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Abstract. If G is a group then the abelian subgroup spectrum of G is defined to be
the set of all k such that there is a maximal abelian subgroup of G of size x. The cardinal
invariant A(G) is defined to be the least uncountable cardinal in the abelian subgroup
spectrum of G. The value of A(G) is examined for various groups G which are quotients of
certain permutation groups on the integers. An important special case, to which much of
the paper is devoted, is the quotient of the full symmetric group by the normal subgroup
of permutations with finite support. It is shown that, if we use G to denote this group,
then A(G) < a. Moreover, it is consistent that A(G) # a. Related results are obtained for
other quotients using Borel ideals.

1. Introduction and definitions. The maximality of abelian sub-
groups plays a role in various parts of group theory. For example, Mycielski
[9, 8] has extended a classical result on Lie groups and shown that a maxi-
mal abelian subgroup of a compact connected group is connected. For finite
symmetric groups the question of the size of maximal abelian subgroups has
been examined by Burns and Goldsmith in [4] and Winkler in [16]. It will be
shown in Corollary 3.1 that there is not much interest in generalizing this
study to infinite symmetric groups; the cardinality of any maximal abelian
subgroup of the symmetric group of the integers is 280. The purpose of this
paper is to examine the size of maximal abelian subgroups for a class of
groups closely related to the symmetric group of the integers; these arise by
taking an ideal on the integers, considering the subgroup of all permutations
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which respect the ideal and then taking the quotient by the normal subgroup
of permutations which fix all integers except for a set in the ideal. It will be
shown that the size of maximal abelian subgroups in such groups is sensitive
to the nature of the ideal as well as to various set-theoretic hypotheses.

The reader familiar with applications of the Axiom of Choice may not
be surprised by the assertion just made since one can imagine construct-
ing ideals on the integers by transfinite induction such that the quotient
group just described exhibits various desired properties. Consequently, it is
of interest to restrict attention to only those ideals which do not require the
Axiom of Choice for their definition. All of the ideals considered will have
simple definitions—indeed, they will all be Borel subsets of P(w) with the
usual topology—and, in fact, the first three sections will focus on the ideal
of finite sets. It should be mentioned that there is a large body of work
examining the analogous quotients of the Boolean algebra P(w) modulo an
analytic ideal; the monograph [6] by Farah is a good reference for this sub-
ject. However, the analogy is far from perfect since, for example, whereas
the Boolean algebra P(w)/[w] <™ can consistently have 220 automorphisms
[10] it is shown in [1] that the quotient of the full symmetric group of the in-
tegers modulo the subgroup of finite permutations has only countably many
outer automorphisms. Nevertheless, it may be possible to employ methods
similar to those of [6] in order to distinguish between different quotient al-
gebras up to isomorphism. This has been done for elementary equivalence
in [14, 13] for quotients of the full symmetric group on s by the normal sub-
groups fixing all but A elements. However, since the full symmetric group
of the integers has only two proper normal subgroups [11], quotients of
certain, naturally arising subgroups will be considered instead. One of the
goals of this study is to use the cardinal invariants associated with maximal
abelian subgroups as a tool to distinguish between isomorphism types of
such groups.

In order to state the main results precisely some notation is needed.

DEeFINITION 1.1. If G is a group then define the abelian subgroup spec-
trum of G to be the set of all x such that there is a maximal abelian subgroup
of G of size k. Define A(G) to be the least uncountable cardinal in the abelian
subgroup spectrum of G.

The requirement that A(G) be uncountable rather than just infinite is
important because many groups have maximal abelian subgroups isomor-
phic to Z. In particular, quotients of the symmetric group on N often have
a fixed point free permutation of N consisting of a single cycle which gener-
ates a maximal abelian subgroup. The question of whether maximal abelian
subgroups which are not finitely generated are uncountable will not be con-
sidered here.
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NOTATION 1.1. Throughout this paper the symbol S will be used to
denote the symmetric group on N. For 7 € S let supp(7) denote the support
of 7, which is defined to be {x € domain(n) : 7w(x) # z}. If Z is an ideal (1)
on N then S(Z) C S will denote the subgroup of all permutations preserving
Z; in other words, a permutation 7w belongs to S(Z) provided that w(A) € Z
if and only if A € Z. On the other hand, F(Z) will be used to denote the
normal subgroup of S(Z) consisting of all permutations 7 € S(Z) such that
supp(n) € Z. The abbreviation F = F([N]<%) will also be used.

The focus of this paper will be on computing A(S(Z)/F(Z)) for various
simply defined ideals. This cardinal will be denoted by A(Z).

NOTATION 1.2. Given a pair of permutations {7, 7'} € [S]? define
NC(m,7') = {n € N: n(x'(n)) # 7' (7(n))}.

A pair of permutations {7, 7'} € [S]? will be said to almost commute modulo
an ideal T if NC(m,7') € 7 and they will be said to almost commute if
NC(m, ') is finite.

NOTATION 1.3. Given a permutation m and X C N define the orbit
of X under 7 by orb;(X) = {7%(2)}icz zex. The abbreviation orb.(n) =
orbr({n}) will be used when no confusion is possible. If S is a set of permu-
tations then define

OrbS(X) = {1:! 71'5 (IL’) }nEw,a}EX, WiES,je{_lvl}'

NOTATION 1.4. Given a set of permutations S C S define {25 to be the
set of all non-empty, minimal sets closed under the group generated by the
permutations in S. Define 25(n) to be the unique element of {2s containing
n. If A and B are in {25 then define A to be S-isomorphic to B if there is a
bijection 1) : A — B such that 7(¢(a)) = ¥(mw(a)) for each 7 € S and a € A.

NOTATION 1.5. Given two finite subsets A and B of N of the same
cardinality, define A4 p : A — B to be the unique order preserving mapping
between them and let Ay = Ay 4. Let Ay gy =AU AR a.

The set-theoretic notation used throughout will adhere to the contempo-
rary standard. In particular, [X]* will denote the family of subsets of X of
cardinality k and [X]<* will denote the family of subsets of X of cardinality
less than k. Occasionally =* will be used to denote equivalence modulo a
finite set. Since cardinal invariants of the continuum are closely linked to
the investigation of A(Z) it is worthwhile recalling the definitions of some

well known invariants.

(*) An ideal is a collection of subsets of the integers closed under finite unions and
subsets.
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DEFINITION 1.2. Given an ideal Z C P(w) let P(w)/Z be the quotient
Boolean algebra and denote the least cardinal of a maximal, uncountable,
pairwise disjoint family (?) in P(w)/Z by a(Z). In the special case Z = [N] <o
the invariant a(Z) is denoted by a and it should be noted that a is also the
least cardinal of an infinite, maximal almost disjoint family; namely, a family
A C P(w) such that any two of its elements have finite intersection and A
is maximal with respect to this property. The least cardinal of an ideal
B C P(w)/[w]<M such that there is no C' € P(w)/[w]<N0 disjoint from all
members of B (other than the equivalence class of the finite sets) is denoted
by p.

In Section 2 it is shown that a is an upper bound for A([N]<®0) while in
Section 3 it is shown that p serves as a lower bound for A([N]<0). Sections 4
and 5 deal with consistency results. In Section 4 it is shown that a is not
the best possible upper bound for A([N]<Y0) since in the iterated Laver
model A([N]<¥0) is strictly less than a. Sections 5 and 6 deal with quotients
using ideals other than the ideal of finite sets. It is shown in Section 5 that
adding X; Cohen reals to a model where 2% > X; yields a model where
AZyyp) = N1 < 2% and 7, /z 15 the ideal of sets whose reciprocals form
a series with finite sum. Section 6 deals with ideals similar to the density
ideal. It is shown that A(Z) = 2% for many of these ideals Z. No extra
set-theoretic axioms are used here. The final section contains some open
questions.

2. An upper bound
PROPOSITION 2.1. A([N]<Y) < q.

Proof. Let A be a maximal almost disjoint family of subsets of N of size
a and let F(A) be the free abelian group generated by A; in other words,
F(A) consists of all f: A — Z such that f has finite support. For a € A
define 7, : @ — a by 7,(i) = min({j € a : j > i}) and, for j € Z, let m}
denote the j-fold composition of 7,, noting that both the domain and range
of mj, are co-finite subsets of a. If f € F(A) then let &(f) be the set of all
permutations 7 such that there is a finite set I C N such that if a and o’
are distinct elements of supp(f) then a Na’ C F and such that

()= LT 0G) i€ a\F and f(a) £0,
j if j¢ Fand (Va€ A) j¢ aor f(a)=0,

leaving @(f) undefined if there are no such permutations. Observe that
@(0) = F where 0 denotes the constant function with value 0. Also note
that if 7 € @(f) and 0 € ¢(g) then m oo € O(f + g). Since it is easy to

() See [15] for a more detailed discussion of this invariant.
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see that if 7 € F and o € &(f) then both o o w and 7 o o are in &(f), it
follows that @(f) is a coset of F if it is defined. Since @ is easily seen to
be one-to-one, it is an isomorphism between a subgroup of F(A) and the
subgroup @(F(A)) of S/F.

In fact, @(f) is defined precisely when ) . 4 f(a) = 0. To see this, let
J € F(A) and suppose that the support of f is B and ), f(b) = 0. Let
F C N be a finite set such that bN ¥ C F for any two distinct b and o/
in B and such that F' N b is an initial segment of b for each b € B. Let
Bt ={beB:f(b)>0}and B- ={be B: f(b) < 0}). Ifb e BT let b*
be the first f(b) elements of b\ F and if b € B~ let b* be the first —f(b)
elements of b\ F. Let 0 : Jycg- 0" — [Upcp+ b* be any bijection and define
7 as follows:

J if j ¢ Upepb\ F,
, = ifjebe B,
i =
) it jeb\b* and be B,

0()  ifj € Upep- b,
and observe that 7 is a bijection. Moreover, F' U | J,cp- b* witnesses that
¢ € &(f). It is an easy exercise to use the maximality of A to show that if
>~ f(a) # 0 then &(f) = 0.

To see that @(F(.A)) is maximal abelian let 7/F € S/F\ ®(F(A)). Before
continuing, some notation will be introduced. Given two distinct elements a
and a’ of Alet f, , € F(A) be such that supp(fs«) = {a,ad'} and f, 4 (a) =
1 = —fou(a’). Choose 7, o € P(fo.a)-

Cramm 1. Ifa € A is such that supp(m) N a is infinite then supp(m) Na
is a co-finite subset of a.

Proof. Let a' € A\ {a}. If the claim fails then there are infinitely many
n € a such that n ¢ supp(m) but m, 4 (n) € supp(w). For any such n it
follows that mo 7, o/ (n) # 7e,q/(n) while 7y o 0 (n) = 74 o (n). Hence 7 /F
and mg o/ /F do not commute. m

CLAM 2. Ifa € A is such that supp(m) Na is infinite then w(a) C* a.

