

REMARK. By the Phillips Theorem and duality, it follows that the spec-
tra of Sy acting in X € {c, ¢, ¢, 0%} associated to the stochastic Fibonacci
adding machine are all equal.

THEOREM 5.3. The spectrum of Sy, acting in X € {£>°, cp,c, (" (o> 1)}
contains the set &, = {\ € C: (qF, (X))n>0 is bounded}.

Proof. The proof is similar to the proof of Proposition [£.§] and will be
done in the case /¢, a > 1. Let A € &, and let us prove that A belongs to
the approximate point spectrum of S, in £¢, o > 1.

For every integer k > 2, consider w®) = (1,1 (A), ..., qx()),0,0,...)t € £~
where (qk()\))k>1 = (qr)k>1 is defined in the proof of Proposition Let

ulh) = w® /[lw® o,

CLAIM. limy, 0 ||(S) — AId)u) [y = 0
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By using the same proof as for Proposition @ we have

Fn [0
||aZ| ( )‘ Ban]

where D is a positive constant and Br, j = > ;2 p [(Sp — A1d); 4.

We can prove as in Proposition that for 0 < j < F,,

Bpmj#o & j=0o0rj=F,.

Indeed, if j € {1, ..., F,—1}, then since i > F},, we have (S,—A1d); j = p; ;.
If the Fibonacci representation of j is j = eg...e201 or j =€ ...10...0,
it is easy to see by Proposition that p; ; # 0 implies 7 < F},.

On the other hand, if j = 0 then Bp, ; = > ;25 pio- Since pro # 0 if
and only [ = F; — 1, and since pp,—10 = pWﬂ(l — p), we have Bp, ; <
235272,,p' (1 —p) = 2p™ where m = [(n +1)/2].

Now assume j = F,. In this case, Br, j = [l —p—A|+> 25 +1pz Fr- On
the other hand, by Proposition [5.1] n pi.r, 7 0 if and only if i = F,, + F,,
for some 0 <m < n and pr, 5, 1.5, = p™2(1 - p). Therefore

1(Sp = ALd)ul™||g <

(e

(53)  Br,p, =[1—p=A+> p"?l(1—p)<[l-p-A+2
m=0
Hence
2p™ “(L—p—Al+2
(S _)\Id)u(Fn)Hg <D P+ lgr, (1 —p | +2)
lw(F)]lg

Since ||w)||, — 0o as n — oo goes to infinity and (¢g, )n>0 is bounded,
it follows that ||(S, — AId)u¥)||, — 0. Therefore A belongs to the approx-
imate point spectrum of S,. Thus the spectrum of S, acting on £*, a > 1,
contains &,.

The case of ¢! can be handled in the same way. The details are left to
the reader. m

Open questions. We are not yet able to compute the residual and
continuous spectrum of S}, acting in £°°, cg, c or in £¥, a > 1. We conjecture
that o(S,) = &p. Moreover, in the case of £*° we conjecture that the residual
spectrum is empty and the continuous spectrum is &, \ K. The difficulty
here is that the matrix S, is not doubly stochastic. One may also look for a
characterization of all real numbers 0 < p < 1 for which &, # IC,,.
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