Proof. If not, there are infinitely many n € a such that 7(n) ¢ a. Let
X be the set of all such n and choose @’ € A\ {a} such that 7(X) \ @’ is
infinite. Then 7, o o 7(n) = m(n) and 7, 4 (n) # n for all but finitely many
n € nHm(X) \ ). From the last inequality it follows that m (7, (n)) #
m(n) and hence 7, o /F does not commute with 7/F. =

CrLAaM 3. Ifa € A is such that supp(m) Na is infinite then there is some
i € Z such that wla =" 7} |a.
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Proof. From Claims 1 and 2 it follows that for almost all n € a there
is some k(n) such that 7(n) = i) (n). Let @’ € A\ {a}. If the claim is
false then there are infinitely many n € a such that k(n) # k(m.(n)) =
k(m4,q/(n)). For any such n it follows that

k(7 qr (n))+1
# ﬂ-a’a/ 7 (n)
= i (o (1)) = 70 T ()

and hence 7, o o ™ and 7o 7, s disagree on infinitely many integers. m

Tae ©T(N) =7

There are now two cases to consider.

CASE 1: There is a finite subset {a1,...,a,} € A such that supp(r) C*
Ui~ a;. In this case, use Claim 3 to choose integers k; € Z such that

mla; =" wfj;
for each ¢ < n. This contradicts the assumption that 7/F ¢ &(F(A)).

CASE 2: There is no finite subset {a1,...,a,} C A such that supp(7) C*
Ui~ @;. In this case there are uncountably many a € A such that supp(7)Na
is infinite. Use Claim 3 to conclude that there is some i € Z such that,
without loss of generality, 7[a =* 7! for uncountably many a € A. Hence
there is some k € N such that 7[{n € a:n >k} = wi[{n € a : n > k} for
uncountably many a € A. Therefore, there are distinct a and b in A such
that {n € a : n >k} N{n € b:n > k} is not empty. If j is the maximal
element of this intersection then 7(j) = 7% (j) # 7i(j) = 7(j). m

3. A lower bound. The next series of preliminary lemmas will be used
in the proof of Theorem 3.2 which establishes a lower bound for A([N]<X0).
Corollary 3.1 has as a trivial consequence the fact that any maximal abelian
subgroup of the full symmetric group of the integers has cardinality 2%:
however, this can also be shown by using the topology of pointwise conver-
gence on this group and noting that any maximal abelian subgroup must be
closed and uncountable, and hence have cardinality 2%0.

LEMMA 3.1. Let S be a finite subset of S whose elements almost commuite
with each other.

(1) If all the orbits of each m € S are finite then each element of (2s is
finite.

(2) If, in addition, for each m € S all the orbits of m have size less
than or equal to m(w) then the cardinality of all but finitely many
elements of {2s is no greater than [] _csm(m).



Mazimal abelian subgroups 203

Proof. Proceed by induction on n = |S|, the case n = 1 being trivial. If
the lemma is true for n let S = {m;}7"! and 8" = {m;}1,. Define

B = U NC(m;, Tpt1),
i=1
and if the orbit of each 7 € S is bounded by m(w) then let B’ be the
union of those finitely many A € (2ss whose cardinality is not bounded by
[Ti=, m(m;). Define

B* = U QS’ (m)

me€orbr, | (BUB')

Observe that B* is finite by the induction hypothesis and the fact that the
orbits of m,41 are finite. Hence, it suffices to show that if C' € 2s/ and
CNB* = () then C’ = orby, , (C) belongs to £2s. The fact that it is finite is
immediate since all orbits of 7,1 are finite; similarly, if |C| < [T, m(m;)
then it follows that |C'| < [/ m(m;).

To see that C' € (s it suffices to show that if 7+ < n and ¢ € C’
then orby,(c) € C’. There is some d € C such that ¢ € orbg, ,(d). Since
orby,(d) € C C ' it follows that if orby,(¢) € C’ then there must be
some e € orbr, ., (d) such that m(e) € C" and 7(m,41(e)) ¢ C'. But
Tnt1(mi(e)) € C' by definition. Hence m,41 o mi(e) # m o mh1(e), con-
tradicting the fact that e ¢ B. m

LEMMA 3.2. Let S C S be finite and suppose that m € S and 8 € S almost
commute with each member of S. Then there is a finite set Y such that for
any set X, if 1] X UY = 01X UY then wlorbg(X) = Oorbs(X). Moreover,
if m and 0 actually commute with each member of S then Y can be taken to
be the empty set.

Proof. Let Y' = |J,csNC(o,7) UNC(0,0) and ¥ = J,cs0(Y’) U
o~1(Y"). Note that orbs(X UY) = [Ji2, X where X® = X UY and
X+ = ves Orbg (X (n)), and hence it suffices to show by induction that
71 X™ = 1 X™ for each n assuming that 7[X (@ = ] X©). To this end,
suppose that 7] X™ = 91X and z € X+t \ X" Then there are
7 € X and o € S such that z € orb,(Z). But n(F) = () and hence
o¥(n(@)) = o*(0(z)) for any k. If n > 1 then T ¢ Y and it follows that
7(a*(Z)) = 0(c*(T)) for all k. Since x = o (T) for some k the result follows.

If n = 1 it will be shown by induction on |k| that if z € X and
7€ X© and ¢ € S are such that z = ¢*(Z) then §(z) = n(z). If [k| = 0
this is immediate. First assume that k > 0 and 0(c*~1(%)) = n(c*~1(7)). I
o*=1(F) ¢ Y’ then o*~1(z) ¢ NC(m,0) UNC(6,0) and so

0(c*(x)) = 0(0(c" (@) = o(n(o"7(@))) = 7(o" (7))
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as required. On the other hand, if o*~1(Z) € Y’ then o(c*1(Z)) € Y and
so 0(c*(Z)) = n(c¥(Z)) in this case also. The case that k < 0 is handled
similarly. m

DEFINITION 3.1. If H C S is a subgroup then define H to be strongly
almost abelian if for each h € H there is a finite set F'(h) C N such that if
hi and hg belong to H then NC(hy, ha) C F(h1) U F(hg).

LEMMA 3.3. If H C 'S is an uncountable subgroup and F : H — [N]<Xo
attests to the fact that H is strongly almost abelian then there is a perfect
set P CS and a finite W C N such that:

e There is some g* € H such that for alln € N\ W and m € P either
w(n) =n or m(n) = g*(n).
e NC(m,h) CWUF(h)Uh Y (W) form € P and h € H.

Moreover, if H is actually abelian and not just strongly almost abelian then
W can be assumed to be empty and it can be concluded that each m € P
commutes with each h € H.

Proof. Given X C N and a finite W C N define Cl%/(X) =X,
iy (X)={zeN\W: (3he€ H)(3z € X \ F(h)) z = h(x)
and z ¢ F(h"1)}UX

and let cliit (X)) = cliy (clff (X)); finally, let cly (X) = J2, cliy (X). Ob-
serve first that it follows from an argument similar to that in Lemma 3.2
that if F(g1) € W and F(g2) € W and g1[X = g2 X then g [cljy (X) =
g2]cliy (X)), and hence g [cly (X) = galcly (X). If for every W € [N]<Ro
there is some Ay € [N]<®0 such that Ay Ucly (Aw) = N then it follows
that each g € H is determined by its values on F'(g)UApg). This contradicts
the assumption that H is uncountable.

Therefore there must be some W € [N]<®0 such that cly (A) # N for
every A € [N]<N0. Furthermore, it is possible to choose some finite W/ 2> W
such that the set of all g € H such that F(g) C W’ is uncountable. Observe
that cly(A) D cly(A) for any A, so it is possible to select {a;}°; € N
such that {cly({a;})}$2, is an infinite family covering N\ W’. Observe
that if ¢ € H is such that F(g) € W’ and g[clys({a;}) is the identity
for all but finitely many 4 then g is determined by its values on W U {a; :
(In € clw({a;})) g(n) # n}. Hence, there must be some g € H such that
F(g) C W' and glcly({a;}) is not the identity for infinitely many i. Let

Z={ieN:(3@n €y ({a})) gn) #nand g '(W)Necly ({a;}) = 0}.
First notice that it follows from the definition of cly» and the inclusion
F(g) € W' that g(clys({a;})) C clw({a;}) UW’. Hence glcly({a;}) is a
permutation of cly({a;}) for each i € Z. Therefore, if for each ¢t : Z — 2
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the function ¢; is defined by
g(n) ifn € cly/({a;}) and t(i) =0,
ge(n) =

n otherwise,

then g¢; is a permutation of N. It is routine to check that each g;(h(n)) =
h(g¢(n)) provided that n ¢ W/ U F(h)Uh~Y(W'). m

COROLLARY 3.1. If H C S is an uncountable, maximal strongly almost
abelian subgroup then |H| = 2%0.

Proof. The maximality of H implies that it must contain the perfect set
of the conclusion of Lemma 3.3. =

LEMMA 3.4. If H is a mazimal abelian subgroup of S/F and there are
{m1/F,... 7 /F} C H
such that, letting S = {m1,...,m,}, the set {|a|}acns is infinite, then |H|
= 2%,

Proof. Let Aj = J(£2s N[N}/) and note that A = {4;}72, is an infinite
family of pairwise disjoint sets. For each non-empty A; € A choose some
J* < n such that m<[A; is different from the identity. For each F': A — 2
define
% (k}) if k e Aj and F(A]) =1,

k otherwise,

Op(k) = {

and observe that O is a bijection and that if /' and G differ on an infinite
set then so do O and 0. It suffices to show that NC(6p, ) is finite for each
m€Hand F: A— 2.

To see this, let m € H and let j be so large that

(O NC(mi, ™) N (D 4 ¢ U
=1 i=1 i=1

Hence, if £ > j then n[A; commutes with ;[ A for i < n. It suffices to
show that 7w[ Ay is a permutation of Ay for £ > j, because it will then follow
that for m € Ay,
molp(m)=momg(m) =g« om(m) =0 omw(m)
if F(Ar) =1, and
mofp(m)=m(m) =0 omr(m)

if F(Ax) = 0. To see that [ Ay is a permutation of Ay let a € Ag. Then
7 is an S-isomorphism from 2s(a) onto 2s(w(a)). If w(a) € A; for some
l # k then |2s(a)| = k # |£2s(m(a))|, and this contradicts the fact that 7 is
a bijection. =
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DEFINITION 3.2. If g € S then define I(g) = (J{a € 2y : [a| = No}.
For a finite set S C S define

~U U st

ceSmel(o)

LEMMA 3.5. If H C S is an uncountable, mazimal, almost commuting
subgroup of size less than 280 then [N]<N U {I"(S) tserm<no generates a
proper ideal.

Proof. If not, let B C H and C' C N be finite sets such that I*(B) U C
= N. Without loss of generality it may be assumed that NC(b,b') C C for
each b and v’ in B. Let S = {A € 25 : ANC = (}. Observe that each set
in S is infinite. In order to see this, let A € S and note that

ACTI*(B U U Qp(m

be B mel(b)

since AN C = (). Hence there are b and m € I(b) such that AN 2g(m) # 0.
But since A € 2 it must also be the case that m € A. Since b € B it
follows that orby(m) C A and so A is infinite by the definition of I(b).

Moreover, S itself is an infinite set, since otherwise Lemma 3.2 would
imply that H is countable. To see this, let Y be a finite set given by
Lemma 3.2 such that if § and 7 almost commute with each b € B and
(X UY) = 7[(X UY) then Olorbp(X) = wlorbp(X). Assuming S is
finite, choose a finite set X such that X N A # () for all A € S. Then
Uzexorbp(z) 2 JS and so any h € H is determined by its values on
XUuYuc.

With these observations in hand, let Sg be the symmetric group on S and
define @ : H — Sg by @(h)(s) = t if and only if |h(s) Nt| = Ro. First observe
that @ is well defined. To see this, suppose that s € S and h € H and there
are distinct t and ¢’ in S such that |h(s)Nt| = |h(s)Nt’| = Ng. Then there exist
i and j in s\ Jyec g NC(h, b) such that h(i) € t and h(j) € t'. But then, since
{i,j} C s € 2p, there is some g in the subgroup generated by B such that
g(i) = j. Since i & Jycg NC(h,b) it follows that h(j) = h(g(i)) = g(h(3)).
Furthermore, g(h(i)) € t because h(i) € t and g belongs to the subgroup
generated by B. However, h(j) € t' and t and ¢’ are disjoint. Therefore
h(g(i)) # g(h(i)), contradicting the choice of i. A similar argument shows
that @ is a homomorphism.

Moreover, its image ®(H) is an abelian subgroup of Sg. To see this, let
s € S. 1E @(g)(@(h)(5)) # B(h)(@(g)(s)) then g(h(s)) £ h(g(s)), and hence
there are infinitely many ¢ € s such that g(h(¢)) # h(g(7)), contradicting the
fact that h almost commutes with g.

To begin, it will be shown that there cannot be a perfect set P C Sg
such that:
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(1) There is some ¢g* € H such that for all s € S and 7 € P either
m(s) = s or m(s) = P(g*)(s).
(2) Every element of P commutes with every element of ®(H ).

To see this, suppose that P and g* contradict the assertion. For m € P define
€S by , i ifieseSandn(s)=s,
co={ 0

g*(i) ifieseSandm(s)#s.
It suffices to show that 7* almost commutes with each h € H. To see that
let i € N\ NC(¢g*,h) and s € S be such that i € s. If 7(s) = s then
h(m*(i)) = h(i) = w(h(i)), the last equality holding because h(i) € ®(h)(s)
and 7(@(h)(s)) = @(h)(n(s)) = @(h)(s). On the other hand, if 7(s) # s then
h(m*(i)) = h(g*(i)) = g*(h(i)) = 7*(h(i)), the last equality holding because
h(i) € @(h)(s) and m(D(h)(s)) = D(h)(7(s)) 7# P(h)(s)-

It will now be shown that @(H) is uncountable. Once this is done, since
¢(H) has already been shown to be abelian, it will follow from Lemma 3.3
that there exist P and g* satisfying conditions (1) and (2). So suppose that
&(H) is countable. To begin, notice that there must be some A € Q¢
such that {h[|JA}req is uncountable—keep in mind that A C 2p. This is
so because if not, then it is easy to find P and g* satisfying conditions (1)
and (2). Simply let ¢g* € H be any permutation such that ¢(¢g*)[ A is different
from the identity on infinitely many sets in {2¢z7). Then let P be the set of
all g € Sg such that for all A € g either g[A = &(g*)[A or else g[A is
the identity. If no such g* exists then it follows that H is countable because
{hTU A} nen is countable for each A € £2p(fy and each h is the identity on
all but finitely many A € Qgf).

Hence, there must be some A € {25 such that {h[|J A}peq is uncount-
able and so there is some h* € H such that {h[|JA : ®(h)[A = P(h*)[A} is
uncountable. Observe that if (h)[A = @(h')[A and there is some i € [ A
such that h(i) = h/(i) then hl|JA =* h'[|J A. To see this, note first that
if {i,j} C s € A then there is some b in the group generated by B such
that b(i) = j. Since s ¢ C it follows that h(j) = h(b(i)) = b(h(i)) =
b(h'(i)) = KW' (j). If j € |JA then there are s; and s; in A such that i € s;
and j € s; and there is h € H such that @(h)(s;) = s;. Since s; is infi-
nite, there is some i* € s; \ (NC(h,h) UNC(h,h')) such that h(i*) € s;.
Hence h(h(i*)) = h(h(i*)) = h(h'(i*)) = K/ (h(i*)) and since {h(i*),j} C s;
it follows that h(j) = h/(j). But since {h[JA : ®(h)]A = P(h*)[A} is
uncountable it is possible to find A and A’ such that there are ¢ and j in
J A4 such that h(i) = h/(), h(j) # K/ (j) and @(h)]A = &(h*)[A. This is a

contradiction. m

The following alternative characterization, due to M. Bell, of the cardinal
invariant p of Definition 1.2 will be used in the proof of Theorem 3.2.
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THEOREM 3.1 ([3]). The cardinal p is the least cardinal such that there is
a o-centerd partially ordered set (3) P and a collection D of p dense subsets
of P for which there is no centered subset G C P intersecting each member

of D.

THEOREM 3.2. If H CS/F is an uncountable, mazimal abelian subgroup
then |H| > p—in other words, A([N]<X0) > p.

Proof. It H C S/F is an uncountable, maximal abelian subgroup and
|H| < p then it follows from Lemma 3.5 that {I*(S) : {o/F : 0 € S} €
[H]<®0} generates a proper ideal.

Let P be the partial order consisting of all p = (h?,SP) such that:

(1) RP is a finite involution (%),
(2) SP is a finite subset of S such that {o/F: 0 € SP} C H,

and define p < ¢ if and only if

1) hP D h9,

2) &P DO 89,

3) the domain of h? \ h? is disjoint from I*(S?),

4) if j is in the domain of AP\ h? and o € S then o(j) is in the domain
of h? \ h? and o(hP(j)) = hP(c(j)).

It is clear that IP is o-centered because if h? = h? then the conditions p

and ¢ have the common extension (h?,SP U §9). Moreover, the sets D, =
{p € P: 7 € SP} are dense for all 7 € S. Furthermore, so are the sets

E, ={p € P:n € domain(h”) U I*(SP)}.

To see this, let p € P and suppose that n ¢ I*(SP). This, together with
Lemma 3.1, implies that {2s»(n) is finite since all of the infinite orbits under
SP are contained in I*(SP). Now let h? be the union of h? and the identity
on 2sp(n) and let ¢ = (h9,S8P). Then g € E,, and q < p.

Hence, if |H| < p then there is a filter G C P meeting each D for m € H
and E, for n € N. Define 7 : N — N by

, hP(j3) if (3p € G) j € domain(hP),

m6l) = {j if (Vp € G) j ¢ domain(h?).
It is easily verified that 7 € S. To see that mg/F commutes with each
member of H let 7/F € H. Let p € G be such that 7 € SP. Then if

j € N\ domain(hP) there are two possibilities. If there is some ¢ € G such
that j belongs to the domain of h? it is clear that m(wg(j)) = w(h(j)) =

(
(
(
(

(3) A partially ordered set is said to be o-centerd if it is the union of countably many
centered subsets—in other words, it is the union of countably many subsets any finite
subset of which has a lower bound.

(*) In other words, h® is it own inverse.
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hi(w(j)) = mg(mw(j)). However, if there is no ¢ € G such that j € domain(h?)
then, by the fact that E; NG # 0, there is some g € G such that j € I*(S7).
Since 7 € S? it follows that 7(j) € I*(S7). Hence 7¢(j) = j and ng(7(j)) =
7(j) and so 7(7a(j)) = 7(j) = 7 (x(7)).

All that remains to be shown is that the following sets are dense:

Dr={p€P:(3j 2 k) h*(j) # n(k)}
for m € H and k € N because then a filter G C P can be chosen meeting
each relevant D ;. To establish this, let p € P be given. By Lemma 3.1
each element of {2s» which is disjoint from I*(SP) is finite. Moreover, by

Lemma 3.4 there must be infinitely many of the same cardinality, and hence
there must be distinct A and B in {2g» such that:

(1) both A and B are disjoint from I*(SP),

(2) both A and B are disjoint from the domain of AP,
(3) kK < min(A),

(4) k < min(B),

(5) @: A — B is an SP-isomorphism.

There are two possibilities. If @ = w[A then let h? be the union of A and
the identity on A and let ¢ = (h9, SP). Otherwise, let h¢ = h» UPU P! and
let ¢ = (h?,SP). In either case ¢ <pand ¢ € Dy j. =

4. A(INJ<X) can be smaller than a. This section will establish that
A([N]<®0) is smaller than a in the Laver model. The argument will require
some preliminary definitions and observations.

DEFINITION 4.1. If F C [N]<® then F will be said to be small provided
that:

e IfbCaec Fthenbe F.
e If G is an infinite subset of F then G contains an infinite A-system.

A collection X of subsets of N will be said to be F-splitting if for every
sequence {G, } > each element of which is an infinite set of pairwise disjoint
subsets of F there is X € X such that [X]<¥ NG, # 0 for each n. Although
the notion of splitting will be sufficient for most of the arguments to follow, at
one point a more complicated notion will be used. A collection X" of subsets
of N will be said to be fully-F-splitting if for every sequence {(Gp, Yy)}22,
such that each G, is an infinite set of pairwise disjoint subsets of F and
Y,, € N, there is X € X such that for each n there is a € G, such that
Ag(X Na) =Y, N|al; in other words, X is a copy of Y;, on the collapse of
some member of G,.

The notion of splitting which already exists in the literature, for ex-
ample in [5], corresponds to what is here called fully-[N]!-splitting. It is
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worth noting that all the small families considered here will be of bounded
cardinality, and if all elements of a small family F have cardinality less than
k then in defining fully-F-splitting one need not consider arbitrary sequences
{(Gn,Yn) 22, but only those for which ¥;, C k. In [5] A. Dow has shown
that if X is splitting and W is obtained by iterated Laver forcing over V
then X is still splitting in W. Let I denote the Laver partial order and let
Lz denote the countable support iteration of L of length 8. A modification
of the argument in [5] shows the following.

THEOREM 4.1. If F is small and X is fully-F-splitting in V then
L, “X is fully-F -splitting”
where B is an ordinal.

Proof. The proof is almost the same as the proof of Lemma 9 on pages
245-247 of [5]. One obvious change is that the A, of that proof are now
required to enumerate pairs (G, Y;,) such that G,, is an L-name for an infinite
collection of pairwise disjoint elements of F, and Y,, is an L-name for a subset
of N. The only other change required is that Fact 2 on page 246 must be
replaced (°) by the following:

NEw Fact 2. IfS € LN andn € w there is S’ C S with the same root
as S such that the collection {S'(t) : S'(t) € M and S'(t) I+ “(Fa € G,)
AylanX) =Y, N|a|”} is pre-dense below S’.

In order to prove this the following claim is required:

CraM. If T is a well founded tree such that each non-mazimal node has

infinitely many immediate successors and F' is a function from the mazimal
nodes of T' to F then there is a subtree T' C T such that

e cach maximal node of T' is a maximal node of T,
e cach non-mazimal node of T' has infinitely many immediate succes-
sors,
e there is F' : T' — F such that
—if t Ct' arein T’ then F'(t) C F'(),
—if t is a mazimal element of T' then F'(t) = F(t),
—if t™m €T and t™k € T' and m # k then F'(t"m) N F'(t"k)
=F'(t).

Proof. The claim is easily proved by induction on the rank of T using
the fact that F is small. m

In order to prove New Fact 2 let r be the root of S and let [ be a name
for the value of the Laver real at |r|. Let T be the well founded tree whose

(°) The X in [5] seems to be a typographical error and should be changed to S. Also
the “=” there is clearly intended to be “IF”.
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maximal nodes are minimal elements, ¢, of .S such that there is some S; C S
such that the root of S; is ¢t and

Sy Ik “Fy € G, and min(F}) > [ and Y, N max(F}) = g,

and define F(t) = F;. Use the Claim to find a well founded tree 77 C T as
well as a function F’ : T/ — F as in the conclusion of the claim. For any
t € T' which is not maximal define y; = v N|F’(t)]. Let T C T’ be a subtree
such that r € T and if s € T” is not maximal in 7" then s has infinitely
many immediate successors in ¢’ and the set of y;~, such that t~n € T"”
converges to zz C N. Let

T ={teT : ApuyF'(t)N X =z N|F'(t)|}.

Observe that the requirement in the definition of F; that min(F}) > | guaran-
tees that F'(r) = () and hence r € T*. In fact, if t € T* and ¢ is not maximal
in T then t has infinitely many successors in T™*. To see this, it may as well be
assumed that F'(t7m) \ F'(t) # 0 for all m such that t~m € T". Tt follows
that {F'(t"m)\ F'(t) : t"m € T} is a pairwise disjoint, infinite family in F
and z; = {n—|F'(t)|}nes C N and both are in 9%. Hence there are infinitely
many m such that Aps~mn\ gy F' (T m)\F'(()NX = z,0|[F'(t™m)\ F'(t)],
and for any such m it follows that Ap/~p) F'(t7m) N X = 2, N |F'(t)]. In
other words, ¢ has infinitely many successors in T™*.

Let S = T* U U{S; : t € max(T™)}. It is clear that, provided that
S e L, Sk “(Fa € Gn) As(an X) =Y, N |a|”. In order to see that
S e, let s € §'. If s >t for some maximal t € T* then s € S;, and since
t is the root of Sy, it follows that s has infinitely many successors. Hence
it may be assumed that s is a non-maximal element of T*. It has already
been established that s has infinitely many successors in T and hence s has
infinitely many successors in S’. =

The preceding result will not be used in full generality. For most of the
argument the following two corollaries will suffice.

COROLLARY 4.1. If G C Lg is generic over V, B : N — N is a function
in'V and F € V[G] is an infinite function from D C N to N such that
F(d) < B(d) for d € D then there is a function H € V' such that H(d) =
F(d) for infinitely many d € D.

Proof. Let Fp be the set of singletons {{(n,m)} : n € Nand m < B(n)}.
Observe that Fp is small and that the set of functions in V' bounded by B is
Fp-splitting in V. Letting G,,, = {{(d, F'(d))} : d € D and d > m} it follows
that there is a function H € V such that H NG, # 0 for each m. Hence
H(d) = F(d) for infinitely many d € D. =

COROLLARY 4.2. If G C LLg is generic over V, B : N — N is a function
in'V such that B(n) > n for alln and F € V[G] is an infinite function from
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D C N to N such that B(d) < F(d) for d € D then there is X C N in V
such that

e for each x € X there is no element of X between x and B(zx),
e there are infinitely many v € X such that F(z) € X.

Proof. Let Fp be the set of pairs {{n,m} : n € N and m > B(n)}. Let
Xp be the set of all infinite subsets X C N in V such that for each z € X
there is no element of X between x and B(z). Observe that Fp is small
and that Xp is Fp-splitting in V. Letting G,,, be an infinite pairwise disjoint
subset of {{d, F(d)} : d € D and d > m} it follows that there is X € X
such that for each m there is a € G, such that a C X. Hence X satisfies
the conclusion. =

LEMMA 4.1. If V satisfies 2% = Xy then there is an almost commuting
family P of permutations such that for each G C L, which is a generic
filter over V' and for each permutation h of N in V[G]\ V there is some
m € P which does not almost commute with h.

Proof. Let {(qy, hy) }new, enumerate all pairs (g, k) such that
qlrp,, “his a permutation of N”.

This enumeration will be used to construct involutions {m,},c., by induc-
tion on 7. It will be established that for each { < w; there is ¢ < g¢ such
that either g Ik, “he € V7 or there is § < £ such that

(4.1) ¢ L, “INC(he, )] = Ro”.

It is immediate that P = {m,},ew, will have the desired properties.

In order to describe the inductive construction, suppose that {m,},c¢
have been constructed. Let {n;}°, enumerate ¢ and define p; = m,,. Let
2;(k) = Q{pn}gzo(k‘) and note that because the {m,},c¢ are almost com-

muting involutions it follows from Lemma 3.1 that |£2;(k)| < 2! for all but
finitely many k. Let 7,,,(k) denote the canonical isomorphism type of §2,,, (k).
To be more precise, let

Tm(k) = (|Qm(k)|7pl © Aﬁ}n(k)vZDQ ° A!_Q}n(k;)’ c+yPm O A?Z}n(k)’ Aﬂm(k)(k)v S)

and note the role of the constant determined by k. In particular, if n < m
and 7,,(1) = 7 (k) then 7,,(i) = 7,,(k) because these can be defined from
the constant using the first m permutations. Each 7, (k) will be referred to
as an m-isomorphism type.

Next, define I' : N — N such that for each j the following conditions
hold:

(1) If 7 is a j-isomorphism type and {k € N : 7;(k) = 7} is finite then
7j(k) # 7 for each k > I'(j).
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(2) If 7 is a j-isomorphism type and {k € N : 7j(k) = 7} is infinite then
there are {l;}7_, such that
(a) 7j(l;) =7 for i < 3,
(b) £2;(ln) N 2i(l) =0if 0 <n<m<3,
(c) 7 <min(2;(l;)) < max($2;(;)) < I'(j) for i < 3.

(3) If z < j then max(£2;(z)) < I'(j). B

(4) If m and n are less than or equal to j then max(NC(pn, pm)) < I'(j).
Finally, define I'(j) = I'(I'('(j))).

The induction depends on considering various cases.

Case 1: g¢ o, “(V8 < §) INC(he,m5)| < Ro”. In this case let ¢ < g¢
and 8 < £ be such that ¢ IFp,, “[NC(hg, mg)| = Ro” and note that condi-
tion (4.1) is satisfied. In this case simply let ¢ be the identity permutation.

CAse 2: Case 1 fails and g¢ If1,, “he ¢ V7. In this case simply let
q < g¢ and h be a permutation in V' such that ¢ H—]Lm1 “he = h.

CASE 3: Cases 1 and 2 both fail and there is some integer J such that
qe W, “(Vk > J) hel£2;(k) is a permutation of £2;(k)”.

Before continuing with this case, define a partial function F' by letting F'(7)
for each integer i > J be the least integer such that there is some j such
that

(4.2) i <j < F(),

(4.3) 7i(j) = 7a(F (i),

(4.4) I(i) < min($2;(§)) and I'(i) < min(§2;(F(i))),
(4.5) $2:(j) # $i(F(i)),

(4.6) he o A # he o Ag! .

The first thing to note is that g¢ Ik, “(Vi € N) F(i) is defined”. In
order to see that, suppose that ¢ < g¢ and ¢ provide a counterexample; in
other words, ¢ I, “F(2) is not defined”. It is possible to extend ¢ to q
such that for each i-isomorphism type 7 there is a permutation h” such that

q/ “_L“’l “(Vk > l) 1< mln(QZ(k:)) and Tz(k) =T = hgfﬁz(k) =h"o AQi(k)”.

But this means that ¢’ forces that h¢ is determined by {h7 : 7 is an i-
isomorphism type} and the value of he on §2;(k) for those finitely many &
such that I'(i) £ min({2;(k)). Hence, ¢’ IF,, “he¢ € V7, contradicting the
assumption that Case 2 fails.

SUBCASE 3A: ¢ IFr,, “(3%n) F(n) > I'(n)”. In this case if we set D =
{n € N: I'(n) < F(n)} then F|D is an infinite function. By Corollary 4.2
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it is possible to find X € V' and ¢ < ¢¢ such that
(4.7) qlrL,, “F*reX) F(x) e X7

and for each © € X there is no element of X between x and I'(z). For
x € X let * be the least element of X greater than x. Choose L, < x* such
that 7,(L;) = 7.(x*) and I'(x) < min(§2;(L,)). To see that this is possible
observe that z* > I'(x) > I'(I'(x)) and so {k : 7.(k) = 72(2*)} must be
infinite by (1) in the definition of I'. Hence L, can be found between I'(z)
and I'(I'(z)) using (2) in the definition of I'. It follows that Ago (1) 0, (*)}
commutes with p,, if m < x. Moreover, max(£2,(z*)) < I'(z*). Hence, if
r and y are distinct members of X then the domain of Arg (1.) 2, (*)} 18
disjoint from A (1,).0,*))- Hence, if m¢ is defined by

(n) { Ao (La), 20 @)y (n) i n € 2:(Ly) U 2, (x*) for some z € X,
me(n) =
‘ n otherwise,
then m¢ almost commutes with each p;,, and hence with each .

It remains to show that g Ik, “[NC(he,m¢)| = Ro”. To this end let
x € X be such that F'(z) also belongs to X. Let z be the greatest element of
X below F(z); in other words, F'(x) = z* and so 7.(L,) = 7.(F(z)). Since
x < z it follows that 7,,(L,) = 7, (F(z)) also. Furthermore, since F'(x) is, by
definition, the least integer such that there some j such that conditions (4.2)—
(4.6) hold with x in place of 7 it follows that 7,,(j) = 72 (F(x)) = 7»(L.) and

h& [¢] A;?i(Lz) = h& o A;?i(])

for any such j. Since
-1 ~1
he © Ag, (k@) # he© Ag, )

it follows that Ay, (1.0, (F(x))} does not commute with he [£2,(L.). Because
x < z this implies that Arg (1, 0. (7(z))} does not commute with h¢[(2,(L.).
Since

A.(L.),02.(F@))} S T
it must be that g IF, “(3n > x) he(me(n)) # me(he(n))”. From (4.7) it
follows that (4.1) holds.

SUBCASE 3B: ¢¢ 1, “(3*n) F(n) > I'(n)”. Using Corollary 4.1 let
q < g¢ and H € V be such that
q kL, “(3%n) H(n) = F(I™(0))".
For each n choose, if possible, an integer L,, such that
o I"(0) < L, < H(n) < I"(0),
o T(I™(0)) < min(2p(o)(Ln);
] TFn(O)(Ln) = Tpn(o)(H(n)),
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and then define 7¢ by
AL 0y (Ln) 2 0y (H ()} (1)
Wg(m) = ifme QI"n(O)(Ln) U Qpn(o)(H(n)),
m  otherwise.
Since I'(I"™(0)) < min(£2pn(g)(Ln)) and H(n) < I"™1(0) for each n it fol-
lows, using (3) in the definition of I', that the domains of
A 2rn ) (La) rny(Hm)} A A2 ) (L), 2rm o) (H(m))}

are disjoint if n # m; in other words, there is no contradiction in the defi-
nition of the involution m¢. It is immediate from (4.2) and (4.3) in the def-
inition of F' that if H(n) = F(I"™(0)) then L, exists and, from (4.6), that
A{Qpn(o)(Ln)ﬂm(O)(H(n))} does not commute with h¢. Hence (4.1) holds.

CASE 4: Neither of Cases 1, 2 or 3 holds. In this case it may be assumed
that

qe kL, “(Vi)(VE) (35 > k) hel$2;(k) is not a permutation of §2;(k)”

because otherwise Case 3 holds for some extension of g¢. Since g forces hg
to be a permutation it follows that

qe b, “(Vi)(VK)(3j > k) he(G) ¢ $2:(5)7.
Let Fy(i) be the least integer j > i satisfying

(4.8) he(j) & £2:(),
(4.9) (Vm < 4)(Vk = min(£2:(7))) he(pm(k)) = pm(he(k)),
(4.10) (3%°m) 1;(4) = 1i(m),

and define F (i) = he(Fo(i)).

SuBCASE 4A: F1(I'™(0)) < I"™*1(0) for all but finitely many n. In this
case, using Conditions 4.9 and 4.10 as well as (2) in the definition of I, it
is possible to conclude that for each n there are jg, j7' and j3 such that

Trn(0)(Jg) = Tf:”(())(]:?)v ' _ '
hg[Qpn(p) (J1) is a b.1Ject10n from Ql:’n(o) (1) onto £2pn(0) (73 ),
2rn(0) (g, 2rn(0) (41 and rn(0) (j%) are all distinct,

I'(r"(0)) < min(£2pny(j;*)) for each i < 3.

Using Corollary 4.1, let © : N — N x N x N belonging to V' and ¢ < g¢ be
such that

(4.11)  qlry,, “(3%n) O(n) = (6o(n), O1(n), O2(n)) = (jo, 1> J2)"-
Note that, without loss of generality, it may be assumed that

Trn(o)(eo(”)) = Trn(o)(Ql(“))
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for each n. As in the previous cases, the domains of

AL 2rn(0)(O0(m) 2rn oy (©1(m)}  AD AL ) (B0 (m)). 2pm ) (€1(m)))
are disjoint if n # m. Moreover, the domain of A{_Qpnw)(@O(n))’grnw)(gl(n))}
is disjoint from §2pm)(O2(m)) even in the case n = m. Hence, letting ¢
be defined by

A{2rn0)(O0 (). 2 o) €11 H M)
me(m) = if m € 2pn(0)(Oo(n)), 2pn(0)(O1(n)),
m otherwise,
it follows that m¢ is an involution which almost commutes with each m, for
n € §. Furthermore, 7¢ is the identity on each 27 (g)(O2(n)).

Moreover, if ©(n) = (jy, ji' j5) then m¢ is the identity on 2pn ) (j3)-
Hence, in this case, 7T§(h§(h§_1(j§‘))) = j5. On the other hand, hgl(jg) be-
longs to 2pn ) (j1') and so Wg(hgl(jg)) belongs to 21 g)(jg)- In particular,
it does not belong to 2rn(g)(j7'). Since he[2pn)(j7) is a bijection from
Qpn(0y(J1) onto 2pn (o) (73) by (4.9), it follows that h£(7r£(hgl(jg))) does not
belong to £2rx ) (7%) and, in particular, it is not equal to j5. In other words,
q forces that he(me(hg'(45))) # me(he(he'(55))) and I™(0) < hg'(j3) <
I'™*1(0). From (4.11) it follows that (4.1) holds.

SUBCASE 4B: There are infinitely many n such that Fy(I'™(0)) >
I'"*1(0). Using Corollary 4.2 find ¢ < ¢¢ and X C N such that X € V
and
(4.12) ¢l “G%r € X) Fy(z) € X7,

and for each € X there is no element of X between x and I'(z). For each
x € X let x* be the least element of X greater than z. For each such x there
is some j, such that

T < jp <zt

I'(z) < min(£2;(jz)),
Qz(]x) N Q:c(x*) =0,
Tac(j:c) = T:L’(‘T*)

Let m¢ be defined by

re(m) = {A{Qz(jz)79z(x*)}(m) if m € 2,(j,) U 2,(2*) for some z € X,

otherwise.

Observe that if € X and F(z) = 2 for some z € X then ¢ I,
“he(j.) € £2:(j2)” since Fy(x) = z* is defined to be the least integer k
such that he(k) € §2:(k). Hence g IFy,, “me(he(jz)) € $2:(2%)”. However,
me(j2) = 2% and so q by, “he(me(dz)) = he(2") ¢ 2:(27)". Tt follows from
(4.12) that (4.1) holds.
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SUBCASE 4C: Neither Case 4A nor Case 4B holds. Let F = [N]? and
let X be the set of all infinite subsets of N in V. Clearly, F is small and X
is fully-F-splitting. Let G, be a maximal pairwise disjoint set of pairs {4, j}
such that ¢ > m and

I'(0) < I(0) < Fy(I'(0)) < I’"*1(0),

and let Y, = {0}. Because Case 4A fails, each G,, is an infinite pairwise
disjoint subset of F. Using Theorem 4.1 applied to {(Gm,Ym)} oo, it is
possible to find X € X such that there are infinitely many z € X such that
I'(0) < Fy(I'(0)) < IV*1(0) and j ¢ X.

Now let F(x) = Fo(I'*(0)) for z € X and note that F' is also bounded

by a function in V because Case 4B fails. Using Corollary 4.1 it is possible
to find ¢ < g¢ and f in V' such that

(4.13) qFL,, “F*rx e X) f(z)=F(x)".

For each x € X choose, if possible, j, such that

Ir(0) < jo < I'**1(0),

L(I*(0)) < min($2:(jz)),

TFr(O)(]:;) = Tr=(0 ( (2)),

Qra0)(Jz) 7 Qrw 0)( ()
F(x

and observe that if f(z) = ) then such a j, exists. This is so because,
by the definition of Fp, there are infinitely many j such that 7r«(g)(j) =
Tre(0) (Fo(I'(0))) = Tr=(0)(f(x)). As in previous cases, let m¢ be defined by

);

A{Qrw(o) (42)),92re 0y (f (%))} (m)
me(m) = if m € Qpe0)(Jz)) U 2rz0)(f(z)) for some z € X,
m  otherwise.
Just as in previous cases, it is easy to check that m¢ is well defined and
almost commutes with each 7, for n € {. Moreover,

(4.14) (Vi & X)(Vm ¢ 2pi-1)(f(7 = 1))
ri(0) < m < 197(0) = me(m) = m.
Now suppose that z € X and f(z) = F(z) and
7(0) < F1(I*(0)) < IH(0)

(
and j ¢ X. Then m¢(j.) = f(x) = Fo([™(0)) and hence he(f(x)) =
he(Fo(I*(0))) = Fi(I(0)) and so F1(I'(0)) ¢ 2pe(o)(f(2)). From (4.14)
we conclude that m¢(F1(1'%(0))) = Fi(I'*(0)). Next, note that since j, #
f(x) it follows that he(jz) # 5( (z)) = F1(I"™(0 )) and so me(he(jz)) #
me(F1(1%(0)) = F1(I*(0)) = he(me(jz)). From (4.13) it follows that (4.1)
holds.

0O
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The following result, due to S. Shelah, is 5.31 in [12]. It will suffice to
know that Laver forcing IL is NEP without having to define the concept.

LEMMA 4.2. Let {Ba}acw, be a family of Borel sets in a model of set
theory V' and suppose that V = (e, Ba = 0. Let P be a NEP partial
order with definition in V' and suppose that {Ps}acw, i a countable support
iteration such that Poy1 = Py % P for every a € wa. If

Lp,, “() Ba=0"

acwi
then
1 II—IE»W2 “ ﬂ B,=0".

acw]
THEOREM 4.2. It is consistent that A([N]<N0) =Ry < a.

Proof. The model witnessing this is the one obtained by forcing with
L, over a model V satisfying 2% = X;. From Lemma 4.1 it follows that
there is an almost commuting family P of permutations such that for each
G C L, which is a generic filter over V and for each permutation A of N
in V[G] \ V there is some m € P which does not almost commute with h.
Then if Q is any maximal almost commuting family of permutations in V'
containing P it follows that if G C L, is a generic filter over V then for
each permutation h of N in V[G] there is some 7 € Q such that either 7 = h
or m does not almost commute with A. In other words, letting B, be the
Borel set of all permutations of the integers which almost commute with 7
but are not equal to w, we have

L, “() Br=0".
TEQ
It follows from Lemma 4.2 that

Likp,, “() Ba=0
T€EQ
or, in other words, 1 Ik, “A(IN]<No) = Ny”. The fact that a = Ry in this
model is well known and can be found, for example, in [2]. =

5. The Cohen model and the summable ideals. The remaining
results will deal with quotients of groups of permutations of the integers
with respect to ideals other than the ideal of finite sets. Since Section 6
will be devoted to establishing that a(Z) < A(Z) = 2™ for a certain ideal,
it is natural to ask whether the phenomenon A(Z) < 2% might not be a
peculiarity of the finite ideal. This section will show that this is not the case.
The ideal Z; /, is defined to be the set of all X C Nsuch that } 1/x < c0.
It will be shown that S(Z,,,)/F(Z,/,) has a maximal abelian subgroup of
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size ¥y in any model obtained by adding uncountably many Cohen reals.
The basic scheme of the argument is that in a model of the form V[{c¢}ecw,]
where {c¢}ec,, are Cohen reals, it is possible to define permutations {m¢ }eco,
with 7¢ € V[{c,}yeer1] which almost commute and are close to maximal
in the following sense: Given any permutation 7w which is not first order
definable using elements of {7¢}¢c,, as parameters, there is some £ € wy
such that NC(m,7¢) ¢ Z;/,. In other words, if G is the group generated by
{metecw,, and G' 2 G/F(Z;,) is any maximal abelian group, each element
of which is the equivalence class of some permutation which is first order
definable using elements of {m¢ }¢c,,, as parameters, then the cardinality of G’
is the same as that of G, and moreover, G’ is a maximal abelian subgroup of
S(Z1/5)/F(Zy/,)- The rest of the section will concentrate on the construction
of {m¢}ecw,. Consequently, many of the results of this section will assume
as a hypothesis a family of permutations with certain properties. These can
profitably be thought of as the permutations obtained from the Cohen reals
at some stage of the transfinite induction.

DEFINITION 5.1. A family of permutations F will be said to be tame if

(1) each m € F is an involution,
(2) each pair of permutations in F almost commute modulo the ideal
Il/rv
(3) if a C F is finite then {2, consists of finite sets and
F(a) = J{z € 24 : (37 € a)(3n € z) w(n) = n}

belongs to the ideal Z; /., and (2; will denote {x € 2, : x £ F(a)},
(4) for every finite a C F there is k(a) € [2/]<N and a family
{@gyy}%ye();\,ﬁ(a) such that
(a) each mapping @7 , is an a-isomorphism from z to y,
(b) ng,z ° ng,y = ng,zv
(c) if @ C b then, except for a finite set of exceptions, if xg and 1
belong to (27 then for all yo € (2; such that yo C x¢ there is

some y; € {27 such that @I;O,zl Yo = Py 41
The notation @?{E’y} will be used to represent 7, U Py .

The following lemma provides a method for enlarging tame families. This
will be used in the transfinite induction mentioned in the introduction to
this section.

LEMMA 5.1. If F is a tame family of permutations and this is witnessed
by
{#5,:a€ [FI<N and 2,y € 27\ k(a)}

and {an}22 is a family of finite subsets of F such that
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e a, C ayyq for each n,

o Unloan =7F,

o {zn,yn} € [12; \ K(an)]? for each n,

o (2, Uyn) N (T Uym) =0 unless n = m,

o N\UnZo(@n Uyn) € Li/a,s

o for each finite subset a C F and for all but finitely many n, if © €
2%\ k(a) and x C x, then there is some z' € 2%\ k(a) such that
R

a
Tn,Yn z,x’

and ™= J;2, @‘{‘;n gy then FU {r} is also tame.

Proof. The fact that m almost commutes with each member of F is
immediate from the fact that each sz " is an a-isomorphism. Since each

@C{Lx v} is an involution, so is 7. This also implies that (2,¢r) consists of
finite sets. For any finite ¢ C F it is immediate that

Fau{r}) C F)U (N\ |J 20 Usn) €T,

n=m
where m is chosen large enough that a C a,,.
The finite sets A(a) C §2F for a € [F U {r}]<™ and the family

{lﬁiy ca € [FU{r}=™ and z,y € 25\ )\(a)}

witnessing that FU{r} is tame must be defined. If a C F define \(a) = k(a)
and ¥y, = &3 | for z,y € 2\ A(a). In order to define A\(a U {7}), start by
using the hypothesis of the lemma to find an integer A(a U {r}) so great
that if n > AaU{r}) and = € 2 \ k(a) and = C =, then there is some
x’ € (27 such that &g | [z = &F . Then define

MaU{r}) = k(a)U U {r e :xCax; Uy}
i<XNaU{r})
and note that it is finite since the z; are finite. Observe that if z € {27 | () \
AMaU{r}) then z C x,, Uy, for some m > A(a U {7}). Denote this integer
m by m(z). Consequently, if z € 2 m \ AM(aU{r}) then z = z* U z¥ where

2% C Ty (z) and 2¥ C yp,(,) and both 2* and z¥ belong to (2;. Given z and z
in §20 0 \ AaU{r}) define

Tl = % e UBy
and note that wjﬁﬁ,{”} is an a U {x }-isomorphism. It is also routine to verify
that condition (4)(c) of Definition 5.1 holds. To see that (4)(c) is satisfied
let a C b C FU{r} be finite. Let ' = a\ {r} and ¥/ = b\ {n}. It may as well
be assumed that m € b since otherwise the hypothesis that F is tame can
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be applied directly. Let zg and z; in §2; \ A(b) be arbitrary and let wg € 2%
be such that wg C zy. Then

b v b v b
Wz [wo = (Pg Lz U @Zg@f) [wo = D o [(wo N 25) U Py v [(wo N 25)

== Qja/ alv U @a/ Y

woNzy,w woNzy,w}
for some w¥ and w? provided that neither wy N 2% nor wg N 27 come from
1 1P 0 0
the finite set of exceptions to condition (4)(c) for a’ and b'. There are then
two cases to consider. If a’ = a then, because wy € (2,, either wo N 2§ = 0
or wy N 2§ = 0. Hence either
a’ a’ _ Fa
gp’woﬂzg,w% U gpwoﬂzé’,w%’ - gp’wowa
or

o . U y =@

woNz§,w woNzd w wo,wY?
and in either case the result is established. On the other hand, if a # o

then m € a and since wy € £2, it follows that m(wp N 2¥) = wo N 2{. Hence
m(wf) = w and so, letting w1 = w§ Uwy,

v . U v —

woNzg ,w woﬂzg;w'l wo,W1
as required. m

For the rest of this section some simplifying notation will be introduced
to refer to closed sets of orbits associated with families of permutations.
The elements of 2% will be enumerated as {£2:}%°, in such a way that
i < j if and only if min(£2!) < min(¢2%). If F is a tame family and a is a
finite subset of F then, in this context, x(a) will be an integer such that
condition (4) in Definition 5.1 holds for all £ with i > k(a); in other words,
the finite set of exceptions to condition (4) is contained in {Qz}fi%) The
following definition describes a partial order which can be used to create a
permutation satisfying the hypothesis of Lemma 5.1.

DEFINITION 5.2. Given a tame family F such that this is witnessed by
{#;:ac [,7:]<N° and 7,j > k(a)}
and which also satisfies
(5.1) (Vr e F) lim m(n) =1,
n—oo N
define the partial order P(F) to consist of all pairs
p={(ah, 8, 3b) Ym0+ €p) = ({(@ms ims jim) Hnmos €)

such that, letting D(p) = ¥ _, Qim i,

(1) keN,

(2) each ayy, is a finite subset of F,
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(3) am C Am+1,
(4) iy and jm, are distinct integers greater than x(ay,),
(5) (£2im U 24m)y N (20 U2n) =0 unless n =m,
(6) if a C ay and
® i,j > Jk,
o« 2V C
then (Pf’; 120 = @, 5, for some j',
(7) e >0,
and if
6= sup sup|l— M
weN\D(p) T€ak u
then

(5.2) (1+2O‘<1—(1:5)a+mzﬁ(gék))>(1+5)a<1+s

where a = |agr|. Also,
(5.3) > 1/n+ > 1/n < 1.

n<ji and n¢D(p) n>ji and yeF(a)

Define p < q if €, < g4 and (ah,,ih,, ) = (aky, ite, ji) for m < k7 and
p
B AL
(5.4) l—e< <l+e¢
U

for m > k? and u € QZPZL

The following technical lemma will be useful in applying the partial order

P(F).

LEMMA 5.2. Suppose that F is a tame family and a is a finite subset of
F and o = |a|. Suppose also that € > 0 and m € N, and furthermore that

(5.5) (Vi > m)(Va € £2)(Vr € a) ’1 - % <e,
14283
(5.6) kezF%a)l/kd g< 1+B)'

Then the following inequalities hold for any i > m and any k:

Qz‘
(5.7) % <(1+e)",
min(2:+1) m2%
(58) min($2%) <1+h+ min(§2:)’
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min(£2:F) m2e \*
5.9 —t < (1 _
(5.9) min($2) T+ min(2:) )’

k(1) m2¢ k
5.10 1—e)* < 2 (1 — ) (14
(5.10) (1-e)*< o < +ﬁ+min(%) (1+¢)
Proof. To prove (5.7) the first thing to note is that if {z,y} C 2! then

there is k < o and a sequence (7y,...,7) € a* such that

x =m0 om(y).
Given z € (2% let k(z) be the least integer such that
T =110 0Ty (min(£2)))
and proceed by induction on k(x) to show that
x
min({2?)
for every x € 2¢. If k(z) = 0 then x = min(§2}) and the result is clear.
Suppose that the lemma has been established for all x such that k(x) = n.
Given z such that k(z) = n + 1 it is possible to find 2’ such that k(z') = n
and x = w(2’) for some 7w € a. From (5.5) it follows that
m(x)
‘,1;./

<(1+e)

<l+e¢

and from the induction hypothesis it follows that
/
x

_— 1 "

min($2%) <@+

and hence

x
——— < (1+e)"!
min(§2?) <(l+e)
as desired.
To see that (5.8) holds begin by observing that if m < ¢ < i and 2% \
min(§2¢) # () then, by (5.7),
min(2}) < max(2)) < min(2%)(1 + ¢),
and hence ‘
” in({2
min(!) > M%)
(14¢)e

Therefore, the cardinality of
U 20\ min(e2;)
m<i'<i
is no greater than
<min( 0y - min({%)

ito)e >2°‘ = min(£2})6.
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1 1+28

- <1

n og( 1+ >

it follows that F(a) U U,,<i<; QZ does not cover the interval of integers

between min(£2¢) and min(£2!) 4+ min(£2¢)24. Hence
min(25M) < min(2) + min(2)28 + m2*

Using the fact that
min(£2%)+min($22)28

n=min(£2%)+min(£2%)3

as required.
The general statement (5.9) follows by repeated application of (5.8).
To prove (5.10) let n € 2%. Combining (5.7) and (5.9) yields

Pfip(n)  max(257F) m F
< o 1 _— 1 @
n ~  min($2)) < < A min(Q&)) (1+e)°%
establishing the last half of the inequality. For the first half, note that
min(£2%) < min(2:7%), and hence from (5.7) and (5.9) it follows that

P c o (itk (O
¢ik(n) > mln(QaA ) > mln(Qq) 1 S (1—e) m
n max({2}) max(£2) = (1+¢)«

LEMMA 5.3. If p € P(F) and j > ji, then there is ¢ < p such that
2% C D(q).

Proof. It suffices to prove this for the case that j =1+ jg,,. Let

q= ({( mo m?jm)}lﬁ:+()17gp)
where (ak,,it,, i) = (aby, ib,, i) if m < kP and Zkﬁ+1 = 4, jng =j+1
and ajl, , = ayr. From condition (5.2) of Definition 5.2 and conclusion (5.10)
of Lemma 5.2, with & = 1 it follows that requirement (5.4) is satisfied and
soq€eP(F)and ¢ <p. m

LEMMA 54. If p € P(F) and ¢ > 0 and a C N is finite then there is
q < p such that e < € and a}, 2 a.

Proof. Let b=aU aip. First apply Lemma 5.3 to extend p to ¢’ so that
the domain of D(q’) is sufficiently large that condition (6) of Definition 5.2
holds as well as condition (5.2) with
m(u)

1222
u

0= sup sup
ueN\D(q’') meb

and e, replaced by e. It can also be arranged that x(b) < max(D(¢")) and

that
> 1/n+ > 1/n < 1.

n<jrandn¢D(q’") n>ji and yeF(b)
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Then let | be the least integer 7 such that Qj N D(q') =0 and let

. k9 +1
q= ({( A mvjm)}m —B ) )
where (af,, it jm) = (a%,z%,jm) if m < k7 and qu’+1 l qu,H =1+1
and a? , = b. Note that just as in the proof of Lemma 5.3 it follows that

ka' +1
qeP(F)andg<q¢ <p. =
COROLLARY 5.1. If G C P(F) is generic define (an, in, jn) = (abh,ih, jh)

for some (or, equivalently, any) p € G. If mg is defined by

o0

— an
e = U Pl n}

n=0
then wg almost commutes with each member of F and the family F U {rg}
s tame.

Proof. From Definition 5.2 it follows that mg is an involution and from
Lemma 5.4 that it almost commutes with each member of F. From Lem-
mas 5.3 and 5.4 it follows that J;~(a, = F and N\ Uy (in U jin) € Ty /4
Now Lemma 5.1 shows that the family F U {ng} is tame. =

LEMMA 5.5. Ifp € P(F) and 6 € S(I,,,) but 7 is not first order definable
using finitely many parameters from F and k € N then there is ¢ < p such
that

q Fpcr “Z{l/z G (0(i) # 0(mG (i)} > 17

where g is as defined in Comllary 5.1.

Proof. As a convenience, let a = a},, & = |a|. Let t* be such that
hypothesis (5.6) of Lemma 5.2 holds with m = ¢* and then choose t > t* to
be some integer such that the inequalities

) p
1-ef<—=<1+¢
x
hold for any j >t and = € . By appealing to Lemma 5.3 it may assumed
that ¢ < kP. A final application of Lemma 5.3 will allow the assumption that
if

0= sup sup|l— —W(‘])‘
JEN\D(p) m€a J
then
N 1 t+1 6 N
(5.11) <1+2 (1—(1+5)a+mm(%])>> (1+6)*<1+4¢g,

where J = kP + 1.
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For use later on, let € be so small that

C o 1agP
1206z = °
and choose ¢ small enough that
2(1+22((1+¢Q*-1) A+
1-296(E+(14+¢)>—-1)

(5.12) <14€n.

Using Lemma 5.3, is may be assumed (°) that
(

1—g<”$)<1+g

for all x ¢ D(p) and m € a. A final application of Lemma 5.3 shows that it
may also be assumed that

(5.13) Z 1/n <log(2).

neF (a)\t

The following fact will play a role later in the proof but is included here
to explain the significance of the exponent 6 in inequality (5.11) as well as
in the indexing to follow.

CLAM 4. Given any m € Sym(6) other than the identity there is o €
Sym(6) without fixed points such that o is an involution and o does not
commute with .

Proof. The proof is elementary. m

Define E; = |2 _, 2/76+% for each i € N. Given a fixed point free
involution H of some interval of integers [J, J + 2K] let

pH = ({(amvimvjm)}fnJr({(aep)
where
(@i iy i) i m < kP,

@WW”M:{mmmHmm if m > k7,

and {zm} kp 41 enumerates a maximal subset of the domain of H which is

disjoint from its image under H. Note that it may turn out that pf ¢ P(F)
because it is possible that, for example,

(p({zlm’H(im)}(n) > 1 +€p
n

(6) Actually, it must also be observed that Lemma 5.3 does not require changing the
value of P.
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for some n € 2. However,

< Vi 1 ™)

(5.14) if iy, — H(im)| < 6 then 1 —&”
n

<1l+4¢€?

by condition (5.11) and conclusion (5.10) of Lemma 5.2.
Observe that if X C N then by conclusion (5.9) of Lemma 5.2,

(5.15) X €Ty, ifandonlyif FE(X)eTI,

where F(X) = Uxn 5,0 £j- This will be used repeatedly in order to restrict
the possible structure of 6.

To begin, let W : N — N be defined so that if x € ¢ then 0(x) € A
First note that if there exist x1 and x5 in 2 such that W (x1) # W (x2) then,
because {2, is a minimal set closed under the permutations in a, there must
be some permutation 7 in the group generated by a such that 7(x;) = 2,
and hence §(7(x1)) # m(0(x1)). Therefore, by (5.15), it may be assumed that
if Z is the set of all z such that there is y € £2,(2) such that W(z) # W (y)
then E(Z) € Iy, Let .., 1/2 = s%.

Next, let W’ be defined for x ¢ E(Z) such that if © € E; then ¥ e
EW’(m) Let

X={reN:(FieN)(Jye€kE)xzec E; and W (y) # W'(z)}

and suppose that E(X) ¢ Z,/,. For each i such that F; N Z = () and
E;NX # ) choose y; € E; and x; € E; such that W' (y;) # W'(x;) and let o;
be a fixed point free involution of {J + 6i +n}>_, such that if y; € £2;"¥ and
x; € 22 then o;(wy) = w,. (Note that w, # w, since E; N Z = {).). Then,
using (5.15), it is possible to choose K € N such that Zfio 1y > 1+ s%.
If BE;NZ # 0 and 0 < i < K let 0; be any fixed point free involution of
{J+6i+n}>_, Let H= Uf:o o; and note that ¢ = p! € P(F) by (5.14)
and ¢ < p. It follows from the choice of K and the definition of X that ¢
satisfies the requirements of the lemma.

Hence, it may be assumed that E(X) € Z;,, and W' is constant on E;
provided that F; C N\ E(X). Let Y = {i e N: E; C N\ E(X)}. Let W” be
defined on Y such that if z € E; then QZV (@) C Ewngy. T herefore there is a
partition Y = Yy UY; UY5U Y3 such that W”(Y;)NY; = () for each i € 3 and
W" is the identity on Y3. Let j € 4 be such that Uiey, Ei ¢ L1, Observe
that for each i € Y; there is a permutation g; of 6 such that if z € /6t
then W(z) = J 4+ 6W" (i) + 0i(u).

First assume that j € 3. Choose o; and ; to be any involutions of 6 with-
out fixed points such that g;(o;(u)) # Bi(0i(u)) for some u < 6. It follows
that if z € 2767+ then ¢¢ (2) € 2776 Moreover,

{J+6i+u,J+6i+0;(u)}
J+6W" (1 i (u a J+6W" (4 i(oi(u
0(z) € 2T DT and 0@ 11 v (2)) € 20Tt
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However,

a J 6W//i ACAY
B 167 (101 () + 60 () 51 (os () (B1(2)) € L2 FOWT D)

£ Qa’JrGW"(i)JrQi(Ui(U))'
Therefore if ¢ forces mg to contain both

¢?J+6i+u,J+6’i+Ui(u)} and QS?J-{-GW”(i)+gi(u),J+6W”(i)+ﬂi(gi(u))}
this will guarantee that 7¢(0(2)) # 0(ng(2)) for z € 27+6i+u
With this in mind, let K be such that

1

—>1
ie;Yj max(E;) >
let

H= U oi U Bwn (s
icKNY;

and note that p < p by (5.14). The choice of K guarantees that ¢ = p!’ is
as required by the lemma.

Hence, assume that j = 3. If the set of i € Y3 such that p; is not the
identity is not in Z;/, then using Claim 4 it is possible to choose, for each
1 € Y3, an involution o; of 6 without fixed points which does not commute
with ;. Using an argument very similar to the previous case it is possible
to find a sufficiently large K so that if

H = U o;
i€KNY;
then pf is as required by the lemma. Notice that since there are no 3; in
this case, Claim 4 must be used in this argument.
Therefore, by omitting a set in Zy/,, it may be assumed that g; is the
identity for all i € Y3. For any permutation o of 2 and z € 6 let Y (g, 2) be
the set of all ¢ € Y3 such that

Byi6itzg000Pyri6ir-82] = 0.

If for each z € 6 there is only one permutation o, of Q;{ such that
Uiev(o..2) ]10+= ¢ T, then 0 /F(Z; /) can be defined from a and {g. }.c¢.
So it may be assumed that it is possible to choose z € 6 and a permutation o,
of £2/ such that if Up = Y(gz, 2) and Uy = N\ Uy then Uy, Q6= ¢ 1y,
and UieU1 Q&]+6Z+Z ¢ Il/m~ For ] S U1 let 05 = @J+6j+z7j ofo @J’J+6+Z and
note that o; # 0. The key point to keep in mind is that if « € Uy and j € Uy
then

a a —1 a —1 a
DY t6ja20°00PT ity si6i42°0" o (Pi6ivzirejrz) ) OPY rrejte

_ a a a —1 a _ —1
= (@J+6j+z,J ofo gzjJ,J+6j+z) o (¢J+6i+z,J 00 "o ¢J,J+6i+z) =000y
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and it follows that 6o ¢, ¢\ ;. qi0 40 6=1o (@?J%HZ’J%].JFZ})_:[ is dif-
ferent from the identity. Therefore if H is any involution such that H(J +
6i+ z2) = J+6j+ 2z fori € Uy and j € Up then then there is z € F;
such that the inequality 7g(0(x)) # O(n(z)) is forced by p’. However,
notice that, unlike all previous cases, ¢ and j are not equal, and so if
li — j| is too large then requirement (5.4) may fail for p¥. The remain-
der of the argument is devoted to showing that there are sufficiently many
pairs (i,§) € Up x Uy such that p! satisfies (5.4) as well as the conclusion
of the lemma.

To this end, let U = {n € Uy : n+ 1 € Ur}. For n € U let ng be the
greatest integer such that the interval [n — ng,n| is contained in Uy and
let n1 be the largest integer such that [n + 1,n + 1+ n;] C U;. Let Uj be
the set of all n € U such that ng < n; and Uy be the set of all n € U
such that ng > n;. Define U/ = UneUi* [n — no,n + ny + 1] and observe that
Y3 = Uy U U7. Hence, either Uy or Uy fails to belong to Z; ;. In either case
the following argument is similar so assume that U ¢ Z; Jz-

Recall the definitions of € and ¢ at the beginning of the proof. It will
first be shown that if

m>n>m(l—g)
then

¢3+6n+u,J+6m+u(i)

(5.16) 1—el <
1

<1+¢€P

for any i € 276"+ Keep in mind that min(E;) = min(£2;776%) for any i.
Begin by observing, using conclusion (5.7) of Lemma 5.2, that if {2 inter-
sects the interval [min(E,,)(1 + ()%, min(E,,)] then J +6n < j < J + 6m.
Hence,

(5.17) NN [min(E,)(1+ ¢)* min(Ey,)] € | ) B- U F(a).

Note that
|F(a) N [min(E,)(1 + ()%, min(Ey,)]| < min(E,,)/2
because of condition (5.13). Therefore,

(5.18) min(E,,) —min(E,)(1 + ()% < 2%6(m —n) + min(E,,)/2.
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It follows that

min(E,,)/2 — min(E,)
<2%(m —n) + (min(E,) (1 + ¢)* — min(E,))
<2%(m —n) +2%J +6n)((1+)*—1)
<2%6(m—n)+6n((1+0)*=1)) +2°J((1+)* - 1)

6
6

< 2%(6(m )+ 6m((1+)*—1))+2%J(1+)*—1)
< 2%6m(z + (1+ ()% — 1)+ 2°J((1 + O)* — 1),
and hence
Stk 1 s (2% (L O — 1) + 20 (L4 O~ 1)

Therefore, using the fact that m < min(E,,) and J < min(E,),

min(Ey,) _ 2(142°((1+Q)*~1)) _ 1+
min(E,) = 1-2%6E+ (1+0)>—1) = (1+¢)~

by inequality (5.12). Therefore, using conclusion (5.7) of Lemma 5.2,

@3+6n+u,{+6m+u(i) < ma?((Em) <14 gP
) min F,,

for any v < 6 and ¢ € E,. Similar reasoning shows that both inequali-
ties (5.16) hold. Consequently, defining H so that H(J+6n+u) = J+6m+u
will not conflict with condition (5.4) holding for pl.

The only question which remains is whether it is possible to add enough
of these extensions to provide a large witness to g not commuting with 6.
In case there is some K such that ng > n(1 —2) for all n > K it follows
that ZneU{)\K > j=ng 1/§ = co. Moreover, for each n > K and j such that
ng < j < n there is some x; € E; such that

(5.19)  O(PYsi6jtz746(1n0)+2} (@) 7 PLri6)te,g46(j+n0)+2} (0(T5))
since j + ng < n+ n;. Hence, by (5.15), it follows that ZjeUé\K 1/x; =00

and so it is possible to choose M so that Z%U(’)\K 1/x; > 1. Defining H so

that H(J+6j+z) = J+6(j +no) + z for n € U} such that K <n < M and
no < j < n will satisfy the lemma because, in this case, n(1-2) <ng <j<n
and so p € P(F) by (5.16).

In the other case, there is an infinite set U” C U/ such that ng < n(1—¢)
for each n € U”. It follows that if n € U” and n(1 — &) < j < n then there
is some x; € F; such that

9<¢?J+6j+z,]+6(j+[n(lfé)])+z}(xj)) # ¢6{1J+6j+z,J+6(j+(n(lfé)])+z}(e(mj))‘
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Using Lemma 5.2 it follows that for n € U”,

n n

1 1
E 1/x; > E — > g ,
E, T 615 a
i=n(1-2)] i=n(1-2)] max(E;) i=[n(1-2)] min({2; )AL +¢)

n

1
> Z
- 20(J + 6i +5)2(1+ ()@’

and elementary calculations using condition (5.13) show that the limit as n
increases to infinity of the last term of the inequality is

! 1 1 >0
n = .
2012(1+¢)7 \1-3) '
Now it suffices to choose a finite subset T' C U” such that
T|>2/v

n

and
n

> : >3

(6% y a
e 20(J 4+ 61+ 5)2(1 4+ ¢) 2
for all n € T. Then define H(J+6i+z2) = J+6(i+ [n(1—2)])+zforneT
and n(1 — ) < i < n and note that setting ¢ = pH < p as before satisfies
the requirements of the lemma. m

THEOREM 5.1. It is consistent that A(Zy ;) = Ry < 2%,

Proof. Let V be a model where 2% > X; and let V'’ be obtained from V'
by adding Ny Cohen reals. To be precise, V' = | ,,c,,, Vo Where {75} gca € Va
and V11 = V,[G4] where G, is Cohen generic over V,, for the partial order
P({ms}seca). Moreover, 7, = mq,,. Using Lemmas 5.3 and 5.4 and Lemma 5.1
it follows that {73} gcq is a tame family whose elements almost commute for
each @ < wy. Let I' D {7 tacw; be a maximal almost abelian subgroup of
the subgroup of all w € S(Z,/,)/F(Z; /,,) which are first order definable from
some finite subset of {74 }aew, - To see that I' is maximal in S(Z, /,)/F(Z, /5)
suppose that m € V[{ng}geq]. If 7 is first order definable from some finite
subset of {m3}3eq then either 7 € I' or there is some § € I' such that
NC(7,0) ¢ I,/,. On the other hand, if 7 is not first order definable from
some finite subset of {mg}ges then by Lemma 5.5 and genericity it follows
that NC(7,70) € Z1/,- =

6. It is possible that a(Z) < A(Z). Since it has been shown in Propo-
sition 2.1 that A([N]<®0) < a it is natural to wonder whether there might
be a more general result asserting that A(Z) is bounded by a(Z) as defined
in Definition 1.2. It will be shown that no such result holds, at least not in
the generality indicated.
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Fix an increasing sequence N = {n;}3°, of integers such that

. Nir1 — Ny
lim —+L
=00 M2 — M4-1

=0

and define
I(N) = {A CN: fim AL RD] 0} .

=00 Mgl — Ny
THEOREM 6.1. A(Z(N)) = 2%,
Proof. To begin, the following claim will be established:

CramM 5. If g € S(Z(N)) then there is B € I(N) such that if j €
[ni,nit1) \ B then g(j) € [ni, nit1).

Proof. Let
o0
BT = U{n e N:n; <n<njt1, g(n) > nip1},
=0
o0

B~ = U{n eN:n; <n <niq, g(n) < ng}.
=0

If BFUB™ € Z(N) then the claim is proved. To begin, suppose B* ¢ Z(N).
Choose € > 0 and an infinite Y C N such that

|BT N [ni, nig1)]

Ni+1 — Ny

> €

for each ¢ € Y. By thinning out Y it may also be assumed that if ¢ and j
belong to Y and i < j and m € B* N [n;,nit+1) then g(m) < n;. It follows
that

9(BT) N [nit1,n5) = g(BT N [ni,nig1)) N [nig1,ng).
Therefore, if ¢ < k < j then
lg(B™) N [rge, ngeg1)| < M1 — N
Ng+1 — Nk N1 — N

and so g(B*) € Z(N), contradicting the fact that g € S(Z(N)). A similar
argument applied to g~ deals with B~. m

Now suppose that G C S(Z(N)) is a maximal subset whose elements
almost commute modulo Z(N) and let g € G\ F(Z(N)). By Claim 5, there
is B € Z(N) such that if j € [n;, nit1)\B then j # ¢(j) € [ni,ni+1). Let ¢’ be
a permutation such that ¢'|[N\ B = ¢[N\ B and ¢'[[n;, n;+1) is a permutation
of [nj,n;41) for each 7. (This is possible since g : [n;, ni+1) \ B — [ng, nit1)
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is one-to-one.) Note that ¢’ belongs to the same coset of F(Z(N)) as g. For
any Z C N let gz be defined by

. g (j) ifj€[ni,niq1)andie Z,
92(3) =1 . L :
J if j € [ni,niy1) \ Band i ¢ Z,

and note that gz € S(Z(N)) for each Z. Moreover, there is some ¢ > 0 and
an infinite X C N such that

[{m € [ni,niy1) 1 g'(m) #m}|
Njy1 — Ny

is greater than ¢ for each ¢ € X. It follows that if Z and W are subsets
of X and |Z A W| = RXg then gz and gy do not belong to the same coset
of F(Z(N)). Hence it will suffice to show that each gz commutes with each
member of G.

To this end, let Z C N and suppose that h € G and use Claim 5 to find
C € Z(N) such that h(j) € [ni,ni41) for each i and each j € [n;,nit1) \ C.
Since h and g almost commute modulo Z(N) let D € Z(N) be such that
h(g(j)) = g(h(j)) for j € N\ D. Then let E = BUR™}(B)UC U D and note
that £ € Z(N) since h € S(Z(N)). It will be shown that gz (h(j)) = h(gz(5))
for each j € N\ E. To see this, let j € [n;,n;41) \ F and suppose first that
i € Z. In this case gz(j) = ¢'(j) = g(j) because j ¢ B. Furthermore, since
j € C, h(j) € [ninis1) and h(j) ¢ B, and hence g(h(j)) = gz(h(j)). Since
j ¢ D it follows that h(g(j)) = g(h(j)), and hence in this case h(gz(j)) =
gz(h(j)). If i ¢ Z then gz(j) = j because j ¢ B, and since j ¢ C, h(j) €
[n4,mit1). Therefore, since h(j) & B, gz(h(j)) = h(j) = h(gz(j)). =

THEOREM 6.2. a(Z(N)) < a.

Proof. Let A be a maximal almost disjoint family of size a. For 4 € A
define A* = |J;c 4 [ni, ni41) and let A* = {A* : A € A}. Then A* is maximal
in P(N)/I(N) ]

It follows that a(Z(N)) < A(Z(N)) in any model of set theory where
a # 2%,

7. Questions. It is well known that maximal almost disjoint families
of subsets of N cannot have any nice definition; indeed, Mathias has shown
that they cannot be analytic [7]. The results of §2 which establish some
similarity between A([N]<¥0) and a raise the following question.

QUESTION 7.1. Is there an analytic, maximal, almost commuting sub-
group of S7

The lower bound of §3 is probably not optimal.
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QUESTION 7.2. Can the lower bound A(S/F) > p of Theorem 3.2 be
improved? Can the tower invariant t serve as a lower bound?

For any function A : N — R one can define the summable ideal Z;
to be the set of all X C N such that ) s h(z) < oo. Observe that
it is possible to modify the proof of Theorem 6.1 in order to replace the
ideal Z(N) by a summable ideal. In particular, let {n;}°, be an increas-
ing sequence of integers defined by n;+1 — n; = nd and let h be defined
by h(j) = n;? if n; < j < nip1. If g € S(Zp,) and the sets BT and B~
are defined as in the proof of Theorem 6.1 then it is easy to see that
> jen+rm; M9(5)) < BT N nl|n;3 < ni_2 and hence Claim 5 still holds,
as does the remainder of the argument of Theorem 6.1. Hence A(Z;,) = 280,
This motivates the following question.

QUESTION 7.3. For which functions A is it possible to improve Theo-
rem 5.1 to show that A(Z;,) = X1 < 2% in the model obtained by adding Ry
Cohen reals?

QUESTION 7.4. Are there functions h and g such that it is consistent
that A(Zy) < A(Z,) < 2%0?

QUESTION 7.5. Is it possible to characterize the summable ideals 73, such
that A(Z,) = 2%0? Can the same be done for the F, ideals? What can be
said of the Borel or analytic ideals?

At some points in the proof of §5 the permutations constructed can be
taken to be almost commuting rather than just almost commuting modulo
7y /- The following question asks whether the argument can be strengthened
throughout.

QUESTION 7.6. Can Theorem 5.1 be improved to show that it is con-
sistent with set theory that 2% > Ny yet there is an almost commuting
subgroup of S of cardinality N; which is maximal with respect to commut-
ing modulo 7,7 Does this hold in the Cohen model of Theorem 5.17

The methods of §4 and §5 require that the subgroups constructed contain
many involutions. While the methods can be modified to produce groups
with no elements of order k for a fixed k, the following questions seem more
subtle.

QUESTION 7.7. Can Theorem 4.2 be modified to assert that it is consis-
tent that there is a maximal, abelian, torsion free subgroup of S/F of size
Ny and Ny < a?

QUESTION 7.8. Can Theorem 5.1 be modified to assert that it is

consistent that there is a maximal, abelian, torsion free subgroup of
